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Abstract

In this article we determine the Laplace transforms of the one-boundary
characteristics and of the distribution of the number of intersections of a
fixed interval by a difference of a compound Poisson process and a compound
renewal process. The results obtained are applied for a particular case of this
process, namely, for the difference of the compound Poisson process and the
renewal process whose jumps are geometrically distributed. The advantage
is that these results are in a closed form, in terms of resolvent sequences
of the process. In this case, under certain assumptions, we find the limit
distributions of the one-boundary and two-boundary characteristics of the
process. In addition, we prove the weak convergence of these distributions

to the corresponding distributions of a symmetric Wiener process.
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Introduction

This article deals with the difference of the compound Poisson process and the
compound renewal process. Such processes have proven to be appropriate mod-
els in many applied fields of the probability theory, such as telecommunication
networks, cash management, computer networks, and in particular, in queueing
theory. For instance, for a queueing system with limited waiting room, evolution
of the number of the customers in this system is described by a governing process
with two reflecting boundaries. In general case this process is a difference of two
renewal processes. Thus, studying main characteristics of the system results to
the investigating the two-boundary functionals of the governing process. For a
detailed illustration we refer to [19]. For this class of stochastic processes we de-
termine several two-boundary characteristics, such as the first exit time from the
interval and the number of intersections of the interval. This work is a continu-
ation and a generalization of the paper [18]. The approach used for determining
the Laplace transforms of the one-boundary characteristics of the process under
consideration is based on the factorization methods. For determining the two-
boundary characteristics of the process, we will follow the approach suggested in
[13], [14] for Lévy processes. For convenience, we will use the same notation as
in [18]. We first give a short overview of the existing literature. Distributions of
the one-boundary functionals for the difference of renewal processes have been
studied by Lindley [20], Prabhu [31] and Cohen [3]. The two-sided exit problem
for such processes is closely related to the G|G|1 type queueing models. A sum-
mary of known results for the G|G|1 type model can be found in [3]. The joint
distributions of the one-boundary functionals for the difference of compound re-
newal processes have been considered by Nasirova [25] in terms of the solutions
of linear integral equations. Special cases of the difference of renewal processes
have been studied by many authors. Ezhov and Kadankov [4]-[7], for instance,

have employed probability-factorization methods, while Pirdzhanov and Bratiy-



chuk [30], [2] have used factorization methods. Several two-boundary problems
were solved for a semi-Markov walk with a linear drift in [17]. The one-boundary
functionals for the difference of two compound Poisson processes with drifts with
various jump distributions have been studied by Perry, Stadje, Zacks et. al [27],
[28]. Two-boundary problems for the difference of two Poisson processes with
exponential negative jumps were solved in [16]. The rest of the article is struc-
tured as follows. In Section 1 we introduce the process, notation and present
preliminary results. Section 2 is concerned with one-boundary characteristics of
the process. In Section 3 we study a two-sided exit problem for the process and
its particular case. Section 4 deals with another two-boundary functional of the
process, namely with the distribution of the number of intersections of the inter-
val. Finally, in Section 5 we will derive some asymptotic results under certain
conditions. We find the limit distributions of the two-boundary characteristics
of the process and establish the weak convergence of these distributions to the
corresponding distributions of a symmetric Wiener process with the dispersion

o2

1 Definitions, notation and preliminary results

Let (2, §,{3:},P) be a filtered probability space, where the filtration § = {F;}
satisfies the usual conditions of right-continuity and completion. We assume that
all random variables and stochastic processes are defined on this probability space.
Let »,06 € N = {1,2,...} be independent integer random variables, and 7 €
(0,00) be a positive random variable independent of s, with the distribution
function F(z) = Pnp<=z], = > 0. We will assume that Esx, EJj, En <

oo. Introduce the sequences {n,n)}, {5}, {4,0,}, n € N of independent



identically distributed (inside each sequence) variables and define the sequences

no(x) =0, m(x)=ne, Moyr(@)=nc+m+---+n, neN, (1)

w0 =0, =3+ + So=0, 8, =06 +-+6; n €N,
where 7, € (0,00) is a random variable with the following distribution function
Fo(u) = Pl <] = [Flo+u) - F@)(1- F@)™  u>0.

Denote by {7(t)}i>0 € ZT = {0,1,...} a compound Poisson process with the

generating function of the form
E0™® = kO ko) =p(E*—1), |0 <1,

where g > 0 is the intensity of the jumps and ¢ is a jump size. For all ¢t > 0 de-

fine a delayed renewal process generated by the random sequence {n,(x)},cz+ :

N.(t) = max{n € Z" : n,(z) <t} € ZT, x > 0. (2)

Introduce a right-continuous step process for all = > 0

D,(t) ==(t) — ONn, (1) € Z, t>0; D.,0)=0. (3)

We will call the process {D,(t)}+>0 a difference of the compound Poisson process
and a compound renewal process. Observe, that this process is not a Markov
process in general. To be able to solve two-boundary problems for this process,
we will proceed as follows. We will add a linear component to this process, so

that a new two-component process is a Markov process. More rigorously, for all



t > 0 introduce a right-continuous process as follows:

+ t + .’E, O S t < 771:
Nz (t) = € R+ = [0’ OO), U RJr' (4)

t =N, (), t> 1
The process {1, (t)};>q increases linearly on the intervals [1,(z), 7u41(x)), n €
Z*, it is killed to zero at the points 7,(z), n € N, and the value of the process
at the instant tg > 7, is equal to the time elapsed from the moment of the last
renewal of the process (2) till ¢y. We will call the process (4) a linear component.
Note that this linear component is sometimes referred to as the age process
(age since the last renewal). By adding this linear component to the process

{Dx(t)};>0 . We obtain a right-continuous Markov process
{Xt}tzo = {Dz(t)v n;(t)}tzo € Z % R+a XO = {0,$}, VIS R+a (5)

which governs the process {Dg(t)}+>0. The process defined in (5) is a Markov
process. Note, that it is homogeneous with respect to the first component [8].
This means that if Xy, = {k,u}, k¥ € Z, uw > 0, then the evolution of the
process {X:}i>4, in the sequel does not depend on the value k of the first
component. This fact will be used constantly when setting up the equations.
The first jump of the process {7(t)}+>¢, (which is distributed as ) will occur
after an exponential period of time with parameter p. The first renewal moment
of the process {Ng(t)}i>t, (with a jump that is distributed as ) will take place

after elapsing of time 7,. Introduce a random sequence as follows (n € N)

f(x) =0, &) =m(n) =6, Gupa(z) =&@)+Y &, & =&l(0),
=1



where £ =m(n)—4d € Z, {£,&,}, n €N is a sequence of i.i.d. random variables.

