Queueing Syst
DOI 10.1007/s11134-008-9084-7

Exit problems for the difference of a compound Poisson
process and a compound renewal process

Victor Kadankov - Tetyana Kadankova

Received: 23 August 2006 / Revised: 30 July 2008
© Springer Science+Business Media, LLC 2008

Abstract In this paper we solve a two-sided exit problem for a difference of a com-
pound Poisson process and a compound renewal process. More specifically, we de-
termine the Laplace transforms of the joint distribution of the first exit time, the value
of the overshoot and the value of a linear component at this time instant. The re-
sults obtained are applied to solve the two-sided exit problem for a particular class of
stochastic processes, i.e. the difference of the compound Poisson process and the re-
newal process whose jumps are exponentially distributed. The advantage is that these
results are in a closed form, in terms of resolvent sequences of the process.

We determine the Laplace transforms of the busy period of the systems
M*|G%|1|B, G*|M*|1|B in case when § ~ exp(}). Additionally, we prove the weak
convergence of the two-boundary characteristics of the process to the corresponding
functionals of the standard Wiener process.

Keywords Difference of compound renewal processes - The first exit time - Value
of the overshoot - Resolvent
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1 Introduction

In this paper we solve the two-sided exit problem for the difference between a com-
pound Poisson process and a compound renewal process. The method that we use is
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based on employing one-boundary characteristics of the process and it is borrowed
from [16]. Our motivation stems from the fact that such processes have proven to
be appropriate models in many applied fields of probability theory, such as telecom-
munication networks, computer networks, and in queueing theory. More specifically,
such processes can serve for studying the characteristics of certain queueing systems
with limited waiting room like G®|M*|1|B, M*|G%|1|B. Before describing the prob-
lem of interest, we give a short overview of the relevant literature.

Distributions of the one-boundary functionals for the difference of renewal
processes have been studied by Lindley [20], Prabhu [27] and Cohen [5]. A summary
of the known results for the G|G|1 type model can be found in [5]. Distributions
of the one-boundary functionals for the difference of compound renewal processes
have been considered by Nasirova [22] in terms of the solutions of linear integral
equations. Special cases of the difference of renewal processes have been studied
by many authors [4, 9-12, 26]. One-boundary functionals for the difference of com-
pound Poisson processes and renewal processes have been considered by Korolyuk
and Pirliev [19]. One-boundary functionals for the difference of two compound Pois-
son processes with drifts with various jump distributions have been studied by Perry
et al. [24].

A more complicated problem, i.e. the two-sided exit problem, has been consid-
ered for Lévy processes and random walks. For an overview of the existing results
on the two-boundary problems we refer to [13]. And here we only mention several
authors who contributed a lot in the development of this area. Starting from Kem-
perman (1963), Takacs (1966), Emery (1973), Gihman, Skorohod (1973), Pecher-
skii (1974), Korolyuk (1975), Suprun, Shurenkov (1975-1988), Lotov, Khodzhibaev,
Orlova (1979-2006), and later Bertoin (1996, 1997), Lambert (2000), Doney (2003),
Avram, Kyprianou, Pistorius (2004), Pistorius (2003-2004), Kyprianou, Palmowski
(2005), and Kadankov, Kadankova (2003-2008) studied one- or two-boundary char-
acteristics employing various methods. The Laplace transforms of the joint distribu-
tion of the first exit time and the value of the overshoot at this time instant for general
Lévy processes and random walks have been determined in [16]. The Laplace trans-
forms of this joint distribution were found in terms of the Laplace transforms of the
one-boundary characteristics of the process. This method for Lévy processes and ran-
dom walks [16] can be applied for other classes of stochastic processes, such as the
difference of compound renewal processes [15, 18] and semi-Markov random walks
with linear drift [17].

The rest of the article is structured as follows. First, we will provide necessary
definitions and notations (Sect. 2). The two-sided exit problem is solved for the dif-
ference of the compound Poisson process and a compound renewal process in Sect. 3.
In Sect. 4 we will derive similar results for the difference of the compound Poisson
process and a renewal process whose jumps are exponentially distributed. Section 5
deals with the reflected process.

In Sect. 6 in case when p =1, Es2, En2 < 00, we prove the weak convergence of
the two-boundary characteristics of the process to the corresponding distributions of
the standard Wiener process. We also show how the results obtained can be applied
for the queueing systems G*|M*|1|B, M*|G®|1|B with limited waiting room.
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2 Preliminaries

Let s, §, n € (0, 00) be independent positive random variables. Denote by F(x) =
P[n <x], x e Ry = [0, 00), the distribution function of 7. Introduce the following
sequences: {n, n,}, {>, s}, {8,8,}, n e N={1,2,...}, of independent and iden-
tically distributed (inside each sequence) random variables. Define monotone se-
quences by means of the relations

no(x) =0, m(x) =y, M1 (X) =nx +ny+---+mn,, neN,
(D
7y =0, sy =34+, 8=0, 8, =8+--+6,; neN,

where 7, € (0, 00) is a random variable with the distribution function given by
Fo) =Py <ul=[Fx+u) — F©](1-F®) ™', u=0.
Denote by {r;};>0 € R the compound Poisson process with the Laplace transform
Ee P™ =0 (p) = p(Ee™P* — 1), %R(p)=0,

where © > 0 is the jump intensity and s is the jump size. For all ¢ > 0 define a
renewal process induced by the sequence {1, (x)},eNuo :

Ny (1) = max{n eNU({0}:n,(x) < t}, x >0.
For all x > 0 introduce a right-continuous step process
D (t)=m —n, 1y €R, =0, D(0)=0. (2)

Note that the inter-arrival times of positive jumps are exponentially distributed with
parameter u, the positive jumps themselves are of a random size s, and that there
occur negative jumps of size §), at time instants 1, (x), n € N. We will call the process
{D,(¢)}:>0 a difference of the compound Poisson process and the compound renewal
process. Observe that this process is not a Markov process in general. Therefore, we
introduce a right-continuous linear component for all # > 0

0<t<n
=T SISTe cry x>0, 3
) =N (X), T =y o= )

The process {1} (t)};>0 increases linearly on the time intervals [1, (x), np+1(x)), n €
N U {0}, it is killed to zero at the instants 7, (x), n € N, and the value of the process
at the instant 7y > 7, is equal to the time elapsed from the last negative jump of the
process (2) till #g. Note that this linear component is sometimes referred to as the age
process (age since the last renewal). By adding this linear component to the process
{Dy(#)}:>0, we obtain a right-continuous Markov process

