PARTIAL ENTWINING STRUCTURES

S. CAENEPEEL AND K. JANSSEN

ABSTRACT. We introduce partial (co)actions of a Hopf algebra on an
algebra A. To this end, we introduce first the notion of lax coring,
generalizing Wisbauer’s notion of weak coring. We also have the dual
notion of lax ring. We then introduce partial and lax entwining struc-
tures. Several duality results are given, and we develop Galois theory
for partial entwining structures.

INTRODUCTION

Partial group actions were considered first by Exel [15], in the context of
operator algebras. A treatment from a purely algebraic point of view was
given recently in [11, 12, 13, 14]. In particular, Galois theory over commu-
tative rings can be generalized to partial group actions, see [13] (at least
under the additional assumption that the associated ideals are generated by
idempotents).

The following questions arise naturally: can we develop a theory of partial
(co)actions of Hopf algebras? Is it possible to generalize Hopf-Galois theory
to the partial situation? The aim of this paper is to give a positive answer
to these questions.

Partial group actions were studied from the point of view of corings by the
first author and De Groot in [6]. Namely, a partial group action in the sense
of [13] gives rise to a coring. The Galois theory of [13] can then be consid-
ered as a special case of the Galois theory of corings (see [2, 3, 4, 18]). There
is a remarkable analogy with the Galois theory that can be developed for
weak Hopf algebras (see [7]): in both cases, the associated coring is a direct
factor of the tensor product of the Galois extension A, and a coalgebra. In
the partial group action case, the coalgebra is the dual of the group algebra,
in the other case it is the weak Hopf algebra that we started with. The right
A-module structure of the coring is induced by a kind of entwining map. In
the weak Hopf algebra case, it is a weak entwining map, as introduced in
[5]. The map in the partial group action case, however, does not satisfy the
axioms of a weak entwining structure.

Wisbauer [17] introduces weak entwining structures from the point of view
of weak corings; these are corings with a bimodule structure that is not nec-
essarily unital. If C is a left-unital weak A-coring, then C14 is an A-coring
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that is a direct summand of C. Weak entwining structures are then in one-
to-one correspondence with left-unital weak A-coring structures on A ® C,
where A is an algebra, and C is a coalgebra.

If a finite group G acts partially on an algebra A, then we can define a left-
unital A-bimodule structure on A ® (kG)*, such that (A ® (kG)*)14 is an
A-coring, and a direct factor of A ® (kG)*. But A ® (kG)* does not satisfy
Wisbauer’s axioms of a weak coring. This observation has lead us to the
introduction of lax corings. The counit property of a lax coring is weaker
than that of a weak coring, but it is still designed in such a way that C14 is
a coring.

Our next step is then to examine lax coring structures on A ® C. A sub-
tlety that appears is that we have two possible choices for the counit: we
can consider A ® € and (A ® €) o m, where € is the counit on C, and 7 is
the projection of A ® C onto (A ® C)14. This leads to the introduction of
lax and partial entwining structures. The notion of lax entwining structure
is the most general, and includes partial and weak entwining structures as
special cases. If (A, C, 1) is at the same time a partial and weak entwining
structure, then it is an entwining structure.

Now let C'= H be a Hopf algebra, and consider amap p: A - A® H. We
call A a right partial (resp. lax) H-comodule algebra if (A4, C, 1), with ¢
given by the formula ¢)(h® a) = ajg ® hayy) is a partial (resp. lax) entwining
structure.

We have a dual theory: we can introduce lax A-rings, and lax and partial
smash product structures. We then obtain the definition of partial (resp.
lax) H-module algebra. In the case where H is a group algebra, we recover
the definition of partial group action. We also discuss duality results. For
example, if C is a finitely generated projective coalgebra, then we have a
bijective correspondence between lax (resp. partial) entwining structures of
the form (A, C,v) and lax (resp. partial) smash product structures of the
form (A°P,C*, R) (see Theorem 5.7). In the final Section 7, we applied the
theory of Galois corings to corings arising from partial entwining structures.

1. LAX RINGS AND CORINGS

In this Section, A is a ring with unit. A-modules will not necessarily be
unital.

Proposition 1.1. Let P be an unital left A-module. There is a bijective
correspondence between

(1) (non-unital) right A-module structures on P making P an A-bimodule;
(2) unital right A-module structures on left A-linear direct factors P of
P, making P a unital A-bimodule.

Proof. Let P be an A-bimodule as in (1). The map 7: P — P, w(p) = ply
is a left A-linear projection. The right A-action on P restricts to a unital
right A-action on P = Im (7).
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Conversely, let 7 : P — P be a left A-linear projection, and let P be an
unital A-bimodule. We extend the right A-action from P to P as follows:
pa = mw(p)a € P. This action is associative, since (pa)b = (mw(p)a)b =
7(p)(ab) = p(ab). 0

We observe that 7 is then also right A-linear, so P is an A-bimodule direct
factor of P. The inclusion ¢: P — P is a right inverse of 7.

Recall that an A-coring (C,A,¢) is a coalgebra in the monoidal category
AM 4 of unital A-bimodules. This means that C is an unital A-bimodule,
and that A: C > C®4C and €: C — A are A-bimodule maps such that

(1) (A®s4C)oA=(C®4A)0A
and
(2) (e®4C)oA=(C®ye)0A=C.

We will often use the Sweedler-Heyneman notation
Ac) = C(1) ®A C(2),

where summation is implicitly understood.

Now take a left unital A-bimodule C and two A-bimodule maps A : C —
C®4C and €: C — A satisfying (1). We consider the projection 7 : C —
C = C1 and its right inverse ¢. For all ¢ € C, we have that

Acl) = Ae)l = c(1) ®a 10(2)1 = 6(1)1 A 0(2)1 eEC®4uC,

so A restricts toamap A: C —C®4C. €0t is then the restriction of € to
C.
e Wecall (C, A, ¢) aleft unital lax A-coring if (C, A, o) is an A-coring;
this is equivalent to

(3) ¢ = (el = cnele),
for all c € C.
e Following [17], we call (C, A, ¢) a left unital weak A-coring if
(4) cla = e(cn))e) = cyelc)),
for all c € C.

It is clear that weak corings are lax corings.

Recall that an A-ring (R, i, n) is an algebra in the category 4 M4 of unital
A-bimodules. This means that u: R4 R — Randn: A — R are
A-bimodule maps such that

(5) po(p®@aR)=po(R®an)

and

(6) po(m©aR)=po(R®an) =R.
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Then R is a ring with unit 7(14), and n: A — R is a ring morphism. It
follows from (6) that the A-bimodule structure on R is induced by 7. So an
A-ring is a ring R together with a ring morphism n: A — R.

