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1 Introduction

Let (B, || - ||) be a real separable Banach space with topological dual B*. Let {X, X,; n > 1}
be a sequence of independent and identically distributed (i.i.d.) B-valued random variables. As
usual, let S, = > | X;, n>1and set Lt =log(t Ve), LLt = L(Lt),t > 0.

One of the classical results of probability is the Hartman-Wintner LIL and the definitive

version of this result in Banach space has been proven by Ledoux and Talagrand (1988).

Theorem A A random variable X : Q — B satisfies the bounded LIL, that is

(1.1) limsup ||.S,||/VnLLn < oo a.s.

n—0o0

if and only if the following three conditions are fulfilled:

(12) || X/ LL X]| < 0o, EX =0,
(1.3) Ef*(X) < oo, f € B,
(1.4) {Sn/VnLLn} is bounded in probability.

Furthermore it is known that if one assumes instead of (1.4),
(1.5) S,/vnLLn 5 0
one has

(1.6) limsup ||Sy,||/vV2nLLn = o a.s.

where 02 = supjcp: Ef?(X) and By is the unit ball of B*. It is easy to see that ¢ is finite
under assumption (1.3).

If B is a type 2 space then (1.2) implies (1.5) and the bounded LIL holds if and only if conditions
(1.2) and (1.3) are satisfied. Moreover, in this case we also know the exact value of the limsup
in (1.1).

Recall that we call a Banach space type 2 space if we have for any sequence {Y,,} of independent

mean zero random variables with E||Y,,||? < co,n > 1:
EIY Yi? < CY RVl n > 2,
i=1 i=1
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where C' > 0 is a constant. It is well known that finite-dimensional spaces and Hilbert spaces

are type 2 spaces.

Finding the precise value of limsup, . |S,||/v2nLLn in general seems to be a difficult
problem (see, for instance, Problem 5 on page 457 of Ledoux and Talagrand (1991)). If one
imposes the stronger assumption E|| X |? < oo and EX = 0 instead of (1.2) and (1.3), de Acosta,
Kuelbs and Ledoux (1983) proved that with probability one,

(1.7) oV By < limsup ||S,||/V2nLLn < o+ [,

n—oo

where (3 = limsup,, . E||S,||/v/2nLLn. Moreover, they showed that the lower bound oV f is
sharp for random variables in ¢y. It is still open whether this is the case in other Banach spaces as
well. If S, /v/nLLn L0, one has By = 0 and one can re-obtain result (1.6) if E[| X ||* < oo. Also
note that in all other cases one misses the “true” value of the lim sup at most by a factor 2. So if
E|| X ||* < oo, we have a fairly complete picture and it is natural to ask whether it is possible to
establish (1.7) under conditions (1.2) and (1.3). This has been shown by de Acosta, Kuelbs and
Ledoux (1983) for certain Banach spaces which satisfy a so-called upper Gaussian comparison
principle, but the question of whether this is the case for general Banach spaces seems to be

still open. As a by-product of our present work we will be able to answer this in the affirmative.

There are also extensions of the Hartman-Wintner LIL to real-valued random variables with
possibly infinite variance. Feller (1968) obtained an LIL for certain variables in the domain of
attraction to the normal distribution and this was further generalized by Klass (1976, 1977).
Kuelbs (1985) and Einmahl (1993) found versions of these results in the Banach space setting.
In a recent paper Einmahl and Li (2005) looked at the the following problem for real-valued

random variables:

Given a sequence, a, = /nh(n), where h is a slowly varying non-decreasing function, when

does one have with probability one, 0 < limsup,, . |Sn|/an < 007

Somewhat unexpectedly it turned out that the classical Hartman-Wintner LIL could be
generalized to a “law of a very slowly varying function”. It is the main purpose of the present
paper to investigate whether there are also such results in the Banach space setting. In the

process we will derive a very general result on almost sure convergence (see Theorem 5, Sect.



3) which specialized to the classical normalizing sequence v2nLLn also gives result (1.7) under

the weakest possible conditions.

2 Statement of main results

Let ‘H be the set of all continuous, non-decreasing functions h : [0,00) — (0, 00), which are
slowly varying at infinity. To simplify notation we set W(x) = y/xh(z),x > 0 for h € H and
let a,, = ¥(n),n > 1.

Given a random variable X : Q — B we consider an infinite-dimensional truncated second

moment function H : [0,00) — [0, 00) defined by

H(t) = sup Ef2(X)I{|X]| < t},¢ > 0.
feB;

The first theorem gives a characterization for having lim sup,, ., [|Su||/a, < oo a.s. where a,

is a normalizing sequence of the above form.

