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drift

Victor Kadankov and Tetyana Kadankova

Communicated by A. F. Turbin

Abstract. In this article we determine the joint distribution of the first exit time from an
interval and the value of the overshoot and the joint distribution of the supremum, infimum
and the value of the semi-Markov walk with a linear drift. The results obtained are applied
for the case when the jumps of the process are exponential. The corresponding distributions
is found in terms of the resolvent of the process. We established the weak convergence of
the distributions two-boundary functionals of the semi-Markov walk with a linear drift to the
corresponding functionals of the Wiener process.
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1. Introduction

One of the most important two-boundary functionals of the process is the joint distribu-
tion of the first exit time from an interval and the value of the overshoot by the process
at the instant of the first exit. This distribution was determined for Lévy processes in
[1]. The authors suggested to use one-boundary functionals of the process, i.e. the
joint distributions of the first passage time of the positive (negative) level and the value
of the overshoot by the process. Their approach is based on employing the probability
methods (total probability formula, homogeneity and strong Markov property of the
process). In order to determine the Laplace transforms of the joint distribution of the
first exit time and the value of the overshoot, the authors set up and solve a system of
linear integral equations (see for instance [1]).

As a result the Laplace transforms of the first exit time and the value of the overshoot
are given only in terms of the joint distributions of the one-boundary functionals of
the process. This fact allows us to solve another two-boundary problems for Lévy
processes. The applications of these results can be found in [1] for spectrally one-
sided Ĺevy processes and semi-continuous random walks, and in [2] for a compound
Poisson process whose negative jumps are exponential.

The idea proposed in [1] (use of one-boundary functionals), and the method (setting
up and solving a system of linear integral equations) can be generalized and applied to
other classes of stochastic processes such as difference of renewal processes [3], semi-
Markov random walks, semi-Markov random walks with a linear drift. By adding
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a linear component to the processes mentioned we obtain the processes which are
homogeneous with respect tot the first component [4]. In this paper we will solve
another two-boundary problem for the semi-Markov walk with a linear drift, i.e. we
will determine the joint distribution of the infimum, the supremum and the value of
the process. The results obtained can be applied in queueing theory and financial
mathematics.

2. Definitions and auxiliary results

Let η, δ ∈ (0,∞), be independent random variables andF (x) = P[η ≤ x], x ∈ R+ =
[0,∞) be a continuous distribution function ofη. We will suppose thatEη, Eδ < ∞.
Introduce a random variableξ

.= η−δ ∈ R, and define the random sequences{η, η′n},
{δ, δ′n}, {ξ, ξ′n}, n ∈ N = {1, 2, . . . } of independent identically distributed random
variables. The symbol

.= means the equity of the corresponding distributions. Define
a random walk{δn}n∈N∪0 : δ0 = 0, δn = δ′1 + · · ·+ δ′n and random sequences

η0(x) = 0, η1(x) = ηx, ηn+1(x) = ηx + η′1 + · · ·+ η′n, n ∈ N,

ξ0(x) = 0, ξ1(x) = ηx − δ, ξn+1(x) = ξ1(x) + ξ′1 + · · ·+ ξ′n, n ∈ N,

whereηx ∈ (0,∞) is a random variable with the distribution function

Fx(u) = P[ηx ≤ u] = (F (x + u)− F (x))(1− F (x))−1, u ∈ R+.

For all t ≥ 0 define a renewal process generated by a sequence{ηn(x)}n∈N∪0:

Nx(t) = max{n ∈ N ∪ 0 : ηn(x) ≤ t } ∈ N ∪ 0, x ∈ R+. (2.1)

Forx ∈ R+ introduce a right-continuous random process

{Zx(t)}t≥0 =
{
t− δNx(t)

}
t≥0

∈ R, Zx(0) = 0. (2.2)

Observe that the sample paths of this process increase linearly on the intervals
[ηn(x), ηn+1(x)), n ∈ N ∪ 0 and negative jumps of the process (2.2) occur at the time
instantsηn+1(x). The value of the jumps is identically distributed withδ′n+1. We will
call the process{Zx(t)}t≥0 defined by (2.2) a semi-Markov random walk with a linear
drift [5]. Note, that the process{Zx(t)}t≥0 is not a Markov process in general (besides
the case whenη is exponentially distributed). Therefore, we define a linear component
for t ≥ 0

η +
x (t) =

{
t + x, 0≤ t < ηx,

t− ηNx(t)(x), t ≥ ηx

∈ R+, x ∈ R+. (2.3)

The process{η +
x (t)}t≥0 increases linearly on[ηn(x), ηn+1(x)), n ∈ N∪0, it is killed

to zero in pointsηn(x), n ∈ N, and the value of the process at the time instantt0 ≥ ηx,
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is the time elapsed since the last jump instant of the process{Zx(t)}t≥0 up to time a
t0. Adding a linear component (2.3) to the process (2.2), we obtain a right-continuous
Markov process

{Xt}t≥0 =
{
Zx(t), η +

x (t)
}

t≥0 ∈ R× R+, X0 = {0, x, }, x ∈ R+, (2.4)

which governs the process{Zx(t)}t≥0. The process (2.4) is a Markov process ho-
mogeneity with respect to the first component [4]. In other words, ifXt0 = {k, u},
k ∈ R, u ∈ R+ for somet0, then the further evolution of the process a{Xt}t≥t0

does not depend on the valuek of the first component. After alapse of at0 the first
component of the process{Xt}t≥t0 increases linearly and the first jump of the process
( which is identically distributed withδ) will occur after elapsing of a random timeηu.
Observe, that the random points{ηn(x)}n∈N are the switching points of the renewal
process{Nx(t)}t≥0 and they are the times at which{η+

x (t)}t≥0 is killed to zero. More-
over,{ηn(x)}n∈N are the Markov times of the processes (2.1)-(2.4). We would like
to emphasize that the property of homogeneity with respect to the first component of
{Xt}t≥0, and the Markov property of the random times{ηn(x)}n∈N∪0 will be used
throughout the paper. We now introduce an auxiliary process which will be used in the
sequel. Define

{Sx(t)}t≥0 =
{
ξNx(t)(x)

}
t≥0

∈ R, Sx(0) = 0, x ∈ R+. (2.5)

The process (2.5) is a right-continuous step process. The sample paths of this process
are the constants on the intervals[ηn(x), ηn+1(x)), n ∈ N∪0 and the jumpsξ

.= η−δ,
n ∈ {2, 3, . . . } (or ξ1(x) .= ηx− δ for n = 1) of the process (2.5) occur at the instants
ηn(x), n ∈ N. We will call the process{Sx(t)}t≥0 a semi-Markov random walk [5],
generated by the random sequence{ηn(x)}, {ξn(x)}, n ∈ N ∪ 0.

Proposition 2.1. LetNx(t), Zx(t), η+
x (t), Sx(t), t ≥ 0, be random processes defined

by the formulae (2.1)-(2.3), (2.5), andνs ∼ exp(s) be an exponential random variable
independent of these processes,f̃x(s) = E exp{−sηx}, f̃(s) = f̃0(s) = E exp{−sη}.
Then for allx ∈ R+, s > 0, |θ| ≤ 1, <(a) = <(c) = 0, <(b) ≥ 0 the following
equality holds

EθNx(νs)e−aZx(νs)−bη+
x (νs)−cSx(νs) =

s

s + a + b
(1− f̃x(s + a + b))e−bx

+
sθ

s + a + b
f̃x(s + a + c)Ee(a+c)δ 1− f̃(s + a + b)

1− θf̃(s + a + c)Ee(a+c)δ
. (2.6)

In particular, for all x ∈ R+, s > 0, the following formulae are valid

Ee−pSx(νs) = 1− f̃x(s) + f̃x(s + p)Eepδ 1− f̃(s)
1− f̃(s + p)Eepδ

, <(p) = 0. (2.7)
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Proof. It is not difficult to establish that the mathematical expectation

Es
x(θ, a, b, c) = EθNx(νs) exp{−aZx(νs)− bη+

x (νs)− cSx(νs)}

obeys the following equation forx ∈ R+, s > 0, |θ| ≤ 1, <(a) = <(c) = 0, <(b) ≥ 0

Es
x(θ, a, b, c) = s

1− f̃x(s + a + b)
s + a + b

e−bx + θf̃x(s + a + c)Ee(a+c)δEs
0(θ, a, b, c).

In order to write this equation we used the total probability formula, independence of
the random variablesδ andη1(x), homogeneity of the process{Xt}t≥0 with respect to
the first component and the fact that the random timeη1(x) is a Markov time. Setting
x = 0 in this equations we get

Es
0(θ, a, b, c) =

s

s + a + b

1− f̃(s + a + b)
1− θf̃(s + a + c)Ee(a+c)δ

.

Substituting the expression forEs
0(θ, a, b, c) into the previous equality we get (2.6).

