GALOIS THEORY FOR WEAK HOPF ALGEBRAS

S. CAENEPEEL AND E. DE GROOT

ABSTRACT. We develop Hopf-Galois theory for weak Hopf algebras, and
recover analogs of classical results for Hopf algebras. Our methods are
based on the recently introduced Galois theory for corings. We focus on
the situatation where the weak Hopf algebra is a groupoid algebra or its
dual. We obtain weak versions of strongly graded rings, and classical
Galois extensions.

INTRODUCTION

Weak bialgebras and Hopf algebras are generalizations of ordinary bialge-
bras and Hopf algebras in the following sense: the defining axioms are the
same, but the multiplicativity of the counit and comultiplicativity of the
unit are replaced by weaker axioms. Perhaps the easiest example of a weak
Hopf algebra is a groupoid algebra; other examples are face algebras [15],
quantum groupoids [17] and generalized Kac algebras [21]. A purely alge-
braic approach can be found in [2] and [3].

The aim of this note is to develop Galois theory for weak Hopf algebras. A
possible strategy could be to try to adapt the methods from classical Hopf-
Galois theory to the weak situation. This would be unnecessarily compli-
cated, since a more powerful tool became available recently.

Corings and comodules over corings were introduced by Sweedler in [20].
The notion was revived recently by Brzeziniski [5], who saw the importance
of a remark made by Takeuchi, that Hopf modules and many of their gen-
eralizations can be viewed as examples of comodules over corings. Many
applications came out of this idea, an overview is given in [6].

One of the beautiful applications is a reformulation of descent and Galois
theory using the language of corings. This was initiated in [5], and continued
by the first author [8] and Wisbauer [22]. An observation in [5] is that weak
Hopf modules can be viewed as comodules over a coring, and this implies
that the general theory of Galois corings can be applied to weak Hopf alge-
bras. This is what we will do in Section 2.

In Section 3, we look at the special case where the weak Hopf algebra is
a groupoid algebra. This leads us to the notions of groupoid graded alge-
bras and modules, and the following generalization of a result of Ulbrich: a
groupoid graded algebra is Galois if and only if it is strongly graded.

In Section 4, we look at the dual situation, where the weak Hopf algebra
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is the dual of a finite groupoid algebra. Then we have to deal with finite
groupoid actions, as we have to deal with finite group actions in classical
Galois theory. The results in this Section are similar to the ones obtained in
[10], where partial Galois theory (see [14]) is studied using the language of
corings. Both are generalizations of classical Galois theory. In partial Ga-
lois theory, we look at group actions on algebra A that are not everywhere
defined, and in weak Galois theory, we look at groupoid actions. In both
cases, we have a coring that is a direct factor of |G| copies of A, and the left
dual of the coring is a Frobenius extension of A.

1. PRELIMINARY RESULTS

1.1. Galois corings. Let A be a ring. An A-coring C is a coalgebra in the
category g4 M4 of A-bimodules. Thus an A-coring is a triple C = (C, A¢, e¢),
where C is an A-bimodule, and A¢: C > C®4C and e¢ : C — A are A-
bimodule maps such that

(1) (Ac®@aC)oAc = (C®aAc)0Ac,
and
(2) (C®aec)oAe = (e¢®aC)oAe=C.

We use the Sweedler-Heyneman notation for the comultiplication:
Ac(c) = C(1) ®A €(2)-

A right C-comodule M = (M, p) consists of a right A-module M together
with a right A-linear map p: M — M ®4 C such that:

(3) (p@aC)op=(M®sAc)op,
and
(4) (M ®apec)op=M.

We then say that C coacts from the right on M, and we denote
p(m) = mig ®a mp.

A right A-linear map f: M — N between two right C-comodules M and
N is called right C-colinear if p(f(m)) = f(m)) ® myy, for all m € M. The
category of right C-comodules and C-colinear maps is denoted by MC.

x € C is called grouplike if A¢(z) = r®x and e¢(x) = 1. Grouplike elements
of C correspond bijectively to right C-coactions on A: if A is grouplike, then
we have the following right C-coaction p on A: p(a) = za.

Let (C,z) be a coring with a fixed grouplike element. For M € MC, we call

M ={me M| p(m)=m®e,zx}
the submodule of coinvariants of M. Observe that

A®C ={be A | bz =xb}
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is a subring of A. Let ¢ : B — A be a ring morphism. ¢ factorizes through
A°C if and only if
z€GC)P ={xe@(C)|ab= bz, forallbc B}.

We then have a pair of adjoint functors (F,G), respectively between the
categories Mg and MC and the categories g M and M. For N € Mp and
M e MC,
F(N)=N®p A and G(M) = M,
The unit and counit of the adjunction are
vy: N— (N A, vyn)=nopl;

Cvr: M @p A— M, Cv(m ®p a) = ma.
We have a similar pair of adjoint functors (F’, G') between the categories of
left B-modules and left C-comodules.
Let i : B — A be a morphism of rings. The associated canonical coring is
D = A®p A, with comultiplication and counit given by the formulas

Ap: D—DsD2ARgA®p A, Apla®pd)=a®pl®pad

and

ep: D=A®pA— A, epla®@pad) =ad.
Ifi: B — A is pure as a morphism of left and right B-modules, then the
categories Mp and MP are equivalent.
Let (C, ) be a coring with a fixed grouplike element, and i : B — A°C a
ring morphism. We then have a morphism of corings

can: D=A®p A—C, can(a ®p d') = axd'.