Theorem 1 Let X be a B-valued random variable. Then we have

Sn
(2.1) lim supu <00 a.s.
n—oo an
if and only iof
(2.2) EX =0, E¥ (|| X]) < oo,
(2.3) the sequence {Sy,/a,; n > 1} is bounded in probability,

and there exists ¢ € [0, 00) such that
1 ch(n)
24 E - — 50

By strengthening condition (2.3) we can find the exact limsup value in (2.1).

Theorem 2 Assume (2.2) holds and (2.3) is strengthened to
(2.5) S/ n =0,
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then

1Sl

(2.6) limsup — = ap a.s.,

n—oo an

where

(2.7) aozsup{czoz il%exp (_2621(2))) :oo}.

n=

As in the classical case (when considering the sequence a,, = v2nLLn ) one can show that in
type 2 spaces (2.2) implies (2.5) so that in this case (2.1) holds if and only if conditions (2.2)

and (2.4) are satisfied. Moreover, the value of the limsup in (2.1) is then always equal to «.

In general, it can be difficult to determine this parameter. For this reason we now look
at normalizing sequences a, = \/W for functions h from certain subclasses of ‘H. Given
0 <g¢q <1, let H, C H denote the class which contains all functions h € H satisfying the
condition,

h(tf-(1))

tlig})w:l, 0<7<1—gq,

where f;(t) = exp((Lt)"), 0 < 7 < 1. Finally let H; = H. Clearly H, C H, whenever
0 < q1 < g2 <1. We call the functions in the smallest subclass Hy “very slowly varying”. From
the following theorem it follows that under assumption (2.5) we have ag < A for any h € 'H
where A is a parameter which can be easily determined via the H-function. If we have h € 'H,,
then it also follows that g > (1 — ¢)'/2\. Thus, if h € Hy, we have ap = A and this way we
can extend the classical LIL to a “law of a very slowly varying function”. Possible choices for

very slowly varying functions are for instance (LLt)?, p > 1 and (Lt)", r > 0.

Theorem 3 Let X be a B-valued random variable. Suppose now that h € 'H, where 0 < g < 1.
Assume (2.2) and (2.5) hold. Then

(2.8) (1 —¢)Y2\ < limsup 51 <\ as.,
n—oo an
where
, 20~ YzLLx)



Note the limsup in condition (2.9). If this lim sup is actually a limit for some h € H, it follows
after a small calculation, using the regular variation of the function ¥~! and the monotonicity

of H(+), that given 6 > 0 one has for all n sufficiently large that
H(a,) > (1 —08)*(\*/2)h(n)/LLn.

Thus Theorem 2 implies oy > (1 — §) A, and hence one has the limsup in (2.8) then equal to A

as the upper bound there remains applicable.

The existence of a limit in (2.9), however, is not necessary. It is a special feature of the function
class Hy that under condition (2.5) the limsup in (2.9) being equal to A? is necessary and also
sufficient in combination with (2.2) for having limsup,, . [|S,||/a, = A a.s. Moreover, we have
for h € H, and 0 < ¢ < 1 that limsup,_, ||Sn]|/a, < oo a.s. if and only if A < oo and
conditions (2.2) and (2.3) hold.

Theorem 3 gives us analogous corollaries as in the real-valued case. We state two of these. The
formulation of the other ones, for instance, a law of the logarithm (see, Corollary 2, Einmahl
and Li (2005)), should be then obvious.

Corollary 1 Let X be a B-valued random variable. Let p > 1. Then we have
Sn
(2.10) lim sup S ) <00 a.s.

if and only iof

(2.11) EX =0, E|X|*/(LLIX])" < oo,

(2.12) M\ = limsup(LLx)' P H(z) < oo,

and

(2.13) the sequence {S,/\/2n(LLn)?; n > 1} is bounded in probability.
Furthermore,

(2.14) lim sup 5] =\ a.s.

whenever condition (2.13) is strengthened to

(2.15) Sp//2n(LLn)P = 0.



If p =1 we re-obtain Theorem A, but the above corollary actually shows that we have for any

p>1an LIL. If A =0 in Theorem 3, we obtain the following useful stability result.

Corollary 2 Assume that X : ) — B is a random variable satisfying

(2.16) EX =0, E¥(||X]) < oo,

U (zLL
(2.17) lim L (wLLT)

H(z) =
z—oo  x2LLx () =0,

(2.18) S/ 0
then we have

(2.19) lim S _ 0 a.s.

n—00 Uy,

Conversely, if h € H, for some q¢ < 1 then (2.19) implies (2.16) - (2.18).

