UNIFORM IN BANDWIDTH CONSISTENCY OF KERNEL
REGRESSION ESTIMATORS AT A FIXED POINT

JULIA DONY AND UWE EINMAHL

ABSTRACT. We consider pointwise consistency properties of kernel regression
function type estimators where the bandwidth sequence in not necessarily de-
terministic. In some recent papers uniform convergence rates over compact
sets have been derived for such estimators via empirical process theory. We
now show that it is possible to get optimal results in the pointwise case as
well. The main new tool for the present work is a general moment bound for
empirical processes which may be of independent interest.

1. INTRODUCTION

Let (X1,Y1),(Xa2,Y3),... be independent random variables in R? x R with joint
density function fxy, and take t € R fixed. Let further F be a class of measurable
functions ¢ : R — R with E¢?(Y) < oo, and consider the regression function
my(t) = Elp(Y)|X = t]. For any function ¢ € F and a bandwidth 0 < h < 1,
define the kernel-type estimator

brnlt) = = > PR (S,
i=1

where K is a kernel function, i.e. K is Borel measurable and [ K (z)dz = 1.

Such kernel estimators have been studied for many years, resulting in a consid-
erable amount of literature and references. By choosing ¢ = 1, one obtains an
estimator for fx(t), the marginal density of X in ¢ € R?. This kernel density es-
timator (denoted by f, ,(t)) forms an important special case of the class of kernel
estimators @, 5 (¢). It is well-known that for suitable (deterministic) bandwidth
sequences h, going to zero at an appropriate rate and assuming that the density
fx is continuous, one obtains a strongly consistent estimator fnh of fx, i.e. one
has with probability 1 that f, . (t) — fx(t) for all t € R fixed. For proving such
consistency results, one usually writes the difference fn,hn (t)— fx(t) as the sum of a
probabilistic term fn,hn (t)— ]Efnyhn (t), and a deterministic term Ef, 5, (£) — fx (t),
the so—called bias. The order of the bias depends on smoothness properties of fx
and of the kernel K, whereas the first (random) term can be studied via techniques
based on empirical processes. Hall [14] proved an LIL type result for the probabilis-
tic term corresponding to the kernel density estimator if d = 1. The d-dimensional
version of this result implies in particular that under suitable conditions on the
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bandwidth sequence h,, and the kernel function K, one has

(1.1) Frnn ) =Efun, (1) =0 (\/%) a8

Since this is an LIL type result (with corresponding lower bounds), this gives us
the precise convergence rate for the pointwise convergence of the probabilistic term.

Deheuvels and Mason [2] later showed that this LIL holds whenever the bandwidth
sequence satisfies

(1.2) nhd /loglogn — oo, asn — oo,

which is the optimal condition under which (1.1) can hold. The work of [2] is based
on a notion of a local empirical process indexed by sets. This was further general-
ized by Einmahl and Mason [7, 8] who looked at local empirical processes indexed
by functions and who established strong invariance principles for such processes.
They inferred LIL type results from the strong invariance principles and this not
only for density estimators, but also for the Nadaraya—Watson estimator for the
regression function and conditional empirical processes.

Recall that the Nadaraya—Watson estimator m,, 5., (t) for m,(t) = Elp(Y)|X =t],
where ¢ : R — R is Borel measurable, is defined as

M, (t) 7= @ n ()] fn(2)-
There is also an LIL for this estimator (see [12] for a first result in this direction)
which implies that

. = . loglogn
(1.3) Mg, h o () — Bty i, () = O (\/ nhg) a.s.,

where ]Erhn,h,w(t) = E@p n(t)/Efnn(t) is a convenient centering term.

If ¢ is a bounded function this holds again under the above condition (1.2). If
E[l¢(Y)|P|X = z] is uniformly bounded in a neighborhood of ¢, where p > 2 , one
needs that {h¢} is at least of order O(n~!(logn)?) for some ¢ > 2/(p—2) (see [7, 8]).
From our main result it will actually follow that in this last case ¢ > 2/(p — 2) is
already sufficient.

Some related results have also been obtained for uniform convergence of kernel
type estimators on compact subsets or even on R?. In this case one typically gets
a slightly worse convergence rate of the probabilistic term of order O(1/log n/nhd)
and one needs that the bandwidth sequence satisfies nhZ /logn — oo in the bounded
case, which is more restrictive than (1.2). For more details see [13, 9, 11] and the
references in these papers.