The formula (2.7) follows from (2.6), forθ = 1, a = b = 0. 2

We now introduce one-boundary functionals of the semi-Markov walk{Sx(t)}t≥0

(2.5). Forx, k ∈ R+ denote by

τ̃k(x) = inf {t : Sx(t) > k}, T̃ k(x) = Sx(τ̃k(x))− k,

τ̃k=τ̃k(0), T̃ k=T̃ k(0), the first overshoot time of the positive levelk by the random
walk {Sx(t)}t≥0 and the value of the overshoot at this instant;

τ̃k(x) = inf {t : Sx(t) < −k}, T̃k(x) = −Sx(τ̃k(x))− k,

τ̃k=τ̃k(0), Tk=T̃k(0), the first overshoot time of the negative level−k by the ran-
dom walk{Sx(t)}t≥0, and the value of the overshoot at this instant. Random vari-
ables ˜τk(x), τ̃k(x) take their values from a countable set{ηn(x), n ∈ N} and they
are Markov times of the process{Sx(t)}t≥0. It is worth of mentioning that there is
no principal difference between a semi-Markov walk and a ’usual’ random walk with
respect to studying one-boundary characteristics. In order to illustrate this, we now de-
rive for {Sx(t)}t≥0 analogues of the well-known results of [18], [17], [16] for random
walks and Ĺevy processes. The following result is true.

Lemma 2.2. Let{S0(t)}t≥0 ∈ R, be a semi-Markov walk (2.5),

S+
t = sup

u≤t
S0(u), S−t = inf

u≤t
S0(u), u, t ≥ 0,

be the supremum and the infimum of the process{S0(t)}t≥0, s > 0. Then
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(i) the semi-Markov walk{S0(t)}t≥0 admits the Spitzer-Rogozin factorization [18],[17]

Ee−pS0(νs) =
1− f̃(s)

1− f̃(s + p)Eepδ
= Ee−pS+

νs Ee−pS−νs , <(p) = 0, (2.8)

where the variables−S−νs
, S+

νs
∈ R+ are infinitely divisible with the Laplace trans-

forms of the form

Ee−pS±νs = exp

{∑
n∈N

1
n

E
[
e−sηn

(
e−pξn − 1

)
; ±ξn > 0

]}
, ±<(p) ≥ 0;

(ii) the integral transforms of the joint distributions of{τ̃k, T̃ k}, {τ̃k, T̃k}, k ∈ R+
of the semi-Markov walk{S0(t)}t≥0 obey the formulae [16] for<(p) ≥ 0

E
[
e−sτ̃k−pT̃ k

; τ̃k < ∞
]

=
(
E e−pS+

νs

)−1
E

[
e−p(S+

νs−k); S+
νs

> k
]
,

E
[
e−sτ̃k−pT̃k ; τ̃k < ∞

]
=

(
E epS−νs

)−1
E

[
ep(S−νs+k); S−νs

< −k
]

; (2.9)

(iii) the integral transforms of the joint distributions of{S0(νs), S±νs
} satisfy the fol-

lowing equalities fork ∈ R+

E
[
e−pS0(νs); S+

νs
≤ k

]
= Ee−pS−νsE

[
e−pS+

νs ; S+
νs
≤ k

]
, <(p) ≤ 0,

E
[
e−pS0(νs); S−νs

≥ −k
]

= Ee−pS+
νsE

[
e−pS−νs ; S−νs

≥ −k
]
, <(p) ≥ 0. (2.10)

A simple proof of this lemma is given in [6]. It is based on applying factorization-
probability methods.

3. One-boundary characteristics of the process{Zx(t)}t≥0.

In this section we will determine the one-boundary functionals generated by the first
overshoot time of a fixed level by the process{Zx(t)}t≥0. Let X0 = {0, x}, x, k ∈
R+. Define

τk(x) = inf{t : Zx(t) < −k}, Tk(x) = −Zx(τk(x))− k, inf{∅} = ∞,

i.e. the first overshoot time of the negative level−k by the process{Zx(t)}t≥0 We
will use the convention that on the event{τk(x) = ∞} Tk(x) = ∞.

Lemma 3.1. The integral transform

f̃x
k (z, s) = E

[
e−sτk(x)−zTk(x); τk(x) < ∞

]
, s > 0, <(z) ≥ 0
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of the joint distribution of{τk(x), Tk(x)} satisfies the following formulae

f̃0
k(z, s) =

(
E ezS−νs

)−1
E

[
ez(S−νs+k); S−νs

< −k
]
, (3.1)

f̃x
k (z, s) = E

[
e−sηx+z(ξ1(x)+k); ξ1(x) < −k

]
+

∫ ∞

−k
E

[
e−sηx ; ξ1(x) ∈ dv

]
f̃0

k+v(z, s),

whereξ1(x) .= ηx − δ andS−νs
= inf

t≤νs

S0(t) is the infimum of the semi-Markov walk

{S0(t)}t≥0.

Proof. Observe, that the processesZx(t), Sx(t) t ≥ 0 do not decrease on the intervals
[ηn(x), ηn+1(x)). It follows from the definitions of these processes (2.2), (2.5) that the
negative jumps ofZx(t), Sx(t), t ≥ 0 can only occur at time points{ηn(x), n ∈ N}.
It also follows from (2.2), (2.5) that

Zx(ηn(x)) = Sx(ηn(x)) = ηn(x)− δn, n ∈ N ∪ 0.

Thus, the first overshoot time ˜τk(x) of the negative level−k and the value of the
overshootT̃k(x) through this level by the semi-Markov walk{Sx(t)}t≥0 coincide in
distribution with the first overshoot timeτk(x) and the value of the overshootTk(x)
by the process{Zx(t)}t≥0. The first equality of (3.1) follows straightforwardly from
the second formula of (2.9). In order to get the second formula of (3.1) we used the
total probability formula, the Markov property ofη1(x) .= ηx and homogeneity of the
process{Xt}t≥0 with respect to the first component. 2

We now consider a more interesting problem, i.e. we will determine the integral trans-
forms of the joint distributions of the upper one-boundary functionals of the process
{Zx(t)}t≥0. Let X0 = {0, x}, x, k ∈ R+. Introduce a random variables

τk(x) = inf{t : Zx(t) > k}, ηk(x) = η+
x (τk(x)),

i.e. the first overshoot time of the positive levelk by the process{Zx(t)}t≥0 and the
value of the linear component at the instant of the first overshoot of the positive level.
We will suppose that inf{∅} = ∞ and on the event{τk(x) = ∞} we set per definition
ηk(x) = ∞. For<(p) ≥ 0, s > 0, Bk(x) = {τk < ∞} denote

Cp
x(dl, s) =

∫ ∞

0
e−pkE

[
e−sτk(x); ηk(x) ∈ dl,Bk(x)

]
dk, Cp

x(s) =
∫ ∞

0
Cp

x(dl, s).

Theorem 3.2([6]). Let {Zx(t)}t≥0, be a semi-Markov process with a linear drift de-
fined by (2.2),S+

νs
= sup

t≤νs

S0(t), S−νs
= inf

t≤νs

S0(t), be the supremum and the infimum

(2.8) of the semi-Markov walk{S0(t)}t≥0 on the time interval[0, νs] and

Z+
x (νs) = sup

t≤νs

Zx(t), Z−
x (νs) = inf

t≤νs

Zx(t),

be the supremum and the infimum of the process{Zx(t)}t≥0 on the time interval[0, νs],
x, k ∈ R+, s > 0. Then
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(i) the integral transform of the joint distribution of{τk(x), ηk(x)} satisfies the fol-
lowing formulae

Cp
x(dl, s) =

1− F (l)
1− F (x)

e−(l−x)(s+p)I{l≥x}dl

+[1− F (l)]e−sl f̃x(s + p)
1− f̃(s)

Ee−pS+
νsE

[
e−p(l−δ+S−νs ); l − δ + S−νs

≥ 0
]
dl,

Cp
x(s) =

1
s + p

[
1− f̃x(s + p)

1− f̃(s)
Ee−pS+

νs

(
EesS−νs −Ees(S−νs−δ)

)]
; (3.2)

(ii) the Laplace transform of the distribution of the supremumZ+
x (νs) of the process

obeys the formula

Ee−pZ+
x (νs) =

s

s + p
+

p

s + p

f̃x(s + p)
1− f̃(s)

Ee−pS+
νs

[
EesS−νs −Ees(S−νs−δ)

]
(3.3)

and for the infimumZ−
x (νs) of the process the following equalities are valid

P[Z−
0 (νs) ≥ −k] = P[S−νs

≥ −k], (3.4)

P[Z−
x (νs) ≥ −k] = 1−E

[
e−sηx ; ξ1(x) < −k

]
−

∫ ∞

−k
E

[
e−sηx ; ξ1(x) ∈ dv

]
P[−S−νs

> k + v].

The proof of this theorem in a more general case (i.e. whenδ ∈ R) is given in [6].
It is worth of mentioning that the distribution ofτk(0) have been studied by Gusak
[8]. The analytical expressions for the integral transform ofτk(0) contain projectors
which are not calculated. Therefore, in order to solve the two-sided exit problem we
will require a more general one-boundary functional of the process{Zx(t)}t≥0, i.e.
the joint distribution of{τk(x), ηk(x)}, x ∈ R+. Hence, we will not use the results
given in [8] but rather apply the results of Theorem 3.2.

