STRONG GROUP COALGEBRAS

S. CAENEPEEL AND K. JANSSEN

ABSTRACT. We introduce strong group coalgebras, as a generalization
of strongly graded coalgebras. We give several characterizations, and
study two special types of strong group coalgebras, namely cleft group
algebras (or crossed coproduct group coalgebras) and smash coproduct
group coalgebras.

INTRODUCTION

Graded coalgebras were introduced by Nastasescu and Torrecillas in [7], and
further studied in [3]. At first glance, most results about graded coalgebras
seem to be completely similar to corresponding results about graded alge-
bras. However, there are some remarkable differences. For example, in [7],
the notion of strongly graded coalgebra is introduced. An interesting prop-
erty is the fact that strongly graded coalgebras only exist in the case where
the grading group G is a finite group; we do not have such a property for
strongly graded algebras. In the coalgebra case, this property is basically
a consequence of the intrinsic finiteness that is built in the definition of a
coalgebra.

Group coalgebras and Hopf group coalgebras were introduced by Turaev in
[9]. An algebraic study of Hopf group coalgebras was initiated in [10], and
continued in a series of papers by various authors. In [1], it was shown that
group coalgebras (resp. Hopf group coalgebras) are in fact coalgebras (resp.
Hopf algebras) in a well-chosen symmetric monoidal category.

Group coalgebras are a generalization of graded coalgebras, and the two
notions coincide if we work over a finite group G. For an infinite group G,
group coalgebras behave better as far as duality is concerned. The dual
of a group coalgebra is a graded algebra, and in some situations the cate-
gory of comodules over the group coalgebra is isomorphic to the category
of graded modules over its dual graded algebra. These duality results have
been studied in [2], in the slightly more general context of corings rather
than coalgebras.
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In this note, we introduce strong group coalgebras. If we work over a finite
group G, then strong group coalgebras correspond bijectively to strongly
graded coalgebras. However, strong group coalgebras can also exist in the
case where G is infinite. The basic example is that of a cofree group coal-
gebra, playing the role of group algebra in the graded algebra theory. We
have several characterizations of strong group coalgebras, see Proposition 1.3
and Theorem 1.7. The most important one is perhaps the following: for any
group coalgebra, we have a pair of adjoint functors between the category of
comodules over the part of degree e, and the category of group comodules
over the group coalgebra; the group coalgebra is strong if and only if this
adjunction is a pair of inverse equivalences. Over a group coalgebra, one can
define two types of comodules (comparable to the situation in graded ring
theory, where one has graded and ungraded modules). In Section 2, we show
that there is a relation between these two types: comodules of one type are
in fact comodules of the other type, but then over the smash coproduct.

In Hopf algebra theory, cleft comodule algebras have been introduced and
studied by Doi (see [4, 5]). In Section 3, we study the corresponding notion
of cocleft group coalgebra. We have several equivalent characterizations of
cocleft group coalgebras, see Theorem 3.4. In the special situation where the
part of degree e of the group coalgebra is cocommutative, we can describe
cocleft group coalgebras using group cohomology, this is discussed in detail
in Section 4.

1. STRONG GROUP COALGEBRAS

In what follows k will denote a fixed field. Unadorned tensor products are
meant to be taken over k. By G we will denote a fixed group with identity
element e. In any category the identity morphism of an object M will also
be denoted by M. For categories M;, indexed by an arbitrary set I, we
will denote the product category by [[,c; M;. If all M; are equal to one
category M, we will write M! = [Lic; M. The category of k-vector spaces
is denoted by M.

Consider a G-group coalgebra (or shorter, G-coalgebra) C, i.e. a collection
C = (Cq)acq of k-vector spaces, with k-linear maps Ay g : Cop — Co ® Cp
and ¢ : C¢ — k, for all «, 8 € G, satisfying

(Aa,s ®Cy) 0o Agpry = (Ca ® Dgy) 0 Ag gy,
(Ca X 6) (e] Aa’e = Ca = (5 (9 Ca) o Ae,ou

for all o, 3,7 € G. It is clear that C, is a usual k-coalgebra with comulti-
plication map A, . and counit map .
Given two G-coalgebras C and D, a morphism ¢ : C' — D of G-coalgebras

from C to D is a collection ¢ = (¢a : Cop — Dy)acc of k-linear maps such

that, ep o pe = e¢ and (po @ @) © Agﬁ = Agﬂ 0 pag, for all a, B8 € G.
Given a G-coalgebra C' one can study two different types of modules over
C. Firstly, a k-vector space M together with a family of k-linear maps
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{pa =pM : M — M ® Cy}aeq such that (M ® €) o p. = M and

(M & Aaﬁ) 0 Pag = (pa (%9 Cg) 0 p3,

for all , 8 € G, is called a right C-comodule. We will use the Sweedler-type
notation pa(m) = mjg @ mp 4] € M ® Cy, for all m € M and a € G, where
summation is implicitly understood. Given two right C-comodules M and
N, a k-linear map f : M — N is called right C-colinear if (f ® C,) 0 pM =
pNof, for all a € G. The category of right C-comodules and right C-colinear
maps is denoted by ME.