Let R be a left unital A-bimodule, and consider the projection7: R — R =
R1, and an A-bimodule map p: R ®4 R — R satisfying (5). p restricts to
amap ft: R®4R — R, since pu(rly ®4 81a) = u(rla ®45)l4 € R, for
all ;s € R. We will write u(r ®4 s) = rs, as usual. Let n: A — R be an
A-bimodule map, and write 7(14) = 1g. Then 7(1g) = 1grla =n(la)la =
n(14) = 1g, so that 7 o7 is the corestriction of 1 to R.

e (R, p,n) is called a left unital lax A-ring if (R, p, 7 0 n) is an A-ring,

that is,
(7) r=1grr =rlg,
for all r € R;
o (R, u,n) is called a left unital weak A-ring if
(8) rlg=1gr =rlg,
for all r € R.

In what follows we will also need a right unital version of lax and weak
A-ring.

Let R be a right unital A-bimodule, put R = 1R, and consider an A-
bimodule map 1 : R ®4 R — R satisfying (5). As before p restricts to a
map u: R®4 R — R, and an A-bimodule map n: A — R corestricts to
themap mon: A— R.

e (R, p,n) is called a right unital lax A-ring if (R, u, ™ o 1) is an A-ring,
that is, condition (7) is fulfilled, for all r € R;
e (R,u,n) is called a right unital weak A-ring if

(9) lar = 1gr = rlg,
for all » € R.

Duality. Let C be a left unital A-bimodule. Then *C = 4Hom(C, A) is a
right unital A-bimodule, with A-action

(afb)(c) = f(ca)b,

for all a,b € A, ceCand f € *C. f A: C — C®xC is a coassociative
A-bimodule map, then p: *C®4 *C — *C, u(f ®4 g) = f#g given by

(f#9)(c) = g(c) f(c@))),

for all ¢ € C, is an associative A-bimodule map: we compute easily that

(f#g#h)(c) = h(cqyg(ca) f(c@a))))-
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Let ¢ : C — A be an A-bimodule map. For all a € A and ¢ € C, we have
that

(ag)(c) = (ea)(c) = e(c)a,
son: A—*C, n(a) = ae = ea, is an A-bimodule map.
For all f € *C and ¢ € C, we compute that

(e#f)(c) = flcqyele))
and

(f#e)(c) = e(c)fle@)) = ele)) fe@) = fleleqy)e)-

Proposition 1.2. If (C,A,¢) is a left unital weak (resp. lax) A-coring, then
(*C, u,m) is a right unital weak (resp. lax) A-ring. The A-rings 14*C and
*(Cla) are isomorphic.

Proof. Let (C, A, ¢) be a left unital weak A-coring. For all f € *C and ¢ € C,

we have
4

(e#f)(c) = flcqyele)) = f(cla) = (1af)(c);
(f#e)(c) = fleleqy)e)) = f(cla) = (1af)(c).

—
=

—
Nt

Thus (9) holds, and (*C, 1, n) is a right unital weak A-ring.
Now assume that (C,A,¢) is a left unital lax A-coring. For all f = 14f €
14*C = *C and c € C, we have

(e#1)(e) = (e#14)(0) = (1af)(cle))
= flewe(ea)1a) = Flewe(ee) Z2r(ela) = (1af)(e)
(f#)(c) = e(c 1><1Af>< ) = elcy Fey 1))
= eleq) flepla) = fleleq >c<2>1A>(3’f<c1A>=<1Af><c>.

So e#f = f#e = f, and ( ) holds, and it follows that (*C, u,n) is a right
unital lax A-ring.

To prove the final statement, we observe first that f € 14*C if and only if
1-f=f,or f(c-1) = f(c), for all ¢ € C. The map

a: 14°C — *(Cla), a(f) = fic1a
has an inverse (, defined by the formula
Blg)(c) = g(c- 1a),
for all g € *(C14). It is clear that 3(g) € 14*C, and
Bla(f)(e) = a(f)(c-1a) = f(c-1a) = f(c),
for all f € 14*C, and
a(B(g))(c-1) = B(g)(c-1) = g(c-1),
for all g € *(C14). O
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2. PARTIAL ENTWINING STRUCTURES

Let k& be a commutative ring, A a k-algebra, and M a k-module. A ® M is
then an unital left A-module, with left A-action induced by multiplication
on A. For a k-linear map ¢ : M ® A — A® M, we will adopt the notation

Y(m®a) =ay@m?¥ =ay @m?,
for all a € A and m € M. Summation is implicitly understood.

Lemma 2.1. There is a bijective correspondence between

e (non-unital) right A-actions on A ® M, compatible with the left A-
action;
o k-linear maps ¢ : M Q@ A — A® M satisfying the condition

(10) (ab)y @ m¥ = ayby @ m*Y,
for all a,b€ A and m € M.
Then A®@ M = (AQM)1 4 is an unital A-bimodule, and we have a projection
T A@M — A@ M, t(a@m) = (a®@m)l =al, @m".
A® M is right A-unital if
(11) lyeam’=1am,
for allm e M.
Proof. Given a right A-action, we define v : M @A — A® M by the formula
Y(m®a) = (1®m)a.

(10) follows from the associativity of the right A-action. Conversely, given
1, we define a right A-action by (a ® m)b = aby ® mY. O

Now let (C,d,€) be a k-coalgebra, and v : C® A — A® C a k-linear map
satisfying (10). Consider the maps

A=r®C)o(A®0): ARC - ARCRPARCZARCRC,
Ala®c) = (a®cq) @a (1@ c) Zaly ® cly @ ),

e=A®e: ARC — A, e(a®c) = €(c)a,

ce=(A®e)om: A®C — A, g(a®c) = e(c¥)aly.

We will now investigate when (A ® C,A,¢) and (A ® C, A, ¢) are left unital
weak, resp. lax A-corings. Then A and ¢ (or ) have to be right A-linear.

Lemma 2.2. Let A be a k-algebra, C' a k-coalgebra, and v : CRA — AQC
a k-linear map satisfying (10).
(1) A is right A-linear if and only if
(12) ayly ® (Cw)g) & (C¢)(2) = Gypy @ CEIII) X Cé),
foralla € A and c e C.
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(2) g is right A-linear if and only if
(13) e(c¥)1ya = e(c¥)ay,
foralla e A and c € C.
(3) € is right A-linear if and only if € = ¢, that is
(14) e(c)a = e(¥)ay,
forallae A and ce C.