In practice, one has to choose a bandwidth sequence h,, in such a way that the bias
and the probabilistic part are reasonably balanced. The optimal choice for h,, then
will often depend on some unknown parameter of the distribution which one has
to estimate. This can lead to bandwidth sequences depending on the data and the
location ¢. This means that the above results do not apply if one is interested in
estimators with such general bandwidth sequences. In [10] “uniform in h” versions
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of the results in [9, 11] were obtained. This makes it possible to establish consis-
tency of kernel-type estimators when the bandwidth h is allowed to range in an
interval which may increase or decrease in length with the sample size. These kinds
of results are immediately applicable to proving uniform consistency of kernel-type
estimators when the bandwidth A is a function of the data X1,..., X, or the loca-
tion t € R,

A typical result of [10] is the following asymptotic result concerning the Nadaraya—
Watson estimator which holds under certain conditions on the distribution of (X,Y)
and the kernel K.

(1.4) limsup sup sup sup i g (t) — Eritn e ()] <00, a.s.,

n—oo (elognyy/icycy tel YEF V/|1log k| V loglog n
where v = 1 or 7 = 1—2/p depending on whether F is a bounded class of functions,
or if it has an envelope function with a finite p—th moment (p > 2). Here, [ is a
compact rectangle of R? on which fx has to be bounded and strictly positive. We
call this an asymptotic uniform in bandwidth (AUiB) boundedness result. It im-
plies that if one chooses the bandwidth depending on the data and/or the location
(as is usually done in practice), one keeps the same order of convergence as the one
valid for a deterministic bandwidth sequence, given, for instance, in [9)].

The purpose of the present paper is to establish a similar AUiB boundedness result
in the “pointwise” setting, where in view of the aforementioned results, one can
hope for a slightly smaller order and bigger intervals from which one can choose
the bandwidth sequence. Pointwise AUiB boundedness results can be useful in
various contexts. In particular, they can be used for deriving consistency results
for generalized Hill type estimators introduced in [1]. (See [5] and Chapter 6 in [3].)

2. MAIN RESULT

Before stating our main result, we have to impose several assumptions on the
kernel function, the bandwidth and the class F. These assumptions are mainly
technical, and will be listed below.

We first recall some terminology. Let (X, .A) be a measurable space. We say that
a class G of functions g : X — R is pointwise measurable if there exists a countable
subclass Gy of G such that we can find for any function g € G a sequence of functions
gm € Go for which g,,(z) — g(z),z € X. This property is usually assumed to avoid
measurability problems, and is discussed in [17]. Next, we call a class of functions
G with envelope function G : X — [0,00] a VC-class, if N'(e,G) < Ce™" for some
constants C,v > 0, that are called the characteristics of the class. As usual we
define

N(Gag) = SgpN(e\/ Q(G2)7gde)a

where the supremum is taken over all probability measures @ on (X,.A) with
Q(G?) < 0. dg is the Lo(Q)-metric and N(e,G,d) is the minimal number of
d—balls with radius € which are needed to cover the function class G. An envelope
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function is any A-measurable function G : X — [0, o] such that

suplg(2)| < G(x),z € X.
9eg

We are now ready to state the conditions that need to be imposed for our results.
Let F be a class of functions ¢ : R — R satisfiying the following three conditions :
(F.i) F is a pointwise measurable class,
(F.ii) F has a (measurable) envelope function F'(y) > sup e [¢(y)],y € R,
(F.iii) F is a VC—class.

Next, a kernel function K : R — R will be any measurable function satisfying

(Ki) ||K|lw =k <ooand [K(z)dz =1,
(K.ii) K has a support contained in [—1/2,1/2]%,

(Kiii) K:={z+— K(y(t—=x)):~v > 0} is a pointwise measurable VC—class of
functions from R? to R.

Conditions (K.i) and (K.ii) are easy to verify. Many kernels satisfy also condition
(K.iii). (See for instance Remark 1 in [8] for some discussion.)

Our main result is then as follows.

