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Two-boundary problems for semi-Markov walk with a linear
drift
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Abstract. In this article we determine the joint distribution of the first exit time from an
interval and the value of the overshoot and the joint distribution of the supremum, infimum
and the value of the semi-Markov walk with a linear drift. The results obtained are applied
for the case when the jumps of the process are exponential. The corresponding distributions
is found in terms of the resolvent of the process. We established the weak convergence of
the distributions two-boundary functionals of the semi-Markov walk with a linear drift to the
corresponding functionals of the Wiener process.
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1. Introduction

One of the most important two-boundary functionals of the process is the joint distribu-
tion of the first exit time from an interval and the value of the overshoot by the process
at the instant of the first exit. This distribution was determined fewyLprocesses in
[1]. The authors suggested to use one-boundary functionals of the process, i.e. the
joint distributions of the first passage time of the positive (negative) level and the value
of the overshoot by the process. Their approach is based on employing the probability
methods (total probability formula, homogeneity and strong Markov property of the
process). In order to determine the Laplace transforms of the joint distribution of the
first exit time and the value of the overshoot, the authors set up and solve a system of
linear integral equations (see for instance [1]).

As aresult the Laplace transforms of the first exit time and the value of the overshoot
are given only in terms of the joint distributions of the one-boundary functionals of
the process. This fact allows us to solve another two-boundary problemsfor L
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a linear component to the processes mentioned we obtain the processes which are
homogeneous with respect tot the first component [4]. In this paper we will solve
another two-boundary problem for the semi-Markov walk with a linear drift, i.e. we
will determine the joint distribution of the infimum, the supremum and the value of
the process. The results obtained can be applied in queueing theory and financial
mathematics.

2. Definitions and auxiliary results

Letn,d € (0,00), be independent random variables @nd:) = P[n < z|,z € Ry =

[0, ) be a continuous distribution function gf We will suppose thaEn, Eé < cc.
Introduce a random variabfe= 1 — ¢ € R, and define the random sequen¢gsn], },
{6,0,}, {¢,¢,},n € N = {1,2,...} of independent identically distributed random
variables. The symbet means the equity of the corresponding distributions. Define
arandom walk d,, } nenuo : do = 0, §,, = 97 + - - - + 9, and random sequences

no(x) =0, m(x) =1, Npa(@)=ne+m+---+n,, neN,
So(x) fi(x) =me — 06, &npa(z) =&G(@)+&+---+&, neN,

wheren, € (0, o0) is a random variable with the distribution function

0,
0,

Fy(u) =Py < u = (F(z +u) — F(2))(1- F())™%, ueR,.
For allt > 0 define a renewal process generated by a seqyen¢e) } .enuo:
N, (t) =max{n e NUO: n,(z) <t} e NUO, x e Ry. (2.1)
Forz € R, introduce a right-continuous random process
{Zo(®)}z0 = {t = On, (1) },50 € R, Z.(0) = 0. (2.2)

Observe that the sample paths of this process increase linearly on the intervals

[ (x), mmy1(x)), n € NU O and negative jumps of the process (2.2) occur at the time
instantsy,,,1(x). The value of the jumps is identically distributed wit, ,. We will

call the proces$Z,(t) }+>o defined by (2.2) a semi-Markov random walk with a linear
drift [5]. Note, that the processZ, (t) }+>o is not a Markov process in general (besides
the cace when is exnonentiallv distribiited) Therefore we define a linear comnonent
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is the time elapsed since the last jump instant of the prot&s§)},., up to time a
to. Adding a linear component (2.3) to the process (2.2), we obtain a right-continuous
Markov process

{Xt}tZO = {Z’E(t)a n;—(t)}tzo eRx R+7 Xo= {0,%, }7 T e R+7 (24)

which governs the processZ,(t)}+>0. The process (2.4) is a Markov process ho-
mogeneity with respect to the first component [4]. In other wordX,jf = {k, u},

k € R, u € R, for somety, then the further evolution of the procesg & }i>¢,

does not depend on the valéeof the first component. After alapse oft@the first
component of the procegsX, },>¢, increases linearly and the first jump of the process
(which is identically distributed witld) will occur after elapsing of a random timg.
Observe, that the random poirts, (x) },cn are the switching points of the renewal
procesg N, (t)}:>0 and they are the times at whi¢h" (¢) }:>o is killed to zero. More-

over, {n,(z)},en are the Markov times of the processes (2.1)-(2.4). We would like
to emphasize that the property of homogeneity with respect to the first component of
{X:}+>0, and the Markov property of the random timgs, () },.enuo Will be used
throughout the paper. We now introduce an auxiliary process which will be used in the
sequel. Define

{Sfﬂ(t)}tZO = {gNm(t)(x)}tZO eR, S5:(0)=0, zeR,. (2.5)

The process (2.5) is a right-continuous step process. The sample paths of this process
are the constants on the intervajs(x), n,+1(z)), » € NUO and the jumpg = n—9,

n €{2,3,...} (or&(x) = n, — 6 for n = 1) of the process (2.5) occur at the instants
nn(z), n € N. We will call the procesg S, (t)}+>0 a semi-Markov random walk [5],
generated by the random sequefigg(x)}, {&.(x)}, n e NUO.

Proposition 2.1. Let N,(t), Z.(t), ni (t), Sx(t), t > 0, be random processes defined
by the formulae (2.1)-(2.3), (2.5), and ~ exp(s) be an exponential random variable
independent of these processigs) = Eexp{—sn.}, f(s) = fo(s) = Eexp{—sn}.
Then forallz € Ry, s > 0, 10| < 1, R(a) = R(c) = 0, R(b) > 0 the following
equality holds

S

=—(1- fx(s +a-+ b))e_bm

EGNI(VS)e—(le(Vs)—bn;r(l’s)_csx(l/é,')
s+a+b
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Proof. It is not difficult to establish that the mathematical expectation
Ei(0,a,b,c) = EgN=(vs) exp{—aZ,(vs) — byt (vs) — cSe(vs)}
obeys the following equation far € Ry, s > 0, 0| < 1, R(a) = R(c) =0, R(b) > 0

1— fu(s+a+b)

—bx ry (a+c)d s
x E E ) ) ) *
stars  © +0fs(s+a+c)Ee 5(0,a,b,c)

