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Abstract

Let H be a finite dimensional quasi-Hopf algebra over a flelshd2( a right H-comodule al-
gebra. We introduce the category of two-sided Hopf modules, and prove that it is isomorphic to a
module category. We also show that two-sided Hopf modules are coalgebra over a certain comonad.
We introduce Doi-Hopf modules, and show that they are comodules over a certain coring. If the
underlyingH-module coalgebra is finite dimensional, then Doi-Hopf modules are modules over a
certain smash products. A similar result holds for two-sided two-cosided Hopf modules.

Introduction

Quasi-bialgebras and quasi-Hopf algebras were introduced by Drinfeld [17] in connection with the
Knizhnik-Zamolodchikov equations [21]. L&tbe a fieldH an associative algebraand H - H®H

ande : H — ktwo algebra morphisms. Roughly speakihbis a quasi-bialgebra if the categqiyM of

left H-modules, equipped with the tensor product of vector spaces endowed with the didgmoalule
structure given vid, and with unit objeck viewed as a lefH-module viag, is a monoidal category. The
comultiplicationA is not coassociative but only quasi-coassociative, in the sense that it is coassociative
up to conjugation by an invertible elemettte H ® H ® H. Moreover,H is a quasi-Hopf algebra if

and only if each finite dimensional left-module has a dudl-module. Note that the definition of a
guasi-bialgebra is not self dual.

From an algebraic point of view, quasi-bialgebras and quasi-Hopf algebras appear naturally. They can be
obtained by twisting the comultiplication on a bialgebtdy an invertible elemeri € H ® H satisfying
(e®id)(F) = (d®¢g)(F) = 1: a new comultiplicatiod makingH a quasi-bialgebra is given by

Ar(h) = FA(h)F~1. Another important example is the Dijkgraaf-Pasquier-Roche quasi-Hopf algebra
D®(G), whereG is a finite group andv a normalized 3-cocycle. The representation®&fG) are
important in physics (see [13]). Altschuler and Coste [3] used them to construct invariants for knots,
links and 3-manifolds. In [8], this construction was generalized to finite dimensional cocommutative
Hopf algebras, and an even more general construction is the quantum Bgtb)lef a finite dimensional
guasi-Hopf algebra, see [23], [18], [19]. Albuquerque and Majid [1] showed recently that the octonions
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are a twisting of the group algebra @§ x Z, x Z, in the monoidal category of representations of a
guasi-Hopf algebra associated to a group 3-cocycle. In particular, they shown that the octonions are
guasi-algebras associative up to a 3-cocycle isomorphism. They provide new quasi-associative algebras
beyond the octonions and also introduce a suitable quasi-Hopf algebra of “authomorphisms” associated
to any quasi-algebra of the type presented above. More examples of quasi-algebras, where the non-
associativity constraint is induced byZa-grading and a nontrivial 3-cocycle, were given in [2].

LetH be a bialgebrad andH-comodule algebra ar@anH-module coalgebra. We can consider several
types of modules, such as modules, comodules, (relative) Hopf modules, Long dimodules and Yetter-
Drinfeld modules. Doi [15] and Koppinen [22] introduced Doi-Hopf modules, and it turned out that they
generalize and unify all the types of modules mentioned above. Basically, we obtain the definition of a
Doi-Hopf module, by combining the definitions of a relatie H)-module and its dual notion, a relative
[H,C]-module: a(H,A,C)-module is &-linear space together with gaction and &-coaction satis-

fying an appropriate compatibility relation. We recover the two types of relative Hopf modules taking
respectivelyC = H and A = H. At the end of last century, Takeuchi [30] observed thatC is in a
canonical way a\-coring, and that Doi-Hopf modules are nothing else then comodules over the coring
A®C. This observation was the reason for a revived interest in corings and comodules (see for example
[5]); actually corings were considered already by Sweedler in 1965 [28], but then forgotten by Hopf
algebra theorists.

The aim of this paper is to introduce the quasi-bialgebraic versions of these categories, including inter-
pretations in terms of monoidal categories, and to give duality Theorems in the finite dimensional case.
The conceptual problem that arises comes from the fact that the definition of a quasi-bi&igsbrat
self-dual: an immediate consequence is that we cannot cor$idemodules, because a quasi-bialgebra

is not coassociatived-module (co)algebras can be introduced as (co)algebras in the monoidal category
of H-modules, but we cannot introdutkcomodule algebras as algebras in the category of comodules.
A formal definition ofH-comodule algebras was given by Hausser and Nill [18]; we propose the follow-
ing interpretation: iH is a bialgebra, anfl is a rightH-comodule algebra, thelt @ H is an®l-coring,

which means that it is a coalgebra in the categorfldiimodules. The quasi-bialgebra analog of this
property is the following: leH be a quasi-bialgebra, aftan algebra. Then the category(@f@ H,2()-
bimodules is monoidal. Bl is a rightH-comodule algebra in the sense of [18], tfeR H is a coalgebra

in the categoryn My. This coalgebra induces a comonad, and the two-sided Hopf modules that are
introduced in Section 3.1 are precisely the coalgebras over this comonad. This will be discussed in detail
in Section 3.3.

Given a finite dimensional quasi-bialgeliaand a rightH-comodule algebr&l, we can introduce the
quasi-smash produé #H*, which reduces to the usual smash product in the situation whesea
bialgebra2( #H* is then a leftH-module algebra, and we can consider the cate@égﬁ% " of relative

Hopf modules (see Section 2). In Section 3, we introduce the categm;;’ of two-sided(H,2l)-Hopf
modules; the main result of Section 3 is Theorem 3.5, stating that these two categories are isomorphic if
H is a quasi-Hopf algebra. This generalizes [12, Proposition 2.3]. Appying results from [6], we find that
the categorW\/[;% e is isomorphic to the category of right modules over the smash product algebra (in

the sense of [9]) o2l #H* andH. In the case wher® = H, we recover a result of Nill announced in
[20] stating thaty Mt is isomorphic to the category of right modules over the two-sided crossed product
H > H* < H. In Section 4, we will prove that the two-sided crossed product constructed in [18] is in
fact a generalized smash product. As a consequéhicéH*)#H is just the two-sided crossed product

H >aH* < H (as an algebra).



The second part of this paper is devoted to the study of the category of two-sided two-cosided Hopf
modules§ MH. HereC is a coalgebra in the monoidal category (6f,H)-bimodulesy M (i.e. an
H-bimodule coalgebra), anél is anH-bicomodule algebra in the sense of [18]. Roughly speaking, an
object in§ MIQ is a two-sidedH, A)-Hopf module which is also an “almost” lefi-comodule such that

the left C-coaction is compatible with the other structure maps. In Section 5 we will show tRat if
andH are finite dimensional theﬁﬂvfj'&4 is isomorphic to a category of right modules. To this end we
will describe first§ M as a category of Doi-Hopf modules. B is a leftH-comodule algebra and

is a rightH-module coalgebra then the category of right-leéft 28, C)-Doi-Hopf modules® M (H) g is

a straightforward generalization of the category of relative Hopf modtfls. WhenC is finite di-
mensional® M (H)y is isomorphic to the category of right modules over the generalized smash product
C'»<B. We also have an interpretation in terms of monoidal categofs:C is a coring, and the
Doi-Hopf modules are comodules over this coring. Now, returning to the catggfy, if H is finite
dimensional then we will show tha@t\ #H*)#H is a leftH @ H°P-comodule algebra (here “op” means

the opposite multiplication o) so, it makes sense to consider the category of Doi-Hopf modules
CMH HOp)(AﬁH*)#H' The main result states thigtM" is isomorphic td" M (H ® Hop)(AﬁH*)#H’

generalizing [4, Proposition 2.3]. In particular,Gfis finite dimensional, theﬁ ME is isomorphic to

the category of right modules over the generalized smash pratiacE*»< ((A #H*)#H). In the Hopf

case, the left-handed version of this result was first obtained by Cibils and Rosso [11]. More precisely,
they define an algebrd having the property that the categdtyMt!” is isomorphic to the category of

left X-modules. Recently, Panaite [25] introduced two other algebeasdZ with the same property as

X.'Y is the two-sided crossed produdt#(H @ HP)#H*°P andZ is the diagonal crossed product (in the
sense of [18]YH* ® H*°P) x (H @ HP).

1 Preliminary results

Quasi-Hopf algebras

We work over a fielk. All algebras, linear spaces etc. will be okeunadorned® meansy. Following
Drinfeld [17], a quasi-bialgebra is a fourtugllel, A, €, ®) whereH is an associative algebra with ur,

is an invertible element il @ H @ H, andA: H — H®H ande: H — k are algebra homomorphisms
satisfying the identities

(id @A) (A(h)) = d(A®id)(Ah)) DL (1.1)
(id®e)(Ah)) =h, (e®id)(A(h))=h, (1.2)
for all h e H, and® has to be a hormalized 3-cocycle, in the sense that
(1ed)(dAxid)(P)(P®1) = (dxid®A)(P)(Axid®id) (D), (1.3)
(deexid)(P) =1 1. (1.4)

The mapA is called the coproduct or the comultiplicatianthe counit andb the reassociator. We use
the Sweedler-Heyneman notatiath) = 3 h; ® hy. SinceA is only quasi-coassociative we will write

Aid)(@Ah) =Y hay®hay®hy, (idoA)(A(h) =Y h@hzy®hes),

for all h € H. We will denote the tensor componentsiby capital letters, and the ones®f* by small
letters, namely

o=y X'aX?eX=FTaT?aT = VievieVvi=...
o l=Sxextex=Ytottett=Yvievov =
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H is called a quasi-Hopf algebra if, moreover, there exists an anti-automor@uosthe algebrad and
elements, 3 € H such that, for alh € H, we have:

Z S(hy)ah; =g(h)a  and Z hiBS(hz) = g(h)B, (1.5)
Y XPBS(XHax®=1 and Y SxHax’pS(’) = 1. (1.6)

For a quasi-Hopf algebra the antipode is determined uniquely up to a transformatioba, 3 —

BU L, S(h) — US(h)U~1, whereU € H is invertible. The axioms for a quasi-Hopf algebra imply that
€oS=c¢ ande(a)e(B) =1, so, by rescalingt and 3, we may assume without loss of generality that
g(a) =¢(B) = 1. The identities (1.2), (1.3) and (1.4) also imply that

(e®id®id)(P) = (id@id @ &)(P) = 1o 1. (1.7)

Recall that the definition of a quasi-Hopf algebra is “twist coinvariant” in the following sense. An
invertible elemenE € H ® H is called agauge transformation or twist if (¢®id)(F) = (id®¢€)(F)=1.