Proposition 2.1 (Pointwise AUiB boundedness of kernel-type estima-
tors). Let F and K satisfy (F) and (K) and assume that the envelope function F'
of F satisfies for some 0 < € < 1 one of the following conditions on J := t+[—e, €]¢:
(A) 3p>2:sup,;E[FP(Y)|X =z] = pp < o0.
(B) 35> 0:sup,c;Eexp(sF(Y))|X = 2] < o0.
Then if fx is bounded on J it follows for any ¢ > 0 that

nhd| > —_Eo
nh |<pn,h(t) LPn,h(t)l < 00

(2.1) limsup sup sup , .S
n—oo a,<h<by pEF V IOg log n
where 0 < by < 2 is a positive constant and al = cn‘l(logn)z)%2 or al =

en~tloglogn depending on whether condition (A) or condition (B) holds.

Note that Proposition 2.1(B) is more general than the corresponding result in [10]
where one has to assume that the function class F is bounded. The above Propo-
sition 2.1 provides a result for all classes whose envelope function admits a finite
moment generating function. This improvement is possible since in the present case
we can use an exponential Bernstein type inequality in terms of a strong second
moment of the envelope function. For establishing an AUiB boundedness result uni-
formly on compact rectangles of R? one would need this inequality in terms of the
weak second moment. Such an improvement of the Bernstein inequality, however,
seems to be only known in the bounded case. This means that, concerning uniform
in bandwidth pointwise consistency, there is no distinction between the bounded
case and the case where the moment generating function of F' is finite. Also in the
case where one uses deterministic bandwidth sequences, this result seems to be new.

We conclude this section with formulating two corollaries of our proposition. We
first look at the kernel estimator for the density fx. If the kernel K satistisfies the
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above conditions, we can conclude for any sequence a,, such that nal /loglogn — oo
and a, < b,, where b,, — 0,

. . loglogn
su wn(t) —Efp,nt)] =0 ——— | a.s.,
s funlt) = Edat) (,/ i )

provided that fx is bounded on J.

Assume now that this density is positive and continuous on J, and F is a class of
functions satisfying conditions (F) and (A). If liminf, .., nad /(logn)?®=2) > 0,
and a, < b, — 0, we obtain by a standard argument that

. =~ loglogn
sup  sup |1 h,p(t) — Etivg o ()] = O (« / 0g08n dg ) a.s
an<h<b, p€F nan

As in [10], the proof of Proposition 2.1 is based on the theory of empirical processes.
We use again exponential deviation inequalities in combination with certain moment
inequalities. The necessary exponential inequalities are available in the literature,
but we need a new moment inequality. This will be stated and proved in Section
3. In Section 4 we shall finally prove Proposition 2.1.

3. MOMENT INEQUALITIES

Let X, X4,..., X, beiid. random variables taking values in a measurable space
(X, A) and let A € A be a fixed set. It is our goal to derive a moment inequality
for

Eljea(g - 1a)g

where «,, is the empirical process based on X1,...,X,, and G is a pointwise mea-
surable class of functions g : X — R for which Eg?(X) exists. Let G : X — [0, o0]
be an envelope function for the function class G and assume that EG?(X) < oco.
We further assume that G has the following property:

For any sequence of i.i.d. X—valued random variables Z1,Zs, ... it holds
that
k
@) B[ Y Ae(z)-Ea@)}|, < vEIGZ) 1<k <n,
i=1

where Cy > 1 is a constant depending on G only.
From Theorem 3.2 below it will follow that VC—classes always have this property.
But we first prove our moment inequality.

Theorem 3.1. Let G be a pointwise measurable function class satisfying the above
assumptions. Then we have for any A € A,

Ellan(g - 1a)||g < 2C1|G(X)Ta(X)]fo-

Proof. Similarly as in [7, 8] we shall use a special representation of the random
variables X;,7 > 1. W.Lo.g. we assume that 0 < P(4) < 1. Consider independent
random variables Y1, Ys,..., Y/, Yy, ... such that for all B € A and any ¢ > 1,

P{Y;e B} =P{X € B|IX € A} and P{Y/ e B}=P{X € B|X € A°}.
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Let further €1, €, ... be independent Bernoulli(P{X € A})-variables, independent
of the two other sequences, and set v(n) := > ¢. Finally, define for any i > 1,