Ej(0,a,b,c) = s

In order to write this equation we used the total probability formula, independence of
the random variablesandn (x), homogeneity of the proce$sx; }:>0 with respect to

the first component and the fact that the random tig{e ) is a Markov time. Setting

x = 0in this equations we get

s 1-f(s+a+b)
s+a+b1—0f(s+a+c)Belato)d’

E§(0,a,b,c) =

Substituting the expression fdf;(6, a, b, c¢) into the previous equality we get (2.6).
The formula (2.7) follows from (2.6), fa# =1, a = b= 0. O

We now introduce one-boundary functionals of the semi-Markov Walk(¢) }+>0
(2.5). Forz, k € R, denote by

) =inf{t:S,(t) > kY,  TF(z) = S.(F*(z)) — k,

Fk=7k(0), T*=T"*(0), the first overshoot time of the positive leveby the random
walk {S(t) }+>0 and the value of the overshoot at this instant;

Folz) =inf{t: S,(t) < =k},  Tp(z) = =Su(Ful(z)) — k,

T="%(0), Tk:Tk(O), the first overshoot time of the negative levek by the ran-

dom walk { S (t) }+>0, and the value of the overshoot at this instant. Random vari-
ables7™(z), 7(z) take their values from a countable det,(z), n € N} and they

are Markov times of the proceds; (t)}+>o. It is worth of mentioning that there is

no principal difference between a semi-Markov walk and a 'usual’ random walk with
respect to studying one-boundary characteristics. In order to illustrate this, we now de-
rive for {S;(t) }+>0 analogues of the well-known results of [18], [17], [16] for random
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(i) the semi-Markov walkSo()}+>0 admits the Spitzer-Rogozin factorization [18],[17]

Berove) - 1S powsigersi, wp)—0, (28)
1= j(s + p) Ber ’ ==t

where the variables-S,_, S, € R, are infinitely divisible with the Laplace trans-
forms of the form

Ee—PSi — exp{% % E [e*snn (e*pﬁn - 1) D48, > 0} } ,  ER(p) >0;

(i) the integral transforms of the joint distributions 6%, T*}, {#,, T3}, k € R,
of the semi-Markov walkSy(%) }+>0 obey the formulae [16] fo(p) > 0

- [ e sThpTh 2k oo} = (E e*PSL>_lE [e*P(Su*f’”;SZ > k] :
E [efs?k.fpi“k; F < oo} _ (E e;vSJs)_lE [€p<555+’€>; S, < —k} ;o (29

(iii) the integral transforms of the joint distributions £$o(v;), S} satisfy the fol-
lowing equalities fork € R,

E |e75007); ) < k| = Be B e 5) < k|, () <0,

E [e’ps"(’“);SV: > —k] — Ee PSLE [e’ps';;S; > —k] , R(p) > 0. (2.10)
A simple proof of this lemma is given in [6]. It is based on applying factorization-
probability methods.

3. One-boundary characteristics of the proces$Z, (t) };>o.

In this section we will determine the one-boundary functionals generated by the first
overshoot time of a fixed level by the procgss, (¢)}:>o. Let Xo = {0,z}, x,k €
R, . Define

() —=infl+: 7 (+) <« —L T (N — —7 (1 () — L infIA — ~~
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of the joint distribution of 71 (x), Ti.(z) } satisfies the following formulae

Pz, 5) = (E ezs;s)*lE [ez(S;s+k); Sy < —k} ’ (3.1)

iles) = B[00 @) < <] + [ B[00 € ] R0

whereéy(z) = n, —d and S, = tigf So(t) is the infimum of the semi-Markov walk
{So(t)}iz0. -

Proof. Observe, that the processgs(t), S, (t) t > 0 do not decrease on the intervals
[ (), nnya(2)). It follows from the definitions of these processes (2.2), (2.5) that the
negative jumps of,(t), S;(t), t > 0 can only occur at time points), (z), n € N}.

It also follows from (2.2), (2.5) that

Ze(mn(z)) = Se(nn(z)) = na(z) =8,y n€NUO.

Thus, the first overshoot time,(x) of the negative level-k and the value of the
overshootl},(x) through this level by the semi-Markov wallS,.(¢)};>0 coincide in
distribution with the first overshoot time,(x) and the value of the oversho®} (z)

by the proces§Z,(t)}+>0. The first equality of (3.1) follows straightforwardly from

the second formula of (2.9). In order to get the second formula of (3.1) we used the
total probability formula, the Markov property gi(x) = n, and homogeneity of the
process{ X };+>0 with respect to the first component. ]

We now consider a more interesting problem, i.e. we will determine the integral trans-
forms of the joint distributions of the upper one-boundary functionals of the process
{Z.(t) }+>0. Let Xo = {0, 2z}, z, k € R. Introduce a random variables

@) =inf{t: Z.(t) > k},  nF(x) =l (7F(2)),

i.e. the first overshoot time of the positive leveby the proces§Z,(t)}:>0 and the
value of the linear component at the instant of the first overshoot of the positive level.
We will suppose that irff)} = oo and on the evenfir*(z) = oo} we set per definition
n*(z) = co. ForR(p) > 0, s > 0, B¥(z) = {7¥ < oo} denote

CP(dl, s) = / e PE [e-ST‘“@);nk(a«)edz,%k(x)} dk, CP(s) = / CP(dl, s).
0 0

Theorem 3.2([6]). Let{Z,.(t)};>0, be a semi-Markov process with a linear drift de-



Two-boundary problems for semi-Markov walk 229

(i) the integral transform of the joint distribution d¢f-*(z), " (x)} satisfies the fol-
lowing formulae

CP(dl,s) = 711: 5 ((i)) e TP dl
- F@)et B P g st [e—p“—“Sv‘s);z — 5+ 8, > o] dl,
1- (s) ‘“‘
cr(s) = —— |1 =5 EP) g sy, (Bes - Ees<5v‘s—5>)] L (3.2)
s+p 1-— f(s)

(i) the Laplace transform of the distribution of the supremjr(v;) of the process
obeys the formula

BerZitv) — 5 P[5 g s, [Eessv‘s —Ees(s”_“"_a)} (3.3)
s+p s+p 1—f(s)

and for the infimun (v,) of the process the following equalities are valid

P[Za(ys)
P(Z, (vs)

Y

—k] P[SV_5 > —k, (3.4)
—k]=1-E[e*"; &(x) < —k]

v

- /OO E [e7*";&(2) € dv] P[-S,. > k+v].
—k

The proof of this theorem in a more general case (i.e. whenR) is given in [6].