We now define a right-continuous step process in the following way

{Sahiz0 = {Envay(@) 1o €2, S2(0) =0, z€R,. (6)

The sample paths of the process are constant on the time intervals [, (x), np+1(2)),
n € Z and there occur jumps at the instants n,(z), n € N. These jumps have
the same distribution as £ = m(n)—J, where n € {2,3,...}, and & (x) = 7(ng)—
d for n = 1. Here and in the sequel we will call the process {S;(t)}+>0 a semi-
Markov random walk generated by the sequences {n,(z)}, {&n.(z)}, n € ZT.

This name is originated from [25]. For all z € R4, |0] <1 denote

Jols) =EBe™, f(s) = fo(s),  fuls,0) = fuls = k(0)) = B [e=1:670)] .
Lemma 1. Let N,(t), D.(t), ni(t), S.(t), t >0 be random processes defined
by the formulae (2)-(6), and vs ~ exp(s) be an exponential random variable

independent of these processes. Then for all x € Ry, s >0, |a| <1, |0],]b] =1,

p >0 the following equality holds

s R Ne(ve) pD(vs) gSa (vs) p—prid (vs) _ __ 5€ 7" _f
E{L‘(a7b)97p) Ea’ b 9 € 5+p_k;(b)(1 fl‘(5+p7b))
sa ~ s 1—f(s+pb)
+— T F.(s,00)E(6b)? _ . 7
s+p—k(b) fo(s, 6b)E(0) 1—af(s,0)E(0b)—0 @)
In particular, for all x € Ry, s> 0 the following formulae are valid
: : 5 1= J(s)
E0% ) =1 — f.(s) + fu(s,0)EO 0 —— , | = 1. 8
R e = ®)

Proof. 1t is not difficult to establish that the mathematical expectation E?(a,b,6,p)

obeys the following equation for z € Ry, s >0, |a| <1, |0],]b|=1, p>0

1-— fﬂ:(8+p7b)

Ej(a,b,6,p) =
ZC(a7 9 7p) S 8+p—k(b)

ePT 1 af,(s, Ob)E(0b) °ES(a,b,0,p).



In order to write this equation, we used the total probability law, independence
of the random variables § and 7;(x), homogeneity of the process {X;}+>¢ with
respect to the first component and the fact that the random time n;(x) is a

Markov time. Setting x = 0 in this equation, we get

S 1_f(8+p79b)

Ega,b.0.p) = oy 1 af(s, 0b)E(6b)—8

Substituting the expression for E{(a,b,0,p) into the previous equality, we get
(7). The formula (8) follows from (7), for p=0, a=b=1. O

In the sequel we will require one-boundary characteristics of the semi-Markov
walk {S;(t)}>0 (6). We now formally define them. For all x € Ry, k € Z*

denote by

*(z) = inf{t : Sy(t) > k}, TH(z) = Sy (7*(z)) — k € N,

7h=7k(0), TF=T*(0) the instant of the first overshoot of the upper level k by

the process {Sz(t)}+>0 and the value of the overshoot through this level; and by

Fo(x) = inf {t: S,(t) < =k},  Tp(x) = —Su(fk(z)) — k €N,

7.=71(0), Tp=T}(0) the instant of the first overshoot of the lower level —k by
the process {Sz(t)}+>0, and the value of the overshoot at this instant. Observe
that the random variables 7*(z), 7x(x) take their values from a countable set
{nn(z), n € N}, and they are Markov times of the process {S;(t)}+>0. We now
formulate and prove some results for the one-boundary characteristics of the semi-
Markov walk {Sz(t)}+>0 which appear to be analogous to the results for usual

random walks and Lévy processes (due to Spitzer [33], Rogozin and Pecherskii

[32],[26]).



Lemma 2. Let {So(t)}+>0 € Z be a semi-Markov walk (6), and

St = sup Sp(u), S, = inf Sp(u), u,t >0,

u<t u<t
be the supremum and the infimum of the process {So(t)}i>0, s> 0. Then

(i) the following identity (Spitzer-Rogozin [33],[32]) is valid for the semi-Markov
walk {So(t)}tzo :

EoSo(vs) — n 1~_ J;()S]Z) 5= OS5 E@S”;, 0] =1, (9)

where the random variables —S, , S} € Z are infinitely divisible and their

generating function are given as follows:

E§% — exp {Z %E [6_57’" (95" — 1) ;& > O} } . eF <1 (10)

neN

(ii) the Laplace transforms of the joint distributions of {75, T*}, {7, Tx}, k €

Z* of the semi-Markov walk {So(t)}i>0 obey the following equalities [26]

E [e—s%kQTk;%k < oo] — (EHS’Z)_IE [952—‘“;5; > k} ,

E =707 7 < o] = (Ee—Sv’s)_lE oS h s < -k )

(iii) the integral transforms of the joint distributions of {So(vs), Si} are such

that for all k € Z7F

E [950<Vs>; St < k} — E0S+E [952;535 < k} . o>,

E [950@0;5;5 > —k} — E05:E [95%;5; > —k;] , o<1 (2

Proof. We now sketch a proof of the formulae (9)-(12). The following chain

of the equalities (s > 0) follows from (8) for z = 0 and from the expansion



In(l—z)t=z/1+22/2+---, 2] <1

ggSote) — =S exp Y 5 [675""05” - efsnn} -
1— f(s,0) E0—9 n

neN
— exp {% % E [e—s% (95n - 1) L6 > 0} } (13)
e {Z smfem (-2 <o] bopi-n

Observe, that the first exponent in the right-hand side is an analytic function
in |#] < 1. Therefore, it can be viewed as a generating function of an infinitely

divisible variable, say ¢ € ZT, P[¢F =0]>0:

exp {ZiE [e—Snn(Qin —1); &, > 0} } = E955+, 6] < 1.

neN

Analogously the second exponent in the right-hand side of (13) is an analytic
function in |#| > 1 and it is a generating function of a certain infinitely divisible

variable, say —¢; € ZT, P, =0] >0

exp {ZiE [e—Snn(an —1); &, < Q]} = Egﬁs_’ 6] > 1.

neN

Let us establish the probabilistic interpretation of the variables £, &, in terms
of the boundary functionals of the semi-Markov walk {Sy(¢)}. To do this, we

need the following equality (k € ZT)

E %) — E§5Y oS = E [950(%); St < k] +

+E |e s 9500, < OO} E§%0) | =1. (14)

To write this equation, we used the total probability law, Markov property of 7%,
homogeneity of the process {So(t),ng (t)} with respect to the first component

and properties of the exponential variable vs. Let us re-write the equation (14)



as follows:

E [9@ k. et > k} _E [e*S*kaf’“;%k < oo] E6S = (15)

E [930@8)*’2538 < k} (Eaf?)_l —E [95?*’“;@ < k;] 16 =1.

Since P[{; = 0] > 0, then the function (EHfsi)il is analytic and bounded
in |#| > 1, also continuous on the boundary. Now we can apply the standard
factorization reasoning due to Borovkov [1].