X* — Y,,(i)7 if €; = 17
K3 .
Y;Lu(i)’ if ¢ =0.
Then it is easy to see that this leads to a sequence of independent random variables

with X7 4 X;,i > 1. Consequently, it is sufficient to prove the moment bound for
the empirical process «;, based on the variables X, i > 1. Moreover, it is readily
seen that

n v(n)
> g(XDAX) = 3 g%,

and also that E[g(X*)I4(X™)] = Eg(Y1)P{X € A}. Consequently, we have that

Ellviaio- 1)y = EHV(memnP{XeA}Eg(mHg
i=1
< EHyﬁjm(gmegm)H

< E| I/(n)au(n)(g)Hg +E|v(n) — nP{X € A} -sng)IE|g(Y1)\7
g€
where &, (g) denotes the empirical process based upon Y; ...,Y,,. Recall that v(n)

has Binomial(n,P{X € A}) distribution so that Ev(n) = nP{X € A}, and thus
Elv(n) — nP{X € A}| < Var(v(n))"/? < \/nP{X € A}. Recall also that G is an
envelope function of G. Hence, we have that

E|[vnas,(g-1a)||; <E[|Vr(n)aum)(9)]lg + vVrP{X € A}JEG2(Y)).

We now look at the first term. Due to assumption (A) and by independence of
v(n) and the variables Y7, Y5, ..., we can conclude that (note that v(n) <n),

EH \% V(n)au(n) (g) Hg

IN

> E|Vkak(g)||; P{v(n) = k}
k=1

IA

Cy En: VEEG2(Y1) P{v(n) = k}
k=1

= OWEGE(W)E[VY?(n)]
< C1yV/nP{X € A}JEG2(Y1),

where we have used the trivial fact that E[v'/2(n)] < (E[v(n)]))'/? = /nP{X € A}.
Recalling that EG?(Y;) = E[G?*(X)14(X)]/P{X € A}, we can conclude that

E|[Vnoy, (g 1a)|g < 2C1v/nE[G2(X)Ta(X)],

proving that the moment bound holds, as claimed. (I
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The next result shows that condition (A) is satisfied if we have a VC—class.

Theorem 3.2. Let G be a pointwise measurable VC—class of functions with envelope
function G and characteristics A,v > 1. If Z, 71, 7>, ... is a sequence of i.i.d. X—
valued random variables satisfying for some 0 < 3 < oo, EG*(Z) < [3%, then we
have for some constant C' depending on A,v only that

E||> (9(Z:) —Eg(2))||; < CV/np?, n>1.
i=1

Proof. Let €1,...,¢e, be i.i.d. Rademacher variables which are also independent of
Z1y...yZy. Then we have,

EH Z(Q(Zz) - EQ(Z))HQ < Q]EH Z&'Q(Zi)Hg
i—1 i=1
and it is sufficient to show that

(3.1) IEHZsig(Zi)Hg < C'/np?,

where C’ is a positive constant depending on A and v only. From the Hoffmann—
Jorgensen inequality (see Proposition 6.8. in [16]) it follows that

1<i<n

(3.2) E[| Y eig(Zi)||; < 6to + 6E[ max G(Z,)],
i=1

where

n
1
=1 E ; i < —|.
to tlgg (P{ vt gzg(Zz)”g > t} = 24>

Observing that

1<i<n 1<i<n

E[ max G(Z)] < (E[ max GQ(ZZ-)])UQ < (E[iaﬁzi)])m <V,
i=1

we see that it is sufficient to show that
(3.3) to < C"y/n32.
Let p be the distribution of the variable Z : 2 — X and define
Gpi={xeax": ZGQ(CEZ‘) < 64np3*}.
i=1
Note that for any ¢t > 0,

P{I> ca(Zolo > ) = | ¥ 3 ciglello >t (dx)
i=1 A i=1

W@+ [ E{I3 el > hira
= o1+ Q. .

From Markov’s inequality we obtain that a; = IP’{ ZZL:I G?*(Z;) > 64nﬂ2} <1/64.
To bound ag, we use a well known inequality of Jain and Marcus [15] which is also
stated as Corollary 2.2.8 in [17].