If H is a quasi-Hopf algebra arl= Y F1® F2 € H @ H is a gauge transformation with inverBe! =
ZGl® G?, then we can define a new quasi-Hopf algeldgaby keeping the multiplication, unit, counit
and antipode oH and replacing the comultiplication, reassociator and the elenueatsi 3 by

Ar (h) = FA(h)F 1, (1.8)
P = (1@F)(id ®A)( )P(Awid)(FH(F1el), (1.9)
aF = 5 S(GHaG?, Br = F'BS(F?). (1.10)

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism. For a quasi-Hopf
algebra, we have the following statement: there exists a gauge transforrhatish® H such that

fasth) =73 (s@9)(@a®(h), forallheH, (1.12)

whereA°P(h) = ¥ h, ® hy. f can be computed explicitly. First set

AN oA oAt = (1o @ 1) (id®id ©4)(P), (1.12)
Y BloB? @B @B = (Axid@id)(®) (¢ @ 1) (1.13)
and then defing,0 € H ® H by
y=73 S(A*)aA’ o S(AT)aA* and 5= B'BS(B*) @ B*BS(B). (1.14)
f and f 1 are then given by the formulas
f= S (S@9A%®x)yapps)), (1.15)
fh = S AKX ax?)8(S® 9)(A%P(x%)). (1.16)

f satisfies the following relations:
fA(a) =y, AB)F1=2a. (1.17)
Furthermore the corresponding twisted reassociator (see (1.9)) is given by
®r =3 (SS9 (X aX*@Xh), (1.18)
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In a Hopf algebrad, we obviously have the identity
Zh1®h28(h3) =h®1, forallheH.

We will need the generalization of this formula to the quasi-Hopf algebra setting. Following [18, 19], we
define

Pr= PROPR= 3 X' @xX*BS(C), r= gr@g= X*@S(ax®)X?  (119)
p=Splep =YX st X eX® a=Ydoq =Y st  (1.20)
For allh € H, we then have

> Ah)prl@ S(he)] = prih@ 1], 5 [1©S H(hg)JarA(hy) = (h® 1)gr, (1.21)
SAM)pS M) @1 = pLdeh), TSy olasthy) = (1eha,  (1.22)
and
Y A(GR)PRILOS(GR)] =101, Y [10S H(PR)RA(PR) = 1®1, (1.23)
Yisiph)eladp) =101, Y AQ)p[S o) ®l] =101, (1.24)
(GrR®1)(A®id)(gR)®
= YestX®)es(X?)1es (f) s H(fh)](id@a)(grAXY), (1.25)
P(A®id)(pr)(Pr®id)

= Y(dea)ax)pr)le ) (1eSKe) 8Hd), (1.26)

wheref =5 f1® f2 s the twist defined in (1.15).

The smash product

Suppose thaiH, A, g, ®) is a quasi-bialgebra. U,V,W are left (right)H-modules, definey vw, au vw :
UaV)eW —-U® (VeoW) by

agvw((URV)@w) = (U® (Ve Ww)),
auvw((URV)@W) = (U® (Ve w)) - ® 1

Then the category M (My) of left (right) H-modules becomes a monoidal category (see [21, 24] for
the terminology) with tensor produet given viaA, associativity constrainty vw (au vw), unitk as a
trivial H-module and the usual left and right unit constraints.

Now, letH be a quasi-bialgebra. We say thak-aector spacé\ is a left H-module algebra if it is an
algebra in the monoidal categog, that is,A has a multiplication and a usual unit $atisfying the
following conditions:

(ad)a’ =y (X*-a)[(x?-&)(X3-a")], (1.27)
h-(ad) =S (h-a)(h- &), (1.28)
h- 1a= E(h)lA, (1.29)

for all a,a’,a” € Aandh € H, whereh® a— h-ais theH-module structure oA. Following [9], we
define the smash produdtH as follows: as a vector spaééH is AQ H (a® h viewed as an element
of A#H will be written a#h) with multiplication given by

(a#th) (a#h') = Y (x*-a)(hy - a)#chah, (1.30)
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for all a,a@ € A, h,h" € H. A#H is an associative algebra and it is defined by a universal property (as
Heyneman and Sweedler did for Hopf algebras, see [9]). It is easy to sde ihat subalgebra of#H
viah— 1#h, Ais ak-subspace of#H via a+— a#1 and the following relations hold:

(ath) (1) = ahf, (1#h)(a#t') = hy - athph, (1.31)

forallac A, h,h e H.

We will also need the notion riglti-module coalgebra. This is a coalgekran the monoidal category
of right modules over a quasi-bialgebira This means tha€ is a right H-module together with a
comultiplicationA : C — C®C and a counit : C — k, satisfying the following relations

(A®idc)(A(c))® ! = (idc®A)(A(c) YceC, (1.32)
Q(c-h):ch.m@cz-hg VceC,heH, (1.33)
g(c-h)=¢g(c)e(h) VceC,heH, (1.34)

where we used the Sweedler-type notation

A(C) =c1®Cz, (A®idc)(A(C)) = C11)®Caz ®Cz etc.

2 The quasi-smash product

The category oH-modules is monoidal, and at-module (co)algebra is a (co)algebra in this category.
This categorical definition cannot be used to introddeeomodule algebras, since we do not haie
comodules. Hausser and Nill [18] gave a purely algebraic definition éf-aomodule algebra. We will
show in Section 3.3 how their definition can be justified from a categorical point of view.

Definition 2.1 [18] Let H be a quasi-bialgebra. A unital associative alge®ais called a right H-
comodule algebra if there exists an algebra morphsol — A @ H and an invertible elemer®, €
2A®H ®H such that

®o(p@id)(p(a)) = (id @A) (p(a))Pp, forallac A, (2.1)
(19 ® ®)(id 9 A®id)(Pp) (Pp @ 1) = (id ®id © A) (D) (p@id @id)(Dp), (2.2)
(id@e)op=id, (2.3)
(id ©e®id)(Pp) = 1o @ 1. (2.4)

Similarly, a unital associative algebr® is called a left H-comodule algebra if there exists an algebra
morphismA : 98 — H ® 9B and an invertible elemen®, € H® H ® B such that the following relations
hold

(id@A)(A(b)) Py = Dy (Aid)(A(b)), forall b€ B, (2.5)
(1p @ D) (id @ ARid)(B)) (PR 1) = (id ®id @A) (P (Aid ®id)(Py),  (2.6)
(e®id) oA =id, 2.7)
(id @e®id)(Py) = 1y ® Las. (2.8)

We notice that, whel®(, p, ®,) is a rightH-comodule algebra we also have
(did®e)(Pp) = 1y ® 14.
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Similarly, if (B,A,®,) is a leftH-comodule algebra then
(e®id®id)(P)) = 14 @ 1y.

WhenH is a quasi-bialgebra, particular examples of left and rightomodule algebras are given by
A=B=Handp=A=A4, O, =D\ =,
For a rightH-comodule algebré&, p, ®,) we will denote

a) = z aco> ®ac1s, (P®id)(p(a)) = z 0<0,0> ®a01> ®ac1> €.
for anya € . Similarly, for a leftH-comodule algebr&3, A, ®, ), if b € 9B then we will denote

Zb | @b, (iId®@A)(A(b)) = Zb[fl]®b[0,fl]®b[o7o] etc.

In analogy with the notation for the reassociatoof H, we will write

=Y XaXleXd =Y eel=ec

and
o= Z>~<é®>?§®>”<,§ = 237%@)7,%@)73 = etc

A similar notation is used for the elemehj of a leftH-comodule algebr@. If no confusion is possible,
we will omit the subscriptp or A in the tensor components of tldg,, @, qagl and@;l.
Recall that, ifH is an algebra, theR* is an(H,H )-bimodule, with left and right action given by —
¢ — W,h") = (¢,Wh"h), for all h,h';h” € H and¢ € H*. If H is finite dimensional, thei* is a
coalgebra.
Now letH be a bialgebra an?l be a rightH-comodule algebra. Then we can consider the smash product
A#H*, with multiplication

(attd) (a#Y) = zad<0>#L —a ).
We will now generalize this construction to quasi-bialgebras. In this situation, the convolution product
onH* is not associative, but only quasi-associative, namely

PRjE =3 (X* =0 —xH[(XZ = g =x)(X* =g X)), forallp.p.geH"  (2.9)
In addition, for allh € H and¢, Y € H* we have that
h— (W) =3 (i —0)(he—~ ) and (p) —h=TF (@ h)W~hy).  (210)

In other wordsH* is an algebra in the monoidal category(bf, H )-bimodulesy M. Let (2, p, ®,) be
a rightH-comodule algebra. We define a multiplication® H* by

(a£¢)(ﬂ'ﬁ¢ Zaa<0> l#(¢;a<l> X) (W /_Xs) (2.11)

for all a,a’ € A and¢,P € H*, where we writea#¢ for a®@ ¢, p(a) = Y acgo> ® ac1s, anddb‘;1 =
s ®% ®%3. We denote this structure ah®@ H* by A#H*. In the next Proposition, we prove that
A #H* is an algebra in the category of léft-modules, and this is why we call # H* the quasi-smash
product.

Proposition 2.2 Let H be a quasi-bialgebra an@, p, ®,) a right H-comodule algebra. The #H*
is an H-module algebra with unity # & and with left H-action given by

h-(a#¢)=a#h—0¢ (2.12)
forallheH, acAandd € H*.



Proof. SinceH* is a leftH-module via the action~, it is easy to see th& #H* is a leftH-module via
the action (2.12). Now, we will prove that#H* is an algebra in M with unit 1y #¢€. Indeed, for all
a,a,a” €A andd,P,x € H*

Xt (a#§){X3 (" #Y)IXE- (a” #X)]}
= S (EXE )@ X ) (o B~ X))
= Z(aﬁxl — ) [aalg. K # (X2 = P a1 ) (X2 = x = 1))
(2100 = 3 aalg.algp.X Ko EX =0 —d g 0’0 80 F)
(X2 = = a9 (X3 = X — £5)]
(2'97 2'2) = Z aa’<0> Cl<0 0>)h<1y1 # [(CI) - Cl/<1> a’;071>)?2}7%)(q) — a/41>)?3}7%)]
(X =¥
(2-17 2~10> = z aa/<0>)?1a20>)71 ﬁ {[(q) — a/<1>)?2)<'~l'| — Cl<1>y2} X y3
= Z[aa’<0>>?1 #(§— a1 %) (W — )] (a #X)
= [(a#¢)(a" #Y)(a" #X).