{Xt}iz0 = {Dx(®), 1 O},_g e R xRy, Xo={0,x}, x>0, 4)
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which governs the process { Dy (¢)};>0. The process (4) is homogeneous with respect
to the first component [8]. In other words if X;, = {k,u}, k € Z, u > 0, then the
evolution of the process {X;};>4 in the sequel does not depend on the value k of
the first component, and the first positive jump of the process {D, (¢)};>;, (Which is
distributed as s¢) will occur after an exponential time with parameter . The first
negative jump of the process {Dy()};> (which is distributed as §) will take place
after elapsing of time 17,. We now define the one-boundary characteristics of the
process. Let Xo = {0, x}, x, kK > 0, and denote by

t*(x) =inf{t : D, (1) > k}, T (x) = Dy (2*(0)) — &, 7t () = nf (7F ()

the first crossing time of the upper boundary k by the process { D, (¢)};>0, the value of
the overshoot and the value of the linear component n; () at this instant. For x, k >0
we define the lower one-boundary functionals in a similar way:

() =inf{r: Dy(t1) < —k},  Ti(x) = —Dy(m(x)) —k,
i (x) =0 (w(x)),

i.e., the first crossing time of the lower boundary —k by the process { Dy (¢)};>0, the
value of the overshoot, and the value of the linear component at the instant of the first
crossing. Observe that the crossing of the lower boundary occurs at the time instants
nn(x), n € N, i.e. the times of the negative jumps of the process {D,(#)};>0 and,
therefore, in view of (3), P[nx(x) = 0] = 1. The random variables *(x), 7 (x) are
the Markov times of the process {X;};>0 and they take values from the countable sets
{&,,n e N}, {n,(x),n € N} (§, is an instant of the nth jump of the process {7;};>0).
As mentioned above, one-boundary characteristics of the process were considered by
many authors. We, thus, assume that the integral transforms of the distributions of the
upper and lower one-boundary functionals of the process {X;};>0 are known. We will
solve the two-sided exit problem for the process { Dy (¢)};>0 in terms of the Laplace
transforms of these distributions.

3 Two-sided exit problem for the process { D (¢)}:>0
Let B € R} be fixed, k € [0, B], r = B — k, X0 = {0, x}, and denote by

x2r) = inf{z : Dy (t) & [—r, k]} défx

the first exit time from the interval [—r, k] by the process { Dy (¢)};>0. This random
variable takes values from a countable set {&,,n € N} U {n,(x),n € N}, and it is
a Markov time of the process {X;};>0. It is clear that the exit from the interval can
occur either through the upper boundary k, or through the lower boundary —r. Define
the events:

Ak = {Dx(x) > k}, i.e. the process {Dy(¢)};>0 exits the interval [—r, k] through
the upper boundary k.
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A = {Dy(x) < —r}, i.e. the exit from the interval [—r, k] by the process
{Dx(t)};>0 occurs through the lower boundary —r, PIA + 2,1 =1.

Introduce
T = (Dx(x) — k)lgp + (= Dx(x) — r)Ia, , =07 GOIgw +0- Iy,

the value of the overshoot across the boundaries of the interval [—r, k] by the process
{Dy(#)}:>0 and the value of the linear component at this instant, where I4 =14 (®) is
the indicator of a set A. For all x, k > 0 denote

ff(dl, du,s) = E[e‘”k(x); nf(x) edl, T*(x) € du, TF(x) < oo]

fE(du, s) =E[e™ %Y Ty (x) € du, 71(x) < 00],

o
Ff(dl,du,s):ff(dl,du,s)—/ fEdv,s) fyTB @l du, s),
0

Frx(du,s)zfrx(du,s)—/Rz fi@i dv,s) fl g (du,s).

Theorem 1 Let {Dy(t)};>0 be the difference of the compound Poisson process and
the compound renewal process (2), B € Ry, k€ [0,B], r =B —k, Xo = {0, x},
x > 0. Then the Laplace transforms

VE(x,dl,du,s) =E[e™*; L edl, T €du, "],
V. (x,du,s) = E[eﬂx; T €du, er]

of the joint distribution of {x, L, T} (the first exit time from the interval [—r, k] by the
process {Dx(t)}t>0, the value of the linear component and the value of the overshoot
through the boundary at the instant of the first exit) satisfy the following formulae for
s >0:

Vk(x,dl, du,s) = Ff(dz,du,s)+//2 Ff(dll,dul,s)ﬁ;l“ul(dl,du,s),
R:
o &)
Vi(x,du,s) = F}*(du,s) +/ FX(dv,s)R, (du,s),
0

where

dl,du,s)= ZKllul(dl,du,s)*(”), R (du, s) =ZKv_(du,s)*(")
neN neN
(6)

11M1

are the uniformly convergent series of the successive iterations, and

i, du,s)*D & gt «(1) &ef

Liug

@l du,s), K (du,s)*DE K (du,s),

11u1

K}, (dl du, sy = f/ K}, (dl, duy, )K, (@l du, )™, neN, (7
Kv_(du,s)*('”rl):/o K, (dui,$)K, (du,)*™, neN
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are the successive iterations of the kernels KlTul(dl, du,s), K, (du,s) which are
given by the following formulae:

o
Kl—:_ul(dl’d”’s) zl) .f,£11+3(dv,s)f()l]+3(dl,du,s),
(®)
K, (du,s) =//Rz foTE @l duy,s) fL L g(du,s).
+

Proof The joint distribution of the first exit time and the value of the overshoot
through the boundaries was determined in [16] for Lévy processes and random walks.
This distribution was obtained in terms of the joint distributions of the one-boundary
functionals. We will employ this idea (use of one-boundary functionals) and the
method (setting up a system of integral equations) to solve the two-sided exit prob-
lem for the difference of the compound Poisson process and the compound renewal
process. Following [16], we derive a system of equations with respect to the functions
Vk(x, dl,du,s), V.(x,du,s), s >0:

oo
il du, s) = Vk(x,dl,du,s)+/ Ve (x,dv,s) fyT8 @l du, s),
0

)
fFdu,s)=V.(x,du,s)+ //}RZ Vk(x,dl,dv,s)flerB(du,s).