If F is fully faithful, then B = A°C; if G is fully faithful, then can is an
isomorphism. (C,z) is called a Galois coring if can : A ® eoc A — C is
bijective. From [8], we recall the following results.

Theorem 1.1. Let (C,x) be an A-coring with fized grouplike element, and
T = AC. Then the following statements are equivalent.

(1) (C,x) is Galois and A is faithfully flat as a left T-module;
(2) (F,G) is an equivalence and A is flat as a left T-module.

Let (C,z) be a coring with a fixed grouplike element, and take T = A%C,
Then *C = 4JHom(C, A) is a ring, with multiplication given by

(5) (f#9)(c) = glcqy fe@))-
We have a morphism of rings j: A — *C, given by
j(a)(c) = ec(c)a.
This makes *C into an A-bimodule, via the formula
(afb)(c) = f(ca)b.
Consider the left dual of the canonical map:
*can: *C — *D = rEnd(A)°®, *can(f)(a) = f(xa).
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We then have the following result.

Proposition 1.2. If (C,x) is Galois, then *can is an isomorphism. The
converse property holds if C and A are finitely generated projective, respec-
tively as a left A-module, and a left T-module.

Let Q = {q € *C | c(yq(cra)) = q(c)w, for all c € C}. A straightforward
computation shows that @ is a (*C,T)-bimodule. Also A is a left (T, *C)-
bimodule; the right *C-action is induced by the right C-coaction: a - f =
f(za). Now consider the maps

(6) T: A®«cQ—T, 7(a®q) = q(za);
(7) p: QerA—"C, ulg®ra)=q#ia).
With this notation, we have the following property (see [12]).

Proposition 1.3. (T,*C,A,Q,7,u) is a Morita context. The map T is
surjective if and only if there exists ¢ € Q such that q(z) = 1.

We also have (see [8]):

Theorem 1.4. Let (C,x) be a coring with fized grouplike element, and as-
sume that C is a left A-progenerator. We take a subring B of T = A°C, and
consider the map

can: D=A®p A —C, can(a @7 d') = axd

Then the following statements are equivalent:

(1) e can is an isomorphism;

e A is faithfully flat as a left B-module.
(2) e *can is an isomorphism;

e A is a left B-progenerator.
(3) o B=T;

e the Morita context (B,*C, A, Q, T, ) is strict.
(1) o B=T;

[

(F,G) is an equivalence of categories.

1.2. Weak Hopf algebras. Let £ be a commutative ring. Recall that a
weak k-bialgebra is a k-module with a k-algebra structure (u,n) and a k-
coalgebra structure (A, ¢) such that

A(hk) = A(R)A(k),
for all h,k € H, and
(8) A1) = 10)®1elan ® Ly =10) ® Layle) @ e,
(9) e(hkl) = e(hkq))e(kp)l) = e(hk)e(kq)l),

for all h,k,l € H. We use the Sweedler-Heyneman notation for the comul-
tiplication, namely

A(h) = h(l) & h(2) = h(l’) & h(2/).
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If H is a weak bialgebra, then we have idempotent maps IT%, HR,ﬁL,ﬁR
H — H given by

4(h) = e(lgyh)lp
R(h) = 14)e(hl()
I°(h) = lue(lgh)
T(h) = e(hlg))ly
We have that H- = Im (II*) = Im (T["") and H® = Im (II¥) = Im (TT").

Let H be a weak bialgebra. Recall from [1] and [9] that a right H-comodule
algebra A is a k-algebra with a right H-comodule structure p such that
p(a)p(b) = p(ab), for all a,b € A, and such that the following equivalent
statements hold (see [9, Prop. 4.10]):

(10) 2]~=:§:101®1u1 ® 1)
(11) = 11 ® Laylp @ 1ig)
(12) }:am]®Iﬁ%au) S alg @1,
(13) > ag @I (ap) = 1ga® 1y
(14) S 1 @ T (1) = (1)

(15) > g @I (1) = p'(1)

(16) pr(1)e Ao HY

Lemma 1.5. Let H be a weak bialgebra, and A a right H-comodule algebra.
Then

(17) E(h(l)lm)l[g] ® h(g) = 1[0] & hl[l]
(18) €(h1[1])1[0}a s(ha[l])a[o}
for allh € H and a € A.

Proof. This is a special case of [9, Theorem 4.14]. Details are as follows.

e(hylp i) ® hez) = e(haylaylp)lo @ h)le)

= e(haylp)lp) ® k)l = 1) ® hlpg;
e(hly)lga = e(hlp)e (1[1 a[1) [0]@
= e(hlpap)lp (ham) [0]-

O

A weak Hopf algebra is a weak bialgebra together with a map S: H — H,
called the antipode, satisfying the following conditions, for all h € H:

(19) h1)S(he) = TIE(h); S(hay)hy = T (R);
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(20) S(hay)h@)yS(he)) = S(h).

