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Abstract—TFor a semicontinuous homogeneous process & (ﬁ) with independent increments the distri-
bution of the its total duration of stay in an interval is obtained. In the case Fi 6(1) =0, E 5(1)2 <
00, the limit theorem on a weak convergence of the time of duration of stay in an interval of the process
to distribution of the time of duration of stay of Wiener process in the interval((), 1) is obtained. For

Wiener process the distribution of the total duration of stay in an interval is found.

1. THE JOINT DISTRIBUTION OF THE MOMENT OF ACHIEVEMENT OF LOW
BORDER AND TIME OF DURATION OF STAY OF PROCESS IN AN INTERVAL

Let £(t) € R, ¢ > 0 be homogeneous process with independent increments [1], and let
it be semicontinues from below with the cumulant

1 2 2 —px pbx
= - — -1 1I .
k(p) 5 P0" —ap —l—/o (e + T+ x2> (dx)

We shall assume that sample trajectories of process {(t), ¢ > 0 are continuous from
the right.
Let us fix a real number B > 0 and introduce functions

o) = 5 Lsama +sn (B - ),
S =1-g) zER

and introduce random variables

oy(t) = / oy + £(u)) du,
a;u):/o gy +Ew)du, yeR

1 Translated by A. I. Vladimirova
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Therefore, o, (t) is the total time of duration of stay of process y+&(+) in the interval
(0, B) till the moment ¢, o, (t) is the total time of duration of stay of process y + £(:)
till the moment ¢ outside of the interval (0, B).

Let y > 0 and

T_y =inf{t > 0: y+&(t) = 0}, oy = 0y(T—y), oy =0,(T—y).
We denote in this section
E exp{—sT_y, —ao, — bo,} ef Dy (a,b), a,b,s >0

is the integral transformation of joint distribution of random variables {7, o, o},
where o, is the response time of process y + £(-) in the interval (0, B) until the first
passage time 7_, of the lower border, oy is the response time of process y + (-) over
the interval (0, B) until the first passage time of the lower border.

According [3],[4] we introduce the resolvent of semicontinues process with indepen-

dent increments

y+too
1 1
T = P d7 ) 1
R =5 [ g 1> els) (1)
y—ico

where ¢(s) > 0, s> 0is a unique root [1] in the half-plane Re p > 0 of the equation
k(p) — s =0.

We formulate the following theorem and corollary.
Theorem 1.1. Let £(t) € R, t > 0 be a semecontinues from below homogeneous
process with independent increments.

Then for the integral transformation of joint distribution of random variables

{m—y, oy, UZ}
the following equalities are valid

B—y
L+ (a—b) [ e “GHIR, (s +a) du

s _ 0
Dy(a,b) = 5 exp{—yc(s+b)},
1+ (a—0b) [eulHIR, (s +a) du
0
y €(0,B), (2)
s 1
Dy(avb) = B exp{fyc(s + b)}a
1+ (a—0b) [eueHIR, (s +a) du
0
y=B. (3)

Corollary 1.2. Let £(t), t >0 be symmetric Wiener process with the cumulant
k(p):%p2 andy € (0,B), z=DB-y.
Then

1) the following equality is valid for the integral transformation of joint distribution of
random variables {T_y, oy, o}
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Vs +ach(zy/2(s+a))++Vs+bsh(z\/2(s +a)) (4)
Vs +ach(By/2(s+a))+ s+ bsh(By/2(s +a))

where shx, chx are hyperbolic sine and cosine X.

D;(a,b) =

Y

2) The Laplace transformation of random variables o, o, has the following form

—ao, _ Ch2V2a

Ee = —,
ch Bv2a
Ee_ba.;r _ 1"‘33\/%

1+ BV2h

3) The following equalities are valid for random variables o, o,

4 (- (2n + 1)%72 T
Ploy >4 =2 WZ:(, i1 P <_tSB2 cossgntl, )
* _ T * _ Y t/232 \/E/OO —u2/2
Plo; =0 = —, Plo) >tj==e — e du, 6

4)The random variable o, has not moments and for the moments of random variable

oy the following formula is valid

Eo) = (anin)n ki_o(—l)k (%)% @Z) En, neN={1,2.) (7

which in particular equals

B2n

Bob = 5~y B

n €N,

where E,, n € N are Euler numbers,, E; =1 E;=5,....