In order to write this system, we have used the total probability law, homogeneity of
the process {X;};>0 with respect to the first component, the Markov property of the
random variables r)’é‘, i, X, and the following probabilistic reasoning. The first equa-
tion of the system (9) stresses the fact that the first overshoot of the upper boundary
k by the process { Dy (f)};>0 (expression on the left-hand side of the equation) can be
realized either on sample paths which do not intersect the lower boundary —r (the
first term on the right-hand side of the equation) or on the sample paths which do
intersect the boundary —r and then later on intersect the boundary & (the second term
on the right-hand side of the equation). The second equation of the system is written
analogously. This system is similar to a system of linear equations with two unknown
variables. Substituting the expression for the function vk (x,dl, du, s) from the first
equation of system (9) into the second one, we get

Vi(x,du,s) = f*(du,s) —//2 f)f(dl,dv,s)f,f+3(du,s)
R+

o0
+/// Ve (x,dv,s) fi P (dl, duy, 5) £l g(du,s).
R% Ju=0

Changing the order of integration in the third term of the right-hand side of the latter
equation, we obtain a linear integral equation for the function V;.(x, du, s):

o0
Vr(x,du,s)zFrx(du,s)—i—/ Vi(x,dv, s)K, (du,s), (10)
0
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where

KU_(du,s)=//Rz S @l duy,s) f | g(du.s)
+

is the kernel of this equation. As mentioned above, ™ (x) € {£4,n e N}, 11 (x) €
{n,(x),n € N}, where &, is the instant of the nth jump of the Poisson process. It is
clear that, for all x, k € R, the following inequalities hold:

BT < B gent) < e,
S <

Therefore, the kernel of equation (10) enjoys the following property for u, v € R4,
s >0:

K (du, s)<// fUrB i, duy, s)E[e™"]

5// FUBl, duy,s) < —2— < 1.
R2 s+up

Employing the method of mathematical induction and the latter bound for the kernel,
one can show that for all v, u € Ry, K, (du, $)*M < p(s + )", n € N. Hence,
the series

R, (du,s)= E K;(du,s)*(") < Lad <00, s3>0,
s
neN

converges uniformly for all v, u € R,. Utilizing the method of successive iterations
[25] to solve (10), we get the second equality of Theorem 1. Substituting the ex-
pression for the function V, (x, du, s) from the second equation into the first one, we
find

o
Vk(x,dl,du,s):ff(dl,du,s)—/ fEdv,s) fy 1B dl, du, 5)
0

+/ // VE(x,dly, duy, s)f‘+B(dv ) fItB(dl, du,s).
v=0

Changing the order of integration in the third term on the right-hand side of this
equation, we get for the function Vk(x, dl,du,s):

VE(x,dl,du, s) = FXdl, du s)+// vE(x, dly, duy, )K", (dl,du,s), (11)
i.e. a linear integral equation. The kernel of this equation

K}, (dl, du, s)—/ fu‘]+B(dv ) fyTB i, du,s)

can be estimated as follows (for all u, u1,1,11 € Ry, s > 0):

o~ STuy+5 (1) K
K}, (dl,du,s) < —f u1+B(dv s) < TME[ U] < st L.
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Therefore, the series of the successive iterations

&, @l du,s)= 3 K, (@l du,sy*® < B < oo
)

liu)
neN

converges uniformly for all u,uy,/,/; € R+. Employing the method of successive
iterations [25] to solve (11), we derive the first equation of the theorem, which com-
pletes the proof. g

It is worth noticing that the results of Theorem 1 can be naturally generalized for
the matrix case for Lévy processes defined on the finite Markov chain. The main con-
tribution of Theorem 1 is that the joint distribution of {x, L, T'} is derived in terms
of more simple joint distributions of the one-boundary functionals of the process.
From practical point of view, however, it is not obvious how to derive the numerical
solutions from Theorem 1 in case when these random variables have arbitrary distri-
butions. In case when some of the variables sz, §, and 1 are exponentially distributed,
the Laplace transform of the first exit time yx is given in terms of the roots of a cubic
equation.

4 The difference of the compound Poisson process and the renewal process
with exponential jumps

In this section we will suppose that the random variable § is exponentially distrib-
uted with parameter A > 0:5 ~ exp(A). This assumption means that the process
{Dy (t)};>0 has exponentially distributed negative jumps at time instants {1, (x)},eN-.
In this case, it is possible to obtain closed-form solutions for the two-sided exit prob-
lem introduced in the previous section. These solutions will be given in terms of
certain functions which are given below. Our task now is to determine the Laplace
transforms of the joint distributions of the upper and lower one-boundary functionals
of the process {X;};>0. In the sequel we will use the following result.

Lemma 1 Let f(s) =E[e™*"]. Then

(i) For s > 0O the equation
Af(s—k(p))+p—2=0 (12)

has a unique solution in the semi-plane R(p) > 0. This solution p = c(s) is
positive and c(s) € (0, 1).

(i1) IfE[s], E[n] < oo, p = AuExEn, then for p > 1, limg_.gc(s) =c € (0, A); and
for p <1, limg_oc(s) =0.

Proof Let s > 0, p > 0. Examining the graphs of the real-valued functions y;(p) =
A—p, yals,p) = Af(s — k(p)) on the interval [0, A] it is easy to establish the ex-
istence of a solution c(s) € (0, 1) of (12). Exploiting the behavior of the derivative
% ¥2(0, p)Ipyo = —p, one can assure that the statements of the second part of the
lemma hold.
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In order to prove the uniqueness of the solution of (12) in the semi-plane
N(p) > 0, we employ Rouché’s theorem. Let ¢, R > 0 be such that for a fixed so > 0
the following inequalities hold:

e<i(l—fGs0),  R>xr(1+ f(s0)). (13)

Observe that these inequalities are valid for all s > sg. Define a closed contour
I':(R)=T71U T3, where I't ={p: RN(p) =¢, |p| < R} is a vertical segment of the
line N(p) =€ and I, ={p : |arg p| < arccos(¢/R), |p| = R} is a segment of a circle
with a center in the origin connecting the ends of the segment I"j. Denote by G (R)
the area enclosed inside the contour I, (R). It is obvious that A € G.(R).

Let p € C and introduce the complex-valued functions f(p) =X — p, g(p) =
kf(s —k(p)) + p — A. Itis clear that f(p) + g(p) = kf(s — k(p)). According to
the first inequality of (13) the following chain of inequalities holds on the segment
I for s > sp:

|F(p)+g(p)|=Alf(s —k(p)| <Af(s) <r—e<|f(p)

, PEI.

The following relations are valid on the segment I> for s > sg (in view of the second
inequality of (13)):

lf(p)+8(P)| <rf(s) <R—1<|f(p)

, peb.

Therefore, on the contour I (R), for s > 59, we have

|[f(p)+&p)| <|f(P)|, peTR.

According to Rouché’s theorem, the number of zeros of the function g(p) = A fs—
k(p)) + p — A in the domain G.(R) is equal to the number of zeros of the function
f(p) = A — p in this domain. Consequently, equation (12) has a unique solution in
the domain G.(R). Letting ¢ — 0, R — o0, the domain G.(R) becomes G = {p :
9 (p) > 0}. Note that the number of zeros of the function f(p) will not change as we
pass ¢ = 0, R — oco. Hence, the function g(p) has a unique simple zero p = c(s) in
the semi-plane N (p) > O for s > sg; moreover, c(s) € (0, A). Letting so — 0, we get
the statement of the first part of Lemma 1. g

In the next lemma we derive the Laplace transforms of the joint distribution of the
lower one-boundary functionals of the process.