Secondly, a right G-group C-comodule (or shortly, right G-C-comodule) is a
family of k-vector spaces M = (My)acc equipped with a family of k-linear
maps {pa,3 = p%ﬁ : Mag — My ® Cglapec such that (Mg ®@¢) o pae = M,y
and

(Pap @ Cy) © papry = (Ma @ Dp ) © papys

for all a, 3,7 € G. We will use the notation p,s(m) = mpq ® mpg €
M, ® Cg, for all m € M,g and «,3 € G. A right G-C-colinear map
between two right G-C-comodules M and N is a family of k-linear maps
@ = (Pa : Mo — Na)aec such that (fo @ Cp) 0 ity = pi 50 fup, for all
a,B € G. The category of right G-C-comodules and right G-C-colinear
maps will be denoted by M€,
Given a right G-C-comodule M, it is clear that F/(M) = M, is a right C,-
comodule with coaction map pe .. Clearly we have a functor F' : MEE
M. Given a right Co-comodule N, we can define a right G-C-comodule
G(N), by G(N)o = NO¢, C,, and

Pag = NOc, Appg: NOcg,Cop — NOc, (Co @ Cg) = (NO¢, Co) @ Cg,
for all o, 8 € G.
Proposition 1.1. (F,G) is a pair of adjoint functors between the categories
MEE and MC.
Proof. The unit of the adjunction is given by Ny = (MM ,0)aca : M —
G(M.), where nyr.q : My — MOc, Cy is the corestriction of Pea : Moy —
M. ® Cy to M UOc, Cy,, for all M € MEE The counit is given by the
natural isomorphisms vy : NO¢,Ce — N,vn(d,ni ® ¢;) = >, €(¢i)n;, for

all N € M%. We still need to verify, for all M € M%E N € M% and
a € G, that the following diagrams

M, 25 MO, C, NUe, Ca =% (NOe, Ce)Oe, Ca
\ iVMe \ iVNDCC Ca
o NOc, Ca

commute. Indeed, for all m € M, we have that

(Var. 0 Mare) (M) = var, (Mo, @ M) = (M) M0,] = M;
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for 3°.m; ® ¢; € NO¢, C, we have that

((v~Oe.Ca) 0 nan.a) (Z n; ® Ci) = un(1 ® ¢i(10) D Ci2,0)

= Z ni ® &(Ci(1,e))Ci(2,0) = Z n; @ c;.
|

Definition 1.2. A G-coalgebra C is called strong if Ay g: Cop — Co ® Cp
is a monomorphism, for all o, 5 € G.

Proposition 1.3. Let C be a G-coalgebra. The following assertions are
equivalent:

(1) C is a strong G-coalgebra;
(2) foralla € G, A, 41 : Ce — Co ® Cp-1 is a monomorphism;

(3) for all M € MEE and o, 3 € G, paMﬁ s a monomorphism.

Proof. (1) = (2) and (3) = (1) are trivial. We prove (2) = (3). For M €
MEE and o, f € G, consider the diagram

Pap,e
Ma,@ ’ Ma,@ X Ce
pa’ﬁl iMO‘B@ABlyB
M,®C Mos® Cs-1 ® Cg.
“ s paﬁ,6*1®cﬁ o 8= g

By assumption Ag-1 g is monic, hence also Mg ® Ag-1 5 (since we work
over a field k, M, is k-flat). By the counit property pngs.. is monic. Indeed,
if pa@e(m) = Mp,ap] @ M1, = 0, then m = m[07a5]s(m[17e]) = 0. Thus
(Map ® Ag-13) 0 page = (Paps—1 @Cps) 0 pa,s is monic. It follows that p, g
is monic, as wanted. [l

Proposition 1.4. Let C be a strong G-coalgebra, and M € MSE. The
following assertions are equivalent:

(1) M =0, i.e., My, =0 for all « € G;

(2) M, =0 for some a € G.

Proof. (1) = (2) is trivial, we prove (2) = (1). Take 8 € G arbitrary. We
have that p, 415 : Mg — My ® Cy-15 is monic. Now M, = 0 implies that
Mg = 0, and we find our result. O

Corollary 1.5. Let C be a strong G-coalgebra, and ¢ : M — N a morphism
in MGE. We have that
(1) pq is injective for all « € G if and only if p, is injective for some
a € G;
(2) o is surjective for all o € G if and only if pq is surjective for some
a€G;
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(3) o is bijective for all o € G if and only if po is bijective for some
a e Gy

Proof. This follows from Proposition 1.4. U
Lemma 1.6. Let C be a group coalgebra. MSE is an abelian category.

Proof. Let ¢ : M — N be a morphism in M%C. Write K, = Ker(¢,) and

I, =Im(py). For m € M,g, we have that
(o ® C5)(pas(m)) = Pa(myga) @ mpy g = prs(Pap(m)).