Proof. 1) A is right A-linear if and only if

A(l®c)a= (1®cuy) @4 (ay ® 02/}2)) = ayy ® czpl) ® cé)

equals
A((1®c)a) = Alay ® )

= (ay @ (")) @4 (1@ (¥)2) Z aple ® (V) ) © (¢V)(2)-
2) ¢ is right A-linear if and only if e(b®c)a = €(c¥)blya equals e((b®c)a) =
e(c¥)bay, for all a,b € A and ¢ € C, and this is equivalent to (13).
3) € is right A-linear if and only if (b ® ¢)a = €(c)ba equals e((b ® c)a) =
e(c¥)bay, and this is equivalent to (14). O

If A is right A-linear, then A restrictstoamap A: ARC —» AQC ®4y
A C.

Proposition 2.3. Let A be a k-algebra, C' a k-coalgebra, andy: CR A —
A®C a k-linear map. The following assertions are equivalent:

(1) (A®C,A¢) is a left unital weak A-coring;

(2) the conditions (10,12,13) and

(15) lw & Y= E(Cq(bl))lw & C(2)
are satisfied for all a,b € A and c € C;
(3) the conditions (10,13,15) and
(16) ay ®6(c¥) = apy ® czpl) ® cé),

are satisfied for all a,b € A and c € C.
We then say that (A, C, ) is a weak entwining structure.

Proof. If (A® C,A,¢) is a left unital weak A-coring, then (10,12,13) hold,
by Lemmas 2.1 and 2.2.

Assume that (10,12,13) are satisfied. The left counit property (e®4C)oA =
7 (cf. (4)) holds if and only if

Q(CL ® C(l))(l & 6(2)) = e(cq(l}l))ald, @ c(2)

equals
(a®c)l =aly, ®c¥,
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for all a € A and ¢ € C, if and only if (15) holds for all ¢ € C. This proves
that (1) = (2). It also proves that (2) = (1), if we can show that the right
counit condition is satisfied. Indeed,

(@@ eyl ® c)) = elcly)(a @ eay)ly
= e(chy)(alyw @)

= 6((Cw)(2))a1w1\1/ ® (cw)?é)

= alyly® &Y

9 aly ®c¥ = (a®c)l.

(2) & (3). We will prove that the left hand sides of the formulas (12) and
(16) are equal if 1 satisfies (10) and (15). Indeed,

(15)
aply ® () @ (")) = ape((¢V) () 1w @ (V) @) ® (¢)3)
15
(:) ayly ® (c¢\p)(1) ® (qu\p)(g)
10
D 0@ () 8 () = ay @ 6(c¥).
U

Weak entwining structures were first introduced by the first author and
De Groot [5], and the defining axioms are (10,13,15) and (16). Wisbauer
[17] introduced weak corings, and proved the equivalence of (1) and (2) in
Proposition 2.3 (see [17, 4.1]). So his axioms characterizing weak entwining
structures are (10,12,13) and (15). In a remark following 4.1 in [17], it is
observed that the defining axioms in [5] and [17] are not the same. It follows
from Proposition 2.3 that the two sets of axioms are equivalent.

Proposition 2.4. Let A be a k-algebra, C' a k-coalgebra, and ¥ : CQ® A —
A®C a k-linear map. The following assertions are equivalent:
(1) (A®C, A ¢e) is an A-coring;
(2) (A® C,A,¢) is a left unital weak A-coring;
(3) (A,C,7) is an entwining structure; this means that the conditions
(10,11,14) and (16) are satisfied.

Proof. (1) = (2) is trivial.
(2) = (3). It follows from Lemmas 2.1 and 2.2 that (10,12,14) hold. Using
(4), we find

aly@c’ =(a®@c)l =ela® c1))(1 ®@c(z)) = e(cay)a@cp) =a®c,
and (11) follows after taking a = 1. (16) follows easily from (11) and (12).
(3) = (1) is well-known (see e.g. [2]). O

Proposition 2.5. Let A be a k-algebra, C' a k-coalgebra, and ¢y : CR A —
A®C a k-linear map. The following assertions are equivalent:

(1) (A®C,A¢e) is a left unital lax A-coring;



PARTIAL ENTWINING STRUCTURES 9

(2) the conditions (10,12,13) and
(17) Ly @ = e(cf))lypw @ cfy,

are satisfied for all a,b € A and c € C;
(3) the conditions (10,12,13) and

(18) 1¢ X ¥ = G(C‘(ljl))lq;Lb & Czé),

are satisfied for all a,b € A and c € C.
We then say that (A, C,1) is a lax entwining structure.

Proof. (1) = (2). It follows from Lemmas 2.1 and 2.2 that (10,12,13) hold.
Take 1y ® ¢¥ € A® C. Then

A(ly @) = (1y © (V) 1) ®a (1® (V) )
= (Iyle ®@ (")) ®a (1© (¢V)(2))-
From the left counit property in (3), it follows that
ly@c! =((01) @4 AR C)A(ly ® c¥)
= (A®e(lple @ (")) @ ("))
= (")) lple @ (V)

=" elcfi))Low @ cly,

so (17) holds.
(2) = (1). If (A, C, ) satisfies (10,12,13,17), then A is a coassociative co-
multiplication on A ® C. One equality in (3) is equivalent to (17), and the
other one can be proved as follows: we have shown in the proof of Proposi-
tion 2.3 that (10) and (12) imply that

(ARC)®ag)oA=m.

This entails that

(A®C)®a(eor)c A=A C.
(2) & (3). Using (13), we find that (17) is equivalent to (18) (take a = 1y
in (13)). v

Proposition 2.6. Let A be a k-algebra, C' a k-coalgebra, and vy : C®R A —
AR C a k-linear map. The following assertions are equivalent:

(1) (A®C,A¢e) is a left unital lax A-coring;
(2) (A,C,v) is a laz entwining structure and

(19) ()1 = e(o)1,
forallc e C;
(3) The conditions (10,12) and (14) are satisfied, for all a € A and
ceC.

We then say that (A, C,1) is a partial entwining structure.
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Proof. (1) = (2). It follows from Lemma 2.2 that (14) holds; taking a = 1,
we find (19). It is clear that (A4, C, 1) is a lax entwining structure.

(2) = (1). From (19) it follows that ¢ = ¢, and thus (A® C,A,e =¢) is a
left-unital lax A-coring.

(2) = (3). Combining (19) and (13), we find (14).

(3) = (2). Taking a =1 in (14), we find (19). (13) then follows from (19)
and (14). Also (18) follows easily:

19)
e(cly)loly ® %(: (e 11y ® cyy = 1y @ .
0

Proposition 2.7. (A, C,) is an entwining structure if and only if it is at
the same time a partial and weak entwining structure.