The function which enters the left-hand side of (15) is analytic and bounded
in || < 1, and also continuous on |#| = 1. By means of this equality it can
be analytically extended to the function which is analytic in |6] > 1, remaining
bounded and continuous. Then by Liouville’s theorem this function is a certain
constant C(s) (with respect to ) in the entire complex plane. Letting 8 — 0
in the left-hand side of this equality, we find that C(s) = 0. As a result of this

reasoning we derived from (15) two formulae

E [e—s%kgfk;%k < oo} _ (Eef?)_lE [eﬁi—k;gj > k} . o<1,

E [950<V5>;S,j; < k] — E¢ E [95?; £ < k} . 9> 1. (16)

Observe, that the Laplace transforms of the joint distributions of {%k,f’k},
{So(vs),S,..} are given in terms of the generating functions of the random vari-

ables &F,&;. Letting 6 =1 in (16), we find that
P[S; <k|=P[&f <k], kezZ".

The latter equality means that the random variable £} is identically distributed
with St = sup So(t). Applying this property to the dual random walk —{Sy(t)}¢>o0,
t<vg

we verify that £ is identically distributed with S, = ti<nf So(t). Hence, by

means of (16), we derive the first two formulae of (11), (12). Applying (16) to

10



—{So(t) }+>0, we obtain the second formulae of (11), (12). Note, that the method

of proof can also be found in [12]. O

We will now assume that the random variable § € N is geometrically dis-
tributed with parameter A € [0, 1) :

1-A

_ _ _ n—1 s _
Po=n]=(1-XM)\"", neN, Ef 01_0)\,

0 <1.  (17)

This assumption means that the process {D,(t)}+>0 has geometrically distributed
negative jumps at instants {7,(z)},en. Here and in the sequel we will denote

the distribution (17) as follows & ~ ge(\).

Lemma 3 ([18]). Let f(s) = Ee=*". Then for s > 0 the equation
0 A=(1-NFGs— ko), o<1 (1)

has a unique solution c(s) inside the circle |0] < 1. This solution is positive
and c(s) € (N 1). If E[x],E[n] < oo, p = u(l —NE[5]|E[n|, then for p > 1,

lim ¢(s) = c € (A 1); and for p <1, lirr(l)c(s) =1.

s—0

Corollary 1. Let § ~ ge(\), s> 0, k€ Z". Then
(i) the generating functions of S, , S, are such that

1—c(s) 1—=X/0
1—X 1—c¢(s)/0’

=X (1= f(s)(0—c(s))
L—c(s) 6—X— 1=\ f(s,0) o<1, (19)

E¢%: = 0] > 1,

E§S —

(i) the generating functions of the joint distributions of {7, Tk}, {7x,Tr} are

11



given as follows

E [efs%k; T, = m} = (c(s) — Ne(s)FAm™t = Ee™*T (1 — )AL (20)

3 0B [ = [1_9—c<s> (1= Nf(5,2) 422

Pt T 10/ z—cls) 1-Nf(s,0)+r—0]

Proof. The equalities (19) can be derived from (18) after taking into account the
fact that the factorization expansion is unique. The formulae (20) follow from
(11) of Lemma 2 and from (19).

The first equality of (20) implies that the random variable T}, is independent

of 7 for all k € Z™, and it is geometrically distributed with parameter \. [J

2 One-boundary characteristics of the process {D,(t)}+>0

In this section we will determine the one-boundary functionals generated by the
first overshoot time of a fixed level by the process {Dg(t)}+>0. Let Xo = {0, z},
r €Ry, ke€Z". Define

Ti(x) = inf{t : D,(t) < —k}, Ti(z) = =Dy (1 (x)) — K, inf{0} = oo,

i.e. the first overshoot time of the negative level —k by the process {D,(t)}+>0.

We will use the convention that on the event {74(z) = 0o} Ti(z) = co. Denote

By.(z) = {m(z) < o0},
fr(x,m,s) =E [e_ST’“(gﬁ);Tk(x) =m, %k(x)} , meN.

Lemma 4. The generating function fi(x,0,s) = > 0™ fr(x,m,s) satisfies the
meN

12



following relations

F(0.0.5) = (Bo~52) " B[S 5, < k]
Jil,0,5) = E [0~ () < —k] +

+ Y E[e & () =i— k] fi(0,0,s), (21)

€Lt

where &1(xz) = 7(ne) — 0 and S, = tiilf So(t) is the running infimum of the
semi-Markov walk {So(t)}+>o0.

Proof. Observe, that the processes D,(t), Sy(t), t > 0 do not decrease on the
intervals [n,(z), nn+1(x)). It follows from the definitions of these processes (3),
(6) that the negative jumps of Dy (t), Sz(t), ¢ > 0 can only occur at time points
{nn(x), n € N}. Tt also follows from (3), (6) that

Dz(nn(x» = Sz(nn(x)) = W(Un(x)) — 6, nezr.

Thus, the stoping time 7x(x) of the negative level —k and the value of the
overshoot Tj(z) through this level by the semi-Markov walk {S,(t)}¢>o coincide
in distribution with the stopping time 74 (z) and the value of the overshoot Ty (x)
by the process {D,(t)}+>0. The first equality of (21) follows straightforwardly

from the second formula of (11). O
Corollary 2. Let § ~ge(\), € Ry, k€ Z", meN, s>0. Then

(i) the Laplace transform of the joint distribution of {ri(x), Tx(z)} satisfies

the following equality

frx,m, s) = fuls — k(e(s))) e(s)" (L= A", (22)

where ¢(s) € (A, 1) is the unique solution of the equation (18) inside the
circle |0) <1, fu(s) =Ee =, f(s)=Ee ™ = fy(s);

13



(ii) if p > 1, then Plm(z) < oo] = fo(—k(c))cF < 1, and mp(z) for all
ke Z*, x>0 is a defective random variable; if p < 1, then Pl (z) <

oo] =1, and 7(z) is a proper variable for all k € Zt, x>0.

Proof. 1t is not difficult to derive the following equality
Pr(t)—0=i=1—-NE |NO-FD. 2y >4 ieZ

Substituting the expression for f;(0,m, s) from (20) into the second formula of

(21) after some calculations, we obtain (22). O

A more interesting problem is determining the generating function of the joint
distribution of the upper-boundary functionals of the process {D,(t)}+>0. Let

Xo=1{0,z}, € Ry, k€Z". Denote by
F(x) = inf{t : D,(t) > k}, inf{(} = oo

the instant of the first overshoot of the upper level k by the process {D(t)}+>o0.