It is worth of mentioning that the distribution of*(0) have been studied by Gusak
[8]. The analytical expressions for the integral transform’gf0) contain projectors
which are not calculated. Therefore, in order to solve the two-sided exit problem we
will require a more general one-boundary functional of the pro¢ésst)}:>o, i.e.

the joint distribution of{7*(z),7n*(2)}, = € R,. Hence, we will not use the results
given in [8] but rather apply the results of Theorem 3.2.

Theorem 3.3. Let {Z,(t) }+>0, be a semi-Markov process with a linear drift defined
Iy 7D D)
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+R(p) >0

Ee 0Z:ve)=pZiws) — 5 (3.5)

sSs+a—+p

: fw<s+a+p>[ L)~ Bua)| Be %,
1—

s+a f(s) ls+a+p
E [efaZO(”s), Zy (vs) > —k} -5 1- f(’i—i_ a)E [67(15;5;5; > 714 EQ*GSZ7
s+a 1— f(s) :

where S}, S, are the supremum and the infimum (2.8) of the semi-Markov walk
{So(t)}+>0 on the time interval0, v;] and B;(a) = (1 — Ee®) Ee 5.

Corollary 3.4. The Laplace transforms of the distribution of the increments of the
process
Z5(vs) — Zu(vs) € Ry, Zo(vs) — Zy (vs) € Ry,

on the time interval0, ;] obey the following relations fak(p) > 0

EePZa(ws)=Za(vs)) — 1 4 1 fﬂﬁi(f) [pBs(—s) — sBs(—p)],

s—p1—f(s)
Be P2y ) _ 5 1= Fs+p) b psy
s+p 11— f(s)

Proof. Let us verify the first equality of (3.5). One can write the following equation
fork e Ry, R(a) =0

Ee %) = Ele~%"); Z(v,) < k]+ / Ele™" @ (x) € di]e” " Be A "),
0

The validity of this equation is based on the total probability formula, the Markov
property of the random time* (), homogeneity of the procegsX, };>o with respect

of the first component, properties of the exponential variabland the following
reasoning. The increments of the procé&s(t)}+>o on the time interval0, v4] ( the
expression in the left-hand side of the equation) can be realized either on sample paths
of the process which do not intersect the upper boundaey R, (the first term in

the right-hand side) or on the sample paths which do intersect the upper boundary and

« . T~ 1



Two-boundary problems for semi-Markov walk 231

(3.2). Computing the integral in the right-hand side of the latter equality we get the
first formula of (3.5). Let us give another approach to verify this equality. Using
the total probability formula, the Markov property of the random varighle) = 7,,
homogeneity of the proce$s(; }+>o with respect to the first component and properties
of the exponential variable; we establish that the mathematical expectation

Uk(a,s) = Ele % Ws); ZF () < k], x keRy, Ra)=0

obeys the following equation

k
Uk(a,s) = s/ e USTIP[n, > ] du
0

k (e 9]
- / e TPy, € dul / e"P[3 € dv] Ug """ (a, 5).
0 0

Define the following projectors [11] for the Laplace transforms (Fourier transform)
F(p) = ffooo e PU f(u) du, R(p) = 0 such thatffoOO e P f(u)| du < oo

N ) - 0—
e (P = [ e f@dn PewolFE) = [ e

—0oQ0

Multiplying the latter equation by~?* and integrating it ovek € R, for ®(p) > 0,
p # 0 we find

s1—fu(s+a+p)
P s+a-+p
whereUZ (a,s) = [5° e P*U¥(a, 5) dk. It follows from this equality forz = 0 that
the function g(a s) obeys the following equation

s1—f(s+a+p)
D s+a-+p
In order to solve it we will apply the Wiener-Hopf factorization. First, we will deter-
mine an auxiliary function (a, s) = Pg, [Ee™P°T}(a,s)] . Then by means of
(3.6) we will obtain the functiod’ (a, s). Multiplying the equation (3.7) bfe(a+2)9.

we get for(a) = R(p) =0

07(a, s) = + fuls +a+p)Pe, [B 0 a,5)], (36)

Ub(a,s) = + f(s+a+p)Pr, {Ee(“*m‘sﬁg(a,s)} . (3.7

~ 1— f
L (a,s)(1 = f(s+a+ p)Eel**?)°) :;% ff;f;p)Eemp)é—I;(m 5),

wherel~(a.s) = B,_ o [Ee@ PP (a. s)] . Employing the Spitzer-Rogozin fac-
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whereB;(a) = (1 — Ee®)Ee~* . In order to calculate the projectors which enter
(3.8) we need the following proposition.

Proposition 3.5. Lete € C, R(e) > 0, A(p) be a bounded analytical function in the
semi-planek(p) < 0, and continuous ofit(p) = 0. Then fork(p) € [—R(¢e), 0],
p # —e it admits the following additive factorization expansion

Alp) _ Alze) | Alp) — A(=¢)
eE+p E+p E+Dp

whereA(—¢)(e + p)~tis a bounded analytical function iR(p) > —R(¢), [A(p) —
A(—¢)](e +p)~tis a bounded analytical function iR(p) < 0, continuous ofR(p) =
Oand

- [A(p)} _ A(-2)

Alp)]  Alp) — A(—e)

E+p eE+p

The statements of Proposition 3.5 are obvious, so we will not concentrate on the proof.
It is clear, that the functiorB,(a + p) is analytical and bounded #(p) < 0, also
continuous on thé(p) = 0. Employing the equality of Proposition 3.5 to calculate
the projectors (3.8), we find that

1Bs(a+p)]: 1 l{BS(a)pBS(S)}

psta+p s+ap s+a-+p

Pr, {

It is clear that the functions{pi(a, s) are bounded and analytical iaR(p) > O,
and are continuous oi(p) = 0. It follows from the Wiener-levy lemma [10] that

-1
Ee P57 is a bounded analytical function #(p) > 0, continuous on the bound-

ary. Let us turn now to the equality (3.8) and apply the factorization reasoning [7]. The
function which enters the left-hand side of this equality is bounded analytical in the
semi-planér(p) > 0, and continuous oft(p) = 0. Hence, by means of this equality it
can be extended to the semi-plaig) < 0, remaining bounded and analytical. Then,

in view of the Liouville theorem it is equal to a constalifs) in the whole complex
plane. In order to determine this constant, we calculate the limit in the left-hand side
of (3.8) asp — oo, which yields thatC(s) = 0. Equating the left-hand side of (3.8) to
zero we get
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In order to obtain this equation we have used properties of the pr¢éégs-o, the
variablesr;, v, and the following reasoning.