Lemma 2 Let { Dy (t)};>0 be the difference of the compound Poisson process and the
renewal process (2), 6 ~ exp(A). Then

(i) The Laplace transforms of the joint distribution of {tx(x), Tr(x)}, x, k > 0, sat-
isfy the following formulae for s > 0:

fi(@du,s) =E[e™ ™™ Ti(x) € du, 1 (x) < 0]

= )»fx(s — k(c(s)))e_kc(s)_”)‘ du, (14)
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where c(s) € (0, A) is the unique solution of equation (12) in the semi-plane
R(p) >0, and fr(s) =E[e"x].

({i) If p > 1, then Pt (x) < oo] = fx(—k(c))e_kc < 1, and t(x) is a defective
random variable for all x,k > 0. If p < 1, then P[t(x) < o0] =1, and t}(x) is
a proper variable for all x, k > 0.

Proof Since the random variables § and s¢ are independent, using the properties of
the exponential distribution we find that

A«
E[e—srlx_p(ﬂnx _8)] = Efx (S — k(p))’ fﬁ(p) = O’ X > 0, (15)

Pl — 8 € dul & g(t, uydu = A E[e ™™ 7, > uldu, ueR.

The mathematical expectations f;* (du, s), x, k > 0 obey the following equation:
o0
fidu,s) = / e Py, € dt]g(t, —(k + u)) du
0

+/oo /Ooe*”P[nx edrlg(t,v) f2.,(du, s)dv. (16)
—k JO

This equation is written by conditioning on the first renewal instant nj(x) = n, of
the renewal process { N, (t)};>0. We also have employed the total probability law, the
fact that {X;};>0 is homogeneous with respect to the first component and the Markov
property of the random variable 7 (x). Setting x = 0 in this equation, we get

fdu,s) = af(s —k())e 0 dy

+ /oo /oo eSP[y e dtlg(t, v — k) fO(du, s)dv, (17)
0 0

i.e. an equation for the mathematical expectations fk0 (du, s), k > 0. This equation
can be solved by factorizations methods. But we prefer a more simple reasoning to
solve (17), which is as follows. Equation (17) is a linear integral equation with a
kernel dependent on the difference of arguments. This kernel,

oo
Ky(k,dv) = K;(v — k) dv = / e 'Pn e dtlg(t, v — k) dv,
0

enjoys the following property for s > 0, all u,v € R: K (u,dv) < E[e™"] < 1.
Therefore, (17) has a unique solution which can be found by the method of successive
iterations [25]. Substituting the function

f,?(du, §) = kf(s - k(c(s)))eikc("')f’“‘ du

into (17) and performing some calculations (with use of (15)), we assure that this
function satisfies (17). Therefore, we conclude that it is a unique solution of this
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equation. Substituting the expression for the function f,? (du, s) into (16) and per-
forming similar calculations, we derive for all x, k > O:

fidu,s) = )fo(s _ k(c(s)))e—kc(s)—uk din.

This is the formula (14) of Lemma 2. The statements of the second part of the lemma
follow straightforwardly from Lemma 1 and from (14). g

In order to proceed further, we introduce a function which will play a crucial role
in the sequel. The idea of defining and employing such a function for semi-continuous
random walks and spectrally one-sided Lévy processes was due to Takdcs [28]. It is
clear that for all s, x > 0 the function

Afa(s —k(p))
s = — , , N 0 18
Q) (x) o —tontr—i " £c(s), R(p) > (18)

is analytical in semi-plane R(p) > c(s), and lim,_, Q‘;, (x) = 0. Therefore, it allows
the representation in the form of an absolutely convergent Laplace integral [6]:

Q;(x) = /ooefp”Q;(x)du, N(p) > c(s), s,x>0. (19)
0

We will call the function {Q} (x),u > 0}, s,x > 0, defined by its Laplace trans-
form (@‘;,(x), the resolvent of the process {D,(#)};>0 (2) in case when § ~ exp(}).
We also assume that for all s, x > 0, Qj(x) =0, for u < 0. Observe that Q(x) =
limp o0 pQ% (x) = A S (s + o).

Let us define the upper one-boundary functionals of the process {X;};>¢. Let
keR, and TF =inf{r : 7, > k}, T = s« — k, be the first crossing time of the up-
per boundary k by the process {r;};>0 and the value of the overshoot at this instant.
Denote

o0
dp: (1) = d,Plm; < ul, f e P dp(u) =E[e "] =P 9i(p) =0,
0
B k
pr(dt,du) =P[tF edt, T* e du] = dm/ dp; (V)P — k + v € dul.
0_

We now derive the joint distributions of the one-boundary characteristics of the
process in terms of the resolvent.

Lemma 3 Let {Dx(t)};>0 be the difference of the compound Poisson process and
the renewal process (2), § ~ exp(L), {Q} (X)}uer, , 5, x > 0, be the resolvent of the
process {Dx(t)}i>0, given in (19),

t*(x) =inf{t : D, (1) > k}, T (x) = Dy (e* () — &, 7t () = nf (zF ()

be the first crossing time of the upper boundary k € R by the process { Dx (t)}:>0, the
value of the overshoot of the upper boundary and the value of the linear component
n;(-) at this instant. Then
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(i) The Laplace transforms of the joint distribution of {rk(x), nk (x), Tk x)},
£5dl, du, s) =E[e™ " O; gk (x) e dl, T*(x) e du, " (x) < 0], s >0,

are such that

5=y L = F ()
1—F(x)

+ @{(dl, du) Q}(x) —e*![1 = F(1)]

Rl du,sy=e Il > x}pi(d(l — x), du)

k
X/ 0, (X) pr—v(dl, du) dv, (20)
0

where @3 (dl, du) = e™![1 = F()] [;° e ™*®) pr(dl, du) dk.

(ii) For the Laplace transforms f;‘ (s) = E[e“”k(’“); t*(x) < o0] of the first crossing
time of the upper boundary k by the process {Dx(t)};>0 the following equalities
hold for all s, x,k > 0:

-1 k

050 + /O dppeL,m 1], @D

SA

k — -
SO =1 ey

where dps(v) = s fooo e 'dp;(dv)dt.
(i) If p < 1, then *(x)isa defective random variable and

P[rF(x) <o0] =11 —p)a7'0k(x) <1, x,k>0,

where Qp(x) def Qg(x), x,k>0; if p>1, then for x,k >0 tk(x) is a proper
variable.