It is not hard to see thatyl# ¢ is the unit of A #H* and thath- (1o #¢€) = €(h)1y #¢ for all h € H.
Finally, forallhe H, a,a’ € 2t and¢, Y € H*, we calculate:

S ths- (@0 (o #0)] = 5 (o Fhy — 6)(a' By — )
g R E (b g D)y D)
(2.10) Z aa<0>X #h—[(¢ —a . X )( - X3)]
(212) = 1 [(@B)(d F)]

0

(H,A, @) is a rightH-comodule algebra, so it makes sense to consider the quasi-smash pidtidct

In this case wherél is a Hopf algebraH#H* is called the Heisenberg double ldf and we will keep

the same terminology for quasi-Hopf algebras(H) = H #H* is not an associative algebra but it is an
algebra in the monoidal categagy . If H is a finite dimensional Hopf algebra théf(H) is isomorphic

to the algebra EndH). In order to prove a similar result for a finite dimensional quasi-Hopf algebra, we
first have to deform the algebra structure of [ikt)).

Proposition 2.3 Let H be a finite dimensional quasi-Hopf algebra. Define
Wi H#H - Enc(H), ph#o)(W) =Y o(hopf)hiypl

forallh, ¢ Hand$ e H*, where p =% pi ® p? is the element defined by (1.20). Then p is a bijection,
and therefore there exists a unique H-module algebra structuférai(H) such that p becomes an H-
module algebra isomorphism. The multiplication, the unit and the H-module structémedofH ) are
given by

(Uov)(h) = u(v(hX3 31(5(x1x yax?X3))s-1(x1) (2.13)
Lengqry(h) =hSH(B) 5 (h-u)(K) = u(h'hz)S*(hy) (2.14)

for allu,ve End(H) and hh' e H.



Proof. Let {& };_1 be a basis oH and{ei}i:ﬁ the corresponding dual basisldf. We claim that the
inverse ofuis u=!: End(H) — H #H* given by
Zqu )2)S *(ai(e)1) #€

for all u € Endk(H), whereq. = 5 o ® ¢? is the element defined by (1.20). Indeed, for éiny H and
¢ € H* we have:

(W top)(h#¢) = Zuh#d» &)2)S (gl (e)1) #€
= Zcb 02)2(&) 22 PE)N(G)1(8) 21) PES L (ot (&)1) # €

(122) = _Zl¢((qL)sza)h(qL)1p%S“ HCRET

(1.24) = Zlcp(e,)hﬁei —h#¢

and, in a similar way, fou € End(H) andh € H we have that(uo p1)(u)(h) = u(h). Using the
bijection, we transport théi-module algebra structure frobh#H* to End(H). First we compute the
transported multiplication: for all u,v € End((H), we find

By = 3 HE W (V)
=Y W(u(G(@)2)S (gt (e)r) FE)(MQR(e)2)SH(QL(e)1) Fe)))

i,]=1
(211 = i )2)S (AL (&) 1) [V(QE (&))2)S H(QL(ey)1)]ax
# (¢

— M(QE(e))2)S QL (€))1)]2X) (&) = X))
wherey Qf ® Q? is another copy ofj_. Note that (1.3) and (1.20) imply
S Sihaxg@ g X = 3 gl X! @ (af)1X? @ (af)2X>. (2.15)
Using the above arguments, a long but straightforward computation shows that
(Uov)(h) = 3 u(v(hX3) S HS(XIXZ)andX$)) S H(X?),

for all h € H. Thus, we have obtained (2.13). Similar computations show that the tranported unit and the
H-action on Engd(H) are given by (2.14). O

Remarks 2.4 LetH be a finite dimensional quasi-Hopf algebfa,};_15 a basis oH and{ei}izﬁ the
corresponding dual basis bif*. ’

1) The bijectionu defined in Proposition 2.3 induces an associative algebra structure drvéwtor
spaceH @ H*: it suffices to transport the composition on kfd) toH @ H*.

2) Let (A, p, P,) be a rightH-comodule algebra. As in the Hopf case, it is possible to associate different
(quasi)smash products2b Observe first that the map 2 #H* — Homy(H,2() given byv(a #¢)(h) =
d(h)a, foralla e, ¢ € H* andh € H, is ak-linear isomorphism. The inversewfs given by the formula



for w € Homg(H,2(). Secondly, by transporting the quasi-smash algebra structure Frérl* to
Homy(H, ) via the isomorphisnv, we obtain that Hog(H,2l) is anH-module algebra. So, i is
an arbitrary quasi-Hopf algebra arfid, p, ®,) is a rightH-comodule algebra, then we can define the
quasi-smash product (H,2!) as follows: # (H,2l) is thek-vector space HogiH,2() with multiplica-
tion given by

(vew)(h) = 3 V(W(Rhg) <15 hy)W(Fhg) <0 X (2.16)

forvw e #(H,) andh € H. The unit is lﬁ(H m)(h) = g(h)1y and theH-module structure is given

by (h-v)(K) = v(h'h), h,i € H, v e Hom(H,2(). Of course, ifH is finite dimensional theRl #H* ~
# (H,2) asH-module algebras.

3 Two-sided Hopf modules and relative Hopf modules

3.1 Two-sided Hopf modules

The fact that a quasi-bialgbra is not coassociative entails that it makes no sense to consider comodules
over quasi-bialgebras. Nevertheless, we can associate monoidal categories to quasi-bialgebras, in which
we can consider coalgebras, and comodules over these coalgebras. This point of view has been used in
[6], [20] and [26] in order to define relative Hopf modules, quasi-Hopf bimodules and two-sided two-
cosided Hopf modules. In the sequel, we will study all these categories in a more general context. The
categorical background will be presented in Section 3.3.

Definition 3.1 Let H be a quasi-bialgebra antRl,p,®,) a right H-comodule algebra. A two-sided
(H,20)-Hopf module is arfH,)-bimodule M together with a k-linear map

pm: M—M®aH, pu(m) = mg @my,

satisfying the following relations, for all m M, h€ H anda € 2. The actions of e H anda € 2 on
me M are denoted by i+ m and m< a.

(idw ®€) o pm = idw, (3.2)
@ (pm @idH)(pm(M)) = (idv @A) (pm(M)) - Pp, 3.2)
pm(h>=m) = Z hy = mg) ® hamyy), (3.3)
pm(M=a) =% M) < a<o> ® Mig)acts. (3.4)

The category of two-side(H,2)-Hopf modules and lefH-linear, right2-linear and rightH-colinear
maps is denoted by a4}

Observe that the category of two-sid@dl, H )-Hopf bimodules is nothing else then the category of right
quasi-HopfH-bimodules introduced in [20].

We will use the following notation, similar to the notation for the comultiplication on a quasi-bialgebra:

(Pm®@idn)(pm(M)) = M0 ® Mo 1) @ Myy),
(idw @BH)(PM(M) = 5 Mg @ M), ©Myy),.

Examples 3.2 LetH be a quasi-Hopf algebra ad, p, ®,) a rightH-comodule algebra.
1Y =A®H ey M{(' The structure maps are

h=(a@h)=a®hh ; (a®@h)<d = Zaa’<o>®ha’<1>
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and ) N N
pq/(a® h) = z aXl &® h1X2 ® h2X3

for all h,i € H anda, a’ € 2. Verification of the detalils is left to the reader.
2)U=HpAc HM{('. Now the structure maps are given by the following formulas, fohdil € H
anda,a’ € 2A:

h-HW®a)=hh®ae ; (h®a) <d =hxad

and
puh®a) = ¥ MSLPX50%) @ X' a0 @ hS (i Xigh K acs.. (3.5)

Hereq. = S qi ® ¢? andf 1 = ¥ g' ® ¢? are the elements defined by the formulas (1.20) and (1.16).
To this end, considéd: ¥ — U given by

Blawh) =% hS (a1 Fp) ® aco- Py
for all h € H anda € 2, where we use the notation
Bo=3 Bof=3 X oK) € AxH. (3.6)
We claim tha® is bijective; its invers® =1 : ¢ — 9/ is defined as follows
0-'(hea) = Gaco- @ hiBa 1.

with the notation » s
o= God=>3 X @S aX")X" cAxH. (3.7)
Furthermoref is a morphism of two-side@H,2()-Hopf bimodules, and we conclude thet=H @ 2

and2 ® H = 7/ are isomorphic iy M.
To prove this, we proceed as follows. First, by [18], we have the following relations, forai:

> Placos)Pp[la @ Sacas )] = Ppla @ 1n], (3.8)
Y [1a® S H(a<12)]GpP(a<0>) = [a® 1n]bp, (3.9)
Y P(5) Bo[La® S(G5)] = 1@ 1n, (3.10)
S [1a® S H(B)16oP(F5) = La® Ln, (3.11)
Po(p®@idu)(Bp)Bp = 3 (id @ ) (p(X") Bp) (12 @ g'S(X°) © g*S()), (3.12)

(o ® L) (Pidn) (Gp) Py = ¥ [la @ S 12X © S L(F1KY)](ida @ 8) (Gop(X ). (3.13)

Heref =5 f1® f2is the element defined in (1.15) afd* = ¥ g' ® ¢?. Using (3.8-3.11) we can show
easily thatd and®—! are inverses, and thdt is an(H,2()-bimodule via the actions and<. One can
finally compute the righH-coaction ont transported from the coaction dri using6, and then see that
it coincides with (3.5). For, observe that (3.6,2.2) and (2.4) imply

Y XL B e Xl peX’ =y #SKpl) o £ 0 B, (3.14)

wherep. = 5 pt ® p? is the element defined in (1.20). We also mention that the computation uses the
formula (3.13); the details are left to the reader.

11



3.2 Two-sided Hopf modules and relative Hopf modules

Our aim is to prove a duality Theorem for two-sided Hopf module# i§ a finite dimensional quasi-
Hopf algebra, then the categq,qy\/[gﬁ' is isomorphic to a category of relative Hopf modules as introduced
in [6]. Recall that arightH*, A)-Hopf moduleM is ak-vector spac®! which is also a righH*-comodule
and a rightA-module in the monoidal category of rigHt'-comodulesi™". In terms ofH this means:

- M s a leftH-module; denote the action bfe H onme M by hem;
- Aacts onM from the right; denote the action afc Aonme M by meg;

- forallme M, he H anda, & € A, we have

Mmely=m
(Moa)ed = 3 (X-om) o [(X22) (X3 (3.15)
he(mea) = z(hlom)o(hz-a). (3.16)

Mf" will be the category of rightH*, A)-Hopf modules and-linearH*-colinear maps. Before we can
establish the claimed isomorphism of categories, we need some Lemmas.

Lemma 3.3 Let H be a finite dimensional quasi-Hopf algebra &Rt p, ®,) a right H-comodule alge-
bra. We have a functor

: H H:
FonMy — Mo .

For M € y M}, F(M) = M, with structure maps
- Mis a left H-module via km= S?(h) = m, me M, he H;
- 2A#H* acts on M from the right by

me (a#¢) = Z<¢7§1(S(Ul)f2m(l)a<1> ﬁg))S(Uz)fl = M) < d<o> 5%) (3.17)
where we denote
U=YUlaU?=Y g'Sdd) © g’ S(aR). (3.18)

Proof. The most difficult part of the proof is to show thHatM) satisfies the relations (3.15) and (3.16).
It is then straightforward to show that a mamiMQT is also a map ”M;g " and that- is a functor.