The increments of the proce$&o(t) }+>0 on the time intervalo, v4] (the left-hand
side) can be realized either on without intersecting the lower boundarfthe first
term in the left-hand side) or with intersection of the lower boundakyand the
further realization of the process @@ v,]. Substituting the expressions for the math-
ematical expectationBe %) (2.6), E[e~%(s); 7" (vs) > —k] (2.10) into this
equation we obtain the second formula of (3.5). Formulae of Corollary 3.4 follow
straightforwardly from the statements of Theorem 3.3. This completes the praof.

4. Two-sided boundary problems for procesq Z,.(¢) }+>o.

Let B € R, be fixed,k € [0,B],r = B — k, Xo = {0,z2}, x € R, and define a
random variable

x =inf{t: Z,(t) ¢ [-rk]}

i.e. the first exit time from the intervéd-r, k| by the proces$Z,(t) }+>o. Denote by

A* = {Z.(x) > k} the event that the first exit from the intervalr, k] takes place
through the upper boundary by means of the linear increase of the p{d€g$$}:>o;

A, = { Z,(x) < —r } the event that the first exit from the interval occurs through the
lower boundary—r. Observe, thaf is a Markov time of the procesgX;};>o and

P [2* + 2] = 1. Define random variables

L=n ()T +0-Tg,,  T=0 T+ (~Zs(x) — 1) I,
i.e. the value of the linear componeyjt (¢) at the instant of the first exit and the value

of the overshoot through the boundary at this instant. Higre Iy(w) is the indicator
of a setd. Denote fork € [0,B],r =B — k

Fhal ) = fh(d) — [ g2 s) £ L),
0

Fo(du,s) = £2(du, s) / AL s) fy(du, s),
0
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of the joint distribution of x, L, T'} satisfy the following formulae for > 0

o0
VE(dl, s) :Ff(dz,s)Jr/ FF(dly, s) 8 (dL, 5),
0

V¥ (du, s) = F¥(du,s) +/ Fr(dv, s) R, (du, s), 4.1)
0
where
Ri(dls) =Y K (dls)"™, &, (du,s) =) K, (du,s)"", (4.2)
neN neN

are the uniformly convergent series of the successive iterations; and
K ()W R L), K (du,s) ™ K (du,s),

o0

K (dl, s) ") = / K (dlp, s) K} (dl,s)"™, n €N,
0

K, (du, s)*("ﬂ) —/ K, (du,s) K;l(du, s)*(”), n €N, (4.3)
0

are the iterations of the kernel(s(;lr(dl, s), K, (du, s), which are defined by the for-
mulae

S(dl,s) / fi(du, s) farB(dl,s),

K du,s) = [ g2, 5) ), (4.4)
0

Proof. Let us mention that the joint distribution of the first exit time and the value of
the overshoot for vy processes has been determined in [1]. This distribution was
obtained in terms of the joint distributions of the one-boundary characteristics of the
process. The authors solved a system of the integral equations for the Laplace trans-
forms of the two-boundary characteristics studied. This idea was applied for solving
the two-sided problem for another classes of stochastic processes, e.g. the difference
of two renewal processes [3]. The processes mentioned2and), n;f (¢)}+>o belong

to the class of Markov processes homogeneous with respect to the first component [4].
Now, following the approach from [1], we write a system of integral equations to de-
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This system was obtained by using the total probability formula, homogeneity of the
process{ X, }+>o With respect to the first component, Markov property of the random
variablesr”(z), 1.(z), x and the following probabilistic reasoning. The first equation

of the system represents the fact that the crossing of the upper boundgryhe
process Z,(t) }+>o (the left-hand side of the equation) can occur either on the sample
paths of the process which do not intersect the lower boundaighe first term in the
right-hand side of the equation) or on the sample paths which do intersect the lower
boundary—r and then cross the upper boundary The second equation is written
analogously. This system of equations is similar to a system of linear equations with
two unknowns, and its solution is analogous to the solution of the system of linear
equations. Thus, we proceed as follows. Substituting the expression for the function
Vk(dl, s) from the first equation into the second one we get

Vi (dus) = f2ldus) = [ L) ftaus)+

[ i) £ L) fh(du.s)
=0 Jv=0

Changing the order of integration in the third term of the right-hand side of the latter
equation we obtain a linear integral equation for the funcliiidu, s)

Vi(dus) = F(dus) + [ Ve, K (duss), (4.6)
0

where

Ky (du,) = [ 75572 (o) fh(du.s),
0

is the kernel of this equation. Sineg(x) e {nn(x), n € N}, thenE[e *7(*)] <
Ele~*"]. Itis clear thaP[r*(z) > ¢] = P[Z] (t) < k] for all v € R.. Thus, we may
write

E |:675TB(1:); %B(IL')] - E |:efs’r

v+B

;8B (@)| =P [2;(vs) € (B,v+ B] = 0.

x

Hence, the kernel of the equation (4.6) enjoys the following property for a fixed0
forall s > sg, u,v € Ry

o0 o0
K; (du,s) < / fIFB(dl, s) Be™™ < / fIFB(dl, s)
0 0
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converges uniformly for alk > sg, v,u € R;. Applying the method of successive
iterations [15] to solve the linear integral equation (4.6), we obtain the second equality
of Theorem 4.1 fos > sp. Letting sp — 0, we verify this equality for alls > 0. In

order to verify the first equality of the theorem, we first substitute the expression for
the functionV,*(du, s) from the second equation of the system (4.5) into the first one.
This yields

VELs) = fEdLs) — [ frldos) g P L)+
0

o0 (o]
-l-/ / VF(dly, s) fg(dv,s) VB (dl, 5).
v=0J1;=0

Changing the order of integration in the third term of the right-hand side of this equa-
tion we get a linear integral equation for the functidgfi(dl, s)

o0
VE(dl, s) = FF(dl, s) +/ VI(dly, s) K (dl,s). 4.7)
0
The kernel of this equation

S (dl,s) / H(dv, s) fETB(dl, 5)

enjoys the following property forall i1 € R, s > sg
K/(dl,s) <E { st aBB / Ydv,s) <E [e*”B;%B} Ee ¥ < a < 1.