Proof The mathematical expectations ff dl,du,s), x,k > 0, obey the following
equation:

sy L = F1)
Rai, du,s) = e )ml{l>x}pk(d(l—x),du)

k 00
+/ E[e_s"*'; Ty, € dv]/ Ae_)‘vlfé(+v'_v(dl, du,s)dv.
0 0
(22)
It holds due to the total probability law, the Markov property of the random variables
{nn(x),n € N} and the homogeneity of the process {X;};>¢ with respect to the first

component. Introduce the integral transform for R (p) > O:

o0
qb-;,(x,dz,du)=/ e Pk Rl du,sydk, Bl du) E @30, dl, du).
0
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Multiplying (22) by e~Pk and integrating it with respect to k € Ry, we derive an
equation for the generating function

—s(l—x) 1—F@

@4 (x,dl,du) =
p(x u)=e = Foo

I{l > x}Hp(d(l —X), du)
A ~
+ Efx (s —k(p))[ @)@l du) — B3 (dl, du)],  (23)

where IT,(dl, du) = [;° e P pi(dl, du) dk, %(p) > 0. Letting x = 0 in this equa-
tion, we obtain for 3(p) > 0:

@3 (dl,du) = {Af(s —k(p) +p— 2}~
x (A f(s — k(p))®5(@l, du) — (h — p)e ™ [1 = F()| M, (dl, du)).
(24)

In order to determine the function CDj; (dl, du), we proceed as follows. According to
Lemma 1, the first term on the right-hand side of (24) has a simple pole in p = c(s) €
(0, A). The function which enters the left-hand side of this equality is analytical for
J(p) > 0. Hence, the second term on the right-hand side must have a simple zero in
p = c(s). This implies that &3 (d!, du) = eI — F ()5 (dl, du). Substituting
the expression (24) for the Laplace transform @;(dl ,du) into (23), we find

L—FO),
1— F(x)

+ @) (dl, du)Q},(x) — e [1 = F(D)]

@5 (x,dl, du) =79 {l > x},(d( - x), du)

x I, (dl, du)@j,(x), NR(p) > 0. (25)

Employing the definition of the resolvent {Q;, (x)},er. , 5, x > 0 (19) and inverting
the Laplace transforms in both sides of (25), we obtain the formulae (20) of Lemma 3.
Integrating (20) with respectto [, u € Ry, we get (21). Statements of the third part of
the lemma follow from Lemma 1 and (21). O

Thus, the Laplace transforms of the one-boundary functionals of the process Dy (t)
are determined by means of the formulae (14), (20). The following statement will be
used in the sequel. Denote, for x, k > 0,

i*(x) =inflt > T (x) : Dy (t) <k — B}, I*(x) =k — B — Dy (i*(x)) € (0, 00)
the first downward crossing time of the interval [k — B, k] by the process {Dx(¢)};>0
and the value of the overshoot through the lower boundary k — B at the instant of
the first crossing. We will use the convention that inf{J = oo, and 1 k(x) = 0o on the

event {i*(x) = oo}. Tt is clear that n; (i*(x)) = 0.
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Lemma 4 Let {D,(t)};>0 be the difference of the compound Poisson process and
the renewal process (2), § ~exp(L), {Q} (X)}uer, , 5, x > 0, be the resolvent of the

process {Dx(t)}:>0, given by (19), Q,(x) def Qg (x). Then

(i) The Laplace transforms of the joint distribution of {i*(x), I*(x)},
ok (du, s) = E[exp{—sik(x)}; I*(x) e du,i*(x) < 0],
satisfy the following equality for all x, k > 0:

ok (du, s) =[x (s)e O ETR _ o=c®Br( )71t () |re ™ du,  (26)

where ¢, (s) = fr(s — k(c(s))), r(s) =1 — Ak'(c(s)) (s — k(c(s))).

@G1) If p <1, then ik(x) is a defective random variable and
P[i*(x) < o] =1—(1—p)a~" Qi(»);
if p > 1, then i*(x) is a defective random variable and
P[i*(x) < 00] = fe(~k(@)e ™0 —e P (L7 — K (0) f'(~k(0))) Qi (0);
if p =1, then i*(x) is a proper random variable.

Proof 1t is not difficult to show that
k _ k —sTy().
@, (du,s) = //RZ fx (dl,dv,s)E[e s Tvwp(l) €du, Ty p(l) < oo].
+

In order to derive this equation, we again use the total probability law, space homo-
geneity of the process { Dy (¢)};>0, and the Markov property of the random variable
7%(x). In view of (14), it follows from the latter equality that for R(p) > 0,

o]

o
@f(dM,S)=/ e_”kfﬂ];(du,s)dsz @5 (x.dl, c(s))ci(s)e OB re™ du,
0

0
27
where

o0
@;(x,dl,z)z/ e_z"q);(x,dl,du), R(p) >0, R(z) =0
0

is the double integral transform fX(dl, du, s) of the joint distribution of {z¥ (x), n*(x),
Tk(x)}. In view of (25) we derive the following expression for this function:

zs —s(l—x 1-F(@) s
¢p(x,dl,Z)=€ ¢ )ml{l>x}np(d(l_x),Z)
+e7 1 = FD|Q, (x) (Mesy(dl, 2) — Tp(dl. 7)), %(p) >0,

(28)
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where

k(z) — k
elk(p) (2) (p) di
pP—z

o
m,dl,z)= / e I,(dl, du) = , M) >0.
0

We now substitute the expression (28) for the function 43; (x,dl, z) for z = c(s) into
(27). Integrating the equality obtained with respect to [ € R, we find

cx (s)

@t (du, s) = eC(S)B[
p—c(s)

— r(s))»lQ;,(x)])»e“‘ du, R(p) >0,

where r(s) = 1 — Lk'(c(s)) f (s — k(c(s))). Utilizing the definition of the resolvent
(19) and inverting the Laplace transforms on both sides of this equality, implies

gz)ff(du, s)= [cx(s)efc(s)(Bfk) — e @B ()n ! Qi(x)])\ef)‘” du, s,x>0,

which is the formula (26). Letting s — 0 in (26) and taking into account statements
of Lemma 1, we derive the second part of the lemma. O

We now consider the two-sided exit problem for the process studied. The following
result is true.

Theorem 2 Let {D,(t)};>0 be the difference of the compound Poisson process and

the renewal process (2), 8§ ~ exp(A) and {Q; (x)}ueRr, . 5, x > 0, be the resolvent of

the process {Dx(t)};>0, given by (19), Q% def 03(0). Then

(1) The Laplace transforms of the joint distribution of { x , L, T} satisfy the following
equalities for x,s > 0:

0 (%)

Vo(x,du,s) = S re M duy,
EQ;5. p 29)
k k Q@) 51
V&(x,dl,du,s) = fi(dl,du,s) — EO° Efo dl,du,s),
Qs

where the function ff (dl,du,s) is given by (20),
o0
EQ5. p :/ re QS pdv EfytP(dl, du,s)
0
o0
=/ re ™M fITB a1, du, 5) dv.
0

(ii) The Laplace transforms of the first exit time x by the process {Dx(t)};>0 are

such that
E[efsx;mr] — EQQkY(X) ’
5+B oo 30)
E[e%:0k] = 1 — Ak(s) - =20 (1 - BASE(s)),
EQ;s 5
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where EAYTE (s) = [5° re Y AT (5) dv,

k 'S}
AL(s) = /0 das[1 =270}, @], dasw)=s fo e"dp (v)dt.