This implies that paﬂﬂ(lag) C I, ® Cg. Also if m € K,g, then p%’ﬁ(m) €
Ker(pq ® Cg) = K4 ® Cp (the last equality holds since Cp is k-flat). So
prs(Kag) C Ko ® Cg. This shows that K = (Ko)aec:L = (Io)acc €
vices O

Theorem 1.7. Let C be a G-coalgebra. The following assertions are equiv-
alent:

(1) C is a strong G-coalgebra;

(2) (F,Q) is a pair of inverse equivalences between MEE and MC;

(3) Aqp corestricts to an isomorphism Cog — CoOc,Cg, for all o, B €
G.

Proof. (1) = (2). It suffices to show that, for all @ € G and M € ML
MM @ Mo — MUc,Cq is bijective. Since nare @ Me — Mc, Ce is
bijective, the result follows from Corollary 1.5.

(2) = (3). Consider the o-suspension C, = (Cyq)acc of C (see also [7,
Section 3]). The right G-C-comodule structure on C is given by the maps
Agap: Crap — Coq ® Cpg. Since (F,G) is a pair of inverse equivalences,
Nc(a),8 = Aa,p : Cap — Collc, Cp is an isomorphism, for all o, € G.
(3) = (1). Tt follows from (3) that all maps A, 3 : Chp — Cy, ® Cj are
monomorphic. O

Let C be a G-coalgebra. We can construct a graded k-algebra R as follows
(see [2, Sec. 5]). For a € G, let Ry = C%_;. R = ©aecRa is a G-graded
k-algebra, with multiplication

(f#9)(c) = fle@,a—1))9(ca,s-1)),

for f € Ry, g € Rg and ¢ € Rg-1,-1. The unit element is ¢ € R.. The
multiplication my 5 : Ry ® Rg — R,g is the composition of the dual of
the comultiplication map Ag-1 ,-1 and the canonical inclusion R, ® Rz =
Cr® C;_l — (Cg-1 ® Cy-1)*. If C is homogeneously finite, this means
that every Cy, is finite dimensional, then this canonical inclusion is an iso-
morphism, and then m, g is surjective if and only if Ag-1 -1 is injective.
By definition R is strongly graded if and only if the maps m,, g are surjective
(see for example [8]). This proves the following result.
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Proposition 1.8. Let C be a homogeneously finite G-coalgebra. Then C is
strong if and only if R = ®,ecqCl is a strongly graded k-algebra.

2. GROUP COMODULES AND THE SMASH COPRODUCT

Let C be a G-coalgebra. We introduce the so-called smash coproduct G-
coalgebra C x kG of C' and kG as follows. For a € G we put (C x kG), =
Co X kG = Cy ® kG. For o, € G we define A, g : Cop ¥ kG — (Cy %
kG) ® (Cs % kG) by

Aaﬂ(c X O') = (C(l,a) X ﬂa) & (8(275) X U),

for ¢ € Cop and 0 € G. We define ¢ : C, X kG — k by (¢ x o) = £(c), for
ceC,and o € G.

Lemma 2.1. C x kG is a G-coalgebra.
Proof. Let a, 3,v,0 € G and take c € Cng,. We then have that
((Aap ® (Cy X kG)) 0 Aggy) (¢ X 0) = Agp(c(1,08) X 70) @ (¢(2,4) X 0)
= (cr,a) X B70) ® (c(2,8) X 10) @ (c(34) X O)
= (C1,a) ¥ B70) ® Apy(c2,8y) % 0)
= (((Ca xkG)®@Ag,)oDapy)(cxo).
For av,0 € G and ¢ € C,, we have
(CaxkG)@e) 0o Aqe)(c X o) =e(cie) X O)C1a) X0
= elc@e))cia X o =cxo;
(e ® (Ca xkG))oAcy)(cx o) =e(ce) X a0)C2a) X O
= e(c(1,¢))C(2,a) X T =cC X 0.
[l

Proposition 2.2. Let C be a G-coalgebra. The categories MEXFCG and
MEE are isomorphic.

Proof. Take M € M%C. Let M = ()
(Cp % kG) as follows: for m € M,, let

aci Mo, and define pg : M — M ®

pa(m) = mo,op-1] @ (M[1,5) X o).
Then M € MEX*G  Indeed, for m € M, we have that
(M @e)ope)(m) = (M®e)(mjp,) @ (myeg %o ")) =elm)mp, =m.
We still need to verify the commutativity of the diagram

(1) M P M ® (Cop x kG)

pﬁl lM@Aa,B

M ® (Cg x kG) M ® (Cy x kG) @ (Cj % kG).