The proof of Theorem 1.1 and Corollary 1.1. Let £(0) =0, x>0 and

T, =inf{t >0: &(t) >z}, T, =E&(m) —x, 5 (t) = £sup ££(u).
u<t

The distribution of these and others one-boundary functionals for the homogeneous
process with independent increments are obtained in the sixtieth in the paper of B. A.
Rogozin, A. A. Borovkov, E. A. Pechersky, E. C. Statland and others. In particular,
the following equalities are valid for the lower semicontinuous process

—sT_y __ ,—yc(s
Ee v = 7vels)

Pl¢(vs) > —yl=1— e—yc(s)7
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* PR foxpd —s7. — - x—l _p—l—)\—c(s) E(A) —s
| e Blet-sn gt o=+ (1- PEISAT S,
Re p, A > 0, (8)

where v, is the exponentially distributed random varible with parameter s > 0, inde-
pendent of process £(t), t > 0.
Let £(0) =0, x,y>0 B=u2a+y, and

Xa = inf{t >0: £(t) ¢ (—y,z)}

are the moment of the first exit of semicontinuous process from the interval (—y,x).
The following equalities were obtained in the paper [6] on the base of resolvent methods

[5]
0 _y(s) =Ele % &(xa) = —y] =

Pa(s) = Ele™X"; £(xa) = 2] 9)

— RI(S) _SRI(S) B ) du+ s T 3 du
Rp(s) RB(S)/O Ry(s) du+ /0 Ry(s) du.

Let us define the random variable X, = £(x, ) — z for the random event {{(x.) > z}.
Along with equalities (9) we need the function

=1

©z(8,\) = E exp{—sxz — \ X}

and the function ¢_,(s), ¢z(s) in the “factorizing” form. Therefore, we consider the
other method of definition of x,, {xu,Xz} which is based on the direct probability
calculations.
Lemma 1.3. Let =z,y>0, z+y=D0B.

Then 1) The following equalities are valid for the integral transformations of random

variables Xz, {Xz» Xz}

—y(s) =E[e™; {(xa) = —¥]
_ 1 =-Gi(e(s)) o= ve(s)

1= Gile(s))
0z (8,\) = E exp{—sxz — A\ X}
=G\ M — o, (s) GH(N) B,

)

where
G5 (\) = E exp{—s7; — X(72)}, x>0

and the integral transformation of this function is defined by equality (8).

2) The following resolvent representation is valid for the function GE%(c(s + b))

- a—b
c(s+a)—c(s+0b)

Git(e(s+b) =1 Ry (s + a) e s+

+ (a —b) / e WG R (s + a) du.
0
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According the formula of the total probability we consider the following equalities
for the justification of equalities (10)

Ee v =p_,(s) —|—/ Ele X X, € du] Ee™*T-(tB)
0 (12)

Ele ™ T, € du] = Ee™*X*; X, € du] 4+ ¢_,(s) E[e™°™; Tg € dul.

The first equality means that starting from zero process £(t), t > 0, can visit the
lower bound —y either without intersection of upper bound, nor with an intersection of
upper bound with the next excitement of lower bound. Similarly the second equation
is derived.

Multiplying the second equality from (12) by e~““(*) and integrating along u > 0 we
obtain from (12) the system of equations with respect to functions ¢_,(s), @a(s,c(s)),

e vels) — Sofy(s) + @I(& C(S)) e~ Be(s)
G2 (c(s)) e”e(s) = wz(s,c(s)) + p_y(s) Gzc(s)) eBels)

Solving it we find
_ 1-Gi(e(s)

0 = TGy ¢
. G;(C(S)) — G} (C(S)) zc(s
vz(8,c(8)) = T GSB(C(BS)) ee(s)

Multiplying the second equality from (12) by e~** and integrating it along u > 0 we
obtain the second equality (10) of the lemma.
The equality (11) follows from the definition of resolvent and the formula (8).

Now we begin to prove the Theorem 1.
We remind that interval (0, B) is fixed and

D;(a,b) = E[e” "~ exp{—ac, — bo,}], y > 0.

According to the formula of the total probability the following system of equations
is valid for the functions D (a,b)

Dy(a,b) = ¢—y(s +a)
oo
+ / E[e”T0X; X, € du] e ) D3 (a,b), ye(0,B), (13)
0
Dy(a,b) = exp{—=(y — B)e(s + b)} Dg(a,b), y=B.

The first equation means that the total time of the stay of process in the interval
(0, B) (over interval (0,B) ) till the moment of achievement of the lower bound can
be either on the trajectories of process which do not intersect the upper bound, or on
the trajectories which exit from the interval (0, B) through upper bound. The second
equality is evident.

Using the second equality from (10) as s — s +a, and X = ¢(s + b), the resolvent
representations (9) and (11) of functions ¢_, (s + a) and G£t%(c(s + b)), we obtain the
system of equations (13)
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. R.(s+a)
D;(a,b) = ———=
y(a’ ) RB(S + CL)
— D%(a,b) Bolsta) 1+ (a—0b) /B eTWBHIR (s +a) du | BT
BY Y Rp(s+a) 0 ¢ ’

+ Dx(a,b) (1 + (a— b)/ e WG R (s + a) du) e+ 1y e (0, B),
0

Dy (a,b) = exp{—(y — B)c(s + b)} Dp(a,b), y > B, x=B-—y.
(14)
¢From the results of the manuscript [1, $19, $20] it follows that function D} (a,b), y >
0 and its first derivative are continues functions in y. Differentiating the equalities (14)
and letting y = B, we obtain the following system of equations

d Ry(s+a)
——D; 7b =0 + +b D3 7b
G| = R e nDban
Ri(s+a)
_ DS py =02 T
B(a7 )RB(S+G)
B
X <1+(a—b)/ eI R (s + a) du) eBelst+h)
0
LDyah)| = —c(s +b)Dy(a.b),
dy y=B

where

d
Ri(s+a) = %Rm(s +a)

Solving this system we find

1
1+ (a—0b) fOB e~ ucGtO R, (s + a) du

D3(a,b) = exp{—Bc(s+b)}.