IN
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We can conclude that for any x = (x1,...,2,) € X™ and some absolute constant
cp < 00,

n n o0
E| Zéz‘g(%)ﬂg < E| Z€igo($i)| + CO\/E/ \/910g N (€, G, da ) de,
i=1 i=1 0

where go € G is arbitrary and d3 (g1, 92) == n"" > (g1 (2:) — g2(2:))?. Further,
it is easy to infer that when x € G,,,

n n 1/2
I[‘3| Z&'QO(%” < (Z!ﬁ(%)) < 8y/np?,
=1 =1
and for 91,92 € gv

2 n
d3 (91, 92) < > (gi (i) + g3 (1)) < 2563,

i=1
Hence, if € > 1603, one needs only one ball of dy x—radius € to cover the class G.
Therefore, N(€,G,d2 x) = 1 whenever x € G,, and € > 16[.
On the other hand, let Q, x(f) :=n~' Y"1 | f(x;) and note that Q,, x((g1 —g2)?) =
d3 (91, 92). Then since Qn, x(G?) < 256(3° for x € Gy, and recalling that N'(e,G) =
supg N (ey/Q(G?),G,dq) where dg is the Ly(Q)-metric, the assumption that G is
a VC—class gives us for any x € GG, and whenever 0 < € < 160,

2
N(e,G,doy) < N(emfég(m,g,dz,x) <N(@,g) < A (168)".

Hence, we have for x € G,,,

/00 \/1og N (€,G,dax) de
0

168
/ \/10g N (€, G, da x) de
O16@
/ V1og A(168/¢€)¥ de
0

—1/v
1/v 4 1
= VvAYv1683 log ~ds,
0 S

which can be bounded by 16¢/v A" 3, with ¢ := fol V0og1/sds < oo. (Recall that
A > 1.) Consequently, by Markov’s inequality we have for any x € G,,:

IP’{|| 3 eigl@i)g > t} < t718/1B? + coe/vAY 168} = /64nB2(1 + 2¢oc) /1,
i=1

IN

with ¢; = ¢y/vA'/¥. Taking everything together, we obtain that

- 1 /64n3?
]P){H ;519(21)”9 > t} S 674 + %ﬂ(l +20061).

To finish, recall from (3.3) that we need to find a range for ¢ > 0 such that the
above probability is bounded by 1/24. By solving the equation, we see that ¢ should
be such that \/64n32(1 + 2coc1) < 5t/(3 - 29), or

3-29/n32(1+ 2coc1)

t> .
o 5
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Consequently, by setting C”" = 3 - 27(1 + 2cpc;) and taking t > C"'+/n/32, we have
shown that P{|| > 7", €;9(Z;)|lg > t} < 31, proving the theorem through (3.3) and
the Hoffmann—Jgrgensen inequality. O

Note that from our assumptions on F and the kernel K it follows that the subse-
quent class of functions on X = R% x R

(3.4) G:= {(x,y) — w(y)K(t_Tx) rpeF,h> 0} is a VC—class

with envelope function G(z,y) = kF(y). (Use, for instance, Lemma A.1 in [9].)
Consequently, Theorem 3.2 ensures the class G to satisfy condition (A), and thereby
all the conditions of Theorem 3.1.

4. PROOF OF PROPOSITION 2.1

To start the proof of Proposition 2.1, we first show how the process in (2.1) can
be expressed in terms of an empirical process indexed by a certain class of functions.
To do so, consider the following classes of functions on X = R? x R defined by

G = {<x,y> —owK(1) v e Fuan<h b}

and note that for any ¢ € F and a,, < h < by,

Bunlt) ~Egunlt) = mlld[i“”(w((t_h&) - ()

1
Wan(gw,h),

where g, 5 (z,y) == @y)K((t — x)/h) and a,(g) is the empirical process based
upon the sample (X1,Y7),...,(X,,Y,). Further, set nj := 2¥ k > 0 and define
hii; = 2/al . Then hyo = a,, and by setting L(k) := max{j : h{ ; < 2b3},
it holds that hk,L(k)—l < b < hk,L(k) so that [ank,bo] C [hk,O,hk,L(k)]- Further,
consider for 1 < j < L(k) the subclasses

t—x
Gk,j = {(r,y) > ¢(y)K(T) cp € F hyj1 <h< hk,j} :

and note that G,,, C U]Liﬁ) Gk,j- Since a,, is eventually non—decreasing, we have for
all ny_1 < n < nyg and for any ¢ € F if k£ > 1 is large enough,

s Vnh| @ (t) — B (1)) sp [an(9)lg..,
an<h<bo Vloglogn T an, <h<by \/hdloglogn
2v2||\/nan(9)llg,

max :
1<j<L(k) nghg ; log log ny,

Recall further that the class G in (3.4) is a VC—class with envelope G(x,y) = kF(y).
This of course implies that also Gy ; is a VC-class for this envelope function and
with characteristics independent of k and j.