Theorem 3.3. Let {Zx(t)}t≥0, be a semi-Markov process with a linear drift defined
by (2.2),

Z+
x (νs) = sup

t≤νs

Zx(t), Z−
x (νs) = inf

t≤νs

Zx(t), x ∈ R+

be the supremum and the infimum of the process{Zx(t)}t≥0 on the time interval
[0, νs], x, k ∈ R+, s > 0. Then the integral transforms of the joint distributions of
{Zx(νs), Z+

x (νs)} {Z0(νs), Z−
0 (νs)} satisfy the following equalities for<(a) = 0,
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±<(p) ≥ 0

Ee−aZx(νs)−pZ+
x (νs) =

s

s + a + p
+ (3.5)

+
s

s + a

f̃x(s + a + p)
1− f̃(s)

[
p

s + a + p
Bs(−s)−Bs(a)

]
Ee−(a+p)S+

νs ,

E
[
e−aZ0(νs), Z−

0 (νs) ≥ −k
]

=
s

s + a

1− f̃(s + a)
1− f̃(s)

E
[
e−aS−νs ; S−νs

≥ −k
]
Ee−aS+

νs ,

whereS+
νs

, S−νs
are the supremum and the infimum (2.8) of the semi-Markov walk

{S0(t)}t≥0 on the time interval[0, νs] andBs(a) =
(
1−Eeaδ

)
Ee−aS−νs .

Corollary 3.4. The Laplace transforms of the distribution of the increments of the
process

Z+
x (νs)− Zx(νs) ∈ R+, Z0(νs)− Z−

0 (νs) ∈ R+,

on the time interval[0, νs] obey the following relations for<(p) ≥ 0

Ee−p(Z+
x (νs)−Zx(νs)) = 1 +

1
s− p

f̃x(s)
1− f̃(s)

[pBs(−s)− sBs(−p)] ,

Ee−p(Z0(νs)−Z−0 (νs)) =
s

s + p

1− f̃(s + p)
1− f̃(s)

Ee−pS+
νs .

Proof. Let us verify the first equality of (3.5). One can write the following equation
for k ∈ R+, <(a) = 0

Ee−aZx(νs) = E[e−aZx(νs); Z+
x (νs) ≤ k]+

∫ ∞

0
E[e−sτk(x); ηk(x) ∈ dl]e−akEe−aZl(νs).

The validity of this equation is based on the total probability formula, the Markov
property of the random timeτk(x), homogeneity of the process{Xt}t≥0 with respect
of the first component, properties of the exponential variableνs and the following
reasoning. The increments of the process{Zx(t)}t≥0 on the time interval[0, νs] ( the
expression in the left-hand side of the equation) can be realized either on sample paths
of the process which do not intersect the upper boundaryk ∈ R+ (the first term in
the right-hand side) or on the sample paths which do intersect the upper boundary and
then the process fluctuates further on the interval[0, νs]. Multiplying this equation by
e−pk, and integrating it with respect tok ∈ R+, for <(p) > 0 we have

1
p
Ee−aZx(νs)−pZ+

x (νs) =
1
p
Ee−aZx(νs) −

∫ ∞

0
Ca+p

x (dl, s)Ee−aZl(νs).

Observe that the mathematical expectationsEe−aZx(νs) are determined by (2.6) for
θ = 1, b = c = 0, and the functionCa+p

x (dl, s) is given by the first formula of
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(3.2). Computing the integral in the right-hand side of the latter equality we get the
first formula of (3.5). Let us give another approach to verify this equality. Using
the total probability formula, the Markov property of the random variableη1(x) .= ηx,
homogeneity of the process{Xt}t≥0 with respect to the first component and properties
of the exponential variableνs we establish that the mathematical expectation

Uk
x (a, s) = E[e−aZx(νs); Z+

x (νs) ≤ k], x, k ∈ R+, <(a) = 0

obeys the following equation

Uk
x (a, s) = s

∫ k

0
e−u(s+a)P[ηx > u] du

+
∫ k

0
e−u(s+a)P[ηx ∈ du]

∫ ∞

0
eavP[δ ∈ dv]Uk−u+v

0 (a, s).

Define the following projectors [11] for the Laplace transforms (Fourier transform)
F̃ (p) =

∫∞
−∞ e−puf(u) du, <(p) = 0 such that

∫∞
−∞ e−pu|f(u)| du < ∞

PR+ [F̃ (p)] =
∫ ∞

0−
e−puf(u) du, P(−∞,0)[F̃ (p)] =

∫ 0−

−∞
e−puf(u) du.

Multiplying the latter equation bye−pk and integrating it overk ∈ R+ for <(p) ≥ 0,
p 6= 0 we find

Ũp
x(a, s) =

s

p

1− f̃x(s + a + p)
s + a + p

+ f̃x(s + a + p)PR+

[
Ee(a+p)δŨp

0 (a, s)
]
, (3.6)

whereŨp
x(a, s) =

∫∞
0 e−pkUk

x (a, s) dk. It follows from this equality forx = 0 that
the functionŨp

0 (a, s) obeys the following equation

Ũp
0 (a, s) =

s

p

1− f̃(s + a + p)
s + a + p

+ f̃(s + a + p)PR+

[
Ee(a+p)δŨp

0 (a, s)
]
. (3.7)

In order to solve it we will apply the Wiener-Hopf factorization. First, we will deter-
mine an auxiliary functionI+

p (a, s) = PR+

[
Ee(a+p)δŨp

0 (a, s)
]
. Then by means of

(3.6) we will obtain the functioñUp
x(a, s). Multiplying the equation (3.7) byEe(a+p)δ,

we get for<(a) = <(p) = 0

I+
p (a, s)(1− f̃(s + a + p)Ee(a+p)δ) =

s

p

1− f̃(s + a + p)
s + a + p

Ee(a+p)δ − I−p (a, s),

whereI−p (a, s) = P(−∞,0)
[
Ee(a+p)δŨp

0 (a, s)
]
. Employing the Spitzer-Rogozin fac-

torization identity for the semi-Markov walk (2.8) we rewrite this equation in the fol-
lowing way[

I+
p (s)− 1

p

s

s + a + p

](
Ee−(a+p)S+

νs

)−1
+

s

1− f̃(s)
PR+

[
1
p

Bs(a + p)
s + a + p

]
(3.8)

= − s

1− f̃(s)
P(−∞,0)

[
1
p

Bs(a + p)
s + a + p

]
− 1

1− f̃(s)
I−p (s)EepS−νs , <(p) = 0.
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whereBs(a) = (1− Eeaδ)Ee−aS−νs . In order to calculate the projectors which enter
(3.8) we need the following proposition.

Proposition 3.5. Let ε ∈ C, <(ε) ≥ 0, A(p) be a bounded analytical function in the
semi-plane<(p) < 0, and continuous on<(p) = 0. Then for<(p) ∈ [−<(ε), 0],
p 6= −ε it admits the following additive factorization expansion

A(p)
ε + p

=
A(−ε)
ε + p

+
A(p)−A(−ε)

ε + p
,

whereA(−ε)(ε + p)−1 is a bounded analytical function in<(p) > −<(ε), [A(p) −
A(−ε)](ε+p)−1 is a bounded analytical function in<(p) < 0, continuous on<(p) =
0 and

PR+

[
A(p)
ε + p

]
=

A(−ε)
ε + p

, P(−∞,0)

[
A(p)
ε + p

]
=

A(p)−A(−ε)
ε + p

.

The statements of Proposition 3.5 are obvious, so we will not concentrate on the proof.
It is clear, that the functionBs(a + p) is analytical and bounded in<(p) < 0, also
continuous on the<(p) = 0. Employing the equality of Proposition 3.5 to calculate
the projectors (3.8), we find that

PR+

[
1
p

Bs(a + p)
s + a + p

]
=

1
s + a

1
p

[
Bs(a)− p

s + a + p
Bs(−s)

]
.

It is clear that the functionsI±p (a, s) are bounded and analytical in±<(p) ≥ 0,
and are continuous on<(p) = 0. It follows from the Wiener-Ĺevy lemma [10] that(
Ee−pS+

νs

)−1
is a bounded analytical function in<(p) > 0, continuous on the bound-

ary. Let us turn now to the equality (3.8) and apply the factorization reasoning [7]. The
function which enters the left-hand side of this equality is bounded analytical in the
semi-plane<(p) > 0, and continuous on<(p) = 0. Hence, by means of this equality it
can be extended to the semi-plane<(p) < 0, remaining bounded and analytical. Then,
in view of the Liouville theorem it is equal to a constantC(s) in the whole complex
plane. In order to determine this constant, we calculate the limit in the left-hand side
of (3.8) asp →∞, which yields thatC(s) = 0. Equating the left-hand side of (3.8) to
zero we get

pI+
p (s) =

s

s + a + p
+

s

s + a

1

1− f̃(s)

[
pBs(−s)
s + a + p

−Bs(a)
](

Ee−(a+p)S+
νs

)−1
.

Substituting this expression into (3.6) we get the first equality of (3.5). Let us verify
the second formula of (3.5). The following equality holds fork ∈ R+, <(a) = 0

Ee−aZ0(νs) = E[e−aZ0(νs); Z−
0 (νs) ≥ −k] + Ee−sτk−aZ0(τk)Ee−aZ0(νs).
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In order to obtain this equation we have used properties of the process{Xt}t≥0, the
variablesτk, νs and the following reasoning.