Substituting this expression into equalities (14) we obtain (2), (3). Thus, Theorem
1.1 is proved.

Now we obtain the formulas given in Corollary 1.1. Using the main equality (1), let
us calculate the resolvent of Wiener process. By v > ¢(s) = v/ 2s we have

~y+ioco
1 1 [ 2
R,(s) = — P —— dp=4/—sh (zV2s]. 15
() 27 / ¢ 3P2—s P s > (x S) (15)
y—1i00

Substituting this expression for the resolvent into equality (2) and making a necessary
calculations we obtain formula (4) of Corollary 1.1.
Further, letting step by step in (4) s =0, b=0and s =0, a =0 we obtain the
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Laplace transformations of random variables o,, o

Yy
B chzv2a
ch Bv?2a’
o 14+2v2
1+ BV2b’

Calculating the boundary integrals [7]

y+ioo
1 at 1 chzv/2a
— e” —|1— ———— ] da,
271 a ch Bv2a

y—100
y+ioo
1 w1 14z
— - 1- db 0
27m'/e b( 1+B\F> » (r>0)
y—1i00

we obtain the distributions of random variables o, o,

_ 4 = (=) (2n +1)272 xm

P[a;:O]:%, Plo; > t] t/ZBzf/f/B —u*/2 g (17)

The formula (16) is also the asymptotic expansion for the probability from the left
part. For instance, choosing the first summand in the right part of (16), we write under
t — o0

4 2 2
P[03>t]:; exp( 87;32> +0( tm).

Using asymptotic expansion of the probability integral [8], we obtain from formula
(17) under t — oo

Plo >t] = \/% <1+i(_1)k %k (2k — 1)!!) +o (tni;) . ye(0,B).

k=1

To obtain formula (7) for the calculation of the moments of random variable o, with
Laplace transformation

chzv2a
ch Bv2a ’

it is necessary to use the expansion in the row [8] of the functions ch () sech(:) =

(ch ()~

The theorem and the corollary are proved. [

Ee v = r=B—-y
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2. ON THE JOINT DISTRIBUTION OF THE TIME OF STAY OF PROCESS IN
AN INTERVAL AND OVER AN INTERVAL TILL FIRST PASSAGE TIME OF
A LOWER BOUND

In this section we defined
QZ(a7 b) = E [exp{—ao,(vs) — baZ(uS)}; T_y > Vg, y>0

is the integral transformation of joint distribution of random variables o, (t), o (t) till
first passage time 7_, = inf{t > 0: £(¢) = 0} of a lower bound.
The following theorem is valid

Theorem 2.1. Let £(t) € R, t > 0 be the lower semicontinues homogeneous process
with independent increments and

oy(t) = / oy + E(w) du, o7 (t) = / o (y+Ew)du, yeR.

Then

s B-y
Qjlab) = —— <1+<ab>/0 Ru(era)du)

s+ (1)
s B
- (1 + (a— b)/o R,(s+a) du) D, (a,b), ye€(0,B),
s s B
Qy(a,b) = Py <1+(a—b)/o R,(s+a) du) D;(a,b), y=>B, (19)

where the functions D;(a,b), y >0 are defined by equalities (2), (3)of Theorem 1.1.

Proof. According to the formula of the total probability the following system of equa-
tions for the functions Q5 (a,b), y > 0 is valid

S _ S —(s+a)Xz
Q) = > (1~ Be-lerone)
s o0
E —(s+a)xaz. X, d 1— —uc(s+b)
+ s /0 le ; €dul (1-—e )
(oo}
+/ E[e~Gtoxe: X, € du] e ) Q%(a,b), ye (0,B), z=B -y,
0
s
Qyla.b) = 5 (1 - WD) 4 Qi (a,b) WPy > B,

(20)
The three summands staying in the right part of the first equation mean that the total
time of staying the process in the interval (0, B) (over the interval (0, B)) without
intersection of the lower bound can be realized on the trajectories of process which
either do not leave the interval (0, B), or leave the interval through upper bound and
then return. The second equation is evident. To avoid complication presentation we
introduce notations
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+ (a— b)/ Ry (s + a)du
0
U, = <1 + (a— b)/ e uet) R (s + a)du) eels+),
0

Using the second equation (10) for the function E exp{—sx, — AX;} as s — s+ aq,
and A = c¢(s + b), resolvent representations (9) and (11) of functions ¢_,(s) and
G:t%(c(s + b)), we obtain the following system from the equations (18)

s R.(s+a)
Qy(a,b) = —l—b( _Ux_(uB_UB)RB(SM)
s _ Ri(s+a) 21
+ Q% (a,b) <Ux Ro(ia) UB) , y€(0,B), (21)
QZ(G" ) _ " b (1 —e —(y— )c(erb)) + QSB(a,b) ef(ny)c(erb)7 y > B.