Proof. One implication is obvious. Conversely, if (A, C, ) is a weak entwin-
ing structure, then, by Proposition 2.3, (10,15,16) are satisfied. If (A, C, )
is a partial entwining structure, then (14) holds, by Proposition 2.6. Then
(11) can be shown as follows:

) (14)

15
Iy ® Cw(: e(cl(/}l))lw ® c2) = 6(6(1))1 ® c2) = 1®ec.

0

The lax Koppinen smash product. Let (A, C,1) be a weak (or lax) entwining
structure, i.e. (C = A® C,A,¢g) is a (left unital) weak (or lax) A-coring.
Given the k-module isomorphism

*C = gHom(A® C,A) = Hom(C,A), f — fo(na® C),

the (right unital) weak (or lax) A-ring structure on *C (see Proposition 1.2)
induces a (right unital) weak (or lax) A-ring structure on Hom(C, A). It is
given by the following formulas, for all a,b € A,c € C and f,g € Hom(C, A):

(afb)(c) = ayf(c")o,
(F#9)() = f(e@)wg(ch)):

and
n: A — Hom(C, A),n(a)(c) = e(c?)ay.

Hom(C, A) with this weak A-ring structure (but with slightly modified mul-
tiplication) is called in [5] the weak Koppinen smash product; when it is
equipped with the lax A-ring structure, we will call it the lax Koppinen
smash product. It is usually denoted by #(C, A).

The left dual of the corresponding A-coring C = C14 is then isomorphic to

(0, A) = La#(C, A) = {f € #(C, A) | f(e) = 1, f(c?), for all c € C}.
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3. LAX ENTWINED MODULES

Let (A,C,v) be a lax entwining structure, C = A ® C the associated lax
A-coring, and C = (A ® C)1l4 the associated A-coring. For a k-linear
map p: M — M ® C, we will adopt the notation p(m) = my ® myy,
(p® C)(p(m)) = p*(m) = myg ® mp) ® myy, etc. We do not assume that p
is coassociative.

A lax entwined module is a right A-module M, together with a k-linear
map p: M — M ® C such that the following conditions are satisfied, for
allm e M:

(20) mige(mpy) = m;
(21) p*(m) = myg lyw ® (mpy))¥ ® (mpye)¥s
(22) p(ma) = mpay ® mﬁ}.

A morphism between two lax entwined modules M and N is a right A-linear
map f: M — N such that f(mg)@mpu) = f(m)jg@f(m)py), for allm € M.
M(@D)g will denote the category of lax entwined modules.

Proposition 3.1. For a lax entwining structure (A,C,1), the categories
ME and M) are isomorphic.

Proof. Let M be a right A-module. We will first show that Hom 4 (M, M ® 4
C) is isomorphic to the submodule of Hom(M, M ® C) consisting of maps
p satisfying (22). Take p: M — M ® C satisfying (22), and define «(p) :
M — M ®4 C as follows:

a(p)(m) = myg) @4 (1y ® my).
a(p) is right A-linear since
a(p)(ma) = mgjay @4 (1y @ m}j)
= myy) ®a (awly @my?)
o mipg @4 (ay ©mp)
= m ®a (1y @ mi)a = (a(p)(m))a.

Conversely, take p € Homy (M, M ®4C), and define 5(p) € Hom(M, M ®@C)
as follows: for m € M, there exist (a finite number of) m; € M and ¢; € C
such that p(m) =, m; ®a (1 ® c;b); then we define

Bp)(m) = mily @
B(p) satisfies (22): p(ma) = >, mi @4 (ay ® c;b) = ,miay ®a (ly ® czw),

hence
B(p)(ma) = Z miayly ® c;b\l/ = Z milyay @ qu/)‘I"
i i
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« and 3 are inverses:

a(B@)(m) =3 S mily @4 (le @ ™)

1

= Zmi ®a (Ly ® ) = p(m)

Bla(p))(m) = mig Ly ® ms) Z p(m).

Now take p : M — M ® C satisfying (22) and the corresponding right
A-linear map p. We claim that p is coassociative if and only if p satisfies
(21). First compute

P (m) = mpg) @4 (Luy @ myy}) @a (Ly @ miy);

(M @4 A) 0 p)(m) = mpg) @4 (1y @ (mf))) (1)) @4 (1© (mfy))2)).
If p is coassociative, then it follows that

mig Ly, Lyw @ myt Y @ miy

(10)
=" mylyw ® mﬁ] ® mq[’g}

(22) (22)
=" p(mygly) ®mpy = p(myg)) @ myy
equals
Lyl ® (mp){) ® (mfy)
oyt WAL (1) AT (2)
(12)
=" mplye ® (mpya)"¥ ® (mpye)?,
and (21) follows. Conversely, if (21) holds, then
(M ®4A)op)(m)
=y @a (Iyle @ (M) @4 (1 (mf}))2) - 1
=" mp @4 (Lyw ® (mpy))¥) ©a (1 (mpy2)?) - 1
= myglyw ©4 (1@ (mpya))¥) - 14 (1® (my)?) - 1
21 -
@ mig) @4 (1@mpy) - 104 (1@ mp)-1=p"(m),
so p is coassociative. Finally, p satisfies the counit property if and only if
(22)
m = m[o]e(mﬁ})lw =myge(my)-
[l

Remark 3.2. Let (A,C,1) be a weak entwining structure. Using (16), we
find that (21) is equivalent to
(22)
p(m) = mygLy @ 6(my)) = myg) @ 6(myy),
so (20,21) are equivalent to saying that M is a right C-comodule. We then
recover [2, Prop. 2.3(3)].
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4. PARTIAL COACTIONS

Let k be a commutative ring, A a k-algebra and H a k-bialgebra. Consider
a map

p: A— A® H, p(a) = ag ® ap-
To p, we associate a map
(23)  Y: H®A—A®H, ¢(h®a) = ayg ® hay) = ay @ hY.
Lemma 4.1. v satisfies (10) if and only if
(24) plab) = ajobpo @ apbyy;
W satisfies (11) if and only if
(25) p(la) =14 ® 1y;
Wb satisfies (12) if and only if
(26) plaj) @ apy = aplp ® apaylp @ ape);
W satisfies (18) if and only if
(27) e(apy)ap) = (1)) lga;
b satisfies (14) if and only if
(28) e(apy)aj = a;
Wb satisfies (15) if and only if
(29) p(1a) = e(1y) g @ 1a;
W satisfies (16) if and only if
(30) plag) ® apy = ajg @ 8(ap));
Wb satisfies (17) if and only if
(31) p(1a) = e(Lig) Ljojo) @ 1
Wb satisfies (18) if and only if
(32) p(1a) = (1) Lo Lo ® Ly
b satisfies (19) if and only if
(33) (1)l = 1a.