By [20, Lemma 3.13] we have, for dilc H:

U[1® S(h)] ZA S(hy))U (h,®1), (3.19)
o HidA)(U)(1eU) = § ([Aeid)(ASXH)U)(XPeXPe ). (3.20)
Write f —zf1®f2—zFl®F2 fl=5yg'®0% =3 Pp®f=yPi®P andU =yUl@U?=
sUl®U2 Forallme M, a,a’ € 2, andd, Y € H*, we compute that
(Xtem) e {[X2- (a#$)][X3- (a # )]}
= Z((Xzécb — a’<1>~2)(X34 Y %), SHSUY) 2 (XH)amyy
(aalo. X )<1> pp)>S(U ) (Xl)l = M) < (aa<o>x )<0>P pp
(111 = (9, S HF2SUN)2S(S(X)1)2f5M 1), 81,0 015,55 1, (3)2
0*S(a. 1. %)) X?) (W, S HFISU)1S(S(X ) 1)1 fEmyy, a<1-,
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a’<0’1>1>?£1>1(53)1918(23))X3>
S(S(X1)2U?) 1 - myg) < acosalg0- Koo B
(111.31321) = T (.S H(S(SXY) @y Uix?)F2imy,ac1.,% 001 B3S(aL1.)))
(W, S HS(SX) 19 UIX)FH2my), a1, X (00 B5) <1 F2))
S(S(XHU?) - myg) < aco-X (0<o,o> Pr)<o0-P2
(32038) = (4, SHSKUHF2Zmy, a<1>2>23f>g)>
<w,Sl(S(x2UfU1)Flffm( 1);0<1>, X (pp )<1>|55)>
SOCUZU?) 1 - mpg) < acos X (Pha’) <05 P2
(19,11821) = > (¢, S HSUHFmgacts B2)) (W, S H(SUZUY) F2Fimg 1) acoa-
(B5a") <15 P2))S(UFU?) FF! - myg o) < aco0- (Fpa’) <0 Py
(1.11,317) = Z(¢,S1(S(U F2mygyac1s B3)) (S(U)F = myg) < aco- B5) @ (o # 1)
(317) = [me(a#d) e(a #Y).

Similar computations show that

Z<h10m)0(h2' (a#d)) =he[me(a#d)],

forallhe H, a e 2 and$ € H*, so the proof is complete. O
Let us next discuss the construction in the converse direction.

Lemma 3.4 Let H be a finite dimensional quasi-Hopf algeb(al,p, ®,) a right H-comodule algebra
and M a right(H*, 2l # H*)-Hopf module. Then we have a functor

M;#H* RECE

For M ¢ MH#H G(M) = M, with structure maps (e H, me M, a € 2):

- h=m=S72?(h)em
- M<a=me (a#e);

- pv: M —M®H is given by
pm(m) = Y My @ mygy = ii[&l(vzgz) emle(GE#S (Vg ~dS— @) ® (3.21)
where{e };_15 and {e‘}i:fn are dual bases and
V=SVieVvi=Ss(fpR) @S (' pR). (3.22)

Proof. As in the previous part, the main thing to show is t&M) is an object ofy .‘M{[' It is then
straightforward to show thab behaves well on the level of the morphisng i€ the identity on the
morphisms).
From the fact thaB 2 is an algebra map, it follows thal is a left H-module via the actiot > m=
S2(h) em. Take the map

i A—-A#H*, i(a)=atHe
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for all a € 2(. Theni is injective mapj(1ly) = Ligg andi(aa’) =i(a)i(a’), for all a,a’ € A. Therefore,

M becomes a rightf-module by settingn < a = mei(a) = me (a # &), me M, a € 2. Moreover, it is not
hard to see that, with this structuid, is an(H,2()-bimodule. In order to check the relations (3.1-3.3)
we need some formulas due to Hausser and Nill [18, Lemma 3.13], namely

1S 1(h))V = Z(hz® 1)VA(S(hy)), (3.23)
(Qeid)(V)o = (XX ©1)(1oV)(id @ 4)(VASH(XY)). (3.24)
Also, it is clear that
(0 —h)S=S(h)—0S ; (h—0)S=¢S—S(h) (3.25)
forallh e H and¢ € H*. Using (1.11), it follows that
(0S)(WS) = S (g' = w— H)(® — ¢ — )]s (3.26)

for all ¢, € H*. Now, for anyh € H andm € M we compute that
Z hy >~ m{o} & hzm{l}
n .
= _Zgz(hl) o[(SHVZg) em) e (G #SH(VIgh) ~ €S )@ hoe
1=
n
(3.16) = Z[sZ(hl)lsl(vzgz).m]

I._(qg #S%()2S Y (Vgh) — (€ — hp)S— GB) @&
(111,3.25) = i[gl(vzs“ L(hy)2g?) em
I._(qg #SH(hvis()1g') ~ €S~ @) we
(3.23) = i[&l(vzgz)gz(h)om]0(63#51(V19 )~ es—@)ee

= pm(S2(h)yem) =pu(h>m),
and similarly, for anym € M anda € 2 one can show that
> Mo} < aco> ®Mzpacas = pu(M=<a),
so the relations (3.3) hold. (3.1) is obviously satisfied, thus remain to check (3.2) for our structures. This
fact is left to the reader since it is a similar computation as above. O

We are now able to prove the main result of this Section, generalizing [12, Proposition 2.3].

Theorem 3.5 Let H be a finite dimensional quasi-Hopf algebra af®l, p, ®,) a right H-comodule
algebra. Then the category of two-sidéd,2()-Hopf modules; 24! is isomorphic to the category of
right (H*, 2 #H*)-Hopf modulesMQ'?;}H*.

Proof. It suffices to show that the functoFsandG from Lemmas 3.3 and 3.4 are inverses.
First, letM € yM}!. The structures oG(F(M)) (using first Lemma 3.3 and then Lemma 3.4) are
denoted by-’, <’ andpy,. For anyme M, h € H anda € 2 we have that

h>="m=S2Mhem=5(S2%h))>~m=h>m

m<'a=me(a#e)=m=<a
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becausg e(U1)U? = 3 g(f2)f1 = 1 andy &(my3))mo) =M, 3 €(a<1-)a<os = a. In order to prove that
P = Pm, observe first that
> g's(g’a) = B, (3.27)

where we writef ~! = 5 g*® g2. The proof of (3.27) can be found in [6, Lemma 2.6 (i)] (in the equivalent
form 5 g?aS1(g!) = S 1(B)). (3.27) together with (3.18,1.9) and (1.18) implies
Y UZeg's(giut) = Y pt e S(pl) (3.28)
wherep = 5 pt ® p? is the element defined by (1.20). Secondlysb$1(f?)Bf! =S1(a), (1.9) and
(1.18) we have that
Y S(pp) FHF @ S HFA)S(pl) 2R = oR (3.29)
werey F1® F?is another copy of, andgg is the element defined by (1.19). Finally, from (3.28,3.29)
and (1.23), it follows that
Y S(G3U?) FHFL(pR)1© S H(F2pR)g S(giU™) F2F3 (pR)2 = 1@ L. (3-30)

We now compute fom e M that

Pu(m) = ._i[g {V2g) emle (G #S (VG —~ €S- B) e

= 2 [SVig) - me (@ #S H(Vig) €s— @) oe

1=
n .
B17) = 5 < SHVigh) — s @, S HSU") F2S(V2g?)amyy () <1 B3) >
i=
SU?) FIS(V2g%)1 - Mgy < (G3)<0-Fp @€
(L1D) = 5 SVEGUA) - mg) < (GF)<0- Bp @V g'S(VigEU ) 2
m(l)(qg><l> f)gz)s(qu))
(310 = 5 S(VFgU?)fh - mg @Vig'S(Vigiu ™) f2my,
(322111 = Y S(gU?) FF{(pR)1 - Mo @ ST HF?pR)gS(gTU ) F2F3 (pR)2my)
(330) = Z M) ® M1) = Pm (m)
and this finishes the proof of the fact ttatF (M)) = M.
Conversely, také/l € M;E&H We want to show thaf (G(M)) = M. Denote the lefH-action and the
right 2 #H*-action onF (G(M)) by ¢’. Using Lemmas 3.3 and 3.4, we find, for Bl H andm € M:
he' m= S(h) =~ m=S?(S(h))em=hem.

The proof of the fact that the rigBt # H*-actionse ande’ onM coincide is somewhat more complicated.
Sincey f2S1(f1B) = q, (1.9) and (1.18) imply

S FHipre 281 F?H3pR) = Y S(of) oot (3.31)

whereq. = 5 i @ ¢? is the element defined by (1.20). Also, by (1.9), (1.18) and usis*)ag® = S(B)
we can prove the following relation

> S(GYALGlg' © 4Gy = Y S(pR) © S(PR) (3.32)

15



wherey G! ® G? is another copy of ~1. Now, from (3.18,1.11,3.31,3.32) and (1.23) it follows that
Y SHFHIpRUZG @ SUY) F2S (F2frpR)Ufgt = 1o L. (3.33)
Therefore, for alme M, a € 2l and¢ € H* we have that

me’ (a#¢)
(317) = Z<¢7S_1(S(U l)fzm{l}a<l> ﬁﬁ))S(U Z)fl = Mgy < ad<o> 6,:1)
(3.21,3.15,2.11) = i(cpﬁl(S(Ul)fzaa<1>f>g)>§2(S(U2)f1).{[Sl(vzgz).m]

o[q‘l)a<07o>(ﬁ‘1))<o> ﬁS‘l(Vlgl) —dS qu)a<0,1>(ﬁ;1))<l>]}
= izl¢(a)§2(5(U2)fl)'{[5“1(V292)°m} * [G5a<0.0> () <0>
#SL(VIgh) = (acp P2 —~ St SUY) S
— G§a<o,1>(ﬁ},)<1>]}
(32538,310) = Y S2SUY)fYe{[S (Vi em

o[a#S (U FAVgh — ¢]}

(316111) = T[S HVISHSU?)T)o0?) em
o[a#S YUY FAVISI(SU?) FY),gl)) — ¢]

(322111) = Y[SYSFHiphUZg?)eni
e[a#SH(SUN F2SH(F? 13 pR)UTG ) — ¢]

(333 = me(a®0)

and this finishes our proof. O

If H is a finite dimensional quasi-Hopf algebra aki a leftH-module algebra then the categov!
is isomorphic to the category of right modules over the smash prastt([6, Proposition 2.7]). Let
M be a rightA#H-module, and denote the right actionasfh € A#H onm < M by m—(a#h). Following
[6], M is a right(H*, A)-Hopf module, with structure maps

hem=m—(1#5(h)), mea= Y m—[g'S(qR) - a#g”S(q)] (3.34)

for all me M, a€ A andh € H. Conversely, ifM is a right (H*,A)-Hopf module therM is a right
A#H-module, withA#H-action

—(atth) =y SH(h) e [(S(afg®) em) e (S X(qlg") - Q). (3.35)

Hereqr =y gk ® g3, 0. = S ot ® g2 andf~1 = 5 g* ® g? are the elements defined by (1.19), (1.20) and
(1.16). Combining this with Theorem 3.5, we obtain the following result.