It is follows from the results of the manuscript [1, $19, $28] that functions Q; (a,b), y >
0 are continuous in y together with its first derivative. Differentiating equalities (21)
and then letting y = B, we obtain the following system

d

. R6(5+a)>

(C(S+b)+(UB _UB)RB(S—I—Q)

Ry(s+a) )
Rp(s+a)

S
S b —
Qy(a7 )‘U_B s + b

Qy(ab) (c<s b Us

%QZ(@, b) c(s+b) — Qpla,d) c(s+0b).

s
y:B_s—f—b

Solving this system of equation we find

Qsat) = 5 (1-72)

R 1+ (a—0b) fo u(s +a)du o~ Belstt) |
540 1+ (a—0b) fo e—uc(s+b) R (s + a)du

Substituting this expression for function Q%(a,b) in the equality (21) we obtain

QZ(%b):—Sjb (1+(a—b)/ Ru(s+a)du>

1 +(a—b) f emuelsth) Ru(s+a)du e~ ve(s+d)
1+ (a —b) f e~uclstb) R (s+a) du

+% <1+ a—b/ Ru( du> y e (0,B),
QZ(Q’I)): S 1— 1+ a*b fO S+a) du —yc(s+b) , yzB
s+ 1+ (a—Db) foe“0(3+b)Ru(s+a)du

Using the expressions for functions Dy (a,b) from theorem 1.1, we obtain formulas
(18), (19) from these equations. Thus, Theorem 2.1 is proved. O
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3. ON THE OCCUPATION TIME OF SEMICONTINUES PROCESS WITH INDE-
PENDENT INCREMENTS IN AN INTERVAL

Now we can defined the integral transformation of the joint distribution of random
variables {0, (t), o;(t)}, y€R.
Denote

v(y):1+(a—b)/0yRu(s+a)du,

Yy
Vi) =14 (a— b)/ et R (s +a)du, y>0.
0

Cyla,b) =s /0 e ' B exp{—ao,(t) — bo, (t)} dt, yeR
and formulate the following theorem.

Theorem 3.1. Let £(t), t > 0 be the lower semicontinues process with independent
increments and o, (t), o (t) are the total times of the stay o process y +£(-), y € R
in the interval and outside the interval (0, B) till moment of the time t.

Then the following equalities are valid for the integral transformation of the joint dis-
tribution of random variables {o,(t), o, (t)}

s — S _ —yc(s+b)
Cy(a,b) > (1 C(B)e ), y > B,
s — S _ _ _ —yc(s+b)
Cylab) = 5 (v(B—9) ~CB)V(B-y) ) ye(0.B),
s B B—u
2, (a,b) = pa <1 + (a—b) /0 E[e-CH0™: T, € du] /0 Ry(s+a) dv)
s
Py C(B) E exp{—(s+b)1y —c(s + b)T,}
s(a—0) B,cs —(s+b)T,
- C(B) /0 eVt B e~ (0T, T € du
B—u
X / e UGt R (s +a) dv, y >0,
0
where

a—1b V(B) ePels+b) —4(B)
(5 4+0) k(c(s+b) + (a—0) [ V(z) do
T, =inf{t > 0: &(t) > y},

C(B) =

)

Ty = E(Ty) - Y Yy > 0.

Proof. According to the formula of the total probability the following equations are
valid for the functions Cj(a,b), y € R,
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s
s+b

C;(a, b) = (1 — ef(ny)c(Ser)) + C%(a,b) ef(ny)c(SJ“b), y > B,

C;(G’?b) :QZ(a,b)—&-D;(mb) Cg(avb)v Yy e (073)7
(23)

€2,y (a,b) = - j_ - (1 _ Ee—<s+b>7y)

oo
+/0 Ee Gt T, € du] C3(a,b), y >0,

where the functions Dy (a,b), Qj(a,b) are defined in the previous sections by equalities

(2),(16).

Therefore, since the function C§(a,b) is defined by equality

C% (av b) = QSB(CL, b) + D%(av b) Cg(av b)'

we need to defined the function C§(a,b) for the solutions of these equations.
Denote
540

S

C(B) = <

Using equalities (2),(18) and functions v(z), V(z), x> 0(20), we find from the first
two equations (23)

Cz(a,b) — 1) eBelstb),

C3(a,b) = —— (1 —O(B) e*yc(ﬁb)) . y>B,
s -2 _ _ _ —yc(s+
Cylab) = 5 (v(B—9) ~CBYV(B-y) ) ye(0.B).