Denote B*(z) = {r%(z) < co}. On the event B*(z) define
Ly =t (@), TF(x) = Da(r*(x)) — k

the value of the age process and the value of the overshoot at the stopping time
7%(z). On the event {7%(z) = 0o} we set per definition that I¥ = T%(x) = occ.
Introduce the following notation for the mathematical expectations s > 0, k €

ZT, meN, reR,

¥z, dl,m,s) =E e*STk(I);l’; c dl, T (z) = m,B"(z)| ,

14



and for the generating functions (|f| < 1)

Of(z,dl,m) = > 0F fF(a,dl,m,s), Dj(=) :/ > ®h(w,dl,m).
0

kezZ+ meN
Let k€ Z* and

= inf{t:7(t) >k}, TF=n(#*) -k

be the first crossing time through the upper level k& by the compound Poisson

process {m(t)}:>0 and the value of the overshoot at this instant. Denote by

or(t) = Plr(t) =K, 3 0Fpp(t) =BT = O g <1,

keZ+
A k
pi(dt) =P[F € dt, TF =m] = p > pi(t)Px =k — i+ m]dt, meN.
i=0
For the Laurent series L(0) = > agf*, |0 =1 such that Y |ax| < oo we
k=—0o0 k=—0c0

now introduce the projectors [11] in the following way:

PyLO) =D b, /<1, PHLO)= D ab, [0]>1
kez+ k<—1
Theorem 1. Let {D;(t)}1>0 be the difference of the compound Poisson process
and compound renewal process (3), S, = tsllp So(t), S, = ti<nz£ So(t) be the
supremum and infimum (10) of the semi—Ma;“Zsov walk {S(](t)}t;o on the time
interval [0,vs]. Then

the generating functions of the Laplace transform of the joint distribution of

{7k (x), 1k, T*(x)} satisfy the following formula on the event BF(x)

— F(l
(o, dl,m) = 09 L= T 0~ )+
+e! 1 — F()] ifx(i;(e)) EoS-f [Bo-0tSetipan],  (23)
— f(s

15



where TIPV(dl) = Y 0FpP(dl) = pe!*OE [0%™; 3¢ > m] dl; and in particular,

keZ+
1_1:[5 fm(sae) S+ =6 Sy, l—ﬁ‘;
o(z) = ) BeSept | (EO0 — 1) EfSve——0
0() -0 "1 (s 6 < ) e | Y

where I3 = EO™s) = s/(s — k(0)),

Proof. Due to the total probability law, the Markov property of the random times
{nn(z), m € N} and the homogeneity of the process {X.(f)}+>0 with respect
to the first component, the function f*(z,dl,m,s), k€ Zt, z € Ry, s >0

satisfies the following equation:

FF @, dl,m, s) = es(lx)ll_;:((i))I{l > z}p(d(l — x))
k 00
+ Y Ele " m(n,) =] Y P[5 =] fF77(0,dl,m,s), meN. (25
=0 r=1

Multiplying the equation (25) by 6%, || < 1 and summing over k € Z*, we
derive the equation
&3 (x, dl,m) = e 1_71?(1)1{5 > 2 MIPH(d(l — z))+
ormTh 1— F(x) o
+ fo(s,0)8, [EO0®5(0,dl,m)| . (26)

Letting =0 in (26), we derive
@5(0,di,m) = = [1 = F()|TI3(d0) + f (s, 0)B; [BO°@3(0,di,m)] ,  (27)

i.e. an equation with respect to ®3(0,dl,m). To solve this equation, we will
use the Wiener-Hopf factorization. The first step is to determine the auxiliary
function I (dl,m,s) = Py [EG~°®5(0,dl,m)] . Once the function I (dl,m, s)
is found, we will employ the equalities (26), (27) to determine the function

®3(z,dl,m). Multiplying the equation (26) by E#~°, and then setting 0| = 1,

16



we find that
E)0®5(0,dl,m) = e *' [1 — F()]I3"(d)EO 0 + f(s,0)EO L} (dl,m, s).

Now employing the identity (9) and the equality I;(dl,m, s) + I, (dl,m,s) =

EH*‘S@Z (0,dl,m), we rewrite this equality as follows:

S;LS -1 —sl 1- F(l) —0+S,, TTm _
_ fsll B F(l) — —0+S,, TTm . 1 — Svs _
= P [Ee 1 (dl)} b (dl,m, s)EO5=, |6] = 1.

Using the standard factorization reasoning approach for this equation, we deter-

mine the auxiliary function I (dl,m,s) :

1-—F(l
efsl ()

g PSht |BOOSSTI(dl)|, 0] < 1.
1—f(s)

Ly (dl,m,s) =

Inserting the latter expression into the right-hand side of (26), we derive the
formulae (23). Integrating (23) with respect to [ € Ry and summing over m € N,

we get the formula (24). O

The joint distribution of {7%(0),7%(0)} was studied by Gusak [9]. The inte-
gral transforms of this distribution [9] differ from our results (the formula (24) for
x = 0). However, to solve the two-boundary problem, we require a more general
one-boundary functional of the process {D(t)}t>0, i.e. the joint distribution
of {rk(x),1k, T*(x)}, k,r € Ry. Hence, in the sequel we will use the results of

Theorem 1.

Corollary 3 ([18]). Let & ~ ge(N\), {D.(t)}+>0 be the difference of the com-
pound Poisson process and the compound renewal process (3) whose jumps are

geometrically distributed, x € Ry, k € Z*. Then

(i) the Laplace transforms of the joint distribution of {T%(x),1*, T*(x)} satisfy

R vl
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the following equality

PiGavdtm,s) = <0 =TT > a1 - o)
k
P30, dm) Qi) — e 1 - PO Y Q) D), (29)
=0

where ®3(0,dl,m) = e~ [1 — F(1)] Y. c(s)*pi(dl), {Qi(z)}rez+ is the
kezZ+
resolvent sequence of the process {Dy(t)}1>0 [18]

o LA -NRG-RO)
AU =5 b G T g € O (29

(ii) for the Laplace transform of the first crossing time through the upper level k
by the process {D.(t)}i>0 for all k € ZT, s,z € Ry the following formula
holds

S

s (g k s (o
Ee—sm @) _ 1 _ TR ?k_()\) + ;ﬁi(gg) |:Q1k—_z()\) _ 1] , (30)

where p(s) = s [ e py(t) dt;
(iii) for E[x], E[n] < oo and p <1, 7F(x) is a defective random variable and
Plrf(z) < ool =1 (1—p)(1 = A\)'Qxlw) <1,
where {Qr()}rez+ is the resolvent sequence of the process {Dg(t)}i>0,
given by (29) for s =0:

1 do (1= N fe(=K(9))

) = s e 7T L= T (h(6) + A= 0

a € (0,¢(0)); (31)

if p>1, then for all k € Z*, x € R, 7%(x) is a proper random variable.
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Proof. In case when § ~ ge(\) the formulae (17), (19) imply

vy B S a] = wf ;=50

Hg”(dl)} - 9:72(2) (Hgn(dZ) . Hggs)(dn) .

Substituting this projector and E@5 (19) into (23) yields

(o, dl.m) = e L= 20 11y - ) -
—sl (1 — )‘)fi(& 0) m m
— e — F(D)] A (He (dl) — HC(S)(dl)> .