Corollary 3.6 LetH be a finite dimensional quasi-Hopf algebra &8t p, ®,) a right H-comodule al-

gebra. Thenthe categowjvﬁz'j is isomorphic to the category of rigkfl #H* )#H -modulesﬂ\/[(m By

For later use, we describe the isomorphism of Corollary 3.6 explicitely, leaving verification of the details
to the reader.
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First takeM € M . The following structure maps maké € HM;:

(A H H*)#H

h= m=m—((1y #€)#S1(h)) (3.36)
m=< a=m—((a#e)#l) (3.37)

zlm<— (G #S P — ds— @S (g ®e (3.38)

forallme M, heH anda € 2. §p = 5 67 ®qg is the element defined in (3.7)g } is a basis oH and
{€} is the corresponding dual basiskf.
Now takeM € yM}!. ThenM is a right(2l #H*)#H-module via the action

m—[(a #¢)#h] = Z < ¢,S1(f2 My a1 f3) > S(h)fl M(o) < a<o> Pg. (3.39)

In [20], it is announced that, for a finite dimensional quasi-Hopf algdtbrahe category of right
quasi-HopfH-bimodulesy M} naturally coincides with the category of representations of the two-
sided crossed produét >aH* < H constructed in [18]. We will show in Section 4 that the algebras
H > H*>< H and(H #H*)#H are equal.

3.3 Two-sided Hopf modules and coalgebras over comonads

Now, letH be a quasi-bialgebra arifl a right H-comodule algebra. We will show that the category
n My is isomorphic to the category &f-coalgebras, wher® is a suitable comonad. Recall thatZf

is a category then a comonad dnis a threetupléU = (U,A,g), whereU : D — D is a functor, and
A:U —UoU ande :U — 14 are natural transformations, such that

U (Am) o Am = Dy m) © Aw, (3.40)
U (SM) oAy = SU(M) oAy = |dU(M) (3.41)

for all M € D. A morphism between twe>-comonads = (U,A,€) andU = (U',A',€) is a natural
transformatiord : U — U’ such that

€od=¢and (8*3)oA=4"03 (3.42)
for all M € D, wherex is the Godement product
CEDAIV =9y )oY (Om)-

We denote by Comon&®) the category of comonads ah.
ForU a comonad orD, aU-coalgebra is a paifM, ), with M € D andg : M — U (M) a morphism in
D such that

&M OE:idM and Ay OEZU(E)OE. (343)

A morhism between twi-coalgebragM, &) and(M', &) consists of a morphism: M — M’ in D such
that

U(v)o& =& ov. (3.44)

The category otJ-coalgebras is denoted #)Y.
If H is a quasi-bialgebra aritf an algebra then we defin@:= gy My. Thus, an object of is an2l-
bimodule and ariH,2()-bimodule such thdt(am) = a(hm), for all a € 2, h € H andm & M. Morphisms
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are leftH-linear maps which are al€-bimodule maps. We claim thatis a monoidal category. Indeed,
it is not hard to see that becomes a monoidal category with tensor produgtgiven via4, in the sense
that

(a@h)(Mgn)a = z ah;m®g hona

foralM,Ne C,meM,neN,aq, d €2andhe H, associativity constraints
ayunp: (MRyN) @9 P — Mg (N@P),
aynp((M®gN) @ep) = lem@%(xzn@mxe’p),

unit2( as a trivial leftH-module, and the usual left and right unit constraints. We denote-6palgebra
the category of coalgebras (n We are able now to prove the claimed isomorphism.

Theorem 3.7 Let H be a quasi-bialgebr&f an algebra,C = gon My and D := 4 My. Then there exists
a functor
F : C-Coalgebra—~ Comonad?).

In addition, if2( is a right H-comodule algebra thef:= 2(® H is a coalgebra inC and, in this particular
case, we have an isomorphism of categories

DF () =~ ok

Proof. If € is a coalgebra irC then it is an(H,2l)-bimodule and af(-bimodule so, we have a functor
U=(-)®yC:D— D (for anyM € D, the leftH-module structure of) (M) is given viaA and the
right 2(-action onU (M) is induced by the one o). For allM € D we define

Ay M @9 €=UM)—UUM))=Mg) ¢,
M (Mg ) = 5 (X'm@ax’er) ©ax’cy,
&M ::idM®gl§¢:M®m€:U(M)—>M%M®gA

for allme M andc € €, whereAg(c) := 3 ¢1 ® ¢y is the comultiplication of, ande, is the counit of¢.
Itis not hard to see thd&t(¢) := (U,Am,&m) is a comonad omD. It is also straightforward to check that
a morphisnk in C-Coalgebrgrovides a morphisrd (k) in Comonad?), and thaf is a functor.

Suppose now thd®l, p, ®,) is a rightH-comodule algebra and l€t=2A® H. If we define

/

(a@h)(d @h)a = Zaa/a/;o>®hh a//<1> (3.45)

forall a,a’,a’ € A andh,h’ € H, then one can easily check that with this structtike C. Moreover, we
claim that¢ with the structure given by

Ag(a®h) = Z(a)~(1®h1)~(2) Do (ly @ hpX7), (3.46)
gc(a@h) = e(h)a, (3.47)

for all a € A andh € H, becomes a coalgebra i Indeed, the fact thak, andg, are morphisms in
C and thate is the counit forA, follow from straightforward computations (all these verifications are
left to the reader). We only show that the comultiplicatidp is coassociative up to the associativity
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constraints o”. Indeed, we compute that

(B¢ @oid)(Ag(a@h))
= T A (aX* @ MX?) @g (1g @ pX>)
= Z(ax Y ®h(11)~2 v?) ®Ql(12l®h(12)X2Y %) @t (1 @ X )
(22) = Z(ax Y<o> ®hg, 1)X X Y<1>)®91(1m®h(1 2ER3V?) Doy (1o @ hx®X5Y°)

= ZX (aX* @ X5 @gx (12l®h(21) V%) 0o (L @ g K57 °)
= ¢ ZaX @ X%) @ (Y @ hp)X3Y%) o (1a @ hip ) X57°)
= 71y (aX @ X®) @abe(la @ hX0)
= ©H(id ®al¢)(Ae(a®h)),

for all a € 2 andh € H, as needed.

Consider now the comonde(¢) = (U,A,€) and (M,§) € D7(®. That meansM € D = My and

&M —-UM)=M®gy (A®H) is a morphism inD such thatdy o & =U (&) o & andey o & = idy, for
all M € D. In other words, if we write

= Z M) ®Q[(m(1)m X m(l)H), YymeM

then(M, &) € DF( if and only if the following relations hold:

&(hm) = Z hiM(o) @2 (M2 @ hamgyn), (3.48)
&(ma) =% M) et (Mg aco> @ Migyracas ), (3.49)
> XMy @a (M2 '@ xzm( m )~(2) D (Lo @XMy X3)

= Z Mo a @M, w) @a (M2 @ Mgy ), (3.50)
Zs(m(l)H MMz =M, (3.51)

for allhe H, me M anda € 2. Applying the canonical isomorphisms, the first three relations are
equivalent to

Z(hm)(o)(hm)( 1) PH = Z h1m 1)2 ®h2m( 1H (3.52)
Z(ma)(o)( )( ) HH = Zm 1)20<0> @MpyHa<1>, (3.53)
2xm ng ®X m( )HX ®x3m HX

= 2 ™00 M) M2, © M0 My, ©Maye, (3.54)

forallhe H, me M anda € 2. Now, if definepy : M — M®H,
Zm )2 @My, YMeM

then: (3.52) implies thapy(hm) = A(h)pm(m) for all he H andm € M, and (3.53) implies that
pm(ma) = pm(m)p(a) for allme M anda € 2, respectively. Moreover, for ath € M we have that

(Pm ®@idu)(pm(M)) = > pm(Mg)Myzya) @ Mym
= Z(mw)m(l)‘é’l><0)(m<0>m<1>‘4’1)<1>2l ® (Myg) Mgy ) (1)1 @ Mygyn
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(353) == Z m (0 m m(l)Ql ® m( )(1)H rn(l)il:L> ® m(l)H

<0>
>3

(354) = Zx Mo le XM X ®x3m(1)HX

_ (Zm 12 @A(Myn ))'q’p
- -(|dM®A)(pM( m)) - ®p.

By (3.51) it follows that(idu ® €) o pm = idw, SO we have obtained thit € 4 A4} . In this way we have

a functorF : DF(© — MQ'? (F acts as identity on morphisms). We will show tligbrovides the desired

isomorphism of categories For, we define the inversg as follows. LetM € 424, and denote by
pm(M) = ¥ M) 1) the right coaction oH onM. Then we define

EM—-Mey(RoH), &m)= Zm((,) @ (la®My)), ¥V me M.

In the same manner as above one can prove that the axioms which Eiefisea two-sidedH,)-
bimodule imply tha€ satisfies the relations (3.51-3.54). THi, &) € DF(9 and we have a well-defined
functorG : HM; — DF(O (G acts as the identity on morphisms). The fact that the fun®asdG
are inverses is obvious, and this finishes our proof. d

Theorem 3.7 enables us to restate the definition of a comodule algebra in terms of monoidal categories.

Proposition 3.8 Let H be a quasi-bialgebra and an algebra. If2l® H is viewed in the canonical
way as an object iy M thenA @ H has a coalgebra structur€(® H, A, €) in the monoidal category
C = qen My such thatA(1ly ® 1y) is invertible andg(1ly ® 14) = 1y, if and only if2l is a right H-
comodule algebra.