The increments of the process{Z0(t)}t≥0 on the time interval[0, νs] (the left-hand
side) can be realized either on without intersecting the lower boundary−k (the first
term in the left-hand side) or with intersection of the lower boundary−k and the
further realization of the process on[0, νs]. Substituting the expressions for the math-
ematical expectationsEe−aZ0(νs) (2.6), E[e−aZ0(νs); Z−

0 (νs) ≥ −k] (2.10) into this
equation we obtain the second formula of (3.5). Formulae of Corollary 3.4 follow
straightforwardly from the statements of Theorem 3.3. This completes the proof.2

4. Two-sided boundary problems for process{Zx(t)}t≥0.

Let B ∈ R+ be fixed,k ∈ [0, B], r = B − k, X0 = {0, x}, x ∈ R+ and define a
random variable

χ = inf { t : Zx(t) /∈ [−r, k] }

i.e. the first exit time from the interval[−r, k] by the process{Zx(t)}t≥0. Denote by
Ak = {Zx(χ) > k} the event that the first exit from the interval[−r, k] takes place
through the upper boundary by means of the linear increase of the process{Zx(t)}t≥0;
Ar = {Zx(χ) < −r } the event that the first exit from the interval occurs through the
lower boundary−r. Observe, thatχ is a Markov time of the process{Xt}t≥0 and
P

[
A k + Ar

]
= 1. Define random variables

L = η +
x (χ) IAk + 0 · IAr , T = 0 · IAk + (−Zx(χ)− r) IAr ,

i.e. the value of the linear componentη +
x (t) at the instant of the first exit and the value

of the overshoot through the boundary at this instant. HereIA = IA(ω) is the indicator
of a setA. Denote fork ∈ [0, B], r = B − k

F k
x (dl, s) = fk

x (dl, s)−
∫ ∞

0
fx

r (dv, s) fv+B
0 (dl, s),

F x
r (du, s) = fx

r (du, s)−
∫ ∞

0
fk

x (dl, s) f l
B(du, s),

where the functionsfx
r (du, s), fk

x (dl, s) are determined by (3.1), (3.2).

Theorem 4.1. Let {Zx(t)}t≥0 be a semi-Markov walk with a linear drift given by
(2.2),x,B ∈ R+, k ∈ [0, B], r = B − k. Then the Laplace transforms

V k
x (dl, s) = E

[
e−sχ; L ∈ dl,Ak

]
, V x

r (du, s) = E
[
e−sχ; T ∈ du,Ar

]
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of the joint distribution of{χ,L, T} satisfy the following formulae fors > 0

V k
x (dl, s) = F k

x (dl, s) +
∫ ∞

0
F k

x (dl1, s)K+
l1
(dl, s),

V x
r (du, s) = F x

r (du, s) +
∫ ∞

0
F x

r (dv, s)K−v (du, s), (4.1)

where

K+
l1
(dl, s) =

∑
n∈N

K+
l1

(dl, s)∗(n), K−v (du, s) =
∑
n∈N

K−
v (du, s)∗(n), (4.2)

are the uniformly convergent series of the successive iterations; and

K+
l1

(dl, s)∗(1) def= K+
l1

(dl, s), K−
v (du, s)∗(1) def= K−

v (du, s),

K+
l1

(dl, s)∗(n+1) =
∫ ∞

0
K+

l1
(dl2, s)K+

l2
(dl, s)∗(n), n ∈ N,

K−
v (du, s)∗(n+1) =

∫ ∞

0
K−

v (du1, s)K−
u1

(du, s)∗(n), n ∈ N, (4.3)

are the iterations of the kernelsK+
l1

(dl, s), K−
v (du, s), which are defined by the for-

mulae

K+
l1

(dl, s) =
∫ ∞

0
f l1

B (du, s) fu+B
0 (dl, s),

K−
v (du, s) =

∫ ∞

0
fv+B

0 (dl, s) f l
B(du, s). (4.4)

Proof. Let us mention that the joint distribution of the first exit time and the value of
the overshoot for Ĺevy processes has been determined in [1]. This distribution was
obtained in terms of the joint distributions of the one-boundary characteristics of the
process. The authors solved a system of the integral equations for the Laplace trans-
forms of the two-boundary characteristics studied. This idea was applied for solving
the two-sided problem for another classes of stochastic processes, e.g. the difference
of two renewal processes [3]. The processes mentioned and{Zx(t), η+

x (t)}t≥0 belong
to the class of Markov processes homogeneous with respect to the first component [4].
Now, following the approach from [1], we write a system of integral equations to de-
termine the functionsV k

x (dl, s), V x
r (du, s), s > 0 in case of the semi-Markov walk

with a drift:

fk
x (dl, s) = V k

x (dl, s) +
∫ ∞

0
V x

r (dv, s) fv+B
0 (dl, s),

fx
r (du, s) = V x

r (du, s) +
∫ ∞

0
V k

x (dl, s) f l
B(du, s). (4.5)
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This system was obtained by using the total probability formula, homogeneity of the
process{Xt}t≥0 with respect to the first component, Markov property of the random
variablesτk(x), τk(x), χ and the following probabilistic reasoning. The first equation
of the system represents the fact that the crossing of the upper boundaryk by the
process{Zx(t)}t≥0 (the left-hand side of the equation) can occur either on the sample
paths of the process which do not intersect the lower boundary−r (the first term in the
right-hand side of the equation) or on the sample paths which do intersect the lower
boundary−r and then cross the upper boundaryk. The second equation is written
analogously. This system of equations is similar to a system of linear equations with
two unknowns, and its solution is analogous to the solution of the system of linear
equations. Thus, we proceed as follows. Substituting the expression for the function
V k

x (dl, s) from the first equation into the second one we get

V x
r (du, s) = fx

r (du, s)−
∫ ∞

0
fk

x (dl, s) f l
B(du, s)+

+
∫ ∞

l=0

∫ ∞

v=0
V x

r (dv, s) fv+B
0 (dl, s) f l

B(du, s).

Changing the order of integration in the third term of the right-hand side of the latter
equation we obtain a linear integral equation for the functionV x

r (du, s)

V x
r (du, s) = F x

r (du, s) +
∫ ∞

0
V x

r (dv, s)K−
v (du, s), (4.6)

where

K−
v (du, s) =

∫ ∞

0
fv+B

0 (dl, s) f l
B(du, s),

is the kernel of this equation. Sinceτk(x) ∈ {ηn(x), n ∈ N}, thenE[e−sτk(x)] ≤
E[e−sηx ]. It is clear thatP[τk(x) > t] = P[Z+

x (t) ≤ k] for all v ∈ R+. Thus, we may
write

E
[
e−sτB(x); BB(x)

]
−E

[
e−sτv+B(x); Bv+B(x)

]
= P

[
Z+

x (νs) ∈ (B, v + B]
]
≥ 0.

Hence, the kernel of the equation (4.6) enjoys the following property for a fixeds0 > 0
for all s > s0, u, v ∈ R+

K−
v (du, s) ≤

∫ ∞

0
fv+B

0 (dl, s)Ee−sηl ≤
∫ ∞

0
fv+B

0 (dl, s)

≤ E
[
e−sτB

; BB
]

< E
[
e−s0τ

B
; BB

]
= a < 1.

Using the definition of the successive iterations (4.4), the estimation obtained and
the method of mathematical induction one can show that fors > s0, v, u ∈ R+,
K−

v (du, s)∗(n) < an, n ∈ N. Thus, the series of the successive iterations

K−v (du, s) =
∑
n∈N

K−
v (du, s)∗(n) < a(1− a)−1
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converges uniformly for alls > s0, v, u ∈ R+. Applying the method of successive
iterations [15] to solve the linear integral equation (4.6), we obtain the second equality
of Theorem 4.1 fors > s0. Letting s0 → 0, we verify this equality for alls > 0. In
order to verify the first equality of the theorem, we first substitute the expression for
the functionV x

r (du, s) from the second equation of the system (4.5) into the first one.
This yields

V k
x (dl, s) = fk

x (dl, s)−
∫ ∞

0
fx

r (dv, s) fv+B
0 (dl, s)+

+
∫ ∞

v=0

∫ ∞

l1=0
V k

x (dl1, s) f l1
B (dv, s) fv+B

0 (dl, s).

Changing the order of integration in the third term of the right-hand side of this equa-
tion we get a linear integral equation for the functionV k

x (dl, s)

V k
x (dl, s) = F k

x (dl, s) +
∫ ∞

0
V k

x (dl1, s)K+
l1

(dl, s). (4.7)

The kernel of this equation

K+
l1

(dl, s) =
∫ ∞

0
f l1

B (dv, s) fv+B
0 (dl, s)

enjoys the following property for alll, l1 ∈ R+, s > s0

K+
l1

(dl, s) ≤ E
[
e−sτB

; BB
] ∫ ∞

0
f l1

B (dv, s) ≤ E
[
e−sτB

; BB
]
Ee−sηl1 < a < 1.