2. WEAK HOPF-GALOIS EXTENSIONS

Let H be a weak bialgebra, and A a right H-comodule algebra. We then
have a projection

g: ARH — A® H, gla®h) = alg ® hly.
Observe that, for any a € A,
pa) = ag @ apy) = ajglig @ apylp) = g(pla)) € Im(g).

Lemma 2.1. Let H be a weak bialgebra. Then C = Im (g) is an A-coring,
with structure maps

V(alyg ® hlp)b = b'abg @ hbpy;
Ac(lg @ hlp) = (Lo @ hylyy) @a (1@ h));
ec(lgy @ hlpy) = 1ge(hlpy).
p(1) = 1g ® 1py) is a grouplike element in C.

Proof. This is a special case of a result in [4, Prop. 2.3]. The fact that
Ac(ljg) ® k1)) € C®4 C follows from

Indeed,

(1jo) @ by 1)) ©4 ((Ljo) ® he) 1)
(Lo Lo © Pyl ly) @a (1@ hgyli)
= (Lol @ halylple) ®a (1© hole)
(L) @ by Lpjl()) @4 (1@ h(z)l(z)
= (lg®hoylmlp) @4 (1® he)le) = pla).
Taking h = 1 in (21) and (21), we see that ec(p(1)) = 1 and Ac(p(1)) =
p(1) @4 p(1). O

We call (M, p) a relative right (A, H)-Hopf module if M is a right A-module,
(M, p) is a right H-comodule, and

(22) p(ma) = mygajy @ mpjap,

for allm € M and a € A. MIIZ is the category of relative Hopf modules and
right A-linear H-colinear maps.

The following result is a special case of [4, Prop. 2.3]. Since it is essential
in what follows, we give a sketch of proof.

Proposition 2.2. The category Mg of relative Hopf modules is isomorphic
to the category MC of right C-comodules over the coring C =Img.
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Proof. Take (M, ) € M. Let p be the composition

p: Mo M@ AC—— Mos (A0 H) — M ® H.
I
plm) =Y mi @4 ail ® hilpy,

then
p(m) = mypo) @ mpyy = 3 miailjo) ® hilp).

Then p is determined by p, since

p(m) = Z mi @4 a;ljg) ® hilpy
= Z m; @4 a;ljo o @ hilplion
= 2 miaili) ®a i) @ hilpy L)

(23) = mj @4 g @ mpylpy
From the fact that g is right A-linear, it follows that
p(ma) = p(m)a = mjg ®@a (1) @ myjlpy)a
= Mo ®4 aj] ® M)y,
SO
p(ma) = myjao) ® mpyaqy-
From the fact that (M ®4 e¢)(p(m)) = m and (23), it follows that
m = myLig ® e(mpjlp)) = mp) ® e(myyy).
For all m € M, we have the following equality in M ® 4 (AQ H)®4 (A H);
(24) (M @4 Ac)(p(m)) = (p@C)(p(m))
The left hand side of (24) is
mo)0] ®4 (L) @ migjlir]) ®a (Lig) @ mypylpy).-
The image in M ®4 (A® H® H) is
mo)0] ®4 (L)L) @ mojy 1yl la) ® mpjlee)
= myjio] ®a (L) @ mygjlpylay @ mpjl),
andin M @ HQ H:
mojo)Lo] @ Moyl ly @ mpjl)
mo)jo]Ljo] @ mo)1) (1) @ my1ylyy
= myojo)L[o)0) @ ™o)1 Lio][) © Myl
= mo)o] ® M[o][1] ® M[1]-
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The right hand side of (24) is
mig] 4 (L] ® mpjaylpg) ®a (Lo © mpye)lp)-
The image in M ® 4 (A® H® H) is
mio] @4 (Lo Lo @ mpuyylplpglay @ muye)lee)
= myg ®a (o) @ mp)lpla) @ mpje)le),
andin M @ H® H:
mo L) @ muyaylpla) @ mpje)le)
moljo) @ M)l ® mpuy2)l
mpo L) @ mpa)lpa) ® mpye) lpge)
= mjo] @ M) ® M[)(2)-
It follows that
mojjo] © Mo][1] ® M[1] = M[o] © M[1)(1) ® M[1](2),

and p is coassociative. Conversely, given a relative Hopf module (M, p), we
define p: M — M ®4 C using (23). Straightforward computations show
that (M, p) € MC. a

Let (M, p) be a relative Hopf module, and (M, ) the corresponding C-
comodule. Then m € M if and only if
p(m) =m@alp @1y
if and only if
p(m) =mlp & 1p).
We conclude that M<C = M<H which is by definition
M = {m e M| p(m) = ml @ 1)}
The grouplike element p(1) induces a right C-coaction p on A:
pla) =1®a (1) ® 1py)a =1 @4 (aj ® apy).
The corresponding H-coaction on A is the original p:
pla) = aj) ® apy).-

Observe that

T=A"={acA|alpy®ly}

Let i : B — T be a ring morphism. We have seen in Section 1.1 that we
have a pair of adjoint functors (F,G):

F: Mp— M F(N)=N®p A;

G: M — Mg, G(N) = N,
F(N)= N ®p A is a relative Hopf module via
p(n Xp a) =n®pg ajo) X ap-
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The canonical map can: A ®p A — C takes the form
(25) can(a KB b) = a(l[o] & 1[1})1) = ab[o] X bm

We call A a weak H-Galois extension of A°H if (C, p(1)) is a Galois coring,
that is, can : A ®gecow A — C is an isomorphism. From Theorem 1.1, we
immediately have the following result.