—_——
Pa®(CgxkG)



STRONG GROUP COALGEBRAS 7

Take m € M,. We then have that

(M@ Aqp) o pag)(m) = (M @ Aqp)(mppeg-10-1] ® (Miap X0 "))

= Mpep-1a-1] ® (M[1a X o) @ (mpg 3 07)

= pa(mpqp-1) @ (Mg o) = ((pa ® (Cp x kG)) © pg) (m),
as needed. Conversely, assume that M € ME*FC For each o € G we have
amap po : M — M®(CyxkG). pe turns M into a right C, x kG-comodule.
Since pe : Ce ¥ kG — kG, pe(c x o) = e(c)o~! is a coalgebra map, we have
a right kG-coaction (M ® pe) o pe : M — M ® kG on M. This makes M
into a G-graded k-vector space M = @, M,, where m € M, if and only
if po(m) € M ® (C. x 0~1). For m € M, we introduce the notation

pa(m) = Z mi) ® mf 4 X o le M®(C,yxEkG).
ceG

With this notation we have that m € M, if and only if mﬁ)] ® mﬁ = 0, for
all o # 7. We have that the diagram (1) commutes. Let us write this down
explicitely. For all m € M and «, 8 € G, we have that

(M © D) © pas)(m) = (M & Do) (D mfy @ (mf o % 07H)

= D iy ® (M ag1.a) ¥ B0 ) © (M ag)2,8 X 0

equals

((pa ® (Ciy 3 kG)) © p3) (m) = (pa @ (Cy % KG))( D mify & (mff gy 3 07)

= D (mfiy ® (miy)fio % 71 @ (mf g 30 ).

o,T

We will refer to this equation as (x). Before we end the proof of Proposi-
tion 2.2, we state and prove two Lemmas.

Lemma 2.3. Let w € G. The following assertions are equivalent:
(i) m € M,;
(ii) pa(m) € M @ (Cq x w™t), for all a € G;
(i) miy @ mpy o =0, for allw #o,00€(.

Proof. (i) < (ii1) and (4ii) = (i) are obvious. We prove (i) = (i7i). Take
B =ein (x). We view the equality () as an equality in P, ,co(M ® Co ®
Cp)epr. For o # w, the (671, 071)-component of (x) comes out as

0= (mfo)foy @ (Mp)]ra) © M1 = M) @ 1M1 a)(1,0) © 1) (2,0)°

If we apply € to the third tensor factor, then we find 0 = m‘[’o] ® m‘[’l o]s 88
needed.
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Lemma 2.4. Let w € G and m € M. Then, for all € G,
pp(m) € M,5-1®Cgxw
Proof. By Lemma 2.3 (x) takes the form
miyy © (Ml apj(1,0) 2 B™) © (M a2 @ @)

= D ()i @ ((mig)fia % 7 ® (mif g 3w ™).

T

Fix 7 # wB~ !, and take the (77!, w™!)-component of both sides. This gives
0= (mio)fo; @ (Mo r.e) © ™),
and
(o ® (C 3 KG))(p3(m)) € M @ (Ca 3 ) @ (Cp x ™).
Hence pg(m) € M,z-1 ® Cg 3wt O

Now we complete the proof of Proposition 2.2. For o, 3 € G, and m € Mg,
we have

pa(m) =m? @ mf% x fla™t € Mo ® Cp 10!

We define po g : Mog — My ® Cg by pap(m) = mﬁ)]ﬁ ® mﬁﬂm. Let us show
that M = (M )acq satisfies the coassociativity condition. If m € M, then
Pa(m) = mig @ mi 4 X w~!. Now take m € Myg,. Then

(M ® Agy) o pgy)(m)
= iy @ (50,5 X 61T @ () ) ¥y AT
is equal to
((ps ® Cy) 0 py)(m)
= (miy gy © (mfg iy # 7™ @ (miif 297167 a ™).
Hence
(Mo ® Ag ) © papy)(m) = (M ® Ag ) (miy @mi] )
= (mig gy @ mig iy @ i) = (s © C) © pa)(m).
Take m € Mg. Then pe(m) = miy ® (mf} ; x B71), and pg.c(m) = my @
It follows that
(M ®e)opge)(m)=((M®e)ope)(m)=m,

so the counit property is also satisfied. O

B
My -

Combining Proposition 1.1 and 2.2, we obtain a pair of adjoint functors
(F',G") between the categories ME**F and M%. For (M, (Pa)accyemerra,

F'(M)={m e M| pe(m) € M @ (Ce xe)}.
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For N € M%, G'(N) = (BacaNOc, Cas (pa)acc), With

Pp - EBaGGNDC’eCa - @QGG(NDCECCM) ® (Cﬁ X kG)
defined as follows: for >, n; ® ¢; € NOg, Ca,

Pﬂ(z ni ®c;) = Z(ni ® Ci(1,a8-1) @ (Ci2,8) ¥ o !

1

It follows from Theorem 1.7 and Proposition 2.2 that (F’,G’) is a pair of
inverse equivalences if and only if C' is a strong G-coalgebra.

3. CROSSED COPRODUCTS AND COCLEFT (G-COALGEBRAS

Let k(G) be the G-coalgebra defined by k(G)s = kps, Ao r(Por) = Po @ Pr
and e(p.) = 1, for all 0,7 € G. k(G) is even a Hopf G-coalgebra: every kp,
is a k-algebra (isomorphic to k), and the antipode maps S, : kp, — kp,-1
are given by Sy (ps) = pPy-1.