Hence, the series of the successive iterations

K+
l1
(dl, s) =

∑
n∈N

K+
l1

(dl, s)∗(n) < a(1− a)−1 < ∞

converges uniformly for alll, l1 ∈ R+. Applying the method of successive iterations
[15] to solve (4.7) we get the first equality of Theorem 4.1 fors > s0. Lettings0 → 0,
we establish its validity for alls > 0. 2

Theorem 4.2. Let {Zx(t)}t≥0 be a semi-Markov walk with a linear drift given by
(2.2),k, r ∈ R+, B = k + r, and

Q̃s
x(a) = E

[
e−aZx(νs); Z−

x (νs) ≥ −r, Z+
x (νs) ≤ k

]
= E

[
e−aZx(νs); χ > νs

]
be the integral transform of the joint distribution of the infimum, the supremum and the
value of the process. Then the following equalities hold fors > 0, <(a) = 0

Q̃s
x(a) = Uk

x (a, s)− ear

∫ ∞

0
eavE[e−sχ; T ∈ dv,Ar]Uv+B

0 (a, s),

Q̃s
x(a) = Ux

r (a, s)− e−ak

∫ ∞

0
E[e−sχ; L ∈ dl,Ak]U l

B(a, s), (4.8)
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where the mathematical expectations

Uk
x (a, s) = E

[
e−aZx(νs); Z+

x (νs) ≤ k
]
, Ux

r (a, s) = E
[
e−aZx(νs); Z−

x (νs) ≥ −r
]

are given by (3.5). In particular, the following identity is true

P[χ > νs] = P[Z+
x (νs) ≤ k]−

∫ ∞

0
E[e−sχ; T ∈ dv, Ar]P[Z+

0 (νs) ≤ v + B]

= P[Z−
x (νs) ≥ −r]−

∫ ∞

0
E[e−sχ; L ∈ dl,Ak]P[Z−

l (νs) ≥ −B].

Proof. According to the total probability formula, the Markov property ofχ, homo-
geneity of the process{Xt}t≥0 with respect to the first component and the properties
of νs, we write

E[e−aZx(νs); Z+
x (νs) ≤ k] = E

[
e−aZx(νs); Z+

x (νs) ≤ k, Z−
x (νs) ≥ −r

]
+ ear

∫ ∞

0
eavE[e−sχ; T ∈ dv, Ar]E

[
e−aZ0(νs); Z+

0 (νs) ≤ v + B
]
.

This equation shows that the increments of the process{Zx(t)}t≥0 on the time interval
[0, νs] given that there is no intersection of the upper levelk ∈ R+ (the left-hand side of
the equation) are realized either on the samples paths which do not intersect the lower
level−r ≤ 0, (the first term in the right-hand side) or on the sample paths which do
intersect the lower level−r and further do not cross the upper level k (the second term
in the right-hand side. A more detailed derivation of this equation for Lévy processes
and random walks is given [1]. One can notice, that the first formula of (4.8) follows
immediately from the latter equation. The second formula of (4.8) follows from the
equation

E[e−aZx(νs); Z−
x (νs) ≥ −r] = E

[
e−aZx(νs); Z−

x (νs) ≥ −r, Z+
x (νs) ≤ k

]
+ e−ak

∫ ∞

0
E[e−sχ; L ∈ dl,Ak]E

[
e−aZl(νs); Z−

l (νs) ≥ −B
]
.

The identity of Theorem 4.1 can be obtained from (4.8) by lettinga = 0. This com-
pletes the proof. 2

5. Possible applications.

In this section we will apply the results from the previous sections for the case when
δ ∼ exp(λ). This assumption means that the process{Zx(t)}t≥0 has negative jumps
of size exponentially distributed with parameterλ, which occur at the time instants
{ηn(x)}n∈N. In this case it is possible to derive the solution of the one-sided and
two-sided exit problem in a closed form. The solutions will be given in terms of
certain functions which will be given below. We first determine the one-boundary
characteristics of the process{Xt}t≥0. For this we need the following statements.
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Lemma 5.1. Let f̃(s) = E[e−sη], ρ = λEη. Then

(i) for s > 0 the equation

λf̃(s + p) + p− λ = 0 (5.1)

has a unique rootc(s) in the semi-plane<(p) > 0. This root is positive andc(s) ∈
(0, λ);

(ii) if ρ ≤ 1, then lim
s→0

c(s) = 0; and ifρ > 1, lim
s→0

c(s) = c ∈ (0, λ).

Proof. Let s > 0, p ≥ 0. One can establish the existence of the rootc(s) ∈ (0, λ)
of the equation (5.1) by means of analysis of behavior of the functionsy1(p) = λ −
p, y2(s, p) = λf̃(s + p) on the interval[0, λ]. Analyzing behavior of the derivative
d
dp y2(0, p)

∣∣∣
p↓0

we get the first statement of Lemma 5.1. Let us prove the uniqueness

of the root of (5.1) in<(p) > 0. In order to do this we will use the Rouche theorem.
Let ε, R > 0 be such that for a fixeds0 > 0 the following inequalities hold

ε < λ(1− f̃(s0)), R > λ(1 + f̃(s0)). (5.2)

Note, that these inequalities are valid for anys > s0. Define a closed contourΓε(R) =
Γ1∪Γ2, whereΓ1 = {p : <(p) = ε, |p| ≤ R} is a vertical line segment andΓ2 = {p :
|argp| ≤ arccos(ε/R), |p| = R} is an arc of the circle with center in the origin and
connecting the ends of the line segmentΓ1. Denote byGε(R) the area enclosed inside
the contourΓε(R). It is clear thatλ ∈ Gε(R).

Let p ∈ C, and define the complex-valued functionsf(p) = λ− p, g(p) = λf̃(s +
p)+p−λ.One can see thatf(p)+g(p) = λf̃(s+p). It follows from the first inequality
(5.2) that on the lineΓ1, the following chain of inequalities holds fors > s0

|f(p) + g(p)| = λ|f̃(s + p)| ≤ λf̃(s) < λ− ε ≤ |f(p)|, p ∈ Γ1.

The second inequality of (5.2) implies that onΓ2 the following relation holds fors >
s0,

|f(p) + g(p)| ≤ λf̃(s) < R− λ ≤ |f(p)|, p ∈ Γ2.

Hence, the following inequality is valid on the contourΓε(R), for s > s0

|f(p) + g(p)| < |f(p)|, p ∈ Γε(R).

Thus, in view of Rouche theorem the number of zeros of the functiong(p) = λf̃(s +
p)+p−λ in domainGε(R) is equal to the number of zeros of the functionf(p) = λ−p
in this domain. This means that the equation (5.1) has a unique solution in domain
Gε(R). Letting ε → 0, R → ∞, one can see that the domainGε(R) becomes the
domainG = {p : <(p) > 0}. Note that the number of zeros of thef(p) = λ− p does
not change when passing to the limit. Therefore, the functiong(p) has a simple zero
c(s) in <(p) > 0 for s > s0, moreoverc(s) ∈ (0, λ). Letting s0 → 0, we obtain the
second statement of Lemma 5.1. 2
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Lemma 5.2. Let{S0(t)}t≥0 be a semi-Markov walk (2.5),δ ∼ exp(λ), S+
t = sup

u≤t
S0(u),

S−t = inf
u≤t

S0(u), be the supremum and the infimum of the process{S0(t)}t≥0. Then

(i) the Laplace transforms of the distributions ofS+
νs

, S−νs
satisfy the following for-

mulae for±<(p) ≥ 0, s > 0

Ee−pS+
νs =

λ

c(s)
(1− f̃(s))

p− c(s)
λf̃(s + p) + p− λ

, P
[
S+

νs
= 0

]
=

λ

c(s)
(1− f̃(s)),

Ee−pS−νs =
c(s)
λ

λ− p

c(s)− p
, P

[
S−νs

= 0
]

=
c(s)
λ

, (5.3)

wherec(s) is the unique positive root of the equation (5.1);

(ii) for the joint distributions of{τ̃k, T̃ k}, {τ̃k, T̃k} the following equalities are valid
for k ∈ R+, <(p) ≥ 0, <(z) ≥ 0

E
[
e−sτ̃k ; T̃k ∈ du, τ̃k < ∞

]
=

(
1− c(s)

λ

)
e−kc(s)λe−λu du,∫ ∞

0
e−kpE

[
e−sτ̃k−zT̃ k

; τ̃k < ∞
]
dk =

1
p− z

(
1−Ee−pS+

νs /Ee−zS+
νs

)
. (5.4)

Corollary 5.3. Let {Zx(t)}t≥0 be a semi-Markov walk with a linear drift (2.2),x ∈
R+, δ ∼ exp(λ). Then

(i) the Laplace transforms of the joint distribution of{τk(x), Tk(x)}, x, k ∈ R+
satisfy the following equality fors > 0

fx
k (du, s) = E

[
e−sτk(x); Tk(x) ∈ du, τk(x) < ∞

]
= λf̃x(s + c(s))e−kc(s)−uλdu,

(5.5)

wherec(s) ∈ (0, λ) is the unique root of the equation (5.1) in the semi-plane
<(p) > 0;

(ii) if ρ > 1, thenP[τk(x) < ∞] = f̃x(c) e−kc < 1 andτk(x) is a defective random
variable for allx, k ∈ R+; if ρ ≤ 1, thenP[τk(x) < ∞] = 1 andτk(x) is a proper
variable for allx, k ∈ R+.