Proposition 2.3. Let H be a weak bialgebra, and A a right H-comodule
algebra. Then the following assertions are equivalent

(1) A is A a weak H-Galois extension of T and faithfully flat as a left
B-module;

(2) (F,G) is an equivalence and A is flat as a left T-module.
Our next aim is to compute *C.

Proposition 2.4. Let H be a weak bialgebra, A a right H-comodule algebra,
and C = Im (g) the A-coring that we introduced above. Then

*C = JHom(C, A) = Hom(H, A)
{f S HOm(H,A) | f(h) =: 1[0]f(h1[1]), for all h € H},

with maultiplication rule
(26) (f#9)(h) = F(h@)09(ha)f(he2))p)-
Proof. We define a : *C — Hom(H, A) by
a(p)(h) = @1 ® hlp).
o(y) = f € Hom(H, A) since
0 = alp)((th)(p(1) = p(1)*)

= a(p)(1 @ k1)) — ale) (Lol © hlplpg)
= f(h) = 1o f(hlp).

Now we define 5 : Hom(H, A) — *C by
B(f)(alg) ® hlpy)) = af(h).

We have to show that 3 is well-defined. Assume that »; a;ljy) ® hily =0
in A® H. Then

Zai ® h; = Zai ® h; — Zail[o] X hilm,

hence

Zaz‘f(hv:) = Zaif(hi) - Zail[o}f(hil[l]) =0.
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A straightforward verification shows that « is the inverse of 5. Using a and
B, we can transport the multiplication on *C to Hom(H, A). This gives

(f#9)(h) = (p#) (19 ® hl[l )
= (L ® byl @ heylpn)
(

(L) @ haylp) f(hz)
= P(f(h@)o ®h1)f(h i)
= f(h@)g(hayf(he)ny),
as needed. ([

The dual of the canonical map *can: *C — g4Hom(A ®p A, A) is given by
“ean(p)(b®4 a) = p(can(b @4 a)) = ¢(baj) ® apy),
and transports to *can : Hom(H, A) — pEnd(A)°P, given by
(27) “can(f)(a) = "can(¢)(1 ®@p a) = ap) f(ap))-
Remarks 2.5. 1) We have a projection p : Hom(H, A) — Hom(H, A), p(f) =
f, given by .
J(h) =11 f (1))-
2) The unit element of Hom(H, A) is not ¢, but € = a(e¢). This can be
verified directly as follows:

(E#9)(h) = Lge(h@)lp)g(hayln)
= 1[0 e(hiL2))g(hylylpy) = Lge(heyg(haylp)
= lgg(hlpy ) = g(h);
(f#E)(h) = (h(z)) 0€hay f(h@)n))
= f(he)olioeha) f(he)plo)) = f(he)oeha) f(he)n)
(18) = Lgelhaylp)f(he)
(17) = 1Ly f(hly) = f(h).

3) *C is an A-bimodule, hence Hom(H, A) is also an A-bimodule. The
structure is given by the formula

(28) (afb)(h) = ag) f(hap))b.
Let us next compute the Morita context (7 Hom(H JA), A, Q, 7, ) from
Proposition 1.3. We have a ring morphism j: A e 2. Hom(H, A),

given by
j(a)(h) = 1ge(hlpy)a.
Take ¢ € Q = {¢ € *C | cyplc)) = w(c)p(1), forall ¢ € C}, and let
a(p) = ¢q. Then
cayplee) = (Lo @ haylp) f(he) = f(h@)o @ hayf(he))n,
and
e(c)p(1) = f(h)1g ® 1y,
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hence @ is the subset of Hom(H, A) consisting of maps f : H — A satisfying

(29) (R ® by f(hey)p = f(R) 1y @ 1p,

for all h € H. @ is an (Hom(H, A),T)-bimodule: f-q-a = f#q#j(a), for
all f € Hom(H,A),q€ Q and a € A.

Ais a (T,Hom(H, A))-bimodule; the left T-action is given by left multipli-
cation, and the right Hom(H, A))-action is given by a - ¢ = ajgq(ap;). The
connecting maps

7! A®Homm,A) @ — T and p: Q ®7 A — Hom(H, A)
are given by the formulas

T(a® q) = apg(ap));

(g ® a) = q#j(a), that is u(g ® a)(h) = q(h)a.

It follows from Proposition 1.2 that 7 is surjective if and only if there exists
q € @ such that 1jgq(1};)) = 1. Theorem 1.4 takes the following form.

Theorem 2.6. Let H be a finitely generated projective weak bialgebra, and
A a right H-comodule algebra. Take a subring B of T = A“H. Then, with
notation as above, the following assertions are equivalent.