The remaining part of the paper is organized as follows. In Sect. 3 we state and prove an
infinite-dimensional version of the Fuk-Nagaev inequality improving an earlier version of this
inequality given as Theorem 5 in Einmahl (1993). Using a recent result of Klein and Rio (2005)
who obtained in some sense an optimal version of the classical Bernstein inequality in infinite-
dimensional spaces, we can replace the constant 144 in the exponential term of the earlier
version by 2 + ¢§ for any § > 0. Employing this improved version of the Fuk-Nagaev inequality
one can give much more direct proofs for LIL results than in Einmahl (1993). Especially it
is no longer necessary to use randomization arguments and Sudakov minoration for obtaining
the precise value of limsup,,_ . ||Sx||/an. Readers who are mainly interested in inequalites can
read this part independently of the other parts of the present paper. In Sect. 4 we then use
the improved Fuk-Nagaev inequality to establish the upper bound part of a general result on
almost sure convergence for normalized sums S, /¢, where {¢,;n > 1} is a sufficiently regular
normalizing sequence. This includes all sequences a,, = \/nh(n), where h € H. For proving the
lower bound part we first use an extension of a method employed in the proof of Theorem 2,
Einmahl (1993) to get a first lower bound (see Section 4.2). In the classical case ¢, = v/2nLLn
this bound would be equal to o. Our method is fairly elementary and one only needs classical

results such as a non-uniform bound on the convergence speed for the CLT on the real line. In
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Sect. 4.3 we obtain a second lower bound which, in the classical case, matches 3, defined in
(1.7). Here we use a modification of an argument based on Fatou’s lemma which is due to de
Acosta, Kuelbs and Ledoux (1983). In Sect. 5 we finally infer the results stated in Sect. 2 from

our general almost sure convergence result (Theorem 5).

3 A Fuk-Nagaev type inequality

As mentioned in Sect. 2 we use an infinite-dimensional version of the Bernstein inequality which
essentially goes back to Talagrand (1994). This inequality turned out to be extremely useful in
many applications, but there was a shortcoming that there were no explicit numerical constants.
Ledoux (1996) found a different and very elegant method for proving such inequalities which
is based on a log-Sobolev type argument in combination with a tensorization of the entropy.
He was also able to provide concrete numerical constants for these inequalites. His method
was subsequently refined by Massart (2000) and Rio (2002) among other authors. Bousquet
(2002) obtained optimal constants in the iid case. Finally, Klein and Rio (2005) generalized this
result to independent, not necessarily identically distributed random variables. Their results
are formulated for empirical processes, but using a standard argument one can easily obtain

inequalities for sums of independent B-valued variables from the ones for empirical processes.

We need the following fact which follows from Lemma 3.4 of Klein and Rio (2005).
Fact A LetYi,...,Y, be independent B-valued random variables with mean zero such that
IYil <M as,1<i<n.

Then we have for 0 < s < 2/(3M):

(3.1) Eexp(s|| S Yil) < exp (sEH SOVl 4 (2 3Ms>)

i=1 =1
where 3, = 2ME|| Y70 Yill + Ay with A, = sup{3 " Ef*(Y;) : f € B} and By is equal to
the unit ball of B*.

To prove this inequality we set Z; = Y;/M,1 < i < n. Recall that B is separable so that we
have for any z € B, ||z|| = supcp f(2), where D is a countable subset of B}. Set in Theorem

1.1 of Klein and Rio (2005) X = B and consider the following countable class of functions from

8



Xto[-1,1]" S={(-1V(fALl),...,=1V(fA1): f e D} Then we readily obtain that
supsesis'(Z1)+...+s"(Z,)} = |Z1+. ..+ Z,| a.s. and we can infer from the afore-mentioned
lemma that for 0 < ¢t < 2/3, Eexp(t|| >_1, Zi||) < exp (tE|| >0, Zi|| + vat?/(2 — 3t)) , where
Vo = 2B >0y Zi|| + Vi, and V,, = sup{d>_7_| Ef*(Z;) : f € B;}. Replacing Z; by Y;/M and
setting s = t/M we obtain (3.1).

Using the well known fact that exp(s| 3¢, Vi]),1 < k < n is a submartingale if s > 0
(recall that we assume EY;, = 0,1 < k < n), we can infer from Doob’s maximal inequality for

submartingales that for any = > 0,

{IIE&X ||ZYH > IE||ZY|| —|—x} < exp(B,5°/(2 — 3Ms) — s2),0 < s < 2/(3M).