Let C' be a coalgebra. Suppose that we have a weak G-action on C, this is a
collection of k-coalgebra maps A = {\y | @ € G}. Assume moreover that we
have a collection of k-linear maps f = {fa 3 | a, 5 € G} C C*. We assume
that f.. has a convolution inverse g. . and that

(2) Ae(€) = feelcq))e@)Geelc(s))-
for all ¢ € C. For a, 8 € G, consider the maps

dap: C— C®C, dap(c) = cuy®Aalc)) faslcs)
Now let C' x k(G) = (C X pa)aca, with comultiplication and counit maps
given by

Aq,p(c X pag) = (c(1) X pa) ® (Aalc(2) fa,8(c(3)) X p3)
and

5(6 A pe) = ge,e(c)a

for all a,3 € G and ¢ € C. Straightforward computations now show the

following result.

Proposition 3.1. Let A be a weak G-action on a coalgebra C, and f a
collection of maps satisfying (2). Then C x k(G) is a G-coalgebra if and
only if the following conditions are satisfied, for all c € C and o, 3,7 € G:

(3) fe,a = fE,e ; foc,e = fe,e 0 Ao
(4) farQAalecay)) fapy(ce) = fapleq))fapr(ce));
(5) (AgoAa)(ca)faplce) = faplea))tasle))

If f satisfies the conditions of Proposition 3.1, and every f, g has a convo-
lution inverse g, g, then f is called a factor set, and C' x k(G) is called a
crossed coproduct G-coalgebra. f is called normalized if f,. = feo = cc,
for all &« € G. Then A\ = C, and the counit of C' x k(G) is given by the
formula (¢ ¥ pe) = ec(c).
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If fo3=¢€c, for all o, B € G, then we call C x k(G) a smash coproduct G-
coalgebra. If; in addition, A\, = C, then C x k(G) is the cofree G-coalgebra
C(G) introduced in [2]. In particular, if C' = k, then we recover the G-
coalgebra k(G) introduced at the beginning of this Section.

We will now show that the factor set f can be chosen in such a way that it
is normalized To this end, we will apply the following construction. Let C
be a G-coalgebra, and ¢ : C — D an isomorphism in (Mj)%. Then we can
define a G-coalgebra structure on D such that ¢ becomes an isomorphism

of G-coalgebras: the structure maps on D are &’ =co . : D, — k and
(6) 08 = (Pa®pp) o Dapowys: Dag— Da® Dp.

Proposition 3.2. Let G be a group acting weakly on a coalgebra C, and f
a factor set. Then there exists a set of k-coalgebra maps {\., | « € G} C
End(C) and a normalized factor set f' such that C x5 k(G) = C xp k(G)
as G-coalgebras.

Proof. For every o € (G, consider the isomorphism ¢, : C X py — C X pq,
defined as follows: o = C' X po if a # e and @e(c X pe) = ¢(1)Ge,e(C2)) X Pe-
The inverse of . is defined by the formula o 1(c x p.) = c(1) fe.e(€2)) X Pe.
Applying the above construction, we find a new G-coalgebra structure on
C % k(G). The new counit ¢ is defined as follows:

e'(cxpe) = ge,e(C(l)fe,e(c(Q))) = (o).
We compute the new comultiplication maps 5;,6 : C — C® C using (6).
Clearly %ﬁ =0qpif a#e, B #eand aff #e. For a # e, we compute

J,.0(c) o (e ® C)(Ge,alc)) = (e ® C)(cay @ Ae(c@) fe.alca))
= cYeelc2) ® feelcs))cw) = ) ® ¢2);

I (C) 5 (C®<Pe)(5a () = (C @ we)(cq) ® Aalc@)) faeles)))
= 1) @ Aalc@))gecPale@)) fee(Malcwy))
= (1)®)\ (c@)e(alem))) = ey @ Aale@)):

ma-1(c) = 5aa 1(%1(0)) = Og,a-1(c() feelc(2)))

Aalc@)) faa-1(c(3)) fee(c(ay);
51/3,6(0) = (906 ®S‘76)( 6,6(6 )fe e(c(2 )

= (<Pe ® ©e)(c1) ® Ae(c() feeles)) feelcw)))

= c1)Yee(c@)) @ Ae(c(3))gere(Ne(C(a))) fee(c(s)) fe.e(cs))

= 1)gee(6(2)) ® feelce )0(4)9ee(C(5))fee(C(6))gee( 7))
e,e(cs)) fee(co )fe,e( 0) =) @ c2).-

It follows that C x; k(G) =2 C xp k(G) with

Ao =C; N, =\ if a # e
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flo=f ec, for all a € G,

a,e e,

f(/l’a*l = fa,a*l * fe,e if o 7& €;

fcly,ﬁ:fa,ﬁifa#e, B # e and aff # e.
O

Let C be a G-coalgebra. In the sequel, we will consider morphisms v : C' —
k(G) in the category (My)®. Such a morphism is given by a collection of
maps {uy € C} | @ € G}. The a-component of u then sends ¢ € C, to
U (C)pa. We say u is convolution invertible if there exists a collection of
maps {v, € C%_; | a € G} such that

(7) Ua(C(1,0))Va(C2,a-1)) = Va(c,a-1))UalC2,a)) = (c),
for all ¢ € C,.. If uw is a morphism of (GG-coalgebras, then « is convolution
invertible: it suffices to take vy, = u,-1.