(1) e can is an isomorphism;
e A is faithfully flat as a left B-module.
(2) e *can is an isomorphism;
e A is a left B-progenerator.
(3) e B=T;
e the Morita context (B,Hom(H, A), A, Q, T, 1) is strict.
(4) e B=T;
e (F,G) is an equivalence of categories.

Proposition 2.7. Let H be a weak Hopf algebra. Then H is a weak H -
Galois extension of HH = HL.

Proof. Let us first show that H<H
hl( ) ( ) hence h = €(h1(1))
Conversely, if h € H*, then h =

HL. If h € HH then A(h) =
"(n

) €
= e(hl

R

\—/CH Il

( ) 50

A(h) = (hl(l))l(g) ® 13
= €(h1( ))1(2)1(1/) & 1(2/) = hl(l) ® 1(2),

hence h € HH,
Let us next show that can is invertible, with inverse

can” " (1(1) ® hlz) = 11)S(h)le) @t h)le).
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can”!(can(h ® k)) = can™" (hk(1) ® k2)) = hk)S(k@)) @ue k)
= hHL(k(l)) QpL k( 9) = h QgL - (k:(l))k
= h®gee(lmka)) ke =h @y (k);
can(canfl(l(l) & hl(g))) = can(l(l)S(h( )1(2) QpL h(2)1(3))
= 10Shwl@)he)le © helae

S (b
= 1olanelhylole)) @ he)ls)

= 1<1>1<1')€(h< )e(L2)L2)) ® h)le

= 1olaye(lgle)) ©@e(ha)le)hela

= 1(1)1(1/)6(1 )®6h1(3)) =1l ® hl(Q).

3. GROUPOID GRADINGS

Recall that a groupoid G is a category in which every morphism is an iso-
morphism. In this Section, we consider finite groupoids, i.e. groupoids with
a finite number of objects. The set of objects of G will be denoted by Gy,
and the set of morphisms by 1. The identity morphism on x € Gy will also
be denoted by z. For o : = — y in G1, we write

s(o) =z and t(o) =y,

respectively for the source and the target of o. For every x € G, G, = {0 €
G | s(o) =t(o) =z} is a group.
Let G be a groupoid, and k£ a commutative ring. The groupoid algebra is
the direct product

= @ kug,

oceGy
with multiplication defined by the formula

U L if t(7) = s(o);
7 0 if ¢(7) # s(o).

The unit element is 1 = ZmeGo uz. kG is a weak Hopf algebra, with comul-
tiplication, counit and antipode given by the formulas

Aug) = Uy @ Uy, £(ug) =1 and S(uy) = uy-1.

= Z Ugp X Uy

z€Go
We compute that ITX : kG — kG is given by the formula

HL(UU) = Z e(uzus) = Ut(a)s

z€Go

Using the formula
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hence
(kG = P kua.
z€GH

Let k be a commutative ring. A G-graded k-algebra is a k-algebra A together
with a direct sum decomposition

A= P 4,

o€t
such that
) poa Sl
and
(31) lae P A

z€Go

Proposition 3.1. Let G be a finite groupoid, and k a commutative ring.
We have an isomorphism between the categories of kG-comodule algebras
and G-graded k-algebras.

Proof. Let (A, p) be a kG-comodule algebra, and define p: A — A® kG by
A, ={ac A pla) =a®@us}.

From the fact that A ® kG is a free left A-module with basis {u, | o € G1},
it follows that A, N A, = {0} if o # 7.
For a € A, we can write

pla) = Z (s ® Ug.
oeGy
From the coassociativity of p, it follows that
S tar) = ¥ tr 0 ur e,
oeGy oceG1
hence p(ay)as ® ug, s0 ay € A, and
a= Z aye(uy) = Z s €sccy Ao
0eG1 oeG1

If a € A, and b € A;, then p(ab) = ab ® u,u,, and (30) follows.
(16) tells us that p(14) € A® (kG)F = D.cc, A ® uz, hence we can write

p(1a) = D 1o O,

z€Go

1,4:21366 @Ax.

z€Gy z€G

and
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Conversely, let A be a G-graded algebra. For a € A, let a, be the projec-
tion of A on A,. Then define p(a) = > 5, a5 ® us. (16) then follows
immediately from (31). O

Proposition 3.2. Let A be a G-graded algebra, and take x € Gg. Then
@oer Ay is a Gy-graded algebra, with unit 1. In particular, A, is a k-
algebra with unit 1,.

Proof. If a € Ay, with t(o) = z, then
a®o=pla)=p(laa) = Z lya ® uyu, = 14 ® o,
y€Go
hence a = 1za. In a similar way, we can prove that a = al, if s(a) = z. The

result then follows easily. O

Let A be a G-graded algebra. A G-graded right A-module is a right A-
module together with a direct sum decomposition

M = @ M,
oceGy
such that

=0 if t(7) # s(o).
A right A-linear map f: M — N between two G-graded right A-modules
is called graded if f(M,) C Ny, for all o € G;. The category of G-graded
right A-modules and graded A-linear maps is denoted by Mﬁ. The proof
of the next result is then similar to the proof of Proposition 3.1.