The formula (5.5) follows from (3.1) and the second formula of (5.3). The second
statement of Corollary 5.3 follows from the second part of Lemma 5.2. Before we
proceed any further, we introduce the following function. It is clear that for alls, x ∈
R+ the function

Rs
p(x) =

f̃x(s + p)
λf̃(s + p) + p− λ

, p 6= c(s), <(p) > 0
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is analytical in<(p) > c(s) and lim
|p|→∞

Rs
p(x) = 0. Thus, it can be represented by an

absolutely convergent Laplace integral for alls, x ∈ R+ [9]

Rs
p(x) =

f̃x(s + p)
λf̃(s + p) + p− λ

=
∫ ∞

0
e−puRs

u(x) du, <(p) > c(s). (5.6)

This formula can be considered as a definition of the functionRs
u(x) : R+ → R+

(with respect tou). A similar function was first introduced by Takács [19] for semi-
continuous processes with independent increments and semi-continuous random walks.
Let us establish basic properties of this function. The first formula of (5.3) implies that

Rs
p(x) =

λ

c(s)
(1− f̃(s))−1 f̃x(s + p)

p− c(s)
Ee−pS+

νs , <(p) > c(s).

The functions which enter the right-hand side of this equation are the Laplace trans-
forms for<(p) > c(s). Thus, their original functions should coincide with the original
function of those in the left-hand side. Hence, foru ∈ R+

Rs
u(x) =

λeuc(s)

c(s)(1− f̃(s))

∫ u

0
P[S+

νs
∈ dv]E

[
e−(s+c(s))ηx ; ηx < u− v

]
. (5.7)

The formula (5.7) implies that for fixeds, x ∈ R+ the functionRs
u(x), u ≥ 0 is a pos-

itive monotonically increasing continuous function. Moreover,Rs
u(x) < A(s)euc(s),

A(s) < ∞. Therefore,
∫∞

0 Rs
u(x)e−αudu < ∞ for α > c(s). Additionally, the func-

tion Rs
u(x) has bounded variation in any neighbourhood of the pointu ≥ 0. Thus, [9,

p 68] the following inversion formula is valid

Rs
u(x) =

1
2πi

∫ α+i∞

α−i∞
eup Rs

p(x) dp, u ∈ R+, α > c(s). (5.8)

The formula (5.8) defines the resolvent of the semi-Markov walk with a linear drift
{Zx(t)}t≥0 given by (2.2), whenδ ∼ exp(λ). We will suppose thatRs

u(x) = 0 foru <
0 and for alls, x ∈ R+. It follows from the definition thatRs

0(x) = lim
p→∞

p Rs
p(x) =

0. It is worth of mentioning that the defining formula (5.8) of the resolvent allows
to invert the Laplace transforms in analytical expressions that appear when solving
various boundary problems. It is one of the reasons of introducing this function. We
now formulate the corollary from Theorem 3.1.

Corollary 5.4. Let {Zx(t)}t≥0 be a semi-Markov random walk with a linear drift
(2.2),δ ∼ exp(λ), {Rs

u(x)}u∈R+ , s, x ∈ R+ be a resolvent of the process{Zx(t)}t≥0

given by (5.8). Then
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(i) the Laplace transformsfk
x (dl, s) of the joint distributions of{τk(x), ηk(x)} sat-

isfy the following equality forx, k ∈ R+

fk
x (dl, s) = e−s(l−x) 1− F (l)

1− F (x)
I{l≥x} δ(l − x− k) dl

+ λe−sl [1− F (l)]
[
e−lc(s)Rs

k(x)−Rs
k−l(x)

]
dl; (5.9)

(ii) for the Laplace transforms of the first overshoot time of the upper boundary by
the process{Zx(t)}t≥0 the following formula is valid fors > 0, x, k ∈ R+

E
[
e−sτk(x); Bk(x)

]
= e−sk −

sRs
k(x)

s + c(s)
+ s

∫ k

0
e−suRs

k−u(x) du; (5.10)

(iii) if ρ < 1, thenτk(x) is a defective random variable for allx, k ∈ R+, and

P[τk(x) < ∞] = 1− (1− ρ)Rk(x) < 1, Rk(x) def= R0
k(x),

if ρ ≥ 1, thenτk(x) is a proper variable for allx, k ∈ R+.

Define forx, k, B ∈ R+ random variables

ik(x) = inf{t > τk(x) : Zx(t) < k −B}, Ik(x) = k −B − Zx(ik(x)),

the first downward crossing time of the interval[k − B, k] by the process{Zx(t)}t≥0

and the value of the overshoot of the lower boundaryk−B at this instant. We will use

the convention that inf{∅} def= ∞, Ik(x) = ∞ on the event{ik(x) = ∞}. It is clear
thatη+

x (ik(x)) = 0, becauseik(x) ∈ {ηn(x); n ∈ N}.

Lemma 5.5. Let {Zx(t)}t≥0 be a semi-Markov walk with a drift (2.2),δ ∼ exp(λ),
{Rs

u(x)}u∈R+ , s, x ∈ R+ be the resolvent (5.8) of the process{Zx(t)}t≥0. Then

(i) the Laplace transforms of the joint distribution of{ik(x), Ik(x)}

ϕk
x(du, s) = E[e−sik(x); Ik(x) ∈ du, ik(x) < ∞]

satisfy the following equality forx, k ∈ R+

ϕk
x(du, s) =

[
cx(s)e−c(s)(B−k) − e−c(s)BRs

k(x)r(s)
]
λe−λudu, (5.11)

wherecx(s) = f̃x(s + c(s)), r(s) = 1 + λf̃ ′(s + c(s));
(ii) if ρ < 1, thenik(x) is a defective random variable and

P[ik(x) < ∞] = 1− (1− ρ)Rk(x);

if ρ > 1, thenik(x) is a defective random variable and

P[ik(x) < ∞] = f̃x(c)e−c(B−k) − e−cB (1 + λf̃ ′(c))Rk(x),

whereRu(x) def= R0
u(x); finally, if ρ = 1, thenik(x) is a proper random variable.
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Theorem 5.6. Let {Zx(t)}t≥0 be a semi-Markov walk with a linear drift given by
(2.2),δ ∼ exp(λ), {Rs

u(x)}u∈R+ , s, x ∈ R+ be a resolvent of the process{Zx(t)}t≥0

given by (5.8). Then

(i) the Laplace transforms of the joint distribution of{χ,L, T}

V k
x (dl, s) = E[e−sχ; L ∈ dl,Ak], V x

r (du, s) = E
[
e−sχ; T ∈ du,Ar

]
satisfy the following equalities fors > 0, x ∈ R+

V x
r (du, s) =

Rs
k(x)

ERs
δ+B

λe−λu du,

V k
x (dl, s) = fk

x (dl, s)−
Rs

k(x)
ERs

δ+B

Ef δ+B
0 (dl, s), (5.12)

where the functionfk
x (dl, s) is given by (5.9),

ERs
δ+B =

∫ ∞

0
λe−λvRs

v+B dv, Ef δ+B
0 (dl, s) =

∫ ∞

0
λe−λvfv+B

0 (dl, s) dv;

(ii) the Laplace transforms of the first exit timeχ from the interval by the process
{Zx(t)}t≥0 admit the following representation fors > 0

E[e−sχ; Ar]
def= V x

r (s) =
Rs

k(x)
ERs

δ+B

, (5.13)

E[e−sχ; Ak] def= V k
x (s) = e−sk − s

Rs
k(x)

s + λ
+ sAs

k(s, x)− λ
V x

r (s)
s + λ

[
e−sB + sAs

B(s)
]
,

where

As
k(a, x) =

∫ k

0
e−auRs

k−u(x) du, As
k(a, 0) def= As

k(a);

(iii) the probabilities of the first exit from the interval by the process{Zx(t)}t≥0 are
given as follows

P[Ar] =
Rk(x)
ERδ+B

, P[Ak] = 1− Rk(x)
ERδ+B

,

whereRk(x) def= R0
k(x), x, k ∈ R+; Rk

def= Rk(0).