Proof. One implication follows from the proof of Theorem 3.7. Conversely, supposeltisat! is an
object of C, and that there exists a coalgebra structlteo H,A, ) on2A® H in the monoidal category
C such thatA(1g ® 1y ) is invertible ance(1y ® 14) = 1g. Then we define

A>a— p(a za<0>®a<l> =(1la®1lH)acARH,
and denote
Ala® 1) =T (X' 0X%) @y (1a©X°),

Since2l®H is arightA-module it is follows thap is an algebra map. Also, siné¥1y ® 1) is invertible

we obtain thatb, := 3y X" @ X*® X% is an invertible element ifl ® H @ H. Now, using the fact thah
andg are morphisms i, and thag(1ly ® 1) = 1g, it is not hard to see that

Aawh) =Y (X ©hX*) G (la@hX?),

g(a@h) =¢g(h)a
foralla € 2, he H. Now, (2.1) and (2.2) follow because &f (1y® 14)a) = A(ly ® 1n)a andP(A®
id)A(a® h) = (id @ A)A(a®h) for all a € A andh € H, respectively. Finally, it is easy to see that

£((1g® 1q)a) = a implies (2.3), and the fact thatis the counit forA implies (2.4), respectively. We
leave all these details to the reader. O
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4 Two-sided crossed products are generalized smash products

Let H be a finite dimensional quasi-bialgebra, &Rt p, ®,),(*B,A, ®,) respectively a right and a left
H-comodule algebra. As in the case of a Hopf algebra, the Hghbaction(p, ®,) on 2l induces a left
H*-action>: H* @l — 2A given by

boa= Z¢(a<l>)a<0> (4.1)
forall $ € H* anda € &, and whergp(a) = S a<o- ® a<1~ for anya € . Similarly, the leftH-action
(A, @, ) on*B provides a righH*-action<: B @ H* — B given by

bad =5 ¢(bj_1)bp (4.2)

forall$ € H* andb € B, where we now denot®(b) = ¥ b_3 ® bjg for b € B. Following [18, Propo-
sition 11.4 (ii)] we can define an algebra structure onkhector spac&l ® H* ® B. This algebra is
denoted by > ,H* >< 3B and its multiplication is given by

(a><1¢><b)(a’><1lp><b’)
= Y a(d1>a)% > (R = 02 = R)(F — Wi = %) >< K (b )t (4.3)

forall a,a’ € 2, b,b’ € B, andd, P € H*, where we writex > ¢ < b for a®@ ¢ ® b when viewed as an
element ofl > ,H* < \B. The comultiplication o * is denoted bA(¢) = 5 ¢1® ¢2. The unit of the
algebra?l > pH* <<\ B is 1y > €< 193. Hausser and Nill called this algebra the two-sided crossed
product. In this Section we will prove that this two-sided crossed product algebra is a generalized smash
product between the quasi-smash produétH* and*B.

Proposition 4.1 Let H be a quasi-bialgebra, A a left H-module algebra &d left H-comodule alge-
bra. Let A<B = A® B as a k-module, with newly defined multiplication

(ar<b)(@p<bt’) = Y (%) (%0 - &) p<Kbjg b’ (4.4)
foralla,a € A andb, b’ € 8. Then A<‘B is an associative algebra with uripp<1g.

Proof. For alla,a,a’ € Aandb,b’,b” € B we have:

[(av<b) (@»<b)](@'><b")
= Y& -a (x b1 )><x3bo]b]( ”><b”)
= SR a) (50 y2x3 bo_1)b]_y - @' )<FPR bl by b”
(127) = Y (X'yix-a)[(X Y’%f(zb[ y- &) (X3P 1][’0 _qb_qy-@")]
YS 05100600

(26) = Y& -a)[( 15011 - &) (%857bj0,_11b]_q-@")]»<CFb1g 0B b”
(25,1.28) = Z(il a){ b[ E y1 a yzb a")|e<o)g y3b[o]b”
= 5 (am<b)[(¥ &) (FPb_y-a") ><y3b[o]b”
= (a><b)[(a><b)(a ><b”)].

It follows from (2.7), (2.8) and (1.29) thahk< 1y is the unit forAp<8. g
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Remark 4.2 Let H be a quasi-bialgebra arla left H-module algebra. TheH is a leftH-comodule
algebra so it make sense to considex<H. It is not hard to see that in this case<H is just the
smash producd#H. For this reason we will call the algebfa<5 in Proposition 4.1 the generalized
smash product ok andB. In fact, our terminology is in agreement with the terminology used over Hopf
algebras, see [15] and [10].

Let H be a finite dimensional quasi-bialgeb(al, p, ®,) a right H-comodule algebra andB,A,®,) a
left H-comodule algebra. Then the quasi-smash produgH* is a leftH-module algebra so it makes
sense to consider the generalized smash pra@ugtH*)»<B. The main result of this Section is now
the following:

Proposition 4.3 With notation as above, the algebré® # H*)»<B and2l > ,H* >< 3B coincide.

Proof. Using (4.4), (2.12) and (2.11) we compute that the multiplicatiof#H*)»<B is given by

[(aﬁ¢)><b][(a’ﬁw)><b’]
S (% - (a#0)][%5b <a’ﬁw>]xi§bmb’
= Z(G#XA4¢)( #X)\ — Y)»<%bjg b’
= Zﬂa’<o>>~<§>#( 4¢;a<1> p)(x}\b[fl] —‘UJ’—>~<,3))><>?§’5[0]5’ (4.5)
(41,42) = Ya(diea)%# (% — b2 = L) (% — W1 K)><K (b )t/

for a,a’ € 2, b,b’ € B, andp,P € H*. This is just the multiplication rule on the two-sided crossed
product > ,H* p< \B. O

It follows from (4.5) that the two-sided crossed product can be defined in the situation Whgsneot
finite dimensional. Tak& = H in Proposition 4.3. From Remark 4.2, we obtain:

Corollary 4.4 LetH be a quasi-bialgebra an@, p, ®,) aright H-comodule algebra. Thefl #H*)#H =
2 >1,H* < pH as algebras. In particulargH #H*)#H = H > H* < H as algebras.

5 The category of Doi-Hopf modules

5.1 Doi-Hopf modules

Let H be a Hopf algebra over a fiekl A an H-comodule algebra an@ an H-module coalgebra. A
Doi-Hopf module is a&k-vector space together with ataction and aC-coaction satisfying a certain
compatibility relation. They were introduced independently by Doi [15] and Koppinen [22], and it turns
out that most types of Hopf modules that had been studied before were special cases: Sweedler's Hopf
modules [27], Doi's relative Hopf modules [14], Takeuchi’s relative Hopf modules [29], Yetter-Drinfeld
modules, graded modules and modules graded®sat.

Over a quasi-Hopf algebra, the category of relative Hopf modules has been introduced and studied [6],
as well as the category of Hopf-bimodules (see [20]) and the category of Hopf mod{ijég!! (see

[26]). We will introduce Doi-Hopf modules, and we will show that, at least in the case whésdinite
dimensional, all these categories are isomorphic to certain categories of Doi-Hopf modules. We will also
prove that Doi-Hopf modules are special cases of comodules over a coring.

First we recall from [6] the definition of a relative Hopf module. ltebe a quasi-bialgebra ada right
H-module coalgebra. Léd be ak-vector space furnished with the following additional structure:
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- Nis arightH-module; the right action di € H onn € N is denoted byh;

- N is a leftC-comodule in the monoidal categofi; we use the following notation for the left
C-coaction orN: py : N — C®N, pn(n) = § ni_y ® Ng; this means that the following conditions
hold, for alln € N:

Z§(n )N =

(B@idy)(pn(n) P~ = (ide @ pn) (P (M) (5.1)
- we have the following compatibility relation, for alle N andc € C:
z ni_ h1 ® n[o (5.2)

ThenN is called a left[C,H]-Hopf module. 44 is the category of leffC, H]-Hopf modules; the
morphisms are righitl-linear maps which are also léftcomodule maps. We will now generalize this
definition.

Definition 5.1 Let H be a quasi-bialgebra over a field k, C a right H-module coalgebra@d\, @, )

a left H-comodule algebra. A right-lefH, 2, C)-Hopf module (or Doi-Hopf module) is a k-module N,
with the following additional structure: N is righ-module (the right action of on n is denoted by
nb), and we have a k-linear mapy : N — C® N, such that the following relations hold, for alleaN
andb € B:

(A®@idn)(pn(N)) = (idc @ pn) (PN (N)) Pa (5.3)
(e®idn)(pn(n)) =N (5.4)
pN nb Zn[ 1" 1]®n[0]b[0}. (5.5)

As usual, we use the Sweedler-type notatiom) = 3 ni_y ® Ny Ca(H)y is the category of right-left
(H,B,C)-Hopf modules and righB-linear, left C- collnear k- Imear maps.

Obviously, if 8 = H, A = A and®y = @, then®M (H)g = “My.

The main aim of Section 6 will be to define the category of two-sided two-cosided Hopf modules over
a quasi-bialgebra, and to prove that it is isomorphic to a module category in the finite dimensional case.
To this end, we will need our next result, stating that the category of Doi-Hopf modules is a module
category in the case where the coalgebia finite dimensional. In fact, for an arbitrary rightmodule
coalgebraC, the linear dual space @, C*, is a leftH-module algebra. The multiplication &f is the
convolution, that ic*d*)(c) = § c*(c1)d*(cz), the unit ise and the leftH-module structure is given by
(h—c")(c)=c*(c-h),forhe H, c",d* € C*, ce C. ThusC* is a leftH-module algebra an@B,A, @, )

is a left H-comodule algebra. By Proposition 4.1, it makes sense to consider the generalized smash
product algebr&* »p<3.

Proposition 5.2 Let H be a quasi-bialgebra, C a finite dimensional right H-module coalgebra and
(5B, \, ®@y) a left H-comodule algebra. Then the categbif (H)s of right-left (H, 98, C)-Hopf modules
is isomorphic to the category/lc-p o3 Of right modules over G<‘B.

Proof. We restrict to defining the functors that define the isomorphism of categories, leaving all other
details to the reader. L€t }, 1, and{c‘}izﬁ be dual bases i@ andC*.

Let N be a rightC*»<B-module. Sincé : B — C*»<*B, i(b) = ew<b for b € 9B, is an algebra map,

it follows thatN is a right®8-module via the actiomb = ni(b) = n(em<b), n€ N, b € B. The map
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j: C*—=C'»<B, j(c') =Cc'p<ly, c* € C*, is not an algebra map (it is not multiplicative) but it can be
used to define a le-coaction on\:

pn(N) = Ny ®Ng = _Zlci ®nj(c) = _Zci @n(c'r<ly). (5.6)

We can easily check that becomes an object frM (H) .
Conversely, tak&l € 2/ (H)q. ThenN is a rightB-module andC* acts onM from the right as follows:
letnc' =y c*(n_y)Ng, N € N, ¢* € C*. Now define

n(c*»<b) = (nc")b = ZC*(n[,l])n[o]b. (5.7)

ThenN becomes a righT*»<B-module. g

5.2 Doi-Hopf modules and comodules over a coring

Now, we will show that the category of right-left Doi-Hopf modules is isomorphic to a category of right
comodules over a certain coring. Let us first recall the definition of a coring.
Let R be a ring (with unit). AnR-coringC is anR-bimodule together with tw&-bimodule maps

Ac:C—-C®rC andec:C—R
such that the usual coassociativity and counit properties hold, that means:

(AC ®Ridc) OAC = (idc ®RAC) oAc,
(Sc ®Ridc) olA\c = (Idc QR Ec) olA¢c = idc.