Choosing s = 2x/(20,, + 3Mz) we finally obtain that

T

2
2 Y| > E Y, < — )
(32) {””‘ ”Z I ”Z “”} e (~ g T T )

Next note that we trivially have for any € > 0,

1}2
3.3 —
(3:3) P ( oA+ (B[S, V)] +3x>M)

z? 2z
< exp| —77—— | tex
- p( (2+€)An) p( (1+2/€)(4E[| >3, z||+356)M>
Combining (3.2) and (3.3) and setting z = nE|| >_" , V;|| +y, where 0 < < 1 and y > 0, we

can conclude that for any y > 0,

2
) )
> <
(3.4) P{1I£J?<X ||§ Yi| 1+77E||E Y|]+y} exp( 2+ 0 n)—l—GXp(—D M)’

i=1 €M

where D, = (14 2/¢)(3 4+ 4/n). We are now ready to prove

Theorem 4 Let 74, ..., Z, be independent B-valued random variables with mean zero such that

for some s > 2, E||Z;||° < 00,1 <i < n. Then we have for 0 <n <1,0 >0 and any t > 0,

t2 . S S
(3.5) P{lrgag |yZZ|y> 147 EHZZH—%—t}<eXp( m)JrCiZIEHZiH /t,

where A, = sup{>_7 | Bf*(Z;) : f € Bi} and C is a positive constant depending on 1,6 and s.
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Proof. To simplify notation we set for y > 0
Bly) = Buy) = > _E|Z]|*/y".
i=1
Assume that G(y) < 1. For € > 0 fixed we consider the following truncated variables
Y= ZI{||Zi|| < pey}, Y] =Y, —EY;, 1 <i <,

where

p=pleny)=1A 2¢D. , log(1/6(y))

Applying inequality (3.4) with M = 2pey we find that

2
(3.6) P{lrgggnuZY’w 1+nEHZY'H+y}<exp( @fw)ww.

=1

Next consider the variables
A= Zi I {pey < || Zi]| < ey}, 1 <i<n.

Employing the Hoffmann-Jgrgensen inequality (see, for instance, inequality (6.6) in Ledoux and
Talagrand (1991)), we can conclude that

(3.7) {1131,35 I|ZA > 4ey} ( {rggg | ZA I > ey}>

which in turn is )

< (ZP{Ai # 0}> < (ZP{H%H > pey})

Using Markov’s inequality and recalling the definition of p we see that this last term is bounded

above by
(2D.,)* 3%(y) (log(1/B8(y)))* < K(2Dy)*B(y),

where K, > 0 is a constant so that (loga)* < K,a,a > 1. We can conclude that

1<k<n

k
(3.8) IP’{ max || ZAiH > 463/} < C'B(y),
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where C" = K,(2D, ).
Next set A} := Z;1{||Zi|]| > ey}, 1 <i < n. Then we have once more by Markov’s inequality

1<k<n

(39) { mas | ZA’H z o} < ).

Combining inequalities (3.6), (3.8) and (3.9), we see that if 5(y) < 1 we have
k n 2
P {mx DICELOIELERD WA RRCE: 4e>y} <o (- 5Lop ) + €,
where C” =14 C'" 4+ e*. A simple application of the triangular inequality gives
(3.10) {11213% | ZZ | >b +(1+ 46)y} < exp <—ﬁ) + C"B(y),
where

n k
M, = (1+nE|> Y|+ max HZEYiII

- 1<k<n
=1

< (1+n) IE||ZY||+3 max ||ZIEY||

=1

Further note that
BIS VI < EIYDZI+E Y ZHIZI = pey)]
i=1 i=1 i=1
< EIS 20+ S EIZIHIZI > ped = BN S 2+ 6.
i=1 i=1 i=1
Aswe have EZ; = 0,1 < i < n it also follows that max; <<, || Zle EY;|| < 6, and consequently,

(3.11) o, < (L+n)E| > Zi + 56,.

i=1
Furthermore, we have,
o < yBy)/H{pe} ™" < ey

provided that 3(y) < e*p*!
It is easily checked that if p < 1, we have 3(y)/(e*p*™) < B(y)/(e*p®) < (C"B(y)) /2. (We are
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assuming that G(y) < 1.) Consequently, d,, < ey whenever C”(3(y) < 1 and p < 1. This is also
<

true if p = 1 as we have C” > e~*. We thus can conclude if f(y) < 1/C" < 1:

k n )
(3.12) P{lg% I3 202 0 ) 320+ 0 +9e>y} <ew (~ gl ) + 0

The above inequality is of course trivial if 5(y) > 1/C” and consequently (3.12) holds for all
y > 0. Setting y = t/(1 + 9¢) and choosing € in (3.12) so small that (2+¢)(1+9¢)? < 2+ 4, we

obtain the assertion. [

4 A general result on almost sure convergence

Let ¢, be a sequence of real numbers satisfying the following two conditions,
(4.1) Caf VR /00

and

(4.2) Ve>0dme >1:cy/em < (1+€)(n/m),m. < m <n.