Proof. Let us show the equivalence between (12) and (26); the proof of the
other equivalences is similar. (12) holds if and only if

afo)o] ® hya)n) ® hzyap) = ap)lpo) © hayapa)lp © heape),
and this is equivalent with (26). O
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It follows immediately from Lemma 4.1 that (A, H, ) is an entwining struc-
ture if and only if A is a right H-comodule algebra. It follows also that
(A, H,1) is a partial entwining structure if and only if (24,26,28) hold. We
will then say that H coacts partially on A, or that A is a right partial H-
comodule algebra. Similarly, we say that H is a right lax H-comodule algebra
if (A, H,) is a lax entwining structure, i.e. (24,26,27), and (31) or (32) are
satisfied.

Example 4.2. Let e € H be an idempotent such that e @ e = A(e)(e ® 1)
and €(e) = 1. Then we can define the following partial H-coaction on A = k:

pr) =r®eck®,H.
It is straightforward to verify that (24,26,28) hold:

p()p(y) = ry®e’ =1y®e=p(zy);
plzp) @zp) = T@e®e =z en)e® em) = Tl @ zpjn)ly ® Tpye);
ze(e) = m.

Such an idempotent e exists in a finite dimensional semisimple Hopf algebra.
There exists a left integral ¢ such that €(¢) = 1. ¢ is an idempotent, since
2 = E(t)t =1t, and A(t)(t & 1) = t(l)t ® t(z) = 6(t(1))t & t(2) =1iQ®t.

The proof of our next result is left to the reader.

Proposition 4.3. Let H be a k-bialgebra, C a k-coalgebra, and consider a
map

k: C®H —C, k(c@h)=c-h,

and define ¢ : C® H— H ® C by the formula
P(e®@h) = hqy®c- hgy).

Then (H,C,) is a partial entwining structure if and only if
(34) (c-h)-k=c-(hk);
(35) (c-h)ay - 1u @ (c-h)@y=cuy-ha) @cp) - he);
(36) ec(c-h) =ec(c)eg(h),
forallce C, h,k € H. We then call C' a right partial H-module coalgebra.
We are now able to define partial Doi-Hopf data.

Proposition 4.4. Let H be a k-bialgebra, A a right partial H-comodule
algebra, and C a right partial H-module coalgebra. Consider the map

Yv: C®A—ARC, Y(c®a)=ag ®c-ap.

Then (A, C,1) is a partial entwining structure. We will say that (H, A, C')
is a (right-right) partial Doi-Hopf structure.
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Proof. Clearly the conditions (10,14) are satisfied. Let us show that (12)
holds.
a¢1@@<(>() ) @ (€)@) = gl ® (¢ ap)y - 1pp @ (¢ ap)) )
= aplp @ ((c a[1 Yy - 1a) - 1y @ (- ap))(2)
ajolio] © (cqry - apj)) - 1y ® ¢2) - apy)
ajo)Ljo] ®C<1> (apy)lny) © @) - apy)

(26) — v Y
= Ao} ® €(1) " Afo)[1] @ €(2) " a1} = Ayw @ €() D €(g).-

(35)
(39

O

Remark 4.5. In a similar way, we can define lax H-module coalgebras and
lax Doi-Hopf data.

5. PARTIAL SMASH PRODUCTS

Let A and B be k-algebras, and R: B® A — A® B a k-linear map. We
use the notation

Rb®a)=ap@b®=a, @0b".
We assume that A® B is a left unital A-bimodule under the action ¢ (a®b)c =
dacp @ b. Then the following condition is satisfied, for all a,c € A and
b € B (see (10)):
(37) (ac)r @ b = are, @ b
The map pp: (A®B)®a(A®B) — A® B,
p(a®b) @4 (c®@d)) = acg @ bd
is well-defined since
p((a@b)a @4 (c®d) = p((ady @) @4 (c ® d)) = adge, @ b77d
G @) g @b = p((a ®b) @4 (dc @ d)).

A# B will be our notation for A® B together with the multiplication p. We
then write

1((a®b) ®a (c®d)) = (agtb)(c#d).
We also consider the maps
n = A®np: A—A®B, n(a) =a® 1p;
n = mon: A— A® B, Q(a):a13®lR.

Lemma 5.1. Assume that R: B® A — A® B satisfies (37).
(1) w is right A-linear if and only if v is associative if and only if
(38) (acr), @ b"d" = age, @ (bTd)",
for alla,c € A and b,d € B.
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(2) n is right A-linear if and only if

(39) a®1l=ar®1",
for all a € A.
(3) n is right A-linear if and only if
(40) alp @ 1% = ap ® 17,
for all a € A.

Proof. 1) u is right A-linear if and only if
(a'#0)((a#d)c) = (a'#b)(acr#d") = d' (acg),#b"d"

equals

((a'#b)(a#d))c = (a'ap#b™d)c = d'age,#(b"d)",
for all a’,;a,c € A and b,d € B. This is equivalent to (38). It is obvious that
1 is associative if and only if y is right A-linear.
2) n is right A-linear if and only if 7(a) = a ® 1 equals n(l)a = (1 ® 1)a =
ar X 1%,
3) n is right A-linear if and only if (a) = alg ® 17 equals

n(Va=(1g®1%a = 1ra, @ 177" Pap o 17,

([
Proposition 5.2. Let A and B be k-algebras, and R: BRA — AR B a
k-linear map. The following assertions are equivalent:
(1) (A#B,p,n) is a left unital weak A-ring;
(2) the conditions (37,38,40) and
(41) lpebt=1p21%
are satisfied, for all a,c € A and b,d € B;
(3) (A, B, R) is a weak smash product structure in the sense of [5], that
is, the conditions (37,40,41) and
(42) aARr & brdft = aR ® (bd)R
are satisfied, for all a,c € A and b,d € B.
Proof. (1) = (2). (37,38,40) follow from Lemma 5.1. From (8), it follows
that
(1#D)1 = Lp#d"
equals
(LR 1) (140) = Ll #1700 11,

and (41) follows.
(2) = (1). If (37,38,40) hold, then we only need to verify (8), by Lemma 5.1.
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We compute that
(1r#17) () = 1ra, #1770 D1 R
W o1 r#1 B a1 pb? = (apth)1;
(a#b) (1p#17) = alp, #b"17 = a(11g),#b 17
B a1rL# 0™ = al g1, #0671 p 40 = (apth)1.

(2) = (3). Replacing b by bd in (41), we obtain

(43) 1 ® (bd)f! = 1g @ 1%bd.
Taking a = 1 in (38), we obtain
r R(3_8) R r(‘ﬂ) R r
crr @b d"V ="1pe, @ (b"d)"="1gc, ® (170d)

D e ® 0 Deg © va)",

and (42) follows.
(3) = (2). We have to show that (38) holds. Indeed,

) )

(CLCR)T ® brdR(3:7 arCry ® brr’dR(4:2 arCp ® (brd)R

O

Proposition 5.3. Let A and B be k-algebras, and R: B A — AR B a
k-linear map. The following assertions are equivalent:
(1) (A#B, u,n) is an A-ring;
(2) (A#B, 1, n) is a left unital weak A-ring;
(3) (A, B, R) is a smash product structure; this means that the following
conditions hold: (37,39,42) and

(44) 1®b=1® b,
for allb e B.
Proof. (1) = (2) is trivial.