A

(4.1)

IN
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In view of Theorem 3.2, the assumptions of Theorem 3.1 are satisfied and we have
for any subset A of R? x R,

El|an, (9 Ta)lg, | < 20" |G(X, V)LA(X, ),

where C” is a positive constant (depending on the characteristics of G only). Setting
A ={t+[—hr;/2, hr;/2]%} x R, we can conclude that

(42)  Ellan @lg, = Ellan. (- Lo, ), <€ (BGE,(X,V))",

where Gy ;j(z,y) = kF(y)1{z € t+ [~hy ;/2, hi ;/2]*} is another envelope function
for Gy ;.

4.1. Proof under condition (A). We use the empirical process version of a recent
Fuk—Nagaev type inequality in Banach spaces. (See Theorem 3.1 in [6].) By a slight
misuse of notation, we also write «,, for the empirical process based on the sample
Zi,...,Zy in a general measurable space (X,.A). (We shall apply this inequality
on X = R? x R and with Z; = (X;,Y;),i > 1.)

Fact 4.1 (Fuk—Nagaev type inequality). Let Z,Z,...,Z, be i.i.d. X-valued
random variables and consider a pointwise measurable class G of functions g : X —
R with envelope function G. Assume that for some p > 2, EGP(Z) < oco. Then we
have for 0 <n <1,6 >0 and any t > 0,

>
p{ s [VEaulo > 1+ m)n +1]
t2
< _— CoEGP(Z)|/tP
< o (Grgp) + roEC@I
where 0 = sup,egBg*(Z), Bn = Elv/nan(g)llg and Cy is a positive constant
depending on n,6 and p.

Let k = sup,cga |K (2)| and recall that by (K.ii) the support of K lies in [—1/2, 1/2]4.
Recall further that fx is bounded on J = ¢+ [—e, €]%. Then for any g, € Gy ; With
k large enough such that hy ; < 2e, it holds that

-X
E(go(X,V)? = E[0E (5]
< hdﬁ/ E [F*(Y)|X =t — uh| fx(t — uh)du
[~3.3]¢
< s fxlls E[FP(Y)|X =t +2]*" da,

Pk, Pkijya
[_ 2 02 ]

which on account of (A) implies that for k sufficiently large,

sup Bg*(X,Y) < b ;62| fx|lopu/? =: of .
9E€Gk,;

In the same way, we obtain that
Ellg(X, V), , <EG] (X,Y) < Cyoij, 2<q<p,

where C, = k9=2u172/?_ This gives in particular that EG} ;(X,Y) <o} ; and we
can infer from (4.2),

(4.3) Ellviikan, (9)lg.,, < C'\/nxo?;.
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Applying the Fuk—Nagaev type inequality (see Fact 4.1) with n = § = 1, we find
that for all z > 0,

IP’{ max_ [vVnon(9)lg., =+ 2C"/nko? }
ng_1<nnyg 7, »J

22
_ -p P
< exp( 37”6”1%,]') + Coz P EGY (X, Y)
2
< exp ( — xi) + ng_pnkhg )
- 3clnkhg,j J

2/

where ¢; = k2| fx||sup” and ¢y = CokPupl fx||s. Taking x = p, /nkhﬁd log log ns

for p > 0 and recalling the condition on a,, we get for large enough £,

IP{ max_ vVnan(9)llg.., = p,/nkhg’j 10g10gnk}
ng_1<n<ng
p2 log lognk> cg(p)(nkhgﬂ_)l—p/z
4cy (loglog ny )P/2

< exp( -

ca(p)2=9z =1
log ny (log log ny )P/2"
Finally, it is not too difficult to see that L(k) < 2logny for any k& > 1 (since

€ < 1). Therefore, recalling the empirical process representation in (4.1), this
implies immediately that for k large enough,

2
< (logny) e +

]P’{ Vnhd| g i (t) — Enn(t)| S 2\/§p}

max sup su
ngp_1<n<ng anghpgbo WGI} Vloglogn
L(k)
< > oy ek }
< z:l IED{ o, e [Vnan(9)llg, ; > py/nihi ;loglogny,
=
02 04(p) 1— 2—(%—1)L(k)