Note that condition (4.2) is satisfied for any sequence a,, considered in Section 2.
Let H be defined as in Section 1, that is

H(t) = sup Ef*(X)I{||X|| < t},t > 0.
feB;

Set

> a?c?
Qg =Ssup o > O:anlexp (—W(”)) =00 .
nH(c,

n=1
In general o can be any number in [0, co]. If we are assuming that Ef?*(X) < oo, f € B* and
we choose ¢, = vV2nLLn, it follows that af = 0% = supep- Ef*(X).

Our main result in this section is the following generalization of (1.7),

Theorem 5 Let X, X1, Xo,... be i.i.d. mean zero random variables taking values in a separable

Banach space B. Assume that
(4.3) D P{IX] = e} < oo,
n=1
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where ¢, 1s a sequence of positive real numbers satisfying conditions (4.1) and (4.2).

Then we have with probability one,

(4.4) ap V By < limsup ||S,||/cn < ag + Bo,

n—oo

where [y = limsup,,_, . E||S,||/cn.

The following lemma which is more or less known shows that [, is finite whenever {S,,/¢,;n > 1}
is bounded in probability and that Gy = 0 if S, /¢, £, 0. So in the latter case we see that the

limsup in (4.4) is equal to ay.

Lemma 1 Let X, X, Xo,... be iid B-valued random variables with mean zero and let S, =
Sor Xion > 1. Let {c,} be a sequence of positive real numbers satisfying conditions (4.1) and

(4.2). Under assumption (4.3) we have the following equivalences:
(a) {Sn/cn;n > 1} is bounded in probability <= limsup,,_, . E||S,||/cn < oo.
(b) Sufcn = 0 <= E[|S,ll/c, — 0.

Proof We only need to prove the implications “=-" and by a standard symmetrization argument

it is enough to do that for symmetric random variables. We have for any € > 0,

D XI{IX]] < een}

=1

(4.5) E|S.| <E + nE|| X || I{]| X]|| > ecn}-

The last term is of order o(c,) under assumption (4.3) (see Lemma 1, Einmahl and Li (2005)).
Using the trivial inequality

I3 {H > XX < eea}l| = x} S P{lISull = 2} + nP{|| X]| = ecn},

i=1
in conjunction with Proposition 6.8 in Ledoux and Talagrand (1991), we find that if {S,/c,} is
bounded in probability, the first term in (4.5) is < C(€)c,,, where C(€) < oo . Consequently, we
have in this case, E||S,||/c, < co. Assuming S,,/c, %0, one can choose C(€) so that C(e) — 0

as € — 0. Since we can make e arbitrarily small, it follows that E||.S,||/c, — 0if S, /c, 50.0

If B is a type 2 Banach space, assumption (4.3) implies that E||S,| = o(¢,). (See Lemma
6, Einmahl (1993). The proof given there works also under the present conditions on {c,}.)
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Therefore we have in any type 2 space, fy = 0 and the limsup in (4.4) is equal to apy. Recalling
that finite dimensional spaces are type 2 spaces, we see that this result extends Theorem 3
of Einmahl and Li (2005). Also note that the conditions on {c,} are general enough so that
one can infer Theorem 3, Einmahl (1993) from the present Theorem 5 as well (without using

randomization and Sudakov minoration).

We now turn to the proof of Theorem 5. We assume throughout that condition (4.3) is
satisfied. Using essentially the same argument as in Lemma 3 of Einmahl (2007) one can infer

from the definition of o that whenever n; oo is a subsequence satisfying for large enough j,

(4.6) 1 <ay <njpr/nj <ag < oo,
we have:

> a?c? =o0 if a < ay,
(4.7) exp <——’>

Jz:; 2n;H (cn; ) < oo if a> ay.

4.1 The upper bound part

W.lo.g. we can and do assume in this part that ag + Gy < oo.
We first note that on account of (4.1) and assumption (4.3) we have for any subsequence {n,}

satisfying (4.6),

(4.8) Y mEIXIPH{IX]| < e, } /e, < e

J=1

(See, for instance, Lemma 7.1, Pruitt (1981).)

Moreover, we have as n — oo,
(4.9) nE|| X {||X]| > en} < ) BIX{IX]| > ¢} = o(ca)
i=1
This last fact follows as in the proof of Lemma 10, Einmahl (1993) replacing v, by c,.