Hence, the series of the successive iterations
Rl s) =Y Kjf(dl,s)*™ <a(l—a)™ < oo
neN

converges uniformly for all, /; € R,.. Applying the method of successive iterations
[15] to solve (4.7) we get the first equality of Theorem 4.140f sg. Letting so — O,
we establish its validity for alk > 0. O

Theorem 4.2. Let {Z,(t) }+>0 be a semi-Markov walk with a linear drift given by
(2.2),k,r € Ry, B=k+r,and

Q(a) =E [e_azﬁ”(”s); Z (vs) > —r, Z] (vs) < k:} =E {e_azf(l’é) X > l/s}



Two-boundary problems for semi-Markov walk 237

where the mathematical expectations

x

Uk(a,s) = E [e*az-ﬂ”s% Z(vy) < k] . U(a,s)=E [e*az-ﬂ”s); 2= (vs) > —r}
are given by (3.5). In particular, the following identity is true

Plx > v = P[Z} (vs) < k] — /OOOE[eSX; T € dv, A, ]P[Zg (vs) < v+ B

=P[Z, (vs) =z —r] - /OOOE[e—SX;L e di, A¥|P(Z; (vs) > —B.

Proof. According to the total probability formula, the Markov propertyxafhomo-
geneity of the procesgX; };>o with respect to the first component and the properties
of v, we write

E{e—aZz(l/s); Z;(Vs) < k] - E |:€—(lZz(l/s); Z;(Vs) <k, Z;(v5) > _r}
o
+ e‘"/ e"E[e ™ T € dv, %, ]E [e—a%("s); Zd(v) < v+ B} .
0

This equation shows that the increments of the pro¢&sét) },>0 on the time interval

[0, v] given that there is no intersection of the upper ldvel R (the left-hand side of

the equation) are realized either on the samples paths which do not intersect the lower
level —r < 0, (the first term in the right-hand side) or on the sample paths which do
intersect the lower levelr and further do not cross the upper level k (the second term

in the right-hand side. A more detailed derivation of this equation fanylprocesses

and random walks is given [1]. One can notice, that the first formula of (4.8) follows
immediately from the latter equation. The second formula of (4.8) follows from the
equation

Ele % (); 7 (1) > —1] = E [e*“Z“”S); Z; (vs) > =1, ZF (vs) < k]
+ e_ak/ Ele %, L € dl,AF|E |e7 %), 77 (1) > —B} :
0

The identity of Theorem 4.1 can be obtained from (4.8) by letting 0. This com-
pletes the proof. |

5. Possible applications.
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Lemma 5.1. Let f(s) = E[e~*"], p = AE7. Then

(i) for s > Othe equation
M(s+p)+p-—21=0 (5.1)

has a unique root(s) in the semi-plané&(p) > 0. This root is positive and(s)
(0, A);
(i) ifp<1, thenlimoc(s) =0;andifp > 1, Iimoc(s) =ce (0,N).

Proof. Let s > 0, p > 0. One can establish the existence of the rga) < (0, \)
of the equation (5.1) by means of analysis of behavior of the funcyefis = A —
p, y2(s,p) = Af(s + p) on the intervall0, \]. Analyzing behavior of the derivative

a L (0, p)’ )10 we get the first statement of Lemma 5.1. Let us prove the uniqueness

of the root of (5.1) ink(p) > 0. In order to do this we will use the Rouche theorem.
Lete, R > 0 be such that for a fixegh > O the following inequalities hold

e < AM1— f(s0)), R > A1+ f(s0)). (5.2)

Note, that these inequalities are valid for any so. Define a closed contolii. (R) =
F1UTl2, wherel'y = {p: R(p) = ¢, [p| < R} is avertical line segment anig = {p :
|argp| < arcco$ec/R), |p| = R} is an arc of the circle with center in the origin and
connecting the ends of the line segmEptDenote byG. (R) the area enclosed inside
the contoufl . (R). Itis clear that\ € G.(R).

Letp € C, and define the complex-valued functioh®) = A — p, g(p) = /\f(s +
p)+p—\.0ne can see that(p)+g(p) = Af(s+p). It follows from the first inequality
(5.2) that on the lin€ 1, the following chain of inequalities holds far> sg

1)+ 9@) = Af(s+p)| <Af(s) <A—e<|f(p), perly

The second inequality of (5.2) implies that bp the following relation holds fos >
50,

1f()) +9(p)| < Af(s) <R=A<|f(p)l, peTa2
Hence, the following mequallty is valid on the contdw(R), for s > so

f(p) +9() < |f(p)l, peTA(R).

Thus, in view of Rouche theorem the number of zeros of the funetiph= )\f(s —+
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Lemma 5.2. Let{So(t) }+>0 be a semi-Markov walk (2.5),~ exp(\), S;" = supSo(u),
u<t

S, = irlft So(u), be the supremum and the infimum of the prodest) }+>o. Then

(i) the Laplace transforms of the distributions 8 , S, satisfy the following for-
mulae fortR(p) > 0, s > 0

P[5y, = 0] = (1 o).