Employing the definition of the resolvent (29) and comparing the coefficients of
6%, k € Z* in both sides of this equality, we get the formula (28) of Corollary

3. Analogously we calculate

~1-E0m) | 1—¢(s) E[c(s)™e) — g7()]
+ -6 _ Soe _
5 | (B0~ 1) EoS ] — A a—
1— E§™(s) i
z(l’) = 9 Ji (879) E [C(S)TF(VS) _ eﬂ(us):| . (32)

Taking into account the definition of the resolvent (29) we compare the coefficients
of 6%, k € ZT in both sides of this equality, which yields the formula (30) of
Corollary 3. Note that the formulae of the corollary were obtained by other

methods in [18]. O

3 Two-sided exit problem for the process {D,(t)}:>0

In this section we will determine the Laplace transforms of the joint distribution of
the first exit time from the interval, the value of the overshoot and the value of the
age process at this instant. These Laplace transforms will be used to determine
the main characteristic of interest, i.e. the distribution of the number of the

intersection of the interval. Let B € Z" be fixed, k € {0,...,B}, r = B —k,
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Xo={0,z}, = >0, and introduce the random variable

=inf{t: D,(t) & [-r k]}

the first exit time from the interval [—r, k| by the process {Dy(t)}¢>0. This
random variable is a Markov time of the process {X;}:>0. Exit from the interval
can occur either through the upper boundary k, or through the lower boundary
—r. In view of this remark we introduce the events:

AF = {D,(x) > k} i.e. the process {D,(t)};>0 exits the interval [—r, k] through
the upper boundary k;

A, = {Dz(x) < —r} ie. the process {Dy(t)}>0 exits the interval [—r, k]

through the lower boundary —r. Denote by
T = (Dy(x)—k)Igr +(—Da(X)—7)Iat,, L =1, (x\)Igs +0-Ig,, PR +2,] =

the value of the overshoot through the boundaries of the interval [—r, k| by the
process {Dg(t)}+>0 and the value of the age process at the instant of the first
exit. For all k€ {0,...,B}, r=B—k, i €N, z € Ry denote

Fk(a:,dl,i,s) fk (x,dl,m,s) Zf’” (z,7,s 3+B(O,dl,i,s),
jEN

F (%,Z,S) f?“ x,z,s Z/ fk SU dl, j, )f]+B(lavaS)

jEN
Observe, that the functions f.(x,i,s), f*(x,dl,i,s) are given by (21), (23).

Theorem 2 ([18]). Let {D.(t)}+>0 be the difference of the compound Poisson
process and the compound renewal process (3) and B € Z%, k € {0,...,B},

r=B—k, Xo={0,2}, ©>0. Then the Laplace transforms

VE(z,dli,s) =E e Led,T=i,%%, Vi(x,i,s)=E[e™T =i,2,]
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of the joint distribution of {x,L,T} satisfy the following formulae for s >0

Vk(x,dl,i,s) (z,dl,i,s) —1—2/ Fk (z,dv, 7, )R:j(dl,i,s),
jEN
Vi(z,i,8) = Fr(x,1,8) —l—ZF (z,J,8) & (i,8), i€N, (33)
JEN

where

RJF (dl,i,s) = ZKJF (dl,i, s)™, R (i) :ZK;(Z',S)(H) (34)
neN neN

are uniformly convergent series of the iterations, and

C K (dis), Ky (i) ) € K7 (i,s),

+ i o)D)
Kl/,j(dl’z7 ) J J

K+ (dl,z,s "H Z/ K+ (du,m, S)KJr (dl,i,s)(”), neN
meN

K ( )b Z K (m,s) K, (i, s)™, neN (35)
meN
are the successive iterations of the kernels K:j(dl,i,s), Kj_(z',s), which are

given by the following defining formulae

K j(dlis) = > firn(v,m,s) f7H5(0,dLi, s),
meN

K; (i) Z/ B0, dl,m,s) fmen(l,i,s). (36)

meN

Corollary 4 ([18]). Let § ~ ge()\), and {D.(t)}>0 be the difference of the
compound Poisson process and the compound renewal process (3) whose jumps are

geometrically distributed, {Q}(x)}rez+ be the resolvent sequence of the process

gien by (29), Q3 &f Q7(0). Then

(i) the Laplace transforms of the joint distribution of {x,L,T} satisfy the
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following equalities for all x,s € Ry, meN

B,
Qr(x)

VE(z,dl,m, s) = fF(z,dl,m, s) — oL EfPT(dl,m,s), (37)
EQ%.s

Vi(x,m,s)

where the function f*(x,dl,m,s) is given by (28),

EQSB+5 = Z(l - )‘))‘kile—&-Ba

keN

EfP0(dl,m, s) = (1= A HEE(0,dlm, s);
keN

(ii) for the Laplace transforms of the first exit time x from the interval by the

process {Dz(t)}i>0 the following formulae hold

. Qi)
Ble-svo] - ’ 38
[e ) EQy.s w
B e at] =14 a1() - B (14 B A5,0).
_l’_

where E Ay s = k%(l - )\))\k_lAZ+B(O),

i(w)zzkjﬁi(s) [ f_"(f) —1}, ﬁi(S)zs/Oooe_StP[w(t):i]dt.

4 Intersections of the interval by the process {D.(t)}:>0

In this section we determine the distribution of the number of intersections of a

fixed interval.

Let B € Z* be fixed, k € {0,...,B}, r =B -k, Xo=1{0,2}, =z € R,.

Introduce the random sequences (n € N)

iT =0, iy =inf{t>i | :D.(t) < —r}, if =inf{t>i, : Dy(t) >k},
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where inf{()} = oo. Denote by
af =max{n € Z" i}l <t} eZ*

the number of upward intersections of the interval [—r, k] by the process D, (t)

up to time t. Introduce random sequences
JE =0, g =if{t >4, :D.(t) >k}, 4, =inf{t >4 :D.(t) < —r}.

Denote by

af =max{n € Z* :j, <tleZ",

the number of the downward intersections of the interval [—r, k| by the process

D,(t) on the time interval [0,¢]. For all 4,j,n € Z*, |i —j| <1 denote by
pg(t):P[af:i,at_:j], pf(t):P[af:n]. (39)

the distributions of the number of intersections. It is worth mentioning that in
[21], [22] the distributions pif(vs), n € Z*, x were obtained in terms of the
projective operators applied to the factorization components. These distributions
were determined for random walks defined on the Markov chain by Lotov and
Orlova [23], [24]. The authors employed the matrix factorization components of
the random walk. In addition, the asymptotic expansions for the distributions
of x, pt(vs) were derived for Lévy processes and random walks which satisfy
Cramér’s condition. The distribution p/(v,) was also found in [14] in terms of the
joint distributions of {x, 7'} and successive iterations. In the same vain as in [14]
we will derive the distributions (39) in terms of the joint distribution of {x, L,T'}

)

(33) and the successive iterations K:i(dl,m,s)(”), K; (m,s)™, n &N of the
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process (35). For all t >0, v € N introduce the processes
Dy(t) =v+Dy(t), X ={D;(t),n, (1)}, Xg={v,z}.  (40)
For the process {DY(t)}i>0, v > k introduce the random sequences (if (v) = 0)
i (v) =inf{t > [ (v): DY(t) < —r}, &f(v) =inf{t > i, (v): DL(t) > k},
and define the random variables
of (v) =max{n € Z* :if (v) <t}, «a; (v) =max{n e Z' i, (v) <t},

i.e. the number of the upward and downward intersections of the interval [—r, k]
by the process DY () on the time interval [0, ¢]. Similarly, for the process {D2(t)}+>0,

v < —r introduce the random sequences (ji(v) = 0)
Jn (v) = nf{t > j, 1 (v) « DI(t) >k}, g, (v) = inf{t > 5,7 (v) : D(t) < —r}
and define the random variables
of (v) =max{n € Z* : jF(v) <t}, a; (v) =max{n € Z':j, (v) <t}

i.e. the number of the upward and downward intersections of the interval [—r, k]
by the process DY (t) on the time interval [0, ].