(iii) The probabilities of the first exit by the process {Dx(t)};>0 are given by

_ % PR =1 Qi (x)
EQs p’ EQ;s. 5’

P[]

where 0r(x) % 09(x), x, k> 0; 0; & 04(0).

Proof Theorem 2 follows straightforwardly from Theorem 1. We employ formulae
(5) of Theorem 1, which take a simplified form for the case when § ~ exp(A). First of
all, we must calculate the kernels (8), the iterations of the kernels (7), and the series
(6) for the process { Dy ()};>0 (2) in case when § ~ exp(A).

Let us verify (29). Employing the statements of the lemmas and the defining for-
mulae (6)—(8), we find for v, u > 0 n € N, that

Ky (du,s) = o) P (du, s),

Ky (du,s)*™ = i+ B (du, ) (Egf B ()", an
Ky (du.s) = gb " E (du. 5)(1 - Egf () ™",

FX(du,s) =cx (s)e O pe=M dy — (pI; (du,s),

where ¢, (s) = fx (s — k(c(s))), and the mathematical expectations (p’; (du,s),
x, k >0, are given by (26), (p/; (s) = OOO (pf (du, s). Substituting the expressions from
(31) into the second formula of (5) we obtain the first equality of (29) of Theorem 2.

Let us clarify the second formula of (29). Employing the statements of the lemmas

and the defining formulae (6)—(8), we find for s, x, v, v € R4, n € N, that

Ky (dl, du, s) = ¢, (s)e O HBE 4B (dl du, 5),

K} (dl,du,s)*™ =c, (s)e‘c(”(”“LB)(EgangB(s))"_lEf(;”B (dl,du,s),
(32)
RE(dl, du, s) = ¢, (s)e= OB (1 —Egd+B (5)) BB (dl, du, 5),

FX@l, du,s) = fEdl, du, s) — ci(s)e O E f B (dl, du, 5),

where the mathematical expectations f)f dl,du,s), x,k >0, are given by (20) of
Lemma 3. Substituting (32) into the first equality of (5) of Theorem 1, we obtain the
second formula of (29) of Theorem 2.

Integrating the first equality of (29) with respect to # € R and integrating the sec-
ond equality of (29) with respect to /, u € Ry we derive formulae (30). Letting s — 0
in these formulae, we find the probabilities of the first exit through the boundaries by
the process { D (f)}:>0.
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We now state another proof of Theorem 2. The system of equations (9) will play
a key role in this proof. Let us rewrite this system for the difference of the compound
Poisson process and the renewal process for the case when § ~ exp(}). In view of
(14), we have

o
it du, s) = Vk(x,dl,du,s)+/ Vo(x,dv,s) fETB 1, du, s),
0

ce(8)e O ne M dy = V. (x,du, s) (33)
+//2 VE(x, dl, dv, s)ci(s)e € OWHB) o= gy
IRJr

Note that in order to derive the functions V; (x, du, s), vk (x,dl,du,s), itis sufficient
to determine the function

Vi) = //2 VE(x, dl, dv, s)ei(s)e OB = E[e" 0 ik (x) < o0, A4].
R+

Substituting the expression for the function V,(x, du, s) from the second equation
(33) into the first one, we find

fRa@i du, sy = vi(x,dl, du, s) + cx()e T E £ 1B (a1, du, s)
— VEOETE WL, du, s).

Multiplying the latter equality by ¢;(s)e~¢®)#+B) and integrating it over [, u € R
yields
i) = V) + cx(9)e O Egp TP (5) = Vi ©)Egy " (),

where ¢ (s) = OOO @X(du, s). This is a linear equation with respect to the function

\7)5‘ (s). Taking into account (26), we find that

0, ()

VE(Gs) = cp(s)e ¢ — )
) EQ;. 5

Substituting the right-hand side of this equality into the second equation of (33) we
get

Q3 (x)
EQ; 5

i.e. the first formula of (29). Substituting the right-hand side of this equality into the
first equation of (33), we obtain

V.(x,du,s) = re M du,

oW
EQ; p

the second formula of (29). Il

VE(x,dl, du,s) = f5(dl, du, s) Ef Bl du,s),
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5 Reflected process

Denote by D’(1) =r + Dy (t), t > 0, the process starting from r € R when n;"(0) =
x > 0. Let B € Ry and for all # > 0 let define right-continuous processes reflected at
the boundaries as follows:

D(t) = DL(t) — min{o, inf D;(-)} €R,, reR,,
N3
34

D(t) = DL.(t) — max[O, sup i) — B} € (=00, B], re(—oo,Bl.
ot

The first reflection from the lower boundary 0 of the process D’ (¢) occurs at time
7. (x). Subsequent reflections occur at times which constitute a renewal process. The
inter-arrival times of the switches are identically distributed as t(0). Sample paths of
the process D’ () on the time interval [0, 7,(x)) coincide with those of the process
D' (1), and on the rest of the intervals between the renewal points the paths coincide
with those of the process Dg ().

The first reflection from the upper boundary B of the process D, (t) takes place
at 787" (x). Then the process stays at the boundary for some random time 7;, where
I =n] T(r87"(x)). Atthe instant r = 787" (x) 4+ 1; the process is reflected to a random
state B — 4. In the sequel the evolution of the process D’ (¢) is a probabilistic copy
of its evolution on [0, T8~ (x) + n).

Reflections from the boundaries were introduced by Lévy for a standard Wiener
process. Applying the symmetry principle and mirror reflection principle, Lévy deter-
mined the distributions of the boundary functionals of the reflected standard Wiener
process. It appears that these distributions are the limit distributions for our reflected
process after an appropriate scaling of time and space.

We now define the boundary functionals for the reflected difference of the com-
pound Poisson process and the renewal process (34). Denote by

def

72(r)=inf{r: D'.(t) > B} L (r)—n*(f)dlef
T2r)=D()— B

the first crossing time of the upper level B by the process D' (¢), the value of the lin-
ear component, and the value of the overshoot at this instant. For the process D (¢),
denote

2oy =inf{t: D) <0} Ee, TPr)=-DU0)ET

the first crossing time of the lower level O by the process D’ (¢) and the value of the
overshoot at this instant.