Definition 3.3. A G-coalgebra C is called cocleft over C, if there exists a
convolution invertible morphism u : C — k(G) in (My)C.

Theorem 3.4. For a G-coalgebra C, the following conditions are equivalent.
(1) C is cocleft;
(2) C is isomorphic to a crossed coproduct G-coalgebra C x5 k(G);
(3) C is isomorphic to a crossed coproduct G-coalgebra C x ¢ k(G), with
f normalized;

(4) C is a strong G-coalgebra, and every C,, is isomorphic to C. as a
left Ce-comodule.

Proof. (1) = (2). For a, 8 € G, we define A\ : Ce — Ce and fo5: Ce — k
by the formulas

(8) /\a(c) = ua(C(l,a))C(Q,e)va(c(&a*l))7

(9) fap(e) = ualc,a))uslcep))vas(cEa-1a-1))-

It is easy to verify that the A\, are coalgebra maps, and that f is a factor
set. Clearly the maps f, g are convolution invertible. Now define ¢ : C —
Ce ¥ k(G) by palc) = caetalc2,a)) X Pa- ¢ is an isomorphism of G-
coalgebras, with inverse given by o, 1(c X p) = c(1,0)Va(C(2,0-1))-

(2) = (3) follows immediately from Proposition 3.2.

(3) = (4). Let C = C x k(G) be a crossed coproduct G-coalgebra. It is easy
to see that dc e = 0¢,n, and this implies that C, = C X p, is isomorphic to
C. = C x pe as left C,-comodules. In order to show that C is strong, it

suffices to show that ¢, ,-1 is monic, for all o € G, see Proposition 1.3 For
all ¢ € C, we have

(ga,a—l % )‘a—l)(éa,oﬁl (C)) = Ga,a~! (C(l))()‘a—l © Aa)(C(Q))fa,oz—l (0(3))
= Gaa-t(c)) faa1(c@)eE) = ¢
where we used the fact that A\c = C' (f is normalized).
(4) = (1). From Theorem 1.7, we know that the corestriction Ay g : Cop —
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Coc.Cp has an inverse V, 3. Let ¢ : Co — C, be a left Ce-colinear
isomorphism, for all & € G. Then we have the following formulas:

(10) Ae,e(‘ba(c)) = c(l,e)®¢a(c(2,a))§
(11) Ae,oc(d)a_l(d)) = d(l,e)®¢a_1(d(2,e))a

for all c € Cy and d € Ce. For ¢ € C,-1, we have that c(; -1 R¢51(c2,e)) €
Cy-10¢,Cy. Indeed,

C1a-1) ® Aeal(dy (e, e)))(—)Cu a-1) @ C2,0) ® 05 (C30))
= Ag-1(c,a-1)® byt (c2,e))-
This implies that we have a well-defined map
Vo =€0V4140(Ca1®dy)0ANy1,:Cor — k.

We also consider uq, = e0¢, : Co — k. For every ¢ € C,, we now have that

Ua(C(1,0))ValC2,a-1))
= c(Palcam)(E0 Vot o) Cpa ) ® b2 (cae)
L (a2 (D aa))E 0 Vot )2 (D pa ) ® 62 (¢ 3.0))
—  c(Pal$a (1)) (E0 Vot 00 Ag1.a) (62 ()
= (Ga(63 (D 1.))E (031 () ) = £(Bald3(0))) = £(0);

va(c (1,0 1))“ (C(Qa)

= (eoVa14)(caan ® ¢, (ce)))(€ 0 da)(c(3,0))
W cov,. 1) (C1,a-1) ® 05 (PalC2,0)) (1,6))E(PalC2,0)) 2,6))
= (£0Va14)(C1a-1) ® ' (dalc@m)))
= (€0V4-1,4 oAaq’a)( c) =¢(c),
as needed. -

If there exists a morphism of G-coalgebras u: C — k(G), then C' is cocleft.

We have the following characterization of this situation.

Theorem 3.5. For a G-coalgebra C, the following assertions are equivalent:
(1) C is isomorphic to a smash coproduct G-coalgebra;

(2) there exists a morphism of G-coalgebras u: C — k(G).