A right C-comodule is a righR-moduleM together with a righR-linear mapp' : M — M ®rC such that

(p" ®ridc)op" = (idw ®rAC) 0 p', (5.8)
(IdM ®R8C) Opr =idwm. (5.9)

A maph : M — N between two righC-comodules is called @-comodule map ifj is a rightR-module
map andp’ oh = (h@Ridc) op". We denote by € the category of righ€-comodules an€-comodule
maps. We will use the Sweedler notation for corings and comodules over corings:

Ac(c) = cuy@RrC) , P'(M) =Y Mg @rMyy).

Lemma 5.3 Let H be a quasi-bialgebra®B,\, ®,) a left H-comodule algebra and C a right H-module
coalgebra. Thel€ := B ®C is a®B-coring. First,C is a‘B-bimodule via

b(b'®c)=bb @c and (b®C)b = 3 by ®C-by_y (5.10)
for all b, b €% and ceC. Secondly, for alb € 8 and ce C, the twoB-bimodule maps are defined by:

Ac(b®e) = (bF @ %) @ (L@ e1-X), (5.11)
ec(b®c) =¢(c)b. (5.12)
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Proof. Since®B is an associative unital algebra andB — H ® B is an algebra map, it follows that
B ®C is aB-bimodule via the actions defined in (5.10). Also, it is not hard to seeghata®-bimodule
map. The fact thal¢ is left B-linear is straightforward. It is also righs-linear since

Ac((b@o)b) = 5 Ac(bbg@c-by )
(133) = S (bbgR@c b 4, %) @ (Ip@cr-b 4, %)
(255100 = Y (6@ )by @ (1p@c1-Kb| )
= 2(523@90;')?2)@%([’/[0}®Cl'>~<1[’1[71})
(510 = S(6Fwc %) 2n(ly@c Kb =Ac(bc)b
for all b, b’ € B andc € C. Now, for all b € B andc € C we have that:
(Ac@sgidc)(Ac(b@C))
= ZAc(b)N(3®Cg')~(2)®%(1%®Cl')~(l)
(133) = 2(523)73@0(;2)'25)72)@9%(1*3@0(21 Re§) @ (L @ ¢y - K1)
(132) = (0P e XC*HBF) @ (Ly @ cuz - XGT) ©n (le @) - X'K)
(26) = 2(523)7[30]®Cg'>?27[3_1])®%(1%®0(;,g)'25372)®%(1%®C(11)'>?%}71)
(5.10) = 2(523@’0;')?2)@%(93@0@,2)'2%372)@9%(1%@0(;;) 579
(133511 = (680 %) onlc(ly®c &) = (idc @pAc)(Ac(b®0)),
as needed. Itis easy to see thats the counit forAc, so the proof is finished. O

We can now prove the following

Theorem 5.4 Let H be a quasi-bialgebrd3, A, @, ) a left H-comodule algebra and C a right H-module
coalgebra. IfC =9 ® C is theB-coring defined in Lemma 5.3, then the category of right-left Doi-Hopf
modules® M (H)g is isomorphic to the category of rigit-comodules?©.

Proof. If M € M then we adopt a similar notation as the one used in the proof of Theorem 3.7. Namely,
if M e MC withp' :M — M®g (B ®C), then we set

p'(M) =5 Mg @z (M= @Mge), ¥VME M.
With this notation the fact that" is right B-linear means
3 (Mb) 0) @3 ((Mb) 0y © (Mb) (1) = 5 Myg) @35 (Mygym bigy © Mgy - by_y))
for allme M andb € %8, and this is equivalent to
Z(mb)m)(mb)( oys @ (Mb) qyc = Zm (1) bjo] @ My)c - by (5.13)
for allme M andb € 3. Similarly, in this particular case, the relations (5.8) and (5.9) reduce to
2 M0y M0) 2 Mg @ Mo)ye - Mayz, @ Muye
= mgMys L @m;e-Eom;e -, (5.14)
Z§(m<1)0)m(0)m(1)% =m, (5.15)
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for all b € 8 andm < M. Now, if we define
pmM:M—=CaM, pu(m) = Zm(l)c®m(o)m(1)%, VmeM

then (5.13) implies thapy (mb) = pm(m)A(b) for all me M andb € B, and (5.15) implies thate ®
idm) o pm = idw, respectively. Thusyl € €M (H)y since

(ide@pm)(pm(M)) =5 Mae @ pum(Mo)Myy=)
(5.13) = z mMyc ® m(o)(l)c . m(l)[zil] & M), m(o)u)% m(l)[mé]
(514) = 3 mye K @mygc L ©mo Mm%

= (A®idv)(pu(m)®;*

for all me M, as needed. Therefore, we have a fun@om© — €2/ (H)y which acts on objects as
above and sends a morphism to itself (the verification of the fact that a morphigfibecomes a
morphism in“2( (H)ss is left to the reader). Conversely,Nt € ©M (H) o with py(m) = 3 mi_yy @ my,

m e M, then we define

pPF'M—-M®y(BxC), p'(m= > Mg @ (ly®@mM_y), Yme M.

Itis not hard to see that in this way the rightmoduleM becomes a right-comodule, i.e. the relations
(5.13-5.15) hold. So we also have a funator® M (H)ys — M (& sends a morphism to itself). Finally,
it is routine to check thaf and® are inverses; we leave the details to the reader. O

6 Two-sided two-cosided Hopf modules

Now we define the category of two-sided two-cosided Hopf modﬁlﬂsy. If H is finite dimen-
sional, then this category is isomorphic to a certain category of right-left Doi-Hopf modu#ésH =
HOP)(AﬁH*)#H. As a consequence,d is also finite dimensional then this category is isomorphic to the

category of right modules over a generalized smash product, by Proposition 5.2.

Definition 6.1 [18, Definition 8.2]. Let H be a quasi-bialgebra. An H-bicomodule algelras a
quintuple (A, A, p, @), ®p, ®, ,), whereA and p are left and right H-coactions o, and where®, ¢
HoH®A, ®pc A®H®H and ®rpeHRA®H are invertible elements, such that

- (A N\, ®,) is a left H-comodule algebra,
- (A,p, D) is a right H-comodule algebra,

- the following compatibility relations hold, for all @ A:

Prp(A®@id)(p(a) = (id @ p)(A(a)) P p (6.1)
(I @Dy ,)(Id @A ®id)(Py p) (P @ 1) = (id @ id ® p) (D)) (A®id ®id) (D) ) (6.2)
(I @Pp)(i[d@p@id)(Pyp) (Prp@1n) = (Id@id @A) (P o) A@id @id)(Pp). (6.3)

It was pointed out in [18] that the following additional relations hold inHbicomodule algebra.:

(IdH ®Ridy ® 8)(¢)\7p) =141 ®1,, (8@ idy ® idH)(q)Np) =1, ®1y. (6.4)
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As a first example, takéd = H, A = p =A and®, = &, = ¥, , = ®. Related to the left and right
comodule algebra structures Afwe will keep the notation of the previous Sections. We will use the
following notation:
1 2 3 =1 =2 =3

Prp=> 0 RQRQA°=50 QA RQ =etc
and

CD;:) = Zoo1®w2®w3: 261@@2@6)3: etc
If H is a quasi-bialgebra, then the opposite algébfis also a quasi-bialgebra. The reassociatdf f
is ®op = 1. H® HP is also a quasi-bialgebra with reassociator

Dronor = 5 (X' xX) @ (X @) @ (X3 2X). (6.5)

If we identify H ® H°P-modules andH, H )-bimodules, then the category @i, H )-bimodulesy My, is
monoidal. The associativity constraints are giveralyyw : (U ®@V)@W — U @ (V@ W), where

duvw(UOV)@W) = (UR (Vow)) &t (6.6)

forallU,V,W € yMy,uec U, veV andw € W. A coalgebra in the category ¢, H)-bimodules will
be called arH-bimodule coalgebra. More precisely, Hrbimodule coalgebr& is an(H,H)-bimodule
(denote the actions bly- c andc- h) with a comultiplicationA: C —- C®C and a counig: C — k
satisfying the following relations, for ali € C andh € H:

®- (A®idc)(A(c) - @t = (idc @A) (A(c)) (6.7)
A(h-c) = Zhl-cl@)hz-c;, A(c-h) = Zc;-hyg;cz-hz (6.8)
(e®idc)oA = (idc®@e)oA=idc (6.9)
g(h-¢) = £(N)g(0), £(c-h) = e(0)e(h) (6.10)

where we used the same Sweedler-type notation as beford-Bimodule coalgebr@ becomes a right
H ® H°P-module coalgebra via the right ® HP-action

c-(h@h’)=h.c-h (6.11)

for ce Candh,h’ € H. Our next definition extends the definition of two-sided two-cosided Hopf modules
from [26].

Definition 6.2 Let H be a quasi-bialgebralA,A,p, Py, Py, P, ;) an H-bicomodule algebra and C an
H-bimodule coalgebra. A two-sided two-cosided, A,C)-Hopf module is a k-vector space with the
following additional structure:

- Nis an(H, A)-two-sided Hopf module, i.e. Ny M}'; we write = for the left H-action< for the
right A-action, andpl (n) = > Nig) ® N(y) for the right H-coaction on & N;

- we have k-linear map§ : N — C®N, p{(n) = 3 n_y ® Ny, called the left C-coaction on N,
such thaty g(n_y)ng =n and

P(A®idy)(pR(N) = (ide ® PR (PR(N)) P (6.12)

foralln e N;
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- Nis a(C,H)-"bicomodule”, in the sense that, for alla N,
®(py @ idn) (PR (N)) = (ide ® PN (PR (M) Prp (6.13)
- the following compatibility relations hold
pS(h>=n) = Y hi-ny®he = ng (6.14)
pu(n=<a) = Y n_y-a y@ng <apg (6.15)
forallhe H,ne N and ac A.

EMAH will be the category of two-sided two-cosided Hopf modules and maps preserving the actions by
H and A and the coactions by H and C.

Let H be a quasi-Hopf algebrad, anH-bicomodule algebra and an H-bimodule coalgebra. IH is
finite dimensional, then the categcﬁyi\/[i'gI is isomorphic to a certain category of Doi-Hopf modules. In
order to prove this, we first need some lemmas.

Lemma 6.3 Let H be a quasi-Hopf algebra and\, A, p, ®,, Py, P, ;) an H-bicomodule algebra. Con-
sider the map
O: (A#H)#H — (HoH®) @ (A #H")#H

given by
O(@#o)#h) =3 a 10 @ S(y’hp) @ (ag e’ #y' — ¢ — ’)#y’hy (6.16)

forany ac A, ¢ € H* and he H, Where¢;p: Zw1®w2®w3. Set

oy = ¥ (X ©0'S(4)) @ (X3 © ¢°S(4)) @ (X3 #e )it (6.17)

where ! =5 g'®g? is the element defined in (1.16). TheA #H*)#H,0,®n) is a left He HOP-
comodule algebra.