(s)
Bev5n — C8) AP p[s; —0 = %) (5.3)

Vs

e_ps;szi — Fle)) p—c(s)
2 A= FD 57 ey

wherec(s) is the unique positive root of the equation (5.1);
(ii) for the joint distributions of 7%, Tk}, {7, Tk} the following equalities are valid
fork € Ry, R(p) 2 0, R(z) =0

E [eis;k;j:‘k c d’u,,%k < OO] — <1 — C(/\S)> e*kc(s))\efz\u du,

0 e 1
/ e PR [e*”’“*zT’“; k< oo} dk = (1 _ Ee S /Ee"zs;s) . (5.4)
0 bp—=z

Corollary 5.3. Let{Z,(t)}+>0 be a semi-Markov walk with a linear drift (2.2}, €
Ry, 6 ~exp(A). Then

(i) the Laplace transforms of the joint distribution 6fy(z), T (x)}, =,k € Ry
satisfy the following equality foy > 0

fi(du,s) =E [e_STk(x); Ti(z) € du, () < oo] = )\fx(s + c(s))e—kc(s)—ukdu’
(5.5)

wherec(s) € (0, ) is the unigue root of the equation (5.1) in the semi-plane
R(p) > 0;

(i) if p> 1, thenP[r(z) < o0] = fu(c) e " < 1andr(x) is a defective random
variable for allz, k € Ry; if p < 1, thenP|[r,(x) < oo] = 1andrg(z) is a proper
variable forallz, k € R,.
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is analytical in}R(p) > ¢(s) and| ‘Iim R;(z) = 0. Thus, it can be represented by an
p|—o0
absolutely convergent Laplace integral foralk € R, [9]

o(x) = fols +p) = 0067“ 5(x) du c(s
Be) = ey = TR d Re)> ). 66)

This formula can be considered as a definition of the functitii{z) : Ry — R

(with respect tau). A similar function was first introduced by Taks [19] for semi-
continuous processes with independent increments and semi-continuous random walks.
Let us establish basic properties of this function. The first formula of (5.3) implies that

s —L — (s _17]2(8-1-;0) e PS5, c(s
Ry(r) = (- flo) AT B pensi ) > )

The functions which enter the right-hand side of this equation are the Laplace trans-
forms for(p) > ¢(s). Thus, their original functions should coincide with the original
function of those in the left-hand side. Hence, o€ R,

s _ /\euc(s) “ —+ —(s4¢(8))ne -
Ry(x) = c(s)(l—f(s))/o P[S) € dv]E [e e < u— v} . (5.7)

The formula (5.7) implies that for fixed = € R, the functionR; (x), v > 0 is a pos-
itive monotonically increasing continuous function. Moreovgf(z) < A(s)e“(®),
A(s) < oc. Therefore,[;° RS (x)e~*"du < oo for a > ¢(s). Additionally, the func-
tion RS (z) has bounded variation in any neighbourhood of the peint 0. Thus, [9,
p 68] the following inversion formula is valid

1 a+i0o
R;(x) = / e"P RS (x) dp, u€ Ry, a > c(s). (5.8)

2mi —i0o

The formula (5.8) defines the resolvent of the semi-Markov walk with a linear drift

{Z.(t) }+>0 given by (2.2), wher ~ exp(\). We will suppose thaR; (x) = 0 foru <

0 and for alls, z € R,.. It follows from the definition thatkg(x) = lim pRJ(x) =
p—00

0. It is worth of mentioning that the defining formula (5.8) of the resolvent allows
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(i) the Laplace transformg(dl, s) of the joint distributions of 7% (x), n*(x)} sat-
isfy the following equality for, & € R

fﬁ(dl, 8) = e*S(l*JU) ]:!-—_}};((i;)) I{lzz} (5([ - T — ]C) dl
+ e S [1— F(1)] [e*ldsmz(x) - R,@,l(x)} di; (5.9)

(i) for the Laplace transforms of the first overshoot time of the upper boundary by
the procesq Z, (t) }+>o the following formula is valid fos > 0, z, k € R,

—stk (2 —s sk (x g —su ps
E [e k( ): %k(x)} = e 5k _ . +kc((s)) + 5/0 e (@) du; (5.10)

(i) if p < 1, thent*(x) is a defective random variable for al, k € R, and
Plrh(z) < ool =1— (1- p)Ri(z) <1,  Rp(z) & RO(x),
if p > 1, thent® () is a proper variable for allz, k € R,
Define forz, k, B € R, random variables
*(2) =inf{t > 7%(x) : Z.(t) <k— B}, I*)=k-B— Z,(i*«x)),

the first downward crossing time of the interyal— B, k] by the proces$Z,(t) }+>o0

and the value of the overshoot of the lower boundaryB at this instant. We will use
the convention that i)} %' o, I*(z) = oo on the even{i*(z) = oo}. Itis clear

thatn; (i*(x)) = 0, becauseé® (x) € {n,(x);n € N}.

Lemma 5.5. Let {Z,(t) }+>0 be a semi-Markov walk with a drift (2.2), ~ exp(}),
{R: () buer, , s,z € R, be the resolvent (5.8) of the process, (t) }+>0. Then

(i) the Laplace transforms of the joint distribution of (), I*(x)}
o (du, s) = E[e*s’k@); I*(z) € du,i*(z) < o]
satisfy the following equality fat, & € R,

ok (du, s) = [cx(s)e_c(s)(B_k) - e_C(S)BRZ(a:)r(s)} e~ M du, (5.11)

w_herecx(s) = fx(s + c(s)?, T(S) =1+ )\f’(s +_cn(sh));
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Theorem 5.6. Let {Z,(t) }+>0 be a semi-Markov walk with a linear drift given by
(2.2),6 ~ exp(N), {R;(x) buer. , s,z € R, be aresolvent of the proce$<. (t) }+>0
given by (5.8). Then

(i) the Laplace transforms of the joint distributionof, L, T'}
VEdl,s) =E[e™™; L € dl,A"],  V®(du,s) =E[e™* T € du, 2]

satisfy the following equalities far> 0, z € R,

RS
VE(du,s) = &)\67’\“ du,
ER6+B

VAL, s) = fE(dl, ) — o ( L BB (L), (5.12)
where the functiorf(di, s) is given by (5.9),
ER;, 5= / Ae MRS pdv, EfSTP(dl,s) = / Ae A f8TB(dl, s) do;
0 0

(i) the Laplace transforms of the first exit timgefrom the interval by the process
{Z,(t) }+>0 admit the following representation far> 0

Ri(z)

_ def
Ele™; 2,] €'V ():ERg ,
+B

(5.13)

Rj(x) ] Vi (s)

Ele™; 2] € VE(s) = e — s [e77 +5AR(s)]

where .
Ai(a,z) = /O RS () du,  Ai(a,0) % A3(a);

(iii) the probabilities of the first exit from the interval by the procé€&s(¢) }+>o are
given as follows

Ry(z)
E R6+B ’

Ry, ()
E R5+B '