VAL {c M,, if t(r) = s(0);

Proposition 3.3. Let G be a groupoid, and A a G-graded algebra. Then
the categories Mg and Mf’;‘g are isomorphic.

If m € M,, with s(c) = z, then

p(m) =m® o= p(ml) = Z ml, ® or =ml,; ® o,
y€Go
hence ml, = m.

Let M € M§ = Mig. Then m € M*C if and only if

p(m) = Z Mme @ o = Z ml, ® x,

oc€Gy z€Go
if and only if m € @,cq, Mz We conclude that
(32) Mk = B M,.
z€Go

In particular,
T:Acosz — @ A,.

zeGo
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If N € Mr, then N = @, N, with N, = N1, € M,,. We have a pair
of adjoint functors

F=-0rA: Mpr— MG, G= () mM§ - My,
with unit and counit given by the formulas

vN: N— (N®r A)COkG, vn(n) = Z Ng Q7 1y
z€GH
Car: MFC @p A — M, Cv(m @7 a) = ma.
A G-graded k-algebra is called strongly graded if

A A = Agr if t(7) = s(0).

Proposition 3.4. Let A be a G-graded k-algebra. With notation as above,
vn: N — (N ®@r A)FC s bijective, for every N € M.

Proof. First observe that
(N®@r A)g =N @1 Ay = Nyo) @1 Ags

hence
(N @7 A = B (N @r A)y = @ No @r A,
z€Go x€Go
The map
f: (N®rp A)COkG — N, f(ng ® azy) = nga,

is the inverse of vy : it is obvious that f o vy = N. We also have that
(VN o f)(na: T aa:) = ngay Q1 1y = ng Q1 ay.

O

Let A be an algebra graded by a group G. It is a classical result from
graded ring theory (see e.g. [16]) that A is strongly graded if and only if
the categories of G-graded A-modules and Ai-modules are equivalent. This
is also equivalent to A being a kG-Galois extension of A.. We now present
the groupoid version of this result.

Theorem 3.5. Let G be a groupoid, and A a G-graded k-algebra. Then the
following assertions are equivalent.

(1) A is strongly graded;
(2) (F,QG) is a category equivalence;
233 (A kG, p(1) = > cq, €= ® ) is a Galois coring;

4) can: A®r A — A®kKG, can(a®b) =3 g ab, ®@ o is surjective.

Proof. 1) = 2). In view of Proposition 3.4, we only have to show that (/s is
bijective, for every graded A-module M.
Take m € M,, with s(¢) = z, t(¢) = y. Then oo~! = x, and there exist
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a; € Ay-1, a; € Ay such that ). aja; = 1,. We have that ma] € M,A,-1 C
M, C M*G and

CM(Z ma; ® a;) = Zmagai =m,
i i
and it follows that (as is surjective.

Take
m; = Z Mz € @Mz and ¢; € A.
z€Go z€Go
Assume

CM(Z mj 7 ¢j) = ijcj =0,
J J
and take o0 € G with s(0) =z and t(0) = y. Then

0= mjcj)o =Y mjcjo,
j j

hence
/ /
> My @7 Cjg = Y mj Or ¢joaia; == Y mjcjea; Or a; =0,
J %,J 1,J
and
g mj Q@ ¢j = E E m; @t ¢jo =0,
i ocGy j

and it follows that (s is injective.

2) = 3) follows from the observation made before Theorem 1.1 (see [8, Prop.
3.1]).

3) = 4) is trivial.

4) = 1). Take o,7 € G1 such that s(o) = t(7), and ¢ € A,,. Since can is
surjective, there exist homgeneous a;, b; € A such that

can(z a; ® bl) = Z aibj X deg(b]) =cQT.

1,J

On the left hand side, we can delete all the terms for which deg(b;) # 7. So
we find

Zaibj®T:c®T,

i,
and

E aibj = C.
i?j

On the left hand side, we can now delete all terms of degree different from
oT, since the degree of the right hand side is 7. This means that we can
delete all terms for which deg(a;) # 0. So we find that >, ; a;b; = ¢, with
deg(a;) = o, and deg(b;) = 7, and A, A; = Ayr. O
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4. GROUPOID ACTIONS

Let G be a groupoid, as in Section 3, with the additional assumption that
G is finite. Then kG is free of finite rank as a k-module, hence Gk = (kG)*

is also a weak Hopf algebra. As a k-module,

Gk = &P kv,

oeGy
with
(Vg, T) = 0.7
The algebra structure is given by the formulas
VoUr = 50,7”00’ ) 1= Z Vo,
oceGh

and the coalgebra structure is

Av,) = Z vy ® vpho = Z Vr @ Vp—1g,

Tp=0 t(r)=t(o)
(X artr) = X o
oeGy z€Go

The antipode is given by S(vy) = v,-1. Observe that
A(l) = 1(1) X 1(2) = Z Vr X V-
t(p)=s(o)

Let A be a right Gk-comodule algebra. Then A is a left kG-module algebra,
with left kG-action given by

o-a=(ap),o)a)-
The Gk-coaction p can be recovered from the action, using the formula
(33) pla) = Z o-a® v,.
ogeGy

In [9, Prop. 4.15], equivalent definitions of an H-module algebra are given.
If we apply them in the case where H = kG, we find that a k-algebra with
a left kG-module structure is a left kG-module algebra if

(34) o-(ab) = (o -a)(o-b).

for all ¢ € G; and a,b € A, and the following equivalent conditions are
satisfied.