(2) = (3). It follows from Lemma 5.1 that (37,38,39) hold. Using (8), we

find that
39)

L™ = (1#0)1 = (1#1)(14) = 1a #1702 1480,
proving (44). Taking a =1 in (38) and using (44), we find (42).
(3) = (1) is well-known (and easy to prove). O

Proposition 5.4. Let A and B be k-algebras, and R: B A — A® B a
k-linear map. The following assertions are equivalent:

(1) (A#B,p,n) is a left unital lax A-ring;
(2) the conditions (37,38,40) and

(45) alp @ b® = (al,)p @ 17"
are fulfilled, for all a,c € A and b,d € B;
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(3) the conditions (37,38,40) and
(46) alp @b = apl, @ (17%)"

are fulfilled, for all a,c € A and b,d € B.
We then say that (A, B, R) is a lax smash product structure.

Proof. (1) = (2). (37,38,40) follow from Lemma 5.1. Using (7), we find

alp#b® = (1417 (al g#b") = 1,(alp) #1777 08D (a1 ), #1707,

so (45) is satisfied.
(2) = (3). We compute that

alg#tb® = (a1p), #1708 ap1, #(1%0)".

(3) = (1). It follows from the above computations that

alp#b"™ = (L#17)(alp#b").

We also have

(a1r#b™) (1, #17) = al gl #bRr 17

(11, rbP1 D a1 g1, 65 D a1 i,

as needed. O

Proposition 5.5. Let A and B be k-algebras, and R: BRA — AQ B a
k-linear map. The following assertions are equivalent:

(1) (A#B, u,n) is a left unital lax A-ring;

(2) (A, B, R) is a lax smash product structure and

(47) 1@1=1pe 1%

(3) the conditions (37,38,39) are satisfied.
We then say that (A, B, R) is a partial smash product structure.

Proof. (1) = (2). Let (A#B,u,n) be a left unital lax A-ring. It follows
from Lemma 5.1 that (39) holds. (47) follows after we take a = 1 in (39).
(47) implies that n =7, so (A#B, u,n) is a left unital lax A-ring.
(2) = (1) follows also from the fact that (47) implies that 7 = 7.

(1) = (3) follows immediately from Lemma 5.1.
3) =

3) = (1). We have to show that (7) holds:

(alp#b™) (1#1) = al 1,46 a1 g,

(1#1) (a1 g#b™) = (a1 ), #1767 D a1 b,
|

Proposition 5.6. (A, B, R) is a smash product structure if and only if it is
at the same time a weak and partial smash product structure.
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Proof. One implication is obvious. Conversely, if (A, B, R) is a weak smash
product structure, then (37,40,41,42) are satisfied (cf. Proposition 5.2). If
(A,C, ) is a partial smash product structure, then (39) holds (cf. Proposi-
tion 5.5) and (44) can be computed as follows:
1R 1 1 By Dy,
]

Theorem 5.7. Let A be a k-algebra, and C a finitely generated projective
k-coalgebra. Then there is a one-to-one correspondence between lax (resp.
partial) entwining structures of the form (A,C,v) and laz (resp. partial)
smash product structures of the form (A°?,C*, R).

Proof. Let {c;,c; | i=1,...,n} be a dual basis for C. Then it is well-known
(see for example [8, (1.5)]) that

(48) ZA(Ci)®Cf=Zci®cj®c;‘*c;‘f.

We also have an isomorphism of k-modules
Hom(C ® A,A® C) = Hom(C* ® A, A® C").
The isomorphism can be described as follows. If R: C*® A — A® C*
corresponds to ¥ : C® A — A® C, then
(49) R(c"®a) = ap® ()" =Y (" ¢} )ay @ ¢f;
(50) Ye®a)=ay@c? =Y () dar®ai
Assume that (A4, C,v) is a lax entwining structure; we will show that
(A°P,C*, R) is a lax smash product structure. The multiplication in A° will

be denoted by a dot: a-b = ba. We have to show that R satisfies (37,38,40)
and (45).
ar by ® ()" = brap ® ()" =Y ()", ] byar @ ¢
= Z(c}f, c%(c*, C}-Ilﬂ)wa\p ®c = Z:(d"7 cfqu>bwaq; ®c;
1,J i
10 . . . .
2N )by @ cf = (ba)r @ () = (- b)r® ()
(a-br)r ® ()" * (@) = (bra)r ® ()" * (d*)"
= D {d ) bya) @ () x ]

= Y (d ) ) bpa)y @ ¢ x )

]
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= Z(d ] CEJZQ)MC 702121)>(b¢a)‘11 ® ¢

i

(10) % % ’ "
= S ,c;ﬂ(2)><c L) Vbpwa: @ ]

S e (Y ovan @
@ (e () buaw @
= D A () e e, () aybyaw @ ¢f
2%
= DG d ) ¢ by ]
= bZ;JaR @ () xd)" =ag b @ ((¢)EF*d");
a-1p@e=1pa® = Z(e,czz’)lwa ®cf

13
B S diapod =ansek

i

a-1p® ()R =1pa® (") = Z(c*,cf’ﬂwa ®

(13) % *
= Z(ea C;Iél)><c 70221(2)>(1¢a)‘1’ ® G

= Z(GaC%(C*vC%(lwa)q/ ® c; *cj
i7j

= > (e )(Lra)y @} (c*)

:

= (La)r@ el (¢ =(a-1,)r @ x ().

If (A,C,) is a partial entwining structure, then (A°P,C*, R) is a partial
smash product structure. It suffices to show that (47) holds.

lp® el = Z(e, cf}>1¢ ® c;
i
9 Z(e, ci)l®c =1®e.

(2

Conversely, if (A°P?,C*, R) is a lax, resp. partial smash product structure,
then (A, C, 1) is a lax, resp. partial entwining structure. The computations
are similar to the ones above, and are left to the reader. O
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Remark 5.8. Theorem 5.7 also holds for (weak) entwining structures versus
(weak) smash product structures. We refer to [8, Theorem 8] and to [5].

Proposition 5.9. Assume that C is finitely generated and projective as a
k-module. Let (A,C,v) be a lax entwining structure, and (A°P,C*, R) the
corresponding lax smash product structure. Then *(A @ C)°P is isomorphic
to APH#HC* as left unital lax A°P-rings, and *(A® C)°P is isomorphic to
APHC™ as A°P-rings. Consequently the categories povpc+M and M(l/))g
are isomorphic.