Let i € N, a,b € [0,1], and introduce the generating functions as follows

n'(z,a,b,s) = E [ao‘js (k1) powws (kH)] = hi(z, s),
hilw,a,b,s) = B [0 =0y (ro0] = gy, s),

h(z,a,b,s) =E [aajs bo";} = h(x,s).

Theorem 3. Let {D,(t)}+>0 be the difference of the compound Poisson process
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and the compound renewal process (3). Then

i) the generating functions of the joint distribution of oﬁ ,a, + are such that
Vg

(w009 =3 [ RLG00.5) (0 fs,9) +

JjEN

—i—bZ/ ;(dl,j,a,b,s) Zf]_l’_BlmS) (1—fm*5(0,8)), (41)

JEN meN

hi(0,a,b,s) = Zﬁ;(j, a,b,s) (1 — 750, S)) +
jeN

+aY & (Ga,bs) > [ FTPO,dLm,s) (1= fmin(ls),  (42)

jEN meN 7 R+

h(z,a,b,s) =1 — Ee X4

—I—Z/ Vk (z,dl,i,s)h'(l,a,b,s —|—ZV (z,1,5)h;i(0,a,b,s), (43)

€N ieN

where §; ; is the Kronecker symbol and &(x) is the delta function, f*(x,s) =

k

Ee—57 (a:)’ fr(-T,S) — EG_ST’"(I),

REi(dl g, a,b,s) =6, 6(x —1)dl+ Y (ab)" K} (dl,j,5)",
neN

R7(joa,bys) =65+ > (ab)"K; (j,5)™);

neN

(ii) the joint distribution pl(s) = pl(vs), 4,7 € Z+, |i—j| <1 of {aj,a;}
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obeys the following formulae for n € 7+

ieN V5t
«3 / K, g, 9)™ 3 fien,m,5)(1 - 70, 5)), (44)
jeN R+ meN
Pryi(s) = > Velais) ) K (s Z/ PP, dlv,5) (1= forn(ls)).
1€N jeN vEN

_]_—Z/ kadl,l,s fl+BlS ZV $7Z7SfZ+B(0 S)

1€EN ieN
= Vi(w,i,9) Y K7 (5,5)™ (1 - 750, 5)) +
ieN jEN
—I—Z/ VF(x,dv,i,s) / L(dl, g, s Y™ (1 — fi+B(l,8));
1€N JjEN

(iii) the distributions pi(s) =P [alﬂfs = n] satisfy the following relations

—I—ZV z,i,5)fTB(0,5) — Z/ VF(x,dl i, s)K f’l(s)(l),
Ry

1€EN €N
-> | vk (w,dl, i, ) | K5 ()™ = K ()" (45)
€N
+> Vil i,s) Z K709 = K7 (9™ | 42(0,5), neN,
ieN JjeN

—12/ VF(x,dl,i,s)firs(l, s) ZV x,1,8) K )(1),

1€N €N
L(5) =D Vi(w,i,s) [K;(s)@) - K;(s)W“)] (46)
€N
+Z/ Vk I’ dl7Z>8 Z/ d’U .7’ (n—l) _K[—;'(dvvjv S)(n) fj+B(’U,8),
€N jEN
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where K (j,9)0 = 6;;, K (dl,j,s)© =6 ;6(x —1)dl,

~ YK (9" K Z/ K2 (dL, 4, 5)®.
JEN jeN
Proof. Taking into account the total probability law, the homogeneity property
of the process X; with respect to the first component, the Markov property of
Tk(2), (), X, we can write the following system for the functions h'(x,a,b, s),

hi(0,a,b,s), h(x,a,b,s)

hi(xaaﬂ b7 S) =1- fi+B(x78) + bei+B($7j) S)hj(07a7b) 8)7
jeN

hj(0,a,b,8) = 1= fI*50,8) +a > | fI1P(0,dl,i,5)h' (1, a,b, 9), (47)
ieN YR+

h(z,a,b,s) =1 —Ee™ SX—l—Z/ VF(x,dl,i, s)hi(l, s —|—ZV x,1,8)h;(0,s).
1€N €N
Substituting the expression for the function h;(0,a,b,s) from the second

equation into the first one yields

hi(l'aav b7 3) =1- fi—i—B(m?S) + bei-‘rB(xaja S) (1 - fj+B(07 5))

jeN
+ abZ/ K (dl,j,s)™h (l,a,b,s),  i€N,
JjeN
a linear integral equation with respect to the function h‘(z,a,b,s). Solving it by

the method of successive iterations [29] results in the following:

(2,a,b,5) Z/ (dj,0.0,5) (1= [jn(1,5)) +

JEN

+bZ/ i(dl,§,a,0,9) Y fipp(lm,s) (1 fmHP(0,5)) .

jeN meN

Hence, we obtained the equality (41) of Theorem 3. The function h;(0,a,b, s) can

be found analogously, and the function h(z,a,b, s)is then derived from the third
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equation of (47). Comparing the coefficients of a™b", m,n € Z*, |m —n| <1
in both sides of the equalities in the first part of Theorem 3, we get the formulae
of the second part of Theorem 3.