P[] = PRIF =1-
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formula of (5.12). Using the corollaries, Lemma 5.5 and defining formulae (4.2)-(4.4),
after some calculations we obtain farv, v > 0n € N

K, (du, s) = o§™P (du, s), (5.14)
n—1

)

K (50 = 5B (du, 5) (B2 ()

-1
&, (du,s) = o P (du,5) (1= B P(s))
F(du, s) = cp(s) e DT Ae M du — o (du, s),

wherec,(s) = fz(s + c(s)) and the mathematical expectatiop’(du, s), z, k €

R, are given by (5.11)¢%(s) = [5° ¢%(du, s). Substituting (5.14) into the second
formula of (4.1) we get the first equality of (5.12). We now verify the second formula
of (5.12). It follows from Lemma 5.5, the formulae (4.2)-(4.4) that forali> O,
z,l,lh e Ry, neN

K (dl,s) = ey (s)e PR fT5(dl, 5),
n—1
K (dl, )0 = cpy(s)e 9B (E ¢g+B(s)) E f25(dl, s), (5.15)

-1
R (dl,s) = cy(s)e~ )P (1 —EtE (s)) E [ (dl, s),
FE(dl,s) = fF(dl, s) — co(s)e T E f37B(dl, s),

where the mathematical expectatigff$dl, s), 2, k € R, are given by (5.11). Substi-
tuting (5.15) into the first formula of (4.1) we obtain the second formula of (5.12). Itis
worth of noticing that instead of the calculations (5.15) to obtain the second formula of
(5.12) we could use the first equation of system (4.5), since the fungfigdu, s) is
already determined by the first equality of (5.12). Integrating the first equality of (5.12)
with respect tax € R, and the second equality of (5.12) with respect ® R, we
get the formulae a (5.13). Passing- 0 in (5.13) we find the probabilities of the first
exit through the upper and lower boundary by the pro¢esst) }:>o.

We now present another approach to prove the theorem. It is based on the system
(4.5). This system becomes more simple for the case whenexp(\). In view of
(5.5) this system is of the following form

[
P N v b s 44 N - s N et LR/ 44
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because by means of (5.16) we then determine the funtfigdu, s), and due to the
first equality we will find the functiori/*(dl, s). Substituting the expression for the
functionV.*(du, s) from the second equation of (5.16) into the first one, we get

FE(dL, s) = VE(dl, s) + co(s)e O TE fSB(dl, s) — VE(s)E fTB(d, s).

Let us multiply this equation by;(s)e~<(*)Z and integrate it with respect foc R
This yields

ph(s) = VI(s) + cals)e T g P (s) = V() E g P (s),

which is a linear equation for the functidﬁk(s). In view of the formula (5.11) we
find from the latter equation that

- Rj(x)
Vk _ c(s)r k .
(8) Cl‘(s)e ER§+B
Substituting the right-hand side of this equality into the second equation of (5.16), we
get
RS
V¥ (du,s) = @ e M,
E R6+B
i.e. the first formula of (5.12). Substituting the right-hand side of the latter equality
into the first equation of (5.16) we find the second formula of (5.12). This completes

the proof. a

Theorem 5.7. Let {Z,(t) }+>0 be a semi-Markov walk with a linear drift given by

(2.2),0 ~ exp(\), {R; () }uer, , s,z € R, be aresolvent of the proce$&,(t) }+>o0,

RS ¥ Rs(0),r,k eRY,r + k=B,

qasc(_raua k) =P |-r< tl<nf Zx(t>7 Z.r(”s) < u, SupZm(t) <k
Vs t<vs

be the joint distribution of the infimum, the supremum and the value of the process on
the exponential time intervé, v,]. Then the following equalities hold far> 0

Sef)\(kfu)

’—/\efs(rJru) -|
S LY — P, < 0 L DS e AS (e A LY (1
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Proof. The formulae (3.5), (5.3), (5.6) imply fd(a) = 0, R(p) > c(s)

o 1 s
(a,s) = / e PER |:e—aZz(Vs); ZH(ve) < /{:} dk = = —°2
0 psta+p

S R @) - SR [+ .

s+c(s) c(s)—a Cs4a TP s+a+p p

Up

x

Using the definition of the resolvent (5.18), and inverting the Laplace transforms in
both sides with respect g we find that

Uf(a, s) =

(1 — e*’“S*“)) I o(s) e ""R;(x)

s+a s+c(s) c(s)—a

S

Tia (A (—a,z) + sAf(s, )] e .

The first formula of (4.8) and the formula (5.12) yield

~ 0 R; 1
Qs (a) = Uk(a, s) — ec”"/o )\e)‘”ea”]%s&%)\e’\BUé’+B(a, s),dv
R; B ~
=U¥(a,s)+ Rg(’“)\(x;) [/0 e VA= (a, 5) dv — Ué‘_“(a, s)| ek,

where R*(\, B) = [7°e **R; dk. Substituting the expressions for the functions
Uk(a,s), ﬁ@‘“(a, s) into the latter equation and performing some calculations we
get

—ak
s _ S _ —k(s+a) SA e ]
@z(0) s+a(1 € )+s+/\)\—aRk(x)
se~ ok s s
~a [aAf(—a,x) + sAj(s, )]
L) N— Aj(—a) As(s) e sB Bl
s—l—aVT(é;){a A—a +Ss+)\+s+)\_)\—a o

It follows from (5.13) that
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Substituting the expression for the functio@g(a), P [x > vs] from the previous
equalities into the latter one, we find that

k _ —ak _ o—k(s+a) —ak
s _1-e 1-e s e s
/_re @o(=ru, k) du = a s+a +s+)\/\—aRk($)
se~k she” ok A% (—a)  A%(s)
AS — AS(— Ve B ‘B
2 A 0) — Aj-a,a)] + v | 2RE - B
ek e 5B s e®B
Ve 1- -(1- R(a) = 0.
+s—%—ar(S){ s+)\+a< A—a)]’ (@)
Inverting the Laplace (Fourier) transforms with respect o both sides of this equal-
ity we derive the formula (5.17). ]

We will now study the liming behaviour of the two-boundary functionals of the process
{Z.(t)}+>0. Denote byw; € R, ¢ > 0 a standard Wiener procedsyw, = 0, Dwy =
o2 >0, and let

X" =inf{t: w & (—rk)}, ke (0,1), r=1-k,

denote the first exit time from the intervalr, k) by the process,. It is well-known
(see for instance [12]) that the Laplace transformgo$atisfy the following formulae

] VB (V)
E[e X,Ak}—Sh(i\/Z), E[ X, T}_Sh<i\/273)’
whereA* = {w,~ = k}, A, = {wy+ = —r} are the events denoting the exit from the

interval (—r, k) through the upper boundakyand through the lower bounda¥yr.