(35) o-1ly=1t(o) 14
(36) a(o-14)=t(o)-a
(37) (0-14)a=1t(0) a

We will call A a left G-module algebra.
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Proposition 4.1. Let A be a left G-module algebra. Then {z-14 | x € Gy}
is a set of central orthogonal idempotents in A. Hence we can write

i- @ a
zeGo
where Ay = (0 - 14)A = (t(0) - 14) = Ayp)-
Proof. 1t follows from (33), with a = b = 14 and ¢ = z, that = - 14 is

idempotent. From (36) and (37), it follows that = - 14 is central. If x # y €
Gy, then we find, using (36), that (z-14)(y-1a) =y-(x-14) =yx-14 =0.

Finally

Z x-lA:(Z x)-1lg=1gg 14 = 14.

zeGo z€Go
Observe also that 0-a = (0-a)(c-14) € A,. O
We have

A®Gk= P Av,.
ceGy
Let us compute the projection

g: @ Av, — @ Av,
oeGq ceGy
introduced in Section 2.
g(avy) = Z a(T-14) @ vsvr = alo - 14) ® v,.
T€G

We have seen in Lemma 2.1 that we have an A-coring

C=Im(g) = @ Asvg.

ceGy

The right A-module structure is given by the formula
((o-14)vg)a = (0 a)v,.

Now assume that M € MC, or, equivalently, M € Mgk (see Proposi-
tion 2.2). Then M is a right A-module, and also a right Gk-comodule, and
a fortiori a left kG-module. Condition (22) is then equivalent to

Y o-(ma)@ve= > (o-m)(1-a)®@vevr= Y _ (0-m)(0-a)® v,

oeGy o,7€G1 oceGy
or
(38) o - (ma) = (o~ m)(c - a),

forall o € G1, m € M and a € A. We will also say that G acts as a groupoid
of right A-semilinear automorphisms on M. Now m € MY = M°C if and
only if
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equals

ml[O] X 1[1] = Z m(a . 1A) & Vg,
ceGy

hence

MY ={meM|o-m=m(c-1,), forall ¢ € G1}.
In particular,

T=A%={acA|o-a=t(0)-a, forall o € Gy}.
Let B — T be a ring morphism. Let us compute

can: AR A — @ Ay,
ceGy

can(a®b) = Y (a(o-14)®vy)b
ceGy

= Y a(c-1a)(c-b) @ v,

ceGy

= Z a(o - b) ® v,

ceGh

Our next goal is to compute
*C = Hom(Gk, A) = {f: Gk — A | Ljof(v-1py) = f(vy), forall 7 € G1}.

Proposition 4.2. Let G be finite groupoid, and A a G-module algebra.
Then

Hom(Gk, A) = GB Us Ao,
ceGy

as a right A-modules. The left A-module structure on Hom(Gk, A) is given
by the formula

(39) auy(o-14) = uy(o - a),

and the multiplication is given by

(40) Us#Ur = Usrg,

where we denoted U, = uy(0o - 14). The unit element of Hom(Gk, A) is
> U
z€Go

Proof. Observe that Hom(Gk, A) = (Gk)* ® A = kG ® A, so that every
f: Gk — A can be written as

[ = Z UgOq

ceGy
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with a, = f(vs). Uy is then the projection onto the component v, of Gk.
We find that f € Hom(Gk, A) if and only if f(v;) = ar equals

Lopf(vrlp) = > (0 1a)f(0rv6) = (7 1a)ar,
ceGy

or, equivalently, a, € A,, for every 7 € G1. Write U, = u,(0 - 14), then we
have
Hom(Gk, A) = @ U,A= P U, As.

oeGq ceGy
Observe that Uy (v;) = (0 - 14)d0.+
The left A-action on Hom(Gk, A) is computed using (28). We compute

(aUy)(vr) = a[O]UU(vTa[l]) = Z (A a)Uy(vrvy)

AEGT
= (1-a)Uys(vy) = (17-a)(0-14)007,
hence (aU,)(v,) =0if 0 # 7. If 0 = 7, then
(aUs)(vo) = (0 -a)(o - 14) = (0 a) = (Us(0 - a))(v5),

and we conclude that

aU, = Uy (o - a).
Using (26), we compute
(Us#U:)( Z Us () j0)Ur (v f () 1)
pur=A>A
= Z Z p-((0-14)06.)Ur(vuv,)
pEGT pr=X
= D (o 14)800) (7 14)07 -
BUU=A
If To # A, then (U,#U;)(vy) = 0.
If 7o = A, then
(Uo#Ur)(0x) = (7 (0-14))(7 - 1a) = (70 - 14)(7 - 14)

(t(ro) - 1a)((T) - 1a) = (t(70) - 1a)(t(T0) - 14)
= t(r )-1A=<TU)~1A:U7—U(U)\),
and we conclude that U,#U, = U,,. O

Recall that a ring morphism A — R is called Frobenius if there exists an
A-bimodule map 7 : R — Aande =e' ®4€2 € R4 R (summation
implicitly understood) such that

(41) rel @4 e =et @y
for all r € R, and
(42) v(eh)e? = elv(e?) = 1.
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This is equivalent to the restrictions of scalars M — M 4 being a Frobenius
functor, which means that its left and right adjoints are isomorphic (see [11,
Sec. 3.1 and 3.2]). (e, 7) is then called a Frobenius system.