We now verify the formulae (45),(46). Letting b = 1 in (41), we derive
the following relation for the generating function h‘(z,s,a,1) = E [aai’s (k”)] ,

€ [0,1],

Wi(ws,a,1) =1 - K ()0 + 3 a” [ K+()(”+1>}. (48)

neN

Analogously, taking into account (42) for b =1, we can write for the generating

function h;(0,s,a,1)

3 a Y K G~ K ()] 0. (49)

Substituting the right-hand sides of (48), (49) into the third equality of (47),
we derive the relation for the generating function h(zx,s,a,1) of the distribution

P oy, =n]

h(z,s,a,1) —I—ZV z,i,8) fP(0,5) — Z V*(,i,dl, S)Klt( )M

ieN ieN Ry
3 Z/ V(e i, dl, 5) [ = (5)(™ —K;rz.(s)(n—&-l)}
neN 1eN |
n Z (an‘/:r(xaivs) Z [Ki—(j, s)(nfl) - K; (j, s)(n)} B0, s).
neN  ieN JjeN

Comparing the coefficients of a™, n € Z*, in both sides of this equality, we
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obtain (45). Letting a =1 in (41)-(43) yields

h(z,s,1,b) —1—ZV (z,i,8)K Z/ Vka;,z,dlsfHB(l s)+
ieN ieN YR+
Zb”Z/ VF(x,i,dl, s) / F(dv, j, s - _ Kl';.(dv,j, s)m ] fi+B(v,s)
neN 1€EN JEN
+ anZV}(m,i,s) [Kl_ (s)™) — Ki_(s)(”‘*'l)} .
neN  ieN
Comparing the coefficients of ™, n € Z in both sides, we get (46). O

Corollary 5. Let § ~ ge(\). Then

F(s) = [1 - F(s) (w’i(S) _ Qilo) T<s>> T(s)",

EQj.,
Phaa(9) = [P(s) = T(6)] s (o) (50)
5(5) = Loy - < 40+ o 1P —T<s>]) 7(s)"
ey <so’f<s>F<s> b oakl@) g F(s)]T<s>) T(sy,
: EQ,,
where. ¢(s) = fols — k(e(s))), 7(s) = 1+ (1= N (els) (s — klels)):
Ah(5) = exls)el) P~ — o) 1r(s) )
T(s) = Bl (s) = 1 - cfs) P 1r(s) B2, 51)
F(s) =Ef77(0,5) = (1= 1) Y _ A1 5(0,9),

keN
and the Laplace transform f*(0,s) is given by (30);

the distributions pL(s) =P [aif >n], n € N of the random variables of

are such that

Pla) =0l =1—F(s)fr(z,s), pri(s)=F(s)fp(z,5)T(s)""",  (52)
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Pla, =0] =1-¢5(s), By, (s) = ¢h(s)T(s)" . (53)

where f,(z,s) = Be @) = ¢, (s)c(s)".

Proof. The formulae of the corollary follow straightforwardly from the equalities
(44)—(46) of Theorem 3 when § ~ ge(A). To illustrate this, we verify the formulae

(53) from (46). The successive iterations (34) were calculated in [18] when ¢§ ~

ge(N) :

(2

. n—1
K7 (m, )" = g5 B (s) (1= A (Bl ()
. n—1
K dlm, ) = ey (s)e(s) B0, dlm,s) (Bef () (54)
where ©k(s) = S [ fF(x,dl,i,s)c(s)e(s)™B. Substituting the expression for

1ENR+
the successive iterations (54) and the expression for V;.(z,m,s), V¥(z,dl,m,s)

(37) into (46) and performing some calculations, we find

Bo(s)=1—wi(s), Bn(s)=@h(s)1=T(s)T(s)"". neN

The formulae (50), (52) can be verified analogously. O

5 Asymptotic results

In this section we study the asymptotic behavior of the two-boundary charac-
teristics of the process. More specifically, we prove weak convergence of the
distributions of these characteristics for the difference of the compound Poisson
process and the compound renewal process to the corresponding distributions
for the Wiener process under certain conditions. Here and in the sequel we will

assume that § ~ ge(\) and that the following conditions are satisfied:

P 2
(A) p=(1 - NuEnEx=1, o?>=ypu E%(%—l)—i—% < 0.
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Before stating the main results of this section, we present auxiliary results.

In the sequel we will require the following expansions:

~ 1
fols) =1 5B, + 5B +0(s%), @ € Ry,
1
Ee P* =1 — pEx + 5p2E%2 +o(p?), (55)
which are valid for small s, p.

Lemma 5. Let x,k € Ry, s> 0. The following limit equalities hold

lim Be #B@/B* = Jim Ee—s"@)/B _ o~kV2s/o (56)

B—oo B—oo

where [a] stands for an integer part of the number a;

: 2 . 1 s/B? 1 2 .
lim ZQpp () = Blgnoo EEQ[éB]M(x) ~ Enovas sinh(kv2s/0).  (57)

Proof. 1t follows from (55) and (18) (1 — X)f(s — k(c(s))) = c(s) — A that the

following representation is valid for c(s/B?) as B — oo

o(s/B?) = 1 — %\/%/a i <;) | (58)

The formula (22) and this asymptotic equality imply the first part of (56). We
now turn to the asymptotic properties of the resolvent sequence {Q(x)}rez+-

It follows from the definition (29) for # = e P, p > —Inc(s) that

Q@) = ¥ Qi@ = [ M@
kezZ+
- /0 ek Qs (2) dk = Q5 (z), p> —Inc(s),
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where {a} is a fractional part of the number a. It is clear that
Q,(7) < Qe () < Py (2), (59)

where Q5(z) = [ e‘ka‘fk} (x)dk, p> —Inc(s) is the Laplace transform of

the function Qp, (z), k € R,. The definition (29) and (55) imply for p > v/2s/c

that
. s/ B2 . 1 1—)\]?1332_]{;6—17/3
i, 502, () = i U WEB MO D)
B—oo B B—oco B (1—)\)f(3/B —k‘(e p/ ))+)\—€ p/
1 1
= Eini%gﬁaQ — p>V2s/0.

.1 s/B2 1 2 .
= = — kv2
h_rgo Qi () Enovos sinh( s/o),

i.e. the first part of (57). It is not difficult to derive the following representation

~ 1—A
Qi= > 0"EQ; 5=

kez+ (1 —)\)f(s—k:(c(g))) +A—0 0 € (0,c(s)).

The latter equality and (55) imply that for p > v/2s/o

ool a2 L[ B as/BE g 1
Blgnoo ?QE?ME N Blgnoo _82/0 € EQM_& dk a En %pQO'2 — S.

This asymptotic equality implies the second part of (57). We will now verify the
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second part of (56). Taking into account the formulae (32),(55), we derive

i 1 gs/B° : L[ o - 2 1
B Bl = N p /0 ‘ ‘ P+ Vas)o
It is obvious that &D;(a:) < PP (x) < ep&);(x)’ where

é;(:n) :/0 e PFEe"(@) g p > —Inc(s)

is the Laplace transform of the function Ee—s" @)k e R,. Hence, Blim %és/BQ (x) =
— 00

p/B
. B2
Blgnoo %(I)Z{p/B(m) and
oo o0
lim 1 e F Ee ™ M@/B g — lim [ e PRRe—sT M @/B% g — #
B—»ooBO B—>OOO p+\/2$/a
The latter equality implies the second part of (56). O

Denote by {w;; t > 0} a standard Wiener process, Ew; = 0, Var w; =

% >0, and let
X =inf{t: w & (—rk)}, ke (0,1), r=1-k,

be the first exit time from the interval (—r, k) by the process w;. It is well-known

(see for instance [10]) that the Laplace transforms of x* are such that

o _ sinh r2s/o eyt B
R S G

sinh (kv/2s/0)

sinh (v/2s/0) ’

where A* = {w,+ = k}, A, = {wy» = —r} are the events denoting the exit
from the interval (—r, k) through the upper boundary k and through the lower

boundary —r.