Proof. We first show that] is an algebra map. Using (1.30) and (2.11) we can easily show that the
multiplication on(A #H*)#H is given by
((@# §)#h)((a #W)#)
= Y o K B (¢ = ¢ aly ) (0P — g ) | #Chph (6.18)
foralla,a € A, ¢, € H* andh,i € H. Therefore
O(((a#¢)#n)((& #y)#n'))
= S a galo , (%) 1w @Sy hh) © [agale. o (%5)j0 o
#(yixt— ¢ — a’<1>>?§w?)(yz><2h1 -y >”<Sw§)]#y2><‘i’h(z,1)h’1
(6.3, 1.3) = z a[,l]a’<o>[7l]aloo & S(y3x3h<272) hlz) ® [a[o] a’<0>[0]62co£0>>"<é
#(Zy = ¢ — d @Waly %) (Zyixh — Y — W) 2y )y
(6.1,11) = Ya yoa ;0 @ yhy)-0pS(hy) @ [ag e’ (8 w?)<o-%5 # (Zy*
4¢’—03( 002 )<1-%5)(Zysh X! — U — W*R3)#2y5h 1 ) x°hy
(211) = Sa- 1](oa 2 L2 S(y*hp) 0p SCHE) @ [(ag @ #ZY — ¢ — @°)
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a{o]oozﬁzzyzh L)Xt — Y — @*)[H#2y5h(1 2 XPhy
(130 = Y a @8 3w @S(yhy) opSiChy) @ (@ #y' — ¢ — &°)#y*hi]
[(algo? #xt — Y 00y
= D((@#¢)#n)D((@ Fy)Hn)
where-qp is the product irH°P. Obviouslyl respects the unit element and (2.7) and (2.8) hold. (2.5)
can be proved using similar computations as above and is left to the reader. Using the notation
O = Z)Zé X2 @X3 =etc

we can compute

(ideid®0)(Pg)(A®id ®id)(P0)
= zo?iws(x%)( (Y1@GISY)1) @ (X5 @ g?S(x?))
(Y3)20GESY®)2) XA) -1 ® SO))( V3 2 G*S(y?))
B[((K3) o #e)d][(5 #e)ay']
(111,1.3) = Z(XA(YA )1®GlgS(y*x®)) ® xA (¥3)2 ® GIg?S(Zy3x?))
((X)\)[ 1YA®GZS(ZZ)’2X (X)\)[ }YA #e)Hz'y'|
(2.6,1.9,1.18) = Z(Y;\X1®X alS(y®)) @ (X5 (V3)1X2 @ xR GIS(Ay2))
B (X5 (V2)2X° @ CBC?S2YR)) © (K3 V5 #e)tzy!
(11) = YFredsy)xrex)e <xA » @ GIS(Z)(Y3)1 9 6ESy)))
(X22xX2) ® (X3 © G*S(2))((Y3)2 2 GBS(YP)2) (X* ©°)
(X3 #eyz!) (V3 #e)y']
(6.5 = (14®®Py)(ild @ AxgHer ®id) (P ) (PHeHe @ 1)
wherey G! ® G? is another copy of ~! and1 = (1, #¢)#14 is the unit of the algebréA #H*)#H. O
Let H be a quasi-Hopf algebraA, A, p, ®,, Py, P, ;) anH-bicomodule algebra and an H-bimodule
coalgebra. By Lemma 6.3, we can consider the category of Doi-Hopf mddeési  HOP) (A B
We will prove that it is isomorphic to the category of two-sided two-cosided Hopf moﬁlﬂ@g, in the

case wherél is finite dimensional.

Lemma 6.4 Let H be a quasi-Hopf algebra an H-bicomodule algebra and C an H-bimodule coalge-
bra. We have a functor
F: St —Car(HoH)

(A #H)#H
F(N) =N as a k-module, with structure maps given by the equations
n—((a#¢)#h) = Z<¢,91(f2n >a<1> (3))S(h) > n) < aco- B (6.19)
p< n) = Z Ni_1) ®Ngoy = z fl 11 ® 2 N[ (6.20)

foralln e N, ac A, ¢ € H* and he H. F sends a morphism to itself.
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Proof. SinceN is a two-sided H, A)-Hopf module, we know by (3.39) that is a right (A #H*)#H-
module via the action defined by (6.19). LgFl® F2 be another copy of. For anyn € N, we have
that

(A®idy) (PR (n) Pyt
(6.17) = Y ni g, -(ReSXEFH @y, - (K @ S(X*)F?)
©ngo—[(% #e ) Y
(611,620) = S SX)F!-(fr-n g1 @SXA)F2- (frn_y)2- %
®S(XH 2 - ng < x3
(68) = Y SX)FHi- n[ 1, - % @ S(XP)F?f-n_y, - 5
RS(XH) 2= g < xi’
(612,1.9,1.18 = S fr-n_y ®F1f12-n[o,_1] ®F2fF - ngg
(6.14) = 3 frng@F' (2= ng)y®F? > (f2 - ng)qg
(6.20) = Zn{,1}®F1.n{0}[fﬂ®F2>n{o}[o]
(6200 = (ide®pS)(BS(MN)).
We still have to show the compatibility relation (5.5). For, observe that (3.6), (6.3) and (1.5) imply
> QNP ® (PR © Q%P = Y wt @ wlo. By ® 6y FES(0). (6.21)
Now, forallne N,a€ A, ¢ € H* andh € H one can show that
BS(n—((a#¢)#h)) = pR(N)D (a# 9)#h),
completing the proof. O

Lemma 6.5 Let H be a finite dimensional quasi-Hopf algebfa.an H-bicomodule algebra and C an
H-bimodule coalgebra. We have a functor

. C op . _>C H
G: *"M(H®H )(A#H*)#H RN
G(N) = N as a k-module, with structure maps given by
h>=n=n—[(1, #e)#S1(h)], n<a=n—[(a#e)#14], (6.22)
n
PN N—N&H, py(n )—21 —[(G#S () —~ s @S i(gh] we, (6.23)
pN N—C®N, pN ZQ N 1®g = N[ (6.24)

forneN,ac Aand he H. Here{a }i—tn Is a basis of H anqé}izﬁ is the corresponding dual basis
of H*. G sends a morphism to itself.

Proof. SinceN is a right(A #H*)#H-module, we already know by (3.36) and (3.38) thiis a two-
sided(H, A)-Hopf module via (6.22) and (6.23). Thus we only have to check (6.12), (6.13), (6.14) and
(6.15). First note thall € M (H ® Hc’lf’)(A B e implies

> Ny ®np_q ®n[00}

= 3 SX®)ftn_y, K@ SX?) F2 iy, - K @ ng—[(% #e)#x] (6.25)
> {n—((a# ¢)#h]}[71 ® {n*[(a#ﬁ)#h]}m
Z S(Xshz) N_g -y w! & n[0]<—[(a[0] W’ #xt — ¢ — (A)3)#X2h1] (6.26)
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forallne N,a€ A, ¢ € H* andh € H. By the above definitions and (6.26) it is immediate that
py(h>=n) =A(h)pS(n) and p(n<a) = p (N)px(2) (6.27)

forallhe H,ne N anda € A (we leave it to the reader to verify the details). §eG! ® G? be another
copy of f~1. We compute that

P(A®idy)(pS(N))

(624) = S X(g"-mg)1@X3- (gt 1)20 X% - ng
(6.22,6.8) = 3 X'gi-niy, ®X°g5- Ny, @ng—[(14 #eJS (X3
(6.256.18) = Y X'glG'SOE) n_y- Ky @ X2ghG*S() -y - X

®Njo,0¢— (X} #5)#51(X3925(X1))]
(19118 = Sg'n gy K okG o g %}
@No g —[(X3 #e)#S H(BG?)]
(6.22) = Zgl.n[_l}~>~(%®Q§Gl-n[o7_l].>~(§®g§62>n[Qo]<>~<§’
(6.24,6.8,6.27) = (idc®pS)(pS(N))Py

The verification of (6.13) is based on similar computations, and we leave the details to the reader.

As a consequence of Lemmas 6.4 and 6.5, we have the following descripﬁngfas a category of
Doi-Hopf modules; this description generalizes [4, Proposition 2.3].

Theorem 6.6 Let H be a finite dimensional quasi-Hopf algebfaan H-bicomodule algebra and C an
H-bimodule coalgebra. Then the categorfes(! and“M (H ® HO'D)(AﬁH*)#H are isomorphic.

Proof. We have to verify that the functois and G defined in Lemmas 6.4 and 6.5 are inverses. For
the C-coactions (6.20) and (6.24), this is obvious; for the other structures, it has been already done in
Corollary 3.6. O

Propositions 5.2 and 5.4 and Theorem 6.6 immediately imply the following result.

Corollary 6.7 Let H be a finite dimensional quasi-Hopf algebfaan H-bicomodule algebra and C an
H-bimodule coalgebra. TheﬁlfMi'&4 is isomorphic to the category of right comodules over the coring
C = ((A#H")#H)®C. IfCis finite dimensional, then the categ@rgZ!! is isomorphic to the category
of right modules over the generalized smash produetG (A #H*)#H).

Remark 6.8 Let H be a finite dimensional Hopf algebra. Cibils and Rosso [11] introduced an alge-
braX = (H?®@ H)®(H* ® H*°P) having the property that the category of two-sided two-cosided Hopf
modules oveH* coincides with the category of leK-modules. Moreover, it was also proved in [11]
that X is isomorphic to the direct tensor product of a Heisenberg double and the opposite of a Drinfeld
double. Recently, Panaite [25] introduced two other algebraisdZ with the same property a6 More
precisely)Y is the two-sided crossed produdt#(H @ HP)#H*°P, andZ is the diagonal crossed product

in the sense of [18)(H* ® H*°P) x (H ® H°P). Using different methods, we proved that the category

of two-sided two-cosided Hopf modules over a finite dimensional quasi-Hopf algebra is isomorphic to
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the category of right (resp. left) modules over the generalized smash pradadt*»<((H #H*)#H)
(resp.A°P). Note that, in general, the multiplication @i»< ((A #H*)#H) is given by the formula

[c* (( a# §)#h)][d s<((d #Y)#h')]
= S (& = =S (R g — d* — SXChy) f2)e<{[Fagw’alo.
#(X

(%
(03¢ 11yx — ¢ — wlal 1 %)( 12y2X1 (1,1) ALIJ’—XS [#X3Y>X h(1,2)h/}-
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