Corollary 5.8. Let {Z,(t)}:+>0 be a semi-Markov walk with a linear drift given by
(2.2),6 ~ exp(\), u = En, d = En? < oo,

X(B) =inf{t: Z,(t) ¢ [-rB,kB]}, ke (0,1), r=1-F,

A*(B) = {Z.(x(B)) > kB}, %,(B) = {Z.(x(B)) < —rB}. Then the following
limiting equalities hold fop = Ap =1

; x(B) ok _ * .7k
Jlim P X e drat(B) _P[x edt,A}
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wherec = v/ Ad. In particular, the limiting exit probabilities admit the following rep-
resentations

m o)) = 252 = plaz) = 250 SR

(5.19)

Proof. Taking into the account the conditions of the corollary we can establish the
following equality for the Laplace transforms of the random variaglass — 0

1
fo(s) =1 —spy, + 5 Szdx + 0(52)’ pr = Eng, dy = Eﬁga (5.20)

where Iirrg@ = 0. We will now verify that the following formulae valid for all
Z, k S R+

R R S, 1 k
BlmoﬁA;g (s/B% ) =~ <ch <O_\/Z> - 1) :

. 1 /> B? 2 1
im = [ xRV dv= h(=v2
BinooB/o Bup a\/ZS <<7\/>S>7

B'TloERS/BZU gjgsh(i@), (5.21)

wheres = v Ad. It follows from the definition of the functiod} (a, =) (5.13), and of
the resolveni?; () (5.18) that

N o0 1 f
A;,(s,x):/ e PF A% (a, @) dk = olstp)
0 s+p Af(s+p)+p—A

The limiting equality a (5.20) and the latter formula imply the following chain of the
equalities

1 ~y/B2 . 1 1—Pux+o(i)
B!Imoo?AS/ (s/B%a @) = m + 5 1 odp? 2 T
- —ept g 5 Adp? — s+ o(5z)

:};— / =Pk im iA‘?/_Bz(,Q/RZ A\ L
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It follows from (5.20) that the function

~ o0 o0 1
RE(\) = / e Pk / Xe MRS dvdk = —
p() 0 0 vtk AM(s+p)+p—2A

obeys the following chain of the equalities

; 1 s/ B2 _ 1 _ > —pk |; 1 * —\v ps
BlinooﬁRp/B (/\)—Jz_o_zpzs—/o € BI[)nOOE 0 Ae Rerdevdk.

Inverting the Laplace transforms in both sides of the latter equality: for v/2s, we

get
im L [T e MR, d Tty 2_sn(Fvzs
im — e "RS v = = S — S|.
g e e [t = m e (6v2)
In particular, fork = 1 we derive the second formula of (5.21). The third formula
of (5.21) can be verified analogously. It is worth of mentioning that the limit repre-
sentations for the resolvent of spectrally one-sidédyLprocesses have been obtained
in [13]. Having derived the limiting equalities required we now verify the formulae
(5.18). It follows from (5.13) and (5.21) that

B—oo

: _sx(B) : )
lim E e * 52 ;2,.(B) :ma 5 (s/B?%) =

s/ B? k./
_ T @) :Sh<" %)

2 )
o [ ae R dv sh(1v2s)

B—oo

(B)
im E {e_SXB?;Qlk(B)] — lim V*P (s/B?) =
B—oo

sh(£v2s sh(Zv/2s
“an(tva) - D) 1) )
o sh(vas) \° sh(2v2s)
Inverting the Laplace transforms in the right-hand sided of these formulae [20], we
get the equalities (5.18). Integrating these equalities with respectt® , we get
(5.19). a

Corollary 5.9. Let {Z,(t)}:+>0 be a semi-Markov walk with a linear drift given by
O S avY v T T2 o o e~ (O 1 1.
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of the infimum, the supremum and the value of the Wiener process with the dispersion
o = v/ Ad and the following limiting equality holds

. 4 (—pr+t 2 . o (r+u
t _ = (mno)
B!ILT] ¢, (u, B) - nEEN — e sin(kwn) sir? R (5.22)

The distribution of the random variabjg( B) admits the following representation

t 2

: B 4 —3(m(2ntl)o)®

BllnooP [Xéz) > t} = - E 622717“ sin(k(2n + 1)m).
neNU0

Proof. In order to prove Corollary 5.8 we will need the limiting formulae (5.21) and
the following equality

lim = e ABk >/(ku)B o o5 gy = 0 [—r, K] (5.23)
im — e~ - e’ Sﬁy v =0, u € [—r, k. .
B—oo BZ 0 B

It is true, since the functio®;, v € R, monotonically increases for a fixed> 0
then

(k—u)B 1
e—)\(k—u)B/ A Rsé/f’j do < X RfB/BZ (1 _ e_)\(k:—u)B) .
0

This equality and the third formula of (5.21) fér= 1 imply (5.23). Let us verify
(5.22). Itis clear that
s/ e *tqt (u, B) dt = q;/Bz(—rB,uB, kB), ke (0,1) r=1—k,
0

where the functior? (—r, u, k) is determined by (5.27). Thus,

; > —st t 1. s/B? def
lim e *q (uB)dt == lim ¢/7 (—rB,uB,kB) = ¢"(s) =
0

B—oo S B—oo
1 shkv/2s r+u 1 ut
=-2% h V2s) —1|+ = |1-ch( L V2
SS'%\/Z{C<U S) ]JFS{ C(U s)]

whereu™ = max0,u). In order to compute this limit we used the formulae (5.21),
(5.23). Note, that the Laplace transform in the right-hand side of this equality was
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Therefore, we established the weak convergence of the joint distribgitian B) as

B — oo to the corresponding distribution of the Wiener process and also verified the
formula (5.26). The second formula of Corollary 5.9 follows from the first one for
u=k. O
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