Substituting these expressions for function C; (a,b) in the last equation (21), we obtain

C*,(ab) = —— (1 +(a—b) /OB M+ (du) /OB_U Ry(s+a) dv)

T +b
S B B—u
- C(B)(a —b) / 67“6(5+b)M§+b(du) / e IR (s +a) dv
s+0 0 0
- S i b C<B>E [e_(s+b)7—’y_c(s+b)Ty]7 Yy > 0)

(25)
where
M;*b(du) =Eexp{—(s+ b7, }; T, € dul.

It is follows from the results of the manuscript [1, §19,§28] that function C; (a,b), y €
R is continuous in y together with its first derivative and therefore, the following equality
is valid

d S S
@Cy(a’b) o == @C—y(aab)
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Differentiating of equalities (23),(24), and calculating the derivatives in the point
y = 0 we obtain the equality with respect to the function C'(B)

~(a = O)Rp(s+a) + (e(s + D)V (B) + (0 — b)Ry(s + a)e™ 7C+0)) €(B)
= —(a—b)Rp(s+a)+ ﬁ Ri(s + a) (V(B) eBels+b) _ U(B))

+ C(B) (c(s +b)V(B)+ (a —b)Rp(s + a)ech(erb)) (26)

B
) (k;’(c(s +0)+ (a—b) /0 V(a) da:) Ry (s + a)

where
, _d
Ry(s-+0) = o Ralsba)
d
ki(e(s +0)) = - k(p) :
P p=c(s+b)

We use equalities (1),(8),(11) for the calculations of derivatives in the right part of
(24).
Solving equation (26), we find the constant C(B) :

a—b V(B) eBels+b) —y(B)
(s +0) k(c(s+ b))+ (a—b) fOB V(z) dz

C(B) = (27)

Therefore, the function Cj(a,b), y € R is defined by equalities (23),(24) and theo-
rem 3.1 is proved. OJ

Remark. If £(t), t > 0 is the Poisson process with the positive jumps and negative
flow with the cumulant

k(p) =ap+ A (Ee ™ —1), a, >0, ne(0,0),

then for the solution of the system of equations (21), (23), (24), (22) we do not need to
differentiate the corresponding equations. For the definition of D%(a,b), Q%(a,b), C(B),
it is sufficient to use the continuity of the functions D;(a,b), @;(a,b), C;(a,b) and
passage to the limit by y — B in the equations (14), (21), and to the limit y — 0 in
the equation (24).

Naturally, that such obtained solutions will be coincide with analytic expressions for
functions Dj(a,b), Q;(a,b), Cy(a,b) in the theorems 1-3 for the lower semicontinu-
ous homogeneous process with independent increasers under stipulation that functions
R, (s), c(s) correspond to the Poisson process with the negative flow.

4. ON THE DISTRIBUTION OF THE TIME OF STAY OF WIENER PROCESS IN
AN INTERVAL

Here we apply the results obtained in the previous sections for the finding of distribution
of the total time of stay of symmetric Wiener process w(t), ¢ > 0 in the fixed interval.
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Corollary 4.1. Let w(t), t > 0 be symmetric Wiener process with the cumulant
k(p) = 3p%.
Then

1) The following equality is valid for the integral transformation

Cy(a,b) = s/o e *'E exp{—ao,(t) — bo, (t)} dt, yeR

of joint distribution of random variables

{oy (1), oy()}

Ciapy= 5 (1_azb sh (Vs +a) exp{—(y — B)\/2(s + b)}
U Vsta Vstash(Evsta) +Vstbeh(Lysta))
> B,
’ (28)
oot — a—b ch(B\;;y\/s+a)
y(a )s+a< +\/s—i—b MSh(% s+a)+ s—&—bch(% s—l—a))’
y € (0,B), )
29
ooy — 5 [1- o=t sh (55 +a) exp{y)y/2(s +b)}
B =T \/m\/msh(% s—l—a)—l—\/s—&—bch(%\/s—i—a) ’

y < 0.
(30)
2) The following formulas are valid for the mean values of random variables o, (t), o (1)
t t
Eo,(t) = /0 Plw(u) > y] du+/0 Plw(u) > B — y] du,
EO'y(t):t—EO';(t), yE(O,B),
t t
Eoy(t) = / Plw(u) >y — B] du f/ Plw(u) > y] du,
0 0

Eo,(t)=t—-Eoy(t), y=>B,

(31)

where . )
t 02 t a2
/ Plw(u) > ] du = b e” 2t du — it e o,
0 V 27Tt x vV 27'['

3) The asymptotic formulas are valid for the mean values of random variables o,(t),

oy(t) ast — oo and (y € (0,B), z=DB-y)

1 1
\/%H(\/i)’
Eo)(t)=t— \/EB\/H %(332 +9%) — %(x?’ +9°)

Eo'y(t) = \/ZB\/IE— %(!E2 —|—y2) + %(13 +y3)
(32)

7o)
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Converting the Laplace transform in the equalities (28) — (30) it can be fined the
distribution of random variables o,(t), oy (t). In the next theorem we give these dis-
tributions in the case when y € (0, B).