Proof. (1) = (2). Let C = C x k(G) be a smash coproduct G-coalgebra.
Then 6,,5(c) = c1) @ Aa(cz)), forall c € C. The map u: Cxk(G) — k(G),
Ua (¢ X pa) = ec(¢)pa, is a morphism of G-coalgebras since
((ua ®ug) 0 Ag g)(c X pap) = 60(6(1))pa ® 5C(>\a(c(2)))pﬁ
= ec(c)pa @ pg = (Da,p © Uap(C X Pap);
e(e X pe) =ecl(c) = e(ue(c X pe)).
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(2) = (1). As we have already mentioned, C is cocleft. The convolution
inverse of ug is just v = ue-1. In the proof of (1) = (2) in Theorem 3.4,
we have seen that C = C, 3¢ k(G), with

fa,p(c) = ualeq a))uplce,p) )usg-1a-1(c3,a-1a-1)) = te(c) = €(c).
O

In Theorem 3.5, we have characterized crossed coproduct G-coalgebras with
trivial factor set. We can also characterize when the maps A, are the identity
maps.

Theorem 3.6. For a G-coalgebra C, the following conditions are equivalent.
(1) There ezists a convolution invertible u: C — k(G) such that

(12) Ua(C(1,0))C(2,e) = C(1,e)Ua(C(2,0)):

foralla € G and c € Cy;

(2) C is isomorphic to a crossed coproduct G-coalgebra C x ¢ k(G), with
Ao =C, forall a € G;

(3) C is isomorphic to a crossed coproduct G-coalgebra C x ¢ k(G), with
f normalized and with Ao, = C, for all a € G;

(4) C is a strong G-coalgebra, and every C,, is isomorphic to Ce as a
C-bicomodule.

Proof. (1) = (2). It follows from (12) that the maps A, constructed in the
proof of (1) = (2) in Theorem 3.4 are equal to the identity map on C..

(2) = (3). If the maps A, are equal to C in the proof of Proposition 3.2,
then we also have that X, = C, for all « € G.

(3) = (4). In the proof of (3) = (4) in Theorem 3.4, it is shown that C is
strong, and left Ce-colinear maps C, — C. are given; using the fact that
Ao = C, we can easily show that these maps are also right Ce-colinear.

(4) = (1). We are in the situation of the proof of (4) = (1) in Theorem 3.4,
with the additional hypothesis that ¢ is right Ce-colinear, that is,

Ae,e(¢a(c)) = ¢a(c(1,06)) ® €(2,e)-

Applying € to the first tensor factor, we find that ¢a(c) = ua(c(1,a))c(2,e)- If
we apply € to the second tensor factor of (10), then we obtain that ¢,(c) =
C(1,e)Ua(C(2,0)), and (12) follows. O

4. COHOMOLOGY

Let C be a cocommutative coalgebra, A a collection of coalgebra endomor-
phisms of C' and f a factor set (see Proposition 3.1). Then (2) is equivalent
to Ae = C, and (5) is equivalent to \og = Ag © Aq. This means that C is a
right G-module coalgebra, with right G-action ¢ - a = A,(¢). Then C* is a
left G-module algebra, with left G-action (« - f,c) = (f,c- «). The abelian
group G,,(C*) consisting of convolution invertible elements of C* is a left
G-module, and we can consider the cohomology groups H"(G,G,,(C*)).
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Condition (4) can be rewritten as (a - fz,) * fa,3y = fa,3 * fas,y, Which
means precisely that f € Z2(G,G,,(C*)) is a 2-cocycle. (3) follows from
(4), after we successively take « = 3 =e and f =~ = e in (4).

Lemma 4.1. Let C be a cocommutative right G-module coalgebra, and let
f e Z%(G,Gp(C%). If f is the cocycle obtained from f using the construc-
tion in Proposition 3.2, then f~1x f' € B%(G,G,,(C*)).

Proof. For every a € G, we define h, € C* as follows hy = ¢ if @ # e and
he = fee. We can easily compute 01(h)q,3 = ha * h;ﬁl * (a - hg). We find
that 01(h)e,a = feo and 61(h)ae = fae, for all a € G, 61(h)pa-1 = Geyes
for all @ # e and 01(h)as = €c, if @ # e, f # e and aff # e. Looking
at the explicit formula of f’ in the proof of Proposition 3.2, we see that

fa,ﬁ = f(;ﬁ * 51(h)a,ﬁ- U

Proposition 4.2. Let C be a cocommutative right G-module coalgebra, and
take f, f' € Z*(G,Gy,(C*)). The crossed coproduct G-coalgebra C x5 k(G)
and C x ¢ k(G) are isomorphic if and only if there exists a coalgebra auto-

morphism ¢ of C such that [f] = [f' o ¢] in H*(G,G,,(C*)).

Proof. It follows from Proposition 3.2 and Lemma 4.1 that we may restrict
attention to the situation where f and f’ are normalized cocycles. First
assume that {¢, | @ € G} is a family of k-linear maps C' — C such that
(fa X Pa)acc is an isomorphism between the G-coalgebras C' x s k(G) and
C %y k(G). Then we have for al o, 3 € G and ¢ € C that

balcy) @ ¢plc2) - @) fa,p(c))
(13) = Bap(c)1) @ (Pap(c)2) - @) fa 5(Pap(c)(3)):

and ¢ = ¢ o ¢, where we used the fact that f and f’ are normalized, so
that ec = gee = gge. In particular, ¢, is a coalgebra automorphism of C.
Consider the maps h, = ¢ 0 ¢ € C*. Take a = e in (13) and apply e¢
to the second tensor factor. Again using the normality of f and f’, we find
that

(14) Pe(c1))hplc)) = dp(c).