Set X| = X, I{|Xn]] < ¢,},n > 1 and denote the sum of the first n of these variables by
Sl,n > 1. We obviously have

iP{Xn £ X'} < oo
n=1
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so that with probability one, X,, = X/ eventually. Due to relation (4.9) we have ES! = o(c,)

and consequently it is enough to show,

(4.10) limsup [|S], — ES/||/cn < ap + (o a.s.

n—oo

This follows via Borel-Cantelli once we have proven for any 0 < 6 < 1

1<n<nji1

(4.11) ZIP’{ max ||S, —ES/|| > {ao+ 0+ Bo(1+ )1+ 25)cnj} < 00,
j=1

where n; ~ p/ for a suitable p > 1.
In order to apply Theorem 4 we need an upper bound for b, := E||S/, —ES/ ||. Using essentially
the same argument as in the proof of Theorem 4 we find that this quantity is less than or equal
to .
EllSull +2 > BIXT{IX] > ).
i=1
On account of fact (4.9) and condition (4.2) we have for large enough 7,

bn]'+1 S (]- + 5)500n]-+1 S (1 + 25)50071]-7

provided we have chosen p < (14 29)/(1+ ).
From Theorem 4 (where we set 7 = §) and the ¢,-inequality it now follows for large 7,
P { max ||S;, —ES/|| > {ao+ 0 + Bo(1+ ) H1 + 25)cnj}
1

1<n<n;

(ap +6)*(1 + 25)20ij
ex —
(2 + 5>nj+1H(an+1>

) +8C (o +0) 72 (1 +20) n n B XPI{|X]] < ¢y} en,
(o + 5)2cflj B B
< exp <—m +8C(ag +0) (14 6) Bl X|PT{||IX]| < an+1}/c§bj+1'

Recalling relations (4.7) and (4.8) it is easy now to see that (4.11) holds and the proof of the

upper bound is complete.

4.2 The first lower bound

In this part of the proof we assume that oy > 0 (possibly infinite) and we shall show that we

have with probability one

(4.12) limsup ||Sy||/en > a,0 < a < ap.

n—oo
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Given 0 < a < ag, we can further assume:

(4.13) lim sup P{||S,,|| > ac,} < 1/2.

n—oo

Otherwise, we would have P{limsup,,_, .. ||Sx|l/cn > a} > limsup,,_ . P{||S.|| > ac,} > 1/2
which implies (4.12) via the 0-1 law of Hewitt-Savage.

We first prove that under the assumptions (4.3) and (4.13) we have for any sequence {n,}
satisfying condition (4.6),

(4.14) ZIP){HS,L]H > acy, } = oo.
j=1
To that end we choose for any j a functional f; € B so that
EfF(X)HIIX] < ey} = (1= €)Hcn,),

where 0 < € < 1 will be specified later on.
Set for 7,k > 1,

Sie = [i(X)I{| Xkl < et
Eiw = &k — B

Then it is easy to see that

(4.15) P{IS, | > acy,} 2 P{Y_ &in > acy,} — nP{IX | > e}
k=1

From assumption (4.3) it immediately follows that

S P 2 e} < oo
j=1

Moreover, we have |E&; | < E||X|[[I{|[X| > c¢,,} whichis in view of fact (4.9) of order o(c,, /n;).
Consequently, in order to prove (4.14) it is enough to show that for a suitable 0 < € < 1,

(4.16) ZIP’ {i:f;k > (1+ e)aan} = 0.

J=1
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To estimate these probabilities we employ a non-uniform bound on the rate of convergence
in the central limit theorem (see, e.g., Theorem 5.17 on page 168 of Petrov (1995)). We can

conclude that
(4.17) P {Zf}k > (1+ e)ozcnj} > P{o;¢ > (1+€)acy, [/} — Aa™>(1+€) 7 ElE), e,
k=1

where ( is a standard normal variable, O'JQ» = Var(¢;1) and A is an absolute constant.
Noting that E|¢} > < 8E[&;1]* < SE[| X |[PI{]|X]| < ¢n,}, we can infer from fact (4.8) that

anE]§§71|3cgf’ < 0.
j=1
Therefore, relation (4.16) and consequently (4.14) follow if we can show that
(4.18) ZIP{UJ»C > (1+€)acy, /\/n;} = oo.
j=1

Let Ng = {j > 1: H(cy;) < ¢} /n7}. Then it is easily checked that for any 1 > 0,

(4.19) Z exp (—%) < 00.