Theorem 4.2. Let w(t), t >0 be the symmetric Wiener process,
1
g(m)zi{sgnx—i—sgn (B —1)}, g (x)=1-g(z), z€R

are indicator functions of the interval (0, B),

oy (1) = / oy +ow)de, ol = / g"(y+w(u) du, y e (0,B)

the total times of stay of process y + w(-) in the interval and outside of the interval
(0, B) till the moment of time t.

Then the following equalities are valid for the distribution of random variables oy(t),

ay(t)
2 & n [ + nB)? t—u . v
Ploy(t) <u] = - ;(71) /0 exp <(y2v)> K, <t —v> d, arcsin 4 / n
2 — n [ (r +nB)? t—u ) v
—1—; ;::0(—1) /0 exp (—2”) K, <t—v) d, arcsin 7
€ (0,1),

Ploj(t) <u] =1 g_lyl/o”exp( OB 1, (2 ) s
-2 :0<—1>” [ e (<Y a () v [,
u € (0,t),

where x = B — v,

2 — ! B)? /
=1-— Z(—l)"/ exp <_(y+n)> d, arcsin g
™ — 0 2v t
00 t 2
22 (—1)"/ exp (—M) d, arcsin 4 / e
71— prt 0 2v t
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The proof of Theorem 4.1 and Corollary 4.1. Let us obtain the equalities of
corollary. Using the resolvent (15) for the symmetric Wiener process we find from
equality (27)

“eb sh(£/5Ta) exp(By/2(s 1 1))
Vsta vstash(Lysta)+vstbech(Lysta)

C(B) =

Substituting this expression into equalities (24), we find the formulas (28), (29) of
the corollary 4.1. The formula (30) follows from (26) due to the symmetry of Wiener

process.
After calculation of the derivatives
—i C?(a,0) —i C:(0,b) € (0,B)
da y ) a:0 ) db y ) b:0 b y )

we obtain from formula (29), where (y € (0,B), z=B-vy)

e 1 1 T 1 P
—st _ — 2s —xV2s
/0 e "Eoy(t) dt = 2 52¢ yves — 542°¢ ,

o 1
/0 e *"Eo,(t) dt = 552 (e_y\/g—i—e_x‘/%) .

Converting these Laplace transformations we obtain the first equality (31). Similarly
we establish the validity of the second row of equations from (31).
Using the row expansion of the probability integral [8]

i/”” N S S 2 _

Sl ¢ Nt A 13 25 317 ) TS

we obtain the asymptotic formulas (32) from (31). Corollary 4.1 is proved.
Let us obtain the equalities of Theorem 4.1. Letting in (29) a = 0, we find

b ch (B34 /5) )
5

* —st ex _0.* :1 —
/0 e "'E exp{—bo,(t)} dt s(l \/m\/gsh(%\[)ﬂL‘/mCh(T\[

S. (3
o (Z55) +viTian () = b (Zsm((fi+ 54 7))
and

(cha) " = Z )" exp{—(2n + 1)z},

then we obtain from (33)
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= —st . U* B 1 _1 b
/O e *'E exp{—b y(t)}dt_s s =
N n b
an:;)(_l) (Vs + b+ /5)2n+1 exp(—(y +nB)V2s)
1 b
IERE
X Z(_l)” b eXp(—(g;+nB)\/%).

) (b e

3

(34)
According [7] the following relations are valid between original functions and its
Laplace transformation

Lo (X)L enrd

ex <_bt> J (bt) L 1 bt
PAUT2) i 2 V55 16) (Vs tb+/s)2

where J, 1 (x) is the Bessel function with the semiinteger index.
Using these relations we obtain from (34)

% E exp{—bo,(t)} =

S| =

5 5 (o (5) s (7))

(e (52)).

where the symbol * denotes the operation of convolution of corresponding functions.
According [7] the following relation is valid

1 bt bt 0, w>%
L
R _ J _ _ ,2\n
() ra (et
Vrt  nltr
It is easy to establish for functions
tu — 2\n
Bty = B e 0,

n!tm
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the following properties

m
kn(u,t) =0, m=0,1,...n—1;
u=0

kn(u,t) = K, (%) . uelod,

du™
a
du™
where

Ky (z) = i(—l)’“ (Z)Q 2k (1 — 2)"F,

k=0
2 €01, Kn(0)=1, Kn(1)=(-1)".

Using the theorem of the differentiation of the original function and properties of
function ky,(u,t) we find new relation

| ep( bt) ; (bt) v 0, u>t
— X —_— 1 — — u

2 ) "tz \ 2 — K, (-), e [0,t].
Vb N (t) u € [0,

Passing in equality (35) to the original functions and accomplishing the operation of
the convolution we obtain the distribution of random variable o} (%)

Plot(t) <u] =1

_ % 3 (=1)" /Ot_u exp <_(y+27;B)2) Kn <tfv> v(cffv v)
. " t—u (z + nB)? u dv 0
LS [ () ()
u € (0,t)

Since
Ploy(t) <u]=Ploy(t) >t —u] =1-Plo,(t) <t—u]

we obtain from (36)

Plo,(t) <ul]=

:% 2(—1)"/0uexp (‘W) K (t—u) vdv

t—v (t— )

+% 2(_1)n/0“exp (_@w;;B)Q) Kn(t—u> dv
u € (0,1).