It is then easy to show that h ! = ec o ¢! o ¢, is the convolution inverse
of hy. Now apply ec ® ec to (13), to obtain that
(14)
ha(cy)(a - hp)(c)) fa,s(c3) = fo5(¢ap(c) = fas(Pe(cay)has(cs)),

or
(15) fa,ﬁ*ha*(a'hﬁ)*h(;gl:f(lx,ﬂod)ea

Conversely, assume that [f] = [f’ o ¢], that is, there exists a family of
convolution invertible maps {h, | @ € G} C C* such that (15) holds (with
¢e = ¢). Then we define ¢, by (14). Straightforward computations show
that the ¢, define an isomorphism of G-coalgebras. (|
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Now let C be a cocleft G-coalgebra, and assume that C is cocommutative.
Let ug : Cq — k and v, : Cy—1 — k be k-linear maps satisfying (7). Recall
from the proof of (1) = (2) in Theorem 3.4 that we have maps A\, : C. — C¢
and fo3: Ce — k defined by (8) and (9), and that C' = C xsk(G). We have
seen at the beginning of this Section that C is a right G-module coalgebra,
with right G-action ¢ - a = \y(c).
Lemma 4.3. With notation as above, we have:

(1) the maps A, are independent of the choice of u;

(2) for all a € G and c € Cy, we have c(1 o) @ C2.¢) = C(2,0) @ C(1,¢) * -

Proof. Applying comultiplication maps to the first tensor factor of the co-
commutativity relation c(j o) ® ¢(2.¢) = €(2,¢) ® €(1,¢), We find the following
relation

(16) C(1,a-1) ® €2,0) @ C3,e) = C(2,0-1) ® €(3,0) @ C(1,e)-

Let v’ : C — k(G) be another convolution invertible morphism, with cor-
responding action e. Then

cra = Ua(C,0))C.e)ValC30-1))Un(C40))Va(C5.0-1))
=" Ua(c1,0))Va(€(2,0-1)) U6 (€(3,0)) Ca,e)Va (€(5,0-1))
= un(¢(1,0))C2.e)Va(C3a-1)) = C®

and this proves (1). (2) is shown as follows.

.

C2a) ® Ue) " O = ) © Ua(C(1,0))¢(2,)Va(C@,a-1))
= C30) ® Ua(C(1,0))C1,e)Va(C(2,a-1)) = C(1,0) ® C2,0)-
]

Let Q¢ ={u: C — k(G) | ¢ is a morphism of G coalgebras}. C is isomor-
phic to a smash coproduct G-coalgebra if and only if Q¢ # (0. If we know
one element of ()¢, then we can describe all the others using cohomology.

Proposition 4.4. If Q¢ # 0, then there is a bijection
b: Qo — ZHG, G,y (C)).

Proof. Fix u® € Qg¢, For u € Q¢, we define ¢p(u) =0 : G — G, (C¥) by the
formula

0a(C) = valc(1,a))uo-1(C2,0-1))-
We show that 6, is a 1-cocycle. For all ¢ € C,, we have

(e~ 05) * 0a)(c) = Oa(cqre) - ¥)balcize)
= 05 (ualc1,0))C2,e)ta—1(¢(3,0-1))0a(Ciae))
= ua(c(l,a))uﬁ(c(zm)u%ﬂ (c(3.5-1) a1 (C(a,0-1))Ua(C(s5,0))uo—1 (C(6.0-1))
= talc(a))uplce,s)ug-1 (¢s,-1y g1 (Caa-1))
= Uap(C(1,a8) UG- 10-1(C2,5-1a-1)) = Oap(c).
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It follows that « - g x 8, = 0,3, which is precisely the cocycle relation. ot
is given by the formula ¢~1(0) = u, with ua(c) = Oa(c1e))ud(c@a)t O

On Qg¢, we define the following equivalence relation: u ~ o if and only if
there exists a convolution invertible f : C. — k such that

flea.e)ualc@a)) = up(cae) fle@a)
for all @« € G and ¢ € C,,. We denote
Qc=Qc/ ~ .
Proposition 4.5. If Q¢ # 0, then there is a bijection
o1 Qp — H'(G,Gn(C))).

Proof. u ~ u® if and only if there exists f € C} with convolution inverse g

such that

ug(€) = f(e.e))ualc@.a)9(Cz.e);

for all @ € G, ¢ € C,. This is equivalent to

Oalc) = ualcia))f(c@e))ta1(c3a-1))9(C(4e))
= (a- f)lcae)dlcae) = ((a- f)*g)(c).

This is equivalent to the existence of f € C} with convolution inverse g such
that 0, = (a - f) * g, which means precisely that 6, € BY(G,C). O
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