Theorem 3 Let D’ (1), BQ(t), t > 0, be reflected processes defined by (34), x,
B eR,, r €0, B], k=B —r, and denote by

VE(x,dl,du,s) =E[e™*; L edl, T €du, "],
Vi(x,du,s) = E[e_sx; T € du, 91,]
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the Laplace transforms of the joint distribution of { Xf (r), L, T} of the process
{DL()}i>0 (5), and by

U (dl, du,s) =E[e T ) Tedl, Tedu],  vi(du,s) =E[e™*"); T e du]

the Laplace transforms of the joint distributions of {?f(r), L, T}, {Lf(r), T}. Then
for s > 0 the following equalities hold:

Vr(xas)

— "7 yvB(0,dl, du,s), 35
= Vo0.5) ( u,s) (35)

v (dl, du,s) = V*(x,dl, du,s) +

where V.(x,s) = fooo Vi (x,du,s);
v (du,s) =V.(x,du,s)

ak(x)

B
T—A0) [P[S—Bedu]—i—/o P[(SEdU]VB—v(O»du,S):|,

(36)

where V¥(x,dl, s) = fooo Vk(x,dl, du,s),

00 B
ak(x)=/ vK(x,dl, s, B) fi(s), A(x):/ P[§ € dk]a* (x).
0 0

Proof Let us verify the formula (35). It follows from the definition of the process
D’.(t) (34), the total probability law, and the Markov property of x that the following
equation is valid:

v (dl, du,s) = V*(x,dl, du, s) + V. (x, s)0(dl, du,s).

This equation is well known for the reflected Lévy processes, generated by the in-
fimum (supremum), see [21]. It is worth noticing that in this article the asymptotic
expansions for the distributions of the characteristics of the process are determined
for the reflected Lévy processes obeying the two-boundary Cramer’s conditions. The
reflected spectrally one-sided Lévy processes generated by the infimum (supremum)
of the process were considered in [1, 23]. An interesting application in queueing
theory for the spectrally one-sided Lévy process reflected by its infimum was given
in [3].
Letting x = r = 0 in this equation, we find that

Eg(dl,du, s)=V5(0,dl,du, 5)(1 = Vo(0, s))_l.
Substituting the expression for the function Ug(dl, du, s) into the previous equation,
we get formula (35). Let us prove (36). It follows from the definition of the process

5;0) (34), the total probability law and the Markov property of x, n,(x), that the
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following system of linear integral equations holds:

o
vl (du, 5) = vr<x,du,s>+f VEGr dL,syo P du, s),
0

B
v8(du,s) = f.(s)P[s — B € du] + fx(s)/ P[§ € dvlvy " (du,s).
0

This system is similar to a system of linear equations with two unknowns and can
be solved analogously. Substituting the expression for v f(du, s) from the second
equation into the first one, we find that

B
g;(du,s)zV,(x,du,s)+ak(x)P[5—Bedu]+a"(x)/ P[s e dvlv ™" (du,s).
0

Letting x = 0 in the latter equation yields

B
f P[s e dvlv ™" (du, s)
0

= —P[6 — B € du]

B
+ [P[S — B €du] +/ P[S € dv]Vp_(0,du, s):| (1—A©) "
0
Inserting the right-hand side of this equality in the previous one, we get (36). g

Theorem 4 Let D’ (1), Bg(t), t > 0, be the reflected processes (34), 5 ~ exp (L),
x,BeR,,rel0,B], k=B —r. Then

(i) The Laplace transform v'.(dl,du, s) of the joint distribution of {T f (r),L,T}
satisfies the following equality for s > 0:

Vi(x,s)

— "7 yB0,dl, du,s),
1 — V5(0, s)

o' (dl, du,s) = V*(x,dl,du,s) +

where V,(x,5) = fooo V. (x,du,s), and the functions Vk(x, dl,du,s),

Vi (x,du, s) are determined by (29). In particular,

EAYTE(s) — AB(s)
EQj. ,— 030’

() =Ee 00 =1 — Ak(s) + 0} () (37)
where dps(dv) =s [y~ e™*" dp; (v) dt,

k
Ak (s) = fo 41— 27105, )],

o0
EA)E(s) = /0 re VAN (5) dv.
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(ii) The Laplace transforms v'.(du, s) of the joint distribution of {T f (r), T} are such
that for s > 0

@+ A= F))Sx) gy

vi(du,s) == -
f)+ 1= f(s)ESs, p

du, (38)

where S§(x) = [if Q35 (x)du, ES}, p = [ e S3, (0)dv.

Proof The formula (37) follows from (35) of Theorem 3 after substituting the ex-
pressions for the functions V. (x, s), Vk(x, dl,du, s) (29) into this equality. Let us
verify (39). To do this, we have to calculate a*(x), A(0) in case when § ~ exp(A).
Employing the formulae (20), (25), (29) and performing the necessary calculations,
we find that

03 (x)
EQ5, 5

d ()= fe() + (1= F()Si(x) — [£(s)+ (1= f())ES}, 5],

11— A©) = [F) + (1 - F()ES, s]A(EQ}, 5) .

1

B
P[§ — B €du] +/ P[§ € dv]Vg_y(0,du,s) = A(EQ§+B)7 re M du.
0

Substituting the right-hand sides of these equalities into (36) yields (38). O

The formulae for the Laplace transforms of the two-boundary functionals of the
process given in Theorems 2, 4 have a simple form. This fact allows us to determine
the limiting behavior of these characteristics of the process, which is the subject of
the next section.

6 Asymptotic results

Assume that the following condition holds:
(A) p=AuEnEx=1, o= pL[E%2 + E%Enz/k(En)z] < 00.
In this case, the time and space scaling are well known [2]. We first establish the

asymptotic properties of the functions that enter the formulae of Theorems 2, 4. The
following statement is true.

Lemma 5 Assume that the conditions (A) are satisfied. Then the following equalities
hold for all k > 0:
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5/B 2sh(kv/2s/0)

Jim B~ Lo (x) =

U\/Z_sEn
. _ (/B2
- tim 5'EQ}Y,.
) 2uEs
Jim [0}, — 01" 0] = T eh(kv/25 /o),

ma A*B(s/B?) = 1 — ch(kv/2s /o)

(39)
= Bli_)moo Ag+kB (s/Bz),
. iB SHKB ()02 2ssh(k+/2s /o)
Bli)mooB[AO (s/B*) —EA;™"(s/B?)] = VY

Jim B 28805 (x) = én (ch(kv/25 /o) — 1)

= lim B~ ZESIZ;B(S

B—o0
Proof Let ¢ be a positive random variable with a finite second moment. Then its
Laplace transform obeys the following expansion for small enough values of s > 0:

1
Ee ¢ =1—sEZ + EszEg2 +o(s?). (40)

In view of the latter equality, we derive the following relations for large enough values
of B:

s/B2 —k(p/B) = ,bLE%pB_l + B_Z(s — pzy,E%Z/Z) +0(B_2),
Af(s/B*—k(p/B)) + p/B — 1= ArEn(c*p?/2 —s) B2 +0(B7?).

We now verify the first formula of (39). It follows from the definition of resolvent
function (18) and from the second equality that

BlemB_ZQ;G%( 0= (62p2/2—s) ' (41)

The right-hand side of the latter equality is a Laplace transform for p > +/2s/o. Thus,
the inversion formula is valid:

/0!+iooekp1 dp = 2 sh(kv/2s/0), o >~/2s/o.
a—ico j02pt—s o2

The linearity property of the Laplace transform and (41) imply that

s/B?