Proof. Notice, that Theorem 5.6 follows straightforwardly from Theorem 4.1. The
results of Theorem 5 can be obtained from the formulae (4.1) which for the caseδ ∼
exp(λ), essentially simplify and can be written in terms of the resolvent (5.8). In order
to do this one needs to calculate the kernels (4.4), the successive iterations (4.3), and
the series (4.2) of the process{Zx(t)}t≥0 (2.2) whenδ ∼ exp(λ). Let us verify the first
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formula of (5.12). Using the corollaries, Lemma 5.5 and defining formulae (4.2)-(4.4),
after some calculations we obtain fors, v, u > 0 n ∈ N

K−
v (du, s) = ϕv+B

0 (du, s), (5.14)

K−
v (du, s)∗(n) = ϕv+B

0 (du, s)
(
Eϕδ+B

0 (s)
)n−1

,

K−v (du, s) = ϕv+B
0 (du, s)

(
1−Eϕδ+B

0 (s)
)−1

,

F x
r (du, s) = cx(s) e−c(s) rλe−λudu− ϕk

x(du, s),

wherecx(s) = f̃x(s + c(s)) and the mathematical expectationsϕk
x(du, s), x, k ∈

R+ are given by (5.11),ϕk
x(s) =

∫∞
0 ϕk

x(du, s). Substituting (5.14) into the second
formula of (4.1) we get the first equality of (5.12). We now verify the second formula
of (5.12). It follows from Lemma 5.5, the formulae (4.2)-(4.4) that for alls > 0,
x, l, l1 ∈ R+, n ∈ N

K+
l1

(dl, s) = cl1(s)e
−c(s)BE f δ+B

0 (dl, s),

K+
l1

(dl, s)∗(n) = cl1(s)e
−c(s)B

(
Eϕδ+B

0 (s)
)n−1

E f δ+B
0 (dl, s), (5.15)

K+
l1
(dl, s) = cl1(s)e

−c(s)B
(

1−Eϕδ+B
0 (s)

)−1
E f δ+B

0 (dl, s),

F k
x (dl, s) = fk

x (dl, s)− cx(s)e−c(s) r E f δ+B
0 (dl, s),

where the mathematical expectationsfk
x (dl, s), x, k ∈ R+ are given by (5.11). Substi-

tuting (5.15) into the first formula of (4.1) we obtain the second formula of (5.12). It is
worth of noticing that instead of the calculations (5.15) to obtain the second formula of
(5.12) we could use the first equation of system (4.5), since the functionV x

r (du, s) is
already determined by the first equality of (5.12). Integrating the first equality of (5.12)
with respect tou ∈ R+, and the second equality of (5.12) with respect tol ∈ R+, we
get the formulae a (5.13). Passings → 0 in (5.13) we find the probabilities of the first
exit through the upper and lower boundary by the process{Zx(t)}t≥0.

We now present another approach to prove the theorem. It is based on the system
(4.5). This system becomes more simple for the case whenδ ∼ exp(λ). In view of
(5.5) this system is of the following form

fk
x (dl, s) = V k

x (dl, s) +
∫ ∞

0
V x

r (du, s) fu+B
0 (dl, s), (5.16)

cx(s)e−c(s) rλe−λudu = V x
r (du, s) +

∫ ∞

0
V k

x (dl, s) cl(s)e−c(s)Bλe−λudu.

It is clear that one suffices to determine the function

Ṽ k
x (s) = e−c(s)B

∫ ∞

0
V k

x (dl, s) cl(s) = E[exp{−s ik(x)}; ik(x) < ∞,Ak],
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because by means of (5.16) we then determine the functionV x
r (du, s), and due to the

first equality we will find the functionV k
x (dl, s). Substituting the expression for the

functionV x
r (du, s) from the second equation of (5.16) into the first one, we get

fk
x (dl, s) = V k

x (dl, s) + cx(s)e−c(s) rE f δ+B
0 (dl, s)− Ṽ k

x (s)E f δ+B
0 (dl, s).

Let us multiply this equation bycl(s)e−c(s)B and integrate it with respect tol ∈ R+.
This yields

ϕk
x(s) = Ṽ k

x (s) + cx(s)e−c(s) rEϕδ+B
0 (s)− Ṽ k

x (s)Eϕδ+B
0 (s),

which is a linear equation for the functioñV k
x (s). In view of the formula (5.11) we

find from the latter equation that

Ṽ k
x (s) = cx(s)e−c(s) r −

Rs
k(x)

ERs
δ+B

.

Substituting the right-hand side of this equality into the second equation of (5.16), we
get

V x
r (du, s) =

Rs
k(x)

ERs
δ+B

λe−λudu,

i.e. the first formula of (5.12). Substituting the right-hand side of the latter equality
into the first equation of (5.16) we find the second formula of (5.12). This completes
the proof. 2

Theorem 5.7. Let {Zx(t)}t≥0 be a semi-Markov walk with a linear drift given by
(2.2),δ ∼ exp(λ), {Rs

u(x)}u∈R+ , s, x ∈ R+ be a resolvent of the process{Zx(t)}t≥0,

Rs
u

def= Rs
u(0), r, k ∈ R+, r + k = B,

qs
x(−r, u, k) = P

[
−r ≤ inf

t≤νs

Zx(t), Zx(νs) ≤ u, sup
t≤νs

Zx(t) ≤ k

]

be the joint distribution of the infimum, the supremum and the value of the process on
the exponential time interval[0, νs]. Then the following equalities hold fors > 0

qs
x(−r, u, k) = P [νs ≤ u] +

se−λ(k−u)

s + λ
Rs

k(x)− sAs
u(s, x) + V x

r (s)

[
λe−s(r+u)

s + λ
− 1

]

+
sλ

s + λ
V x

r (s)
[
As

r+u(s) + e−λ(k−u)
∫ k−u

0
eλvRs

B−vdv

]
, u ∈ [−r, k], (5.17)

whereRs
v(x) = 0 for v < 0 and for all x, s ∈ R+, As

k(a, x) =
∫ k

0 e−auRs
k−u(x) du,

As
k(a, 0) def= As

k(a).
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Proof. The formulae (3.5), (5.3), (5.6) imply for<(a) = 0, <(p) > c(s)

Ũp
x(a, s) =

∫ ∞

0
e−pkE

[
e−aZx(νs); Z+

x (νs) ≤ k
]
dk =

1
p

s

s + a + p

+
s

s + c(s)
c(s)

c(s)− a
Rs

a+p(x)− s

s + a
Rs

a+p(x)
[

s

s + a + p
+

a

p

]
.

Using the definition of the resolvent (5.18), and inverting the Laplace transforms in
both sides with respect top, we find that

Uk
x (a, s) =

s

s + a

(
1− e−k(s+a)

)
+

s

s + c(s)
c(s)

c(s)− a
e−akRs

k(x)

− s

s + a
[aAs

k(−a, x) + sAs
k(s, x)] e−ak.

The first formula of (4.8) and the formula (5.12) yield

Q̃s
x(a) = Uk

x (a, s)− ear

∫ ∞

0
λe−λveav Rs

k(x)
R̂s(λ, B)

1
λ

e−λBUv+B
0 (a, s), dv

= Uk
x (a, s) +

Rs
k(x)

R̂s(λ, B)

[∫ B

0
e−v(λ−a)Uv

0 (a, s) dv − Ũλ−a
0 (a, s)

]
e−ak,

where R̂s(λ, B) =
∫∞
B e−λkRs

k dk. Substituting the expressions for the functions
Uk

x (a, s), Ũλ−a
0 (a, s) into the latter equation and performing some calculations we

get

Q̃s
x(a) =

s

s + a

(
1− e−k(s+a)

)
+

sλ

s + λ

e−ak

λ− a
Rs

k(x)

− se−ak

s + a
[aAs

k(−a, x) + sAs
k(s, x)]

+
sλ

s + a
V x

r (s)
[
a
As

k(−a)
λ− a

+ s
As

k(s)
s + λ

+
e−sB

s + λ
− eaB

λ− a

]
e−ak.

It follows from (5.13) that

P [χ > νs] = 1− e−sk +
sRs

k(x)
s + λ

− sAs
k(s, x) + V x

r (s)
[
sλAs

B(s)
s + λ

+
λe−sB

s + λ
− 1

]
.

It is not difficult to establish the following equality∫ k

−r
e−auqs

x(−r, u, k) du =
1
a

[
Q̃s

x(a)−P[χ > νs]e−ak
]
, <(a) = 0.
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Substituting the expression for the functionsQ̃s
x(a), P [χ > νs] from the previous

equalities into the latter one, we find that∫ k

−r
e−auqs

x(−r, u, k) du =
1− e−ak

a
− 1− e−k(s+a)

s + a
+

s

s + λ

e−ak

λ− a
Rs

k(x)

+
se−ak

s + a
[As

k(s, x)−As
k(−a, x)] +

sλe−ak

s + a
V x

r (s)
[
As

B(−a)
λ− a

−
As

B(s)
λ− a

]
+

e−ak

s + a
V x

r (s)
[
1− λe−sB

s + λ
+

s

a

(
1− λeaB

λ− a

)]
, <(a) = 0.

Inverting the Laplace (Fourier) transforms with respect toa in both sides of this equal-
ity we derive the formula (5.17). 2

We will now study the liming behaviour of the two-boundary functionals of the process
{Zx(t)}t≥0. Denote bywt ∈ R, t ≥ 0 a standard Wiener process,Ew1 = 0, Dw1 =
σ2 > 0, and let

χ∗ = inf{t : wt /∈ (−r, k)}, k ∈ (0, 1), r = 1− k,

denote the first exit time from the interval(−r, k) by the processwt. It is well-known
(see for instance [12]) that the Laplace transforms ofχ∗ satisfy the following formulae

E
[
e−sχ∗ ; Ak

]
=

sh
(

r
σ

√
2s

)
sh

(
1
σ

√
2s

) , E
[
e−sχ∗ ; Ar

]
=

sh
(

k
σ

√
2s

)
sh

(
1
σ

√
2s

) ,

whereAk = {wχ∗ = k}, Ar = {wχ∗ = −r} are the events denoting the exit from the
interval(−r, k) through the upper boundaryk and through the lower boundary−r.