Corollary 6. Assume that the conditions (A) are satisfied, 0 ~ ge(\), and let

{Dz(t)}+>0 be the difference of the compound Poisson process and the compound
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renewal process (3),

X(B) = inf{t: D,(t) ¢ [-rB, kB]}, ke (0,1), r=1—k, BeRy,

A*¥(B) = {D,(x(B)) > kB}, A,.(B) = {D.(x(B)) < —rB}. Then the following

limiting equalities hold for B — oo

B t
P [Xéz) € dt;%k(B)] —~P [X* € dt; Ak} =70’ ne” ™) sin(kmn) dt,
neN

B
P [Xéza) € dt;er(B)} =P €dt 4] =70y ne 2™ sin(rmn) dt. (60)
neN

The limiting exit probabilities admit the following representations for B — oo

P |2(B)| Hi%m(zmzr, P[%T(B)]Hiz;]ﬂn(:fn):k‘

Proof. The first formula of (38) and (57) imply that

2
x Qilp (@) sinh (kv2
lim E [esf(s?;mr(B)} _ i kB (z) _ sinh (kv2s/0)

B—oo " Booo EQF{;]BE(S N sinh (\/g/cf)

=E [e_sX*; Ar} :

Inverting the Laplace transform in the right-hand side of this equality, we derive
the first equality of (60). Taking into account the definition of the function Aj(x)

(38), we have

o pae 8 Jels—ke) 1
Kila) = 2, 0" i) = =i ((1—A>f<s—k:<9>>+x—0 19)’

keZt

where 6 € (0,c(s)). The latter equality and (55) imply for p > v/2s/c that

oL o L s kB gs/B? 1 s

It is clear that A5(x) < AP, (z) < ePUS(x), where As(x) = [ e_kpAfk} (z) dk

is the Laplace transform of the function Ap, (x), k€ R;. Hence,
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2
AL, 5(x) and, thus,

. 1 s/B? . <k s/B?
lim — = lim P A -
Bl 58 () Bl ; e kD] (x) dk

K=
D[

3

Q

Inverting the Laplace transforms in the both sides, we get

lim Aic/g]z (z) = cosh (kﬁ\/%/O’) —1, p>+V2s/o. (61)

B—oo

Analogously we derive that for all £k € R

lim EAfk/gié(O) = cosh <k\/%/a) —1, p>+V2s/o. (62)

B—oo

s _ i—1 gs

(38) and from the asymptotic equations (61), (62) that

(0). It follows from the second formula of

(B) inh (kv2
lim E [e_sxfﬂ;ﬁlk(B)] = cosh (k\/ﬂ/a) — M cosh (\/ﬂ/g)
B—oo sinh (v2s/0)
inh 2 "
_ sin (rv2s/o) _E {ei% ;Ak} '
sinh (V2s/0)
Inverting the Laplace transforms in the both sides, we obtain the second equality

of (60). It is worth noticing that by means of (60) we established the weak

convergence of x(B)/B? to x* as — oc. O

Corollary 7. Suppose that the conditions (A) are fulfilled, & ~ ge()\), and let
{D;(t)}+>0 be the difference of the compound Poisson process and the compound
renewal process (3) whose jumps are geometrically distributed, k € (0,1), r =
1—k, B>0. Denote by

d:‘BQ the number of the upward intersections of the interval [—rB,kB] by
the process Dy () on the time interval [0,tB?];

Q,po the number of the downward intersections of the interval [-rB,kB] by

the process Dy (-) on the time interval [0,tB%. Then
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(i) the distributions p‘g(t,B) P[a) . =i,a,5 =4], |i—j| <1 obey the

following relations for n € Z* as B — oo

PN B) —2 Y (~Uiu(—r i, i), (63)
i>2(n+1)
Pr(t,B) =2 Y (=1)iu(—k+ik+1),
i>2(n+1)
tB —)1—22 Ntk+z)+ut(r+z)}
ieN
Palt: B) =2 Y (1) (ki k) (D)),
i>2n+1

where pi(a) = pi(a,00) =P lw, > af,

pi(a,b) = Plw € (a,b)] = _$2/2t‘72 dzx;

oV 2nt

(ii) for the distributions pr(t,B) = P [~ti32 > n] n € N the following asymp-

totic equalities hold as B — oo

Pla , =0 —1-2m(2-k), p}(t B)— 2u2n—k),

Pla =0 = 1—2w(2—7), py,(t,B) — 2um2n—r).

Proof. We first establish the asymptotic properties of the functions (51) which

will be used in the sequel. It follows from (30) that

F<S)=1—sfz:< (s >>1f+§+AB+6<O>

Employing the asymptotic equality k(c(s/B?) = % /LE%—FO(%) and the formulae
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(57), (62), we find that

lim F(s/B?) =1 —sinh (\ﬁ/a) + cosh (\ﬁ/o) 1= V2l

B—o0

—

The identity (1 — A)f(s — k(c(s))) = ¢(s) — A and the relation (58) imply that
Jim Br(s/B?) = (1 — \)Eno/2s.

—
Taking into account the latter equality and the formulae (56), (57), we calculate

ma olFPl(s/B?) = e~ (HV2s/0 Blim T(s/B?) = e—2V2s/0

Now we can obtain the asymptotic equalities of Corollary 7 by employing the
formulae of Corollary 5. Let us verify (63). It follows from the first formula of

(50) that

s/B?
- Ho-r () () - B (2

B+4$

Calculating the limits in the right-hand side of this equality, we derive

0 1 erV2s sjo _ efr\/Zs/a
: —st, n+1 —2(n+1)v2s/o
Blgréo ; e 'prti(t,B)dt = PR T e . (64)

Let 7¢ = inf{¢t > 0 : w; > a} denote the first crossing time of the level a € Ry by
the Wiener process whose Laplace exponent is given by k(p) = 5 19262, Then the
well-known relation [10] P [7% < ] = 2P [w; > a] implies the following equality

for the Laplace transforms

1 oo
ZemaV2s/o 2/ e 5P [wy > a] dt.
§ 0
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Taking into account the latter equality and the expansion (1 + e~ V2s/ =l =
> (=1)’e~?V25/9 and inverting the Laplace transforms in both sides of (64), we

i€zt
obtain

lim pi™(t,B)=2 Y  (-1'm(-r+ir+i), neZt
B—oo
i>2(n+1)

i.e. the first equality of (63). Other equalities can be verified analogously. Note,
that the probabilities which enter the right-hand sides of the formulae of the
corollary are the distributions of the number of the intersections of the interval
(—r,k), k€ (0,1), »r =1—k by the Wiener process w; on the time interval
[0,t] (see [13]). O
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