Furthermore, we have for large 7 ¢ Ny,

of = Eff(X)H{IX] < e} = EfHXOH{IX]] < e, })?
= Eff(X) X[ <y} = EfHEOH{X] > en, })?
> (1—¢)H(cq,) — (EBIXH{[IX]| > eo, })?
> (1—=2¢)H(cy,).

V

Here we have used that for large j, E[| X || I{||X|| > c,,} < Vecn,/n; (see fact (4.9)).
Employing a standard lower bound for the tail probabilites of normal random variables, we can

conclude that for large j ¢ Ny,

P{o;¢ > (1 + €)acy,/\/n;} > exp (— A+ ae, ) :

2n;(1 — 3€)H (cy,)

Choosing € so small that o(1 + €)/v/1 —3€) < g we obtain (4.18) from relations (4.7) and
(4.19). This implies relation (4.14).
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We are now ready to finish the proof of (4.12) by a standard argument.
Set my, = Zle n;,n > 1, where n; = [(1+67%)] with 0 < § < 1/2.
Note that we then have n;y1/n; > §~2 and consequently by (4.1),

(4.20) Cryyr =0 ey, 5 > 1

Likewise it follows that

i=0
Ik k is large enough we can conclude from (4.2) that

(4.21) Comy [y < (14 8)ymy [y < (1 —6)71
Define for k£ > 1,

Fr = {ISm = Smy || > acn, },
G = {HSmkle < 2a(5cnk}.
Note that on account of relations (4.20) and (4.21) we have for large k,
P(Gr) 2 P{[ISm, ]l < 20¢0, ., } 2 P{|ISm, || < 201 = d)acm, ., }-

Thus (recall (4.13)) P(Gy) > 1/2 for large k. In view of (4.14) we have >~ P(F}) = co. The

events Fj, and Gy, are independent. Thus we can conclude via Lemma 3.4. of Pruitt (1981) that
P(F), N Gy, infinitely often) = 1.

We clearly have,
F. NGy CA{l|Sm, || = a(l —20)c,, }

which is due to relation (4.21)
C {l1Smell = a(t =26)(1 = d)cm, }

provided that k is large enough.
It follows that with probability one,

lim sup || Sy, || /€my > (1 —20)(1 —9).

k—oo

Since we can choose § arbitrarily small, this implies statement (4.12).
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4.3 The second lower bound

We now assume that ag + Gy < oco. If ay = oo the lower bounds follows from part 4.2 and if

By = oo we can obtain it from Lemma 1.

We use essentially the same argument as in Theorem 7 of de Acosta, Kuelbs and Ledoux
(1983). There is a small complication: we cannot show for all sequences {c,} satisfying the
above conditions that E[sup, ||S,]|/c.] < oo.

Therefore, we prove this first for S;, = > | X/, n > 1, where the random variables X/ are
defined as in part 4.1, that is

X! =X, H{|| X.|| < eu}yn > 1.
From the upper bound part (see 4.1) it follows that we have with probability one,
(4.22) limsup [|S)||/¢n < ag + By < 00.

n—o0

Since sup,, || X} ||/¢, < 1 we obtain from Corollary 6.12 in Ledoux and Talagrand (1991) that

(4.23) E {sup 1S5,/ en| < oo

Using the fact that with probability one, lim sup,,_, . ||Sx||/cn is constant, Fatou’s lemma implies

that with probability one,

(4.24) limsup [|S,||/¢, = limsup ||}, || /¢, > limsup E||.S) || /cp.

In view of (4.9) we have as n — oo
E(IS I = EISalll < > EIXII{IX] > e} = ofca)
i=1
and we find that with probability one,
limsup ||.Sy||/¢n = Bo-

This completes the proof of Theorem 5.
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5 Proof of Theorem 3

We only prove Theorem 3. The proofs of the corollaries are exactly as in the real-valued case
and they are omitted. Also Theorems 1 and 2 follow directly from Theorem 5.
As for Theorem 3, we first note that in view of Lemma 1(b) we have §y = 0 in Theorem 5.

Therefore we only need to show

(51) (67%)) S A
and
(5.2) ap > (1 —¢)"2\, heH,.

By regular variation of the function ¥~! we can infer from (2.9) that

limsup(LLn)H (a,/LLn)/h(n) = \*/2.

n—o0

The proof of (5.2) then goes exactly as in the real-valued case (see proof of (4.13) on page 1619,
Einmahl and Li (2005)), and thus it can be omitted as well. In order to prove the corresponding
upper bound in the real-valued case, we used another result, namely Theorem 4 in our previous
paper, Einmahl and Li (2005). It is possible to extend this result to Banach space valued
random variables, but there is also a more direct argument for deriving the upper bound (5.1)

which we shall give below.