In particular, if random process w(t), ¢ > 0 begins evolution from the middle of
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interval (0, B), then

Ploiat) <) =1= 23 [ e (<EEEE ) e () ot
u € (O,t)_,
u € (0,¢).

Calculating the limits in the both parts of (36) as u — 0 and keeping in mind that
K,(0) =1, we find

Plo;(t) = 0] = —ig)(—l)" /Otexp(—(y+223)2> (Cfs>
- e [ (55 G

Theorem 4.1 is proved. [

Remark. Tt is valid also equality for the probability Ploy(t) = 0] [9]

P[o? (1) = 0] :% i 2n1+1 exp (—;t(w(2n+1)/3)2) sin (52 + 1))
n=0
r=B-—y

from which in particular it is followed that under ¢ — oo

4 2
Plo,(t)=0] = — exp (—t 27TBz> sin (%TF) +o (e_t“2/232) .
Formulate the limit theorem in the case when
E¢(1) =0, E£(1)? =0% < .
Without loss of generalization we assume that o = 1.

Theorem 4.3. Let £(t), t > 0 be the lower semicontinues homogenous process with
independent increasers such that E&(1) =0, E£(1)2 =1 and

tB?
0y(t, B) = 0,5(tB?) = / o(yB +E@w) du, ye0,1]

is the total time of the stay of process yB + £(+) in the interval (0, B) till the moment
tB2.
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Then

lim P[o,(t, B) <uB?*] =P[6,(t) < u]

B—oo

2 _
exp <_(y+n)> K, (t u) d, arcsin

t—wo

i,
00 u 2 .
Jrg (71)”/ exp <(:C+n)) K, (t u) d, arcsin
n 0

t—wv

where x =1 —y and

5= [ oty u@in (5)= 5 (o sgn(1-2))

is the total time of stay of process y + w(-) in the interval (0,1) till time moment t.

Proof. 1t is followed formula From the second equality of Theorem 3 under b = 0 we
have

;B(a) =v:p(s,a) — Cp(s,a)Vep(s,a) einc(S)a z=1-y, (37)

where
xB
UIB(s,a)zl—l—a/ R.(s+ a)du,
0

zB
Vep(s,a) =1+ a/ e "OIR, (s + a) du,
0

sa) o & Vi(s,a)eP®) —vp(s,a)
Cplsa) = c(s) k’(c(s))JrafOB Vu(s,a) du

Noting that
C’;éB2 (a/B?) = i/ esW/B'R exp (—a Jyggu)> du
0

> tB?
=5 /0 e *'E exp <—a 7%3352 )> dt

and let us calculate the limit limp_, C;EBQ (a/B?). To do this we need the following
equalities [4]

Jim Be (s/B%) = v/2s,

lim %RmB(S/Bz) = \/ashx\/%.
s

B—oo
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Using these formulas we calculate

a 1 (=B s+a
v —uc(s)
s 13(32’32) H“ILIEOB?/ ‘ R“( )du

T
= 1+a lim %/ cuBes) g (82;;1) i
= oy O
- (ch (T50) T (o))

a 1 zB s+a
ma U;EB(BQ?BQ) 1+a1£noo§A Ru< B2 >du
1 xr
_1+ahm E/ Rup (nga) du
_1+a\/7/ sh (w205 @) d

= (/26T 0).

s+ a s+ a

Using these limits we find

. 1 (B s a . 1 s
o fin 5 | Va(ge ) du=afim | Ve (550 55) du

\ﬁ+<<\/7+2\/25+a>sh\/25+ )+ V2sch /2( 5+a>

a hmC>O (VB (%7 %) PP —up (%’ é))

= sj—a (ch 2(s+a)1)+\/s+TaSh\/Ma

(22) = shyfe T

VET A /s +ashy/2E% + /sch, /L2

Due to these limits and (37) we obtain

s/B2 (@ , T st oy(t, B)
i G (32) = s /0 p o ()

s ch ((1 —2y)\/"'T“)

st+a \[\/msh\/m_i_\/gch\/i
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The right part of this formula coincides with the right part of equality (29) by b =
0, B=1.
Comparing the left parts of these equalities we find

oo B oo
lim s / e *'E exp (—a Uy(t’)> dt =s / e *'E exp (—ad,(t)) dt,
B—oo  Jo B2 0
where
) " . 1
(0= [yt w)du, (ae) = 5 (s s (1 - )

is the total time of stay of the process y -+ w(-) in the interval (0,1) till time moment ¢.
Therefore, the random variable o, (t, B)/B? under B — oo weakly converges to ,(t)
and according to the first equality of Theorem 4.1 under B =1

BlgnmP[ay(t, B) < uB? = P[6,(t) < u]

o0

_ % nz::(_w /Ouexp (—(y;”)z)

t —
x K, u d, arcsin v
t—uv t

+% i(—m /Ou exp (_@”‘;)”)2)

t —
x K, < u) d, arcsin \/?7 u € (0,1),
t—wv t

Remark. We explain other method of obtaining of formulas (28) — (30).
Let

Theorem 4.2 is proved. [

1
g(x)zi{sgnI‘FSgﬂ(B—l‘)}, r € R.