< 2(logmg)'TET +

logny(loglogng)p/2 1 —2-(5-1

ca(p)(1 +§)

2
< 2% iy
< 2logme) T+ log ny (log log ny )P/2’

for some £ > 0. Finally, note that for any ¢ > 0,

Z(kz(log k)9~ < oo

k=1
so that by taking p large enough so that p > /8¢y, the previous calculations yield
(2.1) via the Borel-Cantelli lemma by summing in k. O

4.2. Proof under condition (B). To start with the proof of Proposition 2.1 in
this case, set
pp :=supE[FP(Y)|X =a], p=>1,
z€J
so that obviously p, is finite for all p > 1. We consider the function classes Gy, ;
exactly as in the previous case and consider the envelope functions

hi i hii
G j(z,y) = nF(y)I{:r ct+ [f %,%]d}.
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Our proof is similar to the one under condition (A). The main difference is that
we now use another exponential inequality which follows from a result of Yurinskii.
(See Theorem 3.3.1 and (3.3.7) in [18].)

Fact 4.2 (Bernstein type inequality). Let Z, Z1,...,Z, be i.i.d. X-valued
random variables and consider a pointwise measurable class G of functions g : X —
R with envelope function G. Assume that for some H > 0,

|
EG™(Z) < %0211”1—2, m> 2,
where o> > EG?(Z). Then we have for any t > 0,

P {mkx Vhar(@)lle > 6 + t}

< tQ < t2 V t
ex —_————— ex — ex e
= AT ) = PP\ T ane? P\74m )

where (3, = E|[v/na,(g9)]g-

Condition (B) implies that for some s > 0, and uniformly on z € J,
Elexp(sF(Y)|X =z] < M + 1 < o0,

where M > 0. Hence, a simple Taylor expansion in combination with the monotone
convergence theorem yields that for all z € J,

OOm

3 % E[F™(Y)|X = ] < M,

m=1 ’

so that we can bound y, for any p > 2 as

M
pp =supE[FP(Y)|X =z < p—,

> 2.
xzeJ sP p72

In particular, us < 2M/s?. Furthermore, we obtain in the same way as in the
previous case that

EG} ;(X,Y) < 2Ms™*h{ ;r*| x|l = o ;.

With Ay, j =t + [—hyg;/2, by j/2]%, it then easily follows that for any m > 1 and k
large enough (so that Ay ; C J),

EGY;(X,Y) = /]E[ b (X Y)X = 2] fx (x)dz

= HWA .E[Fm(Y)|X:x]fX(ac)dx

< K" bl fxll
|
< %O_’%)jﬁm—Qs—(m—Q)-

Using the same argument as in the previous case, we can find suitable constants
Aq, Ay > 0 such that

EH\/ﬁkank (g>Hgk] < Al\/ ’I’Lk,O']%’j < AQ\/ nkhz’j-
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Hence all the conditions of the above Bernstein type inequality (= Fact 4.2) are sat-
isfied for k large enough with H = k/s and 32 = O(nkhz’j) = o(nkh‘,ﬁ’j loglog ny).
This gives us for all 1 < j < L(k) and p > 0 (note that nkh;{k > loglognyg),

IF’{ max_ [[vVnan(g)llg.,; > py/nrhi ;loglogny,
Ne—1<n<ng >

d
< e (  p*s”loglog nk) e ( s nihy ;loglog le)
- 8Ml<&2||fx||J 4K
< (log nk)_A3p2 + exp ( — psV/2i loglog nk/4/<a)
< (log nk)_AS”2 + (log ng,)~A4*,

with Az = s2/8Mk?| fx||; and Ay = s/2v/2k. Consequently, by the empirical
process representation in (4.1), we have for any positive constant p < oo (recall
also that L(k) < 2logng,k > 1) that

max sup  sup

nk,1<g(§k7)zk an<h<bo @EF v/8loglogn

< YB{ max [Vacu(g)lo., 2 py/nihi ;loglogm |

j=1

P{ \/W‘(ﬁmh(t) — E@n,h(t” > p}

2(log nk)l_A”’2 + 2(log ng) '~

IN

Finally, by taking p large enough such that p > \/2/A3 V 2/A4, the result follows
from the Borel-Cantelli lemma by summing in k. O

1

[2

CORNS

&)

(10]

(11]
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