Proof. We know from Section 2 that *(A ® C)°P = #(C, A)°P, with multi-
plication

(£ 2 9)(€) = gl ()
in #(A, C)°P. The map
a: A® @ C* — Hom(C, A), a(a#c*)(c) = alc*,c)

is an isomorphism of k-modules since C' is finitely generated and projective.
The first statement follows after we show that a preserves the multiplication.

a((a#tc™) (b#d"))(c) = a(braft(c") x d*)(c)
= bra((c)Exd* c) = Z(c*,c}f}bqba(c;" xd*, c)

7

= Z<C*7 C;ﬁ>bwa<c;'ka C(1)><d*7 C(2)> = bwa<C*a C?)l)><d*, C(2)>

= (a(b#d) (cp))palate) () = (alatte’) o albftd’)) (o).
Applying Proposition 1.2 we see that
AR C)P 2 (14"(ARC))®P =" (ARC)P-14 = (APH#CY) 14 = APHC™.
O

6. PARTIAL ACTIONS

Let k be a commutative ring, A a k-algebra and H a k-bialgebra. Consider
a map
k: HRA— A, k(h®a)=h-a.
To k, we associate a map
(51) R: H®A— A®H, R(h®a) =hg)-a®hg) =ag® h".

Lemma 6.1. R satisfies (37) if and only if

(52) h-(ac) = (hqy - a)(h) - c);
R satisfies (38) if and only if
(53) h-(a(k-c)) = (ha) - a)((h)k) - ©);

R satisfies (39) if and only if
(54) 1y -a=a;
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R satisfies (40) if and only if

(55) oy -14) = 1y - a:

R satisfies (41) if and only if

(56) h-1a=e(h)ly - 1a;

R satisfies (42) if and only if

(57) he(k-a) = (hE) - a;

R satisfies (44) if and only if

(58) h-1a=e(h)la;

R satisfies (45) if and only if

(59) alh-14) = 1 - (a(h-14);
R satisfies (46) if and only if

(60) a(h-14) = (g - a)(h-14);
R satisfies (47) if and only if

(61) - 14 = 14.

Proof. Let us show the equivalence between (38) and (53); the proof of the
other equivalences is similar. (38) holds if and only if

hay - (alk@y - €)) ® higyky = (hay - a)((heyk)) - €) ® hzyk),
and this is equivalent with (53). O

Remark 6.2. If (52) holds, then (53) is equivalent to

(62) h-(k-a) = (hay-1a)((h2)k) - a).

It follows immediately from Lemma 6.1 that (A, H, R) is a smash product
structure if and only if A is a left H-module algebra. It follows also that
(A, H, R) is a partial smash product structure if and only if (52,62,54) hold.
We will then say that H acts partially on A, or that A is a left partial H-
module algebra. Likewise we call A a left lax H-module algebra if (A, H, R) is
a lax smash product structure, i.e. (52,62,55), and (59) or (60) are satisfied.
We will investigate the former notion in the particular situation where H =
kG is a group algebra. We will recover the partial group actions introduced
in [13] and generalized in [6].
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Partial group actions. Let G be a group, and A a k-algebra. A partial action
of G on A consists of a set of idempotents {e, | ¢ € G} C A, and a set of
isomorphisms o, : e,-1A — e, A such that

e1=14; an = A,

and

(63) eoQor(er-1g-1a) = ag(eg-10r(e-1a));
(64) as(e,-1ab) = ag(es-1a)aqs(es-1b);
(65) ag(€g-1) = €o,

for all 0,7 € G and a,b € A. This slightly generalizes the definitions in
[13] and [6]: in [13], it is assumed that A is commutative and that the
isomorphisms «, are multiplicative; in [6], it is assumed that, for all o € G,
e, is central and o, is multiplicative. In both cases (64) and (65) are
automatically satisfied.

Proposition 6.3. Let A be a k-algebra, and G a group. Then there is a

bijective correspondence between partial G-actions and partial kG-actions on
A.

Proof. Assume first that kG acts partially on A. For each o € G, let
ee =014

Take a = ¢ = 14 in (52); then it follows that €2 = e,. It follows from (54)
that e; =1-14 = 14. From (62), it follows that

(66) o-(1-a) =es((07) - a).
We then compute

(67) 0-epr=0-(07114) =e,ln = ey,
and
(68) o- (ea_1a)(5:2)(o' ce,-1)(0-a) =ey(0-a).

It follows that the map A — A, a — o - a restricts to a map
Qg @ eg-1A — e A.

Observe that

(69) o- (eg_la)(6:8)ea(a ca)=(0-14)(o- a)(5:2)0 - a.
Now
a0_1(aa(eg_la)((g)aa_l(eg(a . a))(ﬁzg)afl (o-a)
(66) (54)

= e,—1((c710) a)=e,1a.

In a similar way, we find that a,(a,-1(esa)) = esa, and it follows that
Qg : ez-1A — ey A is an isomorphism. It is also clear that

aj(a)=1- a(il)a,
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and &
ag(eg-1) =0 (ey-1) ='eq.

(64) can be shown as follows:

ay(eg-1a)as(e,-1b) = (0 - (eg-1a))(0 - (e,-1b))
= (0-es-1)(0-a)(o-es-1)(0-b) =es(0-a)e;(o-b)
(52) (69)
= (0-1a)(c-a)(oc-14)(o-b)="0"(ab) ="ay(es-1ab).
We are left to prove that (63) holds:
ay(eg—1 aT(eT—la))(g})a (7 a)
= es((oT) -a)(ﬁzg eoQor(Er—1g-1a).
Conversely, assume that G acts partially on A, and define an action of kG
on A by extending
o-a=ays(e,~1a) € e, A

linearly to kG. This defines a partial action of kG on A, since

(64)

o (ab) = ay(es-1ab) ="ays(e,-1a)aq(€,-1b) = (0 - a)(o - b);

o (1T-a) =as(eg-1ar(e,-10)) = es0pr(6-15,-1a) = e, ((0T) - a);
1-a=ai(e1a) = aj(a) = a.

It is easy to check that condition (65) establishes the bijectivity of the cor-
respondence. [l

A Frobenius property. Let i : R — S be a ring homomorphism. Recall
that ¢ is called Frobenius (or we say that S/R is Frobenius) if there exists
a Frobenius system (v, e). This consists of an R-bimodule map v: S — R
and an element e = Y e! ®p e? € S ®p S such that se = es, for all s € S,
and Y v(eh)e? =Y elv(e?) = 1.