Jim B~ Yol ()—— sh(kv/2s /o).

2
Enovas

Other equalities of (39) can be verified analogously. O
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Corollary 1 Let § ~exp(r), r € (0, 1), k =1 — r and assume that (A) is satisfied.
Then

(i) The Laplace transforms of)()ﬁg (rB), T, B(rB), gf (r B) are such that for B — oo

—= xB(rB). sh(rv/2s /o)
E[e” % s AB] — YN T
sh(k+/2s/0)
sh(v2s/0)
—s 7B  ch(r/2s/o)
Ee B2 — —ch(«/Z/a) ,
~srhen ch(k/2s/0)

ch(v2s/o)

(ii) The distributions ofxf (rB), T, B(rB), T, B(r B) obey the following expansions
for B — o0:

E[eiﬁXf(rB);mrB] —

(42)

Ee

R -
B
P[Xx;rz—) edt; AP | - 7o? E ne= 2@ sin(kxn) dt,

- neN

—B( g - 4 —Lmt1)o)?
P|:Tx(r ), 3 sin(k@n + Dr/2), (43)

2n+1

neZ*

BBy 1 4 —5@t3)0)?
P[Lxérz N R = 3 ezn—+1 sin(r(2n + 1) /2).

- neZ+t

Proof The second formula of (30) and the equality (39) imply the following chain of
the equalities for B — oo:

s/B?

E[e*ﬁXf“B); AB] =1 — Ak (s/B?) — Qs ) B(zx) (1-EAYB(s/BE))
Qs
sh(kv/2s/0) sh(rv/2s /o)
= ch(kv/2s /o) — — L) h (V25 o) = Y270
ch( x/_s/cr) h(/s/o) c (\/_s/o) h(/s/o)

It follows from (37) and (39) that for B — oo:

_ s 7B
Ee 827 "B) _ ch(kv/25/0)
2sh(k~/2s /o) 2ssh(~/2 2uE -
_ 2sh(kv/2s/0) 2ss (J—s/a)( M2%ch(@/o))
o~ 2sEn )\o\/g g

_ ch(rv/2s/0)

 ch(v2s/0)
The rest of the equalities (42) can be verified analogously. Inverting the Laplace trans-
forms in (42) [6] we obtain (43). Il
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Consider the following one-server queueing system M*|G®|1|B.

(i) Customers of size s arrive to the system according to a Poisson process with
intensity p > 0.

(i) The system has a finite waiting room (buffer) whose size equals B < 0o. Sup-
pose that upon the arrival of a new customer of size s it finds r € [0, B] occu-
pied space in the waiting room. Then min{k, s} joins the queue, and loss of size
max{0, »c — k} occurs, where k = B — r is the size of empty space in the waiting
room.

(iii) The duration of service completion is arbitrarily distributed as n > 0. Suppose
that at a time ¢ the service cycle is accomplished. Then the occupied space in the
buffer is reduced by min{r, 6}, where r € (0, B] is the value of occupied space
in the waiting room at a time ¢ — 0. If at the instant of the service completion
r —min{r, §} > 0, then a new service cycle starts. If at the instant of the service
completion » — min{r, §} = 0, then the new service cycle starts upon arrival of a
new customer (after exponential time with parameter u > 0).

Suppose that the queueing system M*|G?|1|B with buffer of size B starts per-
forming from the state (r, x), where r € [0, B] is the initial volume of the system,
and x > 0 is time elapsed since the last service completion. Denote by b, (x) the first
time at which the waiting room becomes empty (the interval [0, b, (x)] is the busy
period of type (r, x)). It follows from the definition of the process 5; (1) (34) and the
queueing system, that the process 5; t),tel0, T f (r)], describes the functioning of
the system on the busy period [0, b, (x)], and the random variable b, (x) is identically
distributed as T f (r). Hence

A+ = F6)S )
JIOERCENI0))
In case when the state space is discrete (i.e. B, » € N, § = 1), this formula was

derived in [14] for the system M*|G|B|1. The random variable b,(x) is proper,
P[b,(x) <oo]=1, and

k=B —r.

E[e_s”rm; br(x) < 0]

Eb, (x) =En, — En+En[ESs 45 — Si(x)] < o0,

where Si(x) = SP(x), ESs4 5 =ES) 5.
Letr € [0, B], k = B —r and for all t > 0 introduce the process reflected from the
upper boundary of the interval as follows:

D' (t)y=—-D @)+ Be(—00,Bl, D.(0)=r (44)

Observe that the reflections are generated by the running infimum of the process
D, (t). One can verify validity of the following chain of stochastic equalities:

#8(r) = inf{r : DL(1) <0} =inf{r: —DX (1) + B <0}
=inf{r: DX(t) > B} =7 B ().

Hence, the random variables ff ), T f(k) are identically distributed. Consider the
one-server queueing system G®|M*|1|B with the following properties.
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(i) Customers of size & arrive to the system at the renewal times of the process
Ni(1).

(ii)) The system has a finite waiting room (buffer) whose size is equal to B < oco. If
upon arrival of the customer (of size §) it meets r € [0, B] occupied space in the
waiting room, then min{k, 8} joins the waiting room, and there occurs loss of
size max{0, § — k}, where k = B — r is the value of empty place in the waiting
room at the instant of the customer’s arrival.

(iii) Duration of the service completion is an exponential variable with parameter
> 0. Suppose that at a time ¢ there is r € (0, B] occupied space, and let x >0
denote the time elapsed from the last arrival of the customer. If at # + O the
service is accomplished, then the buffer size is reduced by min{r, s}. If at the
instant of the service completion r — min{r, >z} > 0, then a new service cycle
starts. If at this instant » — min{r, »¢} = 0, then a new service cycle starts only
upon arriving of the next customer (after time 7, ).

Suppose the system G°|M*|1|B with the buffer size B starts from the state (r, x),
where r € [0, B] is an initial workload of the system, and x > 0 is the time elapsed
since the last arrival of the customer. Denote by l;r (x) the first time at which the wait-
ing room becomes empty (then the interval [0, 15, (x)] is a busy period of type (7, x)).
It follows from the definition of the process ﬁ; (t) (44) and the queueing system, that
the process l~); (1), t €0, ff (r)] describes the functioning of the system on the busy
interval [0, b, (x)], and the random variable b, (x) is identically distributed as T f (k).
Hence

EASTE(s) — AB(s)
EQj, , — 03(0)

E[e—s!;r(x); br(x) <o0]=1—AlL(s) + Q) (x)

The random variable b, (x) is proper, P[b,(x) < ool =1, and
5+B B
— A

EtB(x)= A" c()—20 0
T = A g 050)

where Qi (x) = 00(x), EQs+5 =EQY .

oo,

k 00
AL = f dp*W)[1 =27 Qr—y(@)],  dp*(v) = / dyPlm; < vldt.
0
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