Proof of (5.1). If A = oo the upper bound is trivial. Thus we can assume that A € [0, c0).
We have to show for any a > A,

(5.3) gn_l exp <_;;I}EEZ>)> <0

Set 0 = (v — \)/3. Then we clearly have for large enough n,

(A + 6)2 h(n)

H(a,/LLn) < nn
(an/LLn) < LLn

Setting No = {n : H(a,) — H(a,/LLn) < dAh(n)/LLn} we get for large n € Ny,

(A + 26)2 h(n)

Ha) <
(n) < =571
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and consequently
2
. ah(n)
(5.4) Z n=exp <_2H(an)> < 00
Further note that we trivially have,

o H(an) = H(an/LLn) _ ~EIX|PI{]|X]| < a0}
Z a?Lln = Z a3 =

n= n=1

The latter series is finite because we are assuming E¥ (]| X||) < oo. (See, for instance, Lemma
5(a), Einmahl (1993).) It follows that

1
n¢No
Condition (2.9) implies that for large enough n, and 0 < € < 1,

a’LLa, < a’LLa, < h(n)
V-1(a,LLa,) —  “W¥a,)(LLa,)?¢ ~ “(LLn)'~¢’

H(a,) < (M +1)

where we have used the fact that U=! is regularly varying at infinity with index 2. (C. and C’
are positive constants.)

We now can infer from (5.5) that

(5.6) Y 0 tewp (— ;‘Hh(g) < 3wt exp(—a?(2C) " (LLn)' ) < oo.

ngNg ngNo

Combining (5.4) and (5.6) we see that the series in (5.3) is finite and our proof of (5.1) is
complete. []

Acknowledgements. The authors would like to thank J. Kuelbs and D. Mason for their
support and interest in this work. Thanks are also due to to the referee who made a number

of useful suggestions helping us to improve the presentation.
REFERENCES

AcostA, A. DE, KUELBS, J. AND LEDOUX, M. (1983) An inequality for the law of the
iterated logarithm. In: Probability in Banach spaces 4. Lecture Notes in Mathematics
990 Springer, Berlin Heidelberg, 1-29.

21



BousQueT, O. (2002) A Bennett concentration inequality and its application to suprema of
empirical processes. C. R. Math. Acad. Sci. Paris 334, no. 6, 495-500.

EinMAHL, U. (1993) Toward a general law of the iterated logarithm in Banach space. Ann.
Probab. 21, 2012-2045.

EiNmMAHL, U. (2007) A generalization of Strassen’s functional LIL. J. Theoret. Probab., to

appear.

EinmaHL, U. AND L1, D. (2005) Some results on two-sided LIL behavior. Ann. Probab. 33,
1601-1624.

FELLER, W. (1968). An extension of the law of the iterated logarithm to variables without
variance. J. Math. Mech. 18, 343-355.

Krass, M. (1976) Toward a universal law of the iterated logarithm 1. Z. Wahrsch. Verw.
Gebiete 36, 165-178.

Krass, M. (1977) Toward a universal law of the iterated logarithm II. Z. Wahrsch. Verw.
Gebiete 39, 151-165.

KLEIN, T. AND RI1O, E. (2005) Concentration around the mean for maxima of empirical
processes. Ann. Probab. 33, 1060-1077.

KuEeLBs, J. (1985) The LIL when X is in the domain of attraction of a Gaussian law. Ann.
Probab. 13, 825-859.

LEDOUX, M. (1996) On Talagrand’s deviation inequality for product measures. FESAIM
Probab. Statist. 1, 63-87.

LEDOUX, M. AND TALAGRAND, M. (1988) Characterization of the law of the iterated loga-
rithm in Banach space. Ann. Probab. 16, 1242-1264.

LEDOUX, M. AND TALAGRAND, M.(1991) Probability in Banach Spaces. Springer, Berlin
(1991).

MASSART, P. (2000) About the constants in Talagrand’s concentration inequalities for em-
pirical processes. Ann. Probab. 28, 863—-884.

22



PETROV, V. V. (1995) Limit Theorems of Probability Theory: Sequences of Independent

Random Variables. Clarendon Press, Oxford.
PrurrT, W. (1981) General one-sided laws of the iterated logarithm. Ann. Probab. 9, 1-48.

R10, E.: (2002) Une inégalité de Bennet pour les maxima de processus empiriques. Ann.
Inst. H. Poincaré Probab. Statist. 38, 1053-1057.

TALAGRAND, M.: (1994) Sharper bounds for Gaussian and empirical processes. Ann. Probab.
22, 28-76.

23