Proposition 4.3. Let G be finite groupoid, and A a G-module algebra.
Then the ring morphism A — Hom(Gk, A) = *C is Frobenius.

Proof. The Frobenius system is the following:
e= > U180 Us;

oeGy
7( Z Yus(o-14)as) = Z (x-14)ay
ceGy z€Go
For all a € A, we have that
ac = Y Upa(o-a)@U,= Y Uy10Us((o07")-a)
oceGy oceGq
- Z 1 @ Uy ( Z -1 Q@ Uy(0-14)a = ea;

geGy geGy

and

7(a Y Jus(o-1a)ag) =7( Y Jus(o - a)ay)

oceGh ceGy
= Y =Y ole Lo
z€Go z€Go
= av( ) Jus(o-1a)a),
ceGy

and it follows that 7 is left A-linear. It is clear that 7 is right A-linear.
Finally,

v(eh)e? = Z (- 1a)ugp(z-14)

z€GH
= z:(:L‘-lA)ugE(:):2 (x-14) = ZUx—l
z€Go z€Go
In a similar way, we show that e'7(e?) = 1. O

Using (27), we compute the map *can : Hom(H, A) — gEnd(A):
*can(Usyay)(b) = (0 - b)ag.

Let us now compute the module @ (see (29)). From [12, Theorem 2.7], it
follows that @) and A are isomorphic as abelian groups. This will follow from
our computations.

Proposition 4.4. Let G be finite groupoid, and A a G-module algebra.

Then
Q={> usloc-a)|ac A}

ceGh
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Proof. Take f =3 cq, Usas € Hom(H, A). Then f € @ if and only if (29)
is satisfied. Take h = v; in (29). The right hand side of (29) is

Z ar(p-14)®@v, = Z (p-1a)ar @ vy,.

neGy neGy
The left hand side of (29) is

S S p Wete) @) @ v, = > ity S vy

oc€Gy =T peGy Pv=T
It follows that f € @ if and only if
(43) ST 1) @u =Y pra,®u,,
neGy UV=T

for all 7 € G1. Assume that f € @, and take the v, component of (43).
Then v = s(7) and
(44) (7-1a)ar = aT =T - ayq).
This means that f is completely determined by
a= > a,eA= (P A,
z€Go z€Go

Conversely, take a € A, let ay = a(z - 14) € A, and define a, using (44).
Then

(t-1a)ar = (1-14)(7- aS(T)) =71-(1as(7))ar,
so ar € A,, as needed. Also observe that
ar =71-a(s(t)-14)) = (7-a)((rs(7)) - 1a) =(7-a)(7-14) =T - a.
We then claim that
F=Y Usas €Q.

oceGh
Take 0,7 € Gy with (o) # t(7). Then for all a € A, we have
(0-14)(7-1a)a = (0-14)(t(T) - a) = (t(o)t(T)) -a = 0.
It follows that the left hand side of (43) amounts to
Z (1-14)ar @v, = Z ar @ vy.
t(p)=t(7) t(p)=t(r)
The right hand side of (43) is

Z Mo Gy—1r Q Uy
t(p)=t(7)
If t(pu) = t(7), then

H-ay-17 = K- ((HilT) CQs(plr) = T Qg(r) = Qr,

and (43) follows. Hence f € Q. O
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We have seen in Section 2 that @ is a (Hom(Gk, A),T)-bimodule. Using
Proposition 4.4, we can transport this bimodule structure to A. We find the
following bimodule structure on A:

( Z Usby) -a-u= Z 1. (bra)u.
T7€Gy T7€Gy
A is also a (T, Hom(Gk, A))-bimodule. The structure is
uoao(z Usbr) = Z u(T - a)br.
7€G1 TG

We have a Morita context (7,Hom(Gk, A), A,Q, T, ), and, a fortiori, a
Morita context (7', Hom(Gk, A), A, A, 7, n). The connecting maps

7: A®Hom(ak,a) A — T and p: A®r A — Hom(Gk, A)

are given by the formulas

T(b®a) = Z o - (ba);

It follows from Proposition 1.2 that 7 is surjective if and only if there exists
a € A such that } , o-a=1. Theorem 2.6 takes the following form.

Theorem 4.5. Let G be a finite groupoid, and A a G-module algebra. Take a
subring B of T = AY. Then, with notation as above, the following assertions
are equivalent.

(1) e can is an isomorphism;
e A is faithfully flat as a left B-module.
(2) e *can is an isomorphism;
e A is a left B-progenerator.
(3) e B=T;
e the Morita context (B,Hom(Gk, A), A, A, T, ) is strict.
(4) e B=T;
[ ]

(F,G) is an equivalence of categories.
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