Corollary 5.8. Let {Zx(t)}t≥0 be a semi-Markov walk with a linear drift given by
(2.2),δ ∼ exp(λ), µ = Eη, d = Eη2 < ∞,

χ(B) = inf{t : Zx(t) /∈ [−rB, kB]}, k ∈ (0, 1), r = 1− k,

Ak(B) = {Zx(χ(B)) > kB}, Ar(B) = {Zx(χ(B)) < −rB}. Then the following
limiting equalities hold forρ = λµ = 1

lim
B→∞

P
[
χ(B)
B2 ∈ dt; Ak(B)

]
= P

[
χ∗ ∈ dt; Ak

]
= πσ2

∑
n∈N

n e−
t
2(σπn)2

sin(kπn) dt,

lim
B→∞

P
[
χ(B)
B2 ∈ dt; Ar(B)

]
= P [χ∗ ∈ dt; Ar] (5.18)

= πσ2
∑
n∈N

n e−
t
2(σπν)2

sin(rπn) dt,
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whereσ =
√

λd. In particular, the limiting exit probabilities admit the following rep-
resentations

lim
B→∞

P
[
Ak(B)

]
=

2
π

∑
n∈N

sin(kπn)
n

= r, lim
B→∞

P [Ar(B)] =
2
π

∑
n∈N

sin(rπn)
n

= k.

(5.19)

Proof. Taking into the account the conditions of the corollary we can establish the
following equality for the Laplace transforms of the random variableηx ass → 0

f̃x(s) = 1− sµx +
1
2

s2dx + o(s2), µx = Eηx, dx = Eη2
x, (5.20)

where lim
a→0

o(a)
a = 0. We will now verify that the following formulae valid for all

x, k ∈ R+

lim
B→∞

1
B2 A

s/B2

kB

(
s/B2, x

)
=

1
s

(
ch

(
k

σ

√
2s

)
− 1

)
,

lim
B→∞

1
B

∫ ∞

0
λe−λvR

s/B2

v+B dv =
2

σ
√

2s
sh

(
1
σ

√
2s

)
,

lim
B→∞

1
B

R
s/B2

kB (x) =
2

σ
√

2s
sh

(
k

σ

√
2s

)
, (5.21)

whereσ =
√

λd. It follows from the definition of the functionAs
k(a, x) (5.13), and of

the resolventRs
k(x) (5.18) that

Ãs
p(s, x) =

∫ ∞

0
e−pkAs

k(a, x) dk =
1

s + p

f̃x(s + p)
λf̃(s + p) + p− λ

.

The limiting equality a (5.20) and the latter formula imply the following chain of the
equalities

lim
B→∞

1
B3 Ã

s/B2

p/B

(
s/B2, x

)
= lim

B→∞

1
p + s

B

1− p
B µx + o( 1

B )
1
2 λdp2 − s + o( 1

B2 )
=

=
1
p

1
1
2 σ2p2 − s

=
∫ ∞

0
e−pk lim

B→∞

1
B2 A

s/B2

kB

(
s/B2, x

)
dk.

Inverting the Laplace transforms in both sides of the latter equality forα >
√

2s, we
find that

lim
B→∞

1
B2 A

s/B2

kB

(
s/B2, x

)
=

1
2πi

∫ α+i∞

α−i∞

1
p

epk dp
1
2 σ2p2 − s

=
ch

(
k
σ

√
2s

)
− 1

s
.
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It follows from (5.20) that the function

R̃s
p(λ) =

∫ ∞

0
e−pk

∫ ∞

0
λe−λvRs

v+k dv dk =
1

λf̃(s + p) + p− λ

obeys the following chain of the equalities

lim
B→∞

1
B2 R̃

s/B2

p/B (λ) =
1

1
2 σ2p2 − s

=
∫ ∞

0
e−pk lim

B→∞

1
B

∫ ∞

0
λe−λvRs

v+kB dv dk.

Inverting the Laplace transforms in both sides of the latter equality forα >
√

2s, we
get

lim
B→∞

1
B

∫ ∞

0
λe−λvRs

v+kB dv =
∫ α+i∞

α−i∞

epk dp
1
2 σ2p2 − s

=
2

σ
√

2s
sh

(
k

σ

√
2s

)
.

In particular, fork = 1 we derive the second formula of (5.21). The third formula
of (5.21) can be verified analogously. It is worth of mentioning that the limit repre-
sentations for the resolvent of spectrally one-sided Lévy processes have been obtained
in [13]. Having derived the limiting equalities required we now verify the formulae
(5.18). It follows from (5.13) and (5.21) that

lim
B→∞

E
[
e
−s

χ(B)
B2 ; Ar(B)

]
= lim

B→∞
V x

rB

(
s/B2) =

= lim
B→∞

R
s/B2

kB (x)∫∞
0 λe−λvR

s/B2

v+B dv
=

sh
(

k
σ

√
2s

)
sh

(
1
σ

√
2s

) ,

lim
B→∞

E
[
e
−s

χ(B)
B2 ; Ak(B)

]
= lim

B→∞
V kB

x

(
s/B2) =

= ch

(
k

σ

√
2s

)
−

sh
(

k
σ

√
2s

)
sh

(
1
σ

√
2s

)ch

(
1
σ

√
2s

)
=

sh
(

r
σ

√
2s

)
sh

(
1
σ

√
2s

) .

Inverting the Laplace transforms in the right-hand sided of these formulae [20], we
get the equalities (5.18). Integrating these equalities with respect tot ∈ R+ we get
(5.19). 2

Corollary 5.9. Let {Zx(t)}t≥0 be a semi-Markov walk with a linear drift given by
(2.2),δ ∼ exp(λ), µ = Eη, d = Eη2 < ∞, k ∈ (0, 1), r = 1− k,

qt
x(u, B) = P

[
−rB ≤ Z−

x (tB2), Zx(tB2) ≤ uB, Z+
x (tB2) ≤ kB

]
, u ∈ [−r, k].

If ρ = λµ = 1, then the joint distributionqt
x(u, B) weakly converges asB → ∞ to

the joint distribution

P

[
−r ≤ inf

v≤t
wv, wt ≤ u, sup

v≤t
wv ≤ k

]
,
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of the infimum, the supremum and the value of the Wiener process with the dispersion
σ =

√
λd and the following limiting equality holds

lim
B→∞

qt
x(u, B) =

4
π

∑
n∈N

(−1)n+1

n
e−

t
2(πnσ)2

sin(kπn) sin2
(

r + u

2
nπ

)
. (5.22)

The distribution of the random variableχ(B) admits the following representation

lim
B→∞

P
[
χ(B)
B2 > t

]
=

4
π

∑
n∈N∪0

e−
t
2(π(2n+1)σ)2

2n + 1
sin(k(2n + 1)π).

Proof. In order to prove Corollary 5.8 we will need the limiting formulae (5.21) and
the following equality

lim
B→∞

1
B2 e−λB(k−u)

∫ (k−u)B

0
eλv R

s/B2

B−v dv = 0, u ∈ [−r, k]. (5.23)

It is true, since the functionRs
u, u ∈ R+ monotonically increases for a fixeds > 0

then

e−λ(k−u)B
∫ (k−u)B

0
eλv R

s/B2

B−v dv <
1
λ

R
s/B2

B

(
1− e−λ(k−u)B

)
.

This equality and the third formula of (5.21) fork = 1 imply (5.23). Let us verify
(5.22). It is clear that

s

∫ ∞

0
e−stqt

x(u, B) dt = qs/B2

x (−rB, uB, kB), k ∈ (0, 1) r = 1− k,

where the functionqs
x(−r, u, k) is determined by (5.27). Thus,

lim
B→∞

∫ ∞

0
e−stqt

x(uB) dt =
1
s

lim
B→∞

qs/B2

x (−rB, uB, kB) def= q∗(s) =

=
1
s

shk
σ

√
2s

sh1
σ

√
2s

[
ch

(
r + u

σ

√
2s

)
− 1

]
+

1
s

[
1− ch

(
u+

σ

√
2s

)]
,

whereu+ = max(0, u). In order to compute this limit we used the formulae (5.21),
(5.23). Note, that the Laplace transform in the right-hand side of this equality was
inverted in [14] and resulted into the following formula(α > 0)

P

[
−r ≤ inf

v≤t
wv, wt ≤ u, sup

v≤t
wv ≤ k

]
=

1
2πi

∫ α+i∞

α−i∞
estq∗(s) ds =

=
4
π

∑
n∈N

(−1)n+1

n
e−

t
2(πnσ)2

sin(kπn) sin2
(

r + u

2
nπ

)
, u ∈ [−r, k].
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Therefore, we established the weak convergence of the joint distributionqt
x(u, B) as

B → ∞ to the corresponding distribution of the Wiener process and also verified the
formula (5.26). The second formula of Corollary 5.9 follows from the first one for
u = k. 2
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