According to the theorem of the additive functionals [1, §19] the function

u(a, s, r) = /OOO e 5'E exp {a/otg(x + w(y)) dy} dt

satisfies the system of differential equations

1 92
5ﬁu(a,s,sc)—su(a,s,yc):—17 r<0, x> B,
z
1 92
3 922 u(a, s,z) — (s +a) u(a,s,z) = —1, x € (0,B)
and the general solution of these equations has a form
1 o o
u(a,s,z) = — + Cp eV 4+ Cy e "V25, <0, x>B,
s
38)
1 /30T /I (
u(a, s,z) = + O3 2Vt 4 0y emmV2sta) x € (0, B).

s+ a
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We consider the solutions of the system (36) for « > 0, since due to the symmetry of
Wiener process the function wu(a, s, z) for © < 0 can be easily reconstruct on the base
of obtained solution of the system (36) for = > 0.

In this case we obtain the following system from (36)

1
u(a,s,x) = — —|— Co 671@, x> B,
(39)
u(a, s, 1) = + O3 e®V2t+a) | 0y emmV2(sta) z € (0, B).

sta

since in virtue of the boundedness of function u(a, s, z) < %, C, =0.

Using the fact, that according to theorem from [1] the function u(a, s, x) is continuous
in z jointly with its first derivative, and that Wiener process is symmetric we obtain
the system of equations for the definition of the constants Cs, C3, Cy

1_’_02 e~ BV2s _ _]|'_ +Cs eB\/Q(era +Cye 2(s+a)7
S

Ly V3 BV = Oy /25 T a) PV 0y \fals T a) e PV,

1 1
+C3—|—C4=*+026_B\/£.
s+a S

Solving this system of equations we find
a sh(%\/s a)
svs+a \/S—i—ash(% s+a)+\/§ch( =V/s +a)

a 1 B
O = ravs Veras(GviTarsa(LvsTa (YT

a 1
AT Nravs ita (Gt V(s a ol VTl

[v]

C2 = — eXp{B\/%}7

Substituting obtained constants Cy, C3, Cj4 in the system of equations (39), we
obtain

o

5u(a5m)=8<1+a h(B\ygx o >
Y s+a ﬁMSh(%M)Jr\/ECh(%M)
€ (0,B),

. h(Zv/5Fa) expl(B - 2)VE}
Vita Vartash(Bvata) vad(Gyata)

sula,s,z) =1-
x> B.

and equalities (28), (29) by b = 0.

Remark. Let

1 1
go(z) = lim g(z) = {l+sgna}, g5(z)=5{l-sgna}, z€R
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and
ay(t) = lim oy (t) = /0 go(y + w(w)) du,

B—o0o

o, (t) = lim U;(t)z/o goly + w(u)) du

B—oo

is the total time of stay of process y +w(-) in the upper half-plain till the moment ¢ and
time of stay of process y + w(:) in the lower half-plain till the moment ¢ accordingly.
Then calculating the limits under B — oo, we obtain from the equalities of Theorem

4.1
2 [ 2
Play(t) <u]= = /0 exp <gv) d, arcsin \/f, u € (0,1),

Plai(t)<u]l=1 2 /tu v d i \/? € (0,t)
=1-- Xp | —— parcsin 4/ —, ,1).
Oéy u o exp % arcs P u

In particular, letting in the first formula y = 0, we obtain

P[a(t)<u]:%arcsin,/%, u € (0,1)

arcsine law obtained by P. Levy [2] for the distribution of the time of stay of Wiener
process in the upper half-plain.

We can also obtain the equalities (40) using the formula (29). Indeed, letting in (27)
b = 0 and calculating the limits under B — oo, we find

/ e 5'E exp (—a ay(t)) dt = (1 — e~YV2(sta) ) 4= ey 2sta)
0 s+a \/m

Converting the Laplace transform [7], in the right part of this equality we obtain the
distribution of the time of stay of process y +w(t), y > 0, t > 0 in the upper half-plain.

2 v u? J
exp | —— u,
V 2t /0 P ( 2t>

2 u y2 ) v
Ploy(t) <u]= =/ exp | —o- d, arcsin T u € (0,t)

Performing similar calculations we also find from formula (29) the distribution of the
time of stay of process y + w(t), y > 0, ¢ > 0 in the lower half-plain

Play(t)=t] =

Play(t) =0] = \/% /Oy exp (gj) du,
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