A Hopf algebra H over a commutative ring k is Frobenius if and only if it is
finitely generated projective, and the space of integrals is free of rank one.
If H is Frobenius, then there exists a left integral t € H and a left integral
@ € H* such that

(70) (p,t) = 1.
The Frobenius system is (o,(9) ® S(t(1))). In particular, we have
(71) (0,t(2))S(ty) =ty {0, S(t))) = 1

For a detailed discussion, we refer to the literature, see for example [8, Sec.
3.2].
If t € H is a left integral, then it is easy to prove that

(72) t2) ® S(tay)h = htz) @ S(t)),

for all h € H (see [8, Prop. 58] for a similar statement).

Assume that A is a left H-module algebra, and that H is Frobenius. Then
the ring homomorphism A — A#H is also Frobenius (see [8, Prop. 5.1]).
Similar properties hold for a module algebra over a weak Hopf algebra and
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for an algebra with a partial group action (see [6, 7]). Our aim is now to
prove such a statement for a partial module algebra over a Frobenius Hopf
algebra H. Assume that we have an action of H on an algebra A satisfying
(52,62,54). The smash product A#H has multiplication rule

(73) (a#h)(b#k) = a(hq) - b)#h(2)k,
and A#H is the subalgebra generated by the elements of the form (a#h)14 =
a(hy - La)#h().

Proposition 6.4. Let H be a Frobenius Hopf algebra, let t and ¢ be as
above, and take a left partial H-module algebra A. Suppose that h - 14 is
central in A, for every h € H, and that t satisfies the following cocommuta-
tivity property:

(74) t1) ® L) @ 1(3) @ty =11) ®3) D) @y
Then A#H /A is Frobenius, with Frobenius system

(v=(A#p) or,e = (1a#t(2))1a @4 (1a#S(t1)))14),
where v 1 A#H — A#H s the inclusion map.
Proof. Applying A to the first tensor factor of (74), we see that
(75) t1) ®t2) @ L(3) D) i) =11) @) @lu) 3 ).
For all a € A and h € H, we have

) - (a(
) ’ (a(h(l) ) 1A)))#t(5)) ®A (lA#g(t(l))h(g))lA
) ®a (La#S(tay)ha)1a
(La#S(tay)h(2))la

= (a#h)lA(lA#t(Q))lA QA <1A#§(t(1)))1A-
Using the fact that ¢ is a left integral, we easily find that

v((a#h)1a) = (¢, hez))alhy - 1a) = (. hya(ly - 1), ha.
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The left A-linearity of v is obvious, and the right A-linearity can be estab-
lished as follows:

v((a#h)14b) = v((a#h)bla) = v((a(h) - b)#h))1a)
o (@, h))alhay -b) = (p,h)a(ly - b)
=" (p,hyab = v((a#h)14)b.

Finally,

1A#t$23 )1A)(La#S(ty))1a) = (¢, t@) 1a#S(t1))) 14
=" (1a#lu)la = 1a#1y;
(1A#t((27)1))2 (1a#S(t1)))1a) = (La#t ) (@, S(ta)))1a
=" (1a#lp)la = 1a#1y.
O

Remark 6.5. It follows from (74) that ¢ is cocommutative. Obviously (74)
is satisfied if H is cocommutative.

7. GALOIS THEORY

Let (A, C,%) be a lax entwining structure, and consider the corresponding
A-coring C = A ® C. The aim is to give a structure theorem for lax entwined
modules, based on the Galois theory for corings. To this end, we first study
the grouplike elements of C.

Proposition 7.1. Let (A, C, 1) be a lax entwining structure, and g € G(C).
The element x = 1y ®g¥ satisfies the equation A(x) = x@ax. x is grouplike
in the following situations:
o (A,C,v) is a partial entwining structure;
e C' = H is a weak bialgebra, A is a right H-comodule algebra in the
sense of [1] or [5], and ¥ : H® A — A® H is given by the formula
Y(h®a) = ayp @ hapy, and g = 1.

Proof.

Afz) = (1y ® (")) ©4 (1© (9¥)(2) = Lyl @ (¢V){) @4 (1@ (3%)2)
2 (@M @a (109" Qulow @ ") 04 (10 ")
= (lg®g")®a (1y ®g¥) =1 ®4 .
If (A, C, ) is a partial entwining structure, then
2(x) = elg”)1y Pelg)L = 1.

If A is a comodule algebra over a weak bialgebra H, then A is, in particular,
an H-comodule (see [1] or or [5]). Then z = 15 ®1y}, and e(z) = e(1[)) 1)) =
1 (see also [7, Lemma 2.1]).
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The situation where C' = H is a weak bialgebra has been studied in [7]. Let
us here focus attention to the situation where (A, C, 1)) is a partial entwining
structure. We keep the notation from Proposition 7.1. Then A € M(v)S,
with coaction
pla) =ay®g".
Let
T =A% ={be A|bly®g¥=byog"}.
We have a morphism of corings
can: A®rA— A®C, can(a ®b) = aby ® g¥.

From [4, Sec. 1 and Prop. 3.8] and [18, Sec. 3] we obtain immediately the
following.

Proposition 7.2. Let (A,C,v) be a partial entwining structure, and g €
G(C). We have a pair of adjoint functors (F,G) between the categories Mp
and M()§. G = (=)°C, and F(N) = N @7 A with coaction p(n @7 a) =
(n @7 ay) ® g¥. The following conditions are equivalent:
(1) can is an isomorphism and A is faithfully flat as a left T-module;
(2) (F,Q) is an equivalence of categories and A is flat as a left T-module;
(3) A® C is flat as a left A-module, and A is a projective generator of
M)
In this situation, we will say that A is a faithfully flat partial coalgebra-Galois
extension of T'.

From now on, we assume that C is finitely generated and projective as
a k-module, with finite dual basis {(c;,¢}) | ¢ = 1,...,n}. If there exists
g € G(C), then C'is a k-progenerator: C'is a generator, because €(g) = 1 (see
for example [10, I.1] for a discussion of (pro)generator modules). Suppose
in addition that A is finitely generated and projective as a left T-module.
Then can is an isomorphism if and only if its left dual

“can: *(A® C) = #(C,A) — *(A®r A) = rEnd(A)°P

is an isomorphism. Viewed as a map #(C, A) — 7End(A4)°P, *can is given
by the formula *can(f)(a) = ayf(g¥). Composing *can with the isomor-
phism *(A ® C)°P = A°PH(C* (see Proposition 5.9), we obtain an A°P-ring
isomorphism 6 : A°°’#C* — rEnd(A). We compute the map 6 explicitly:

O((ae) - 1)(8) = (L pat() ) (6) = (3 Lyatle”, ey 1)
— Zb\plwa@*,c;b)(cf,g% = b@1¢a(c*,g\w>(£)bwa<c*,gw>.

Recall (see [9, Sec. 3]) that we can associate a Morita context (7, *C, A, Q, T, 1)
to an A-coring C with a fixed grouplike element z. We will now com-
pute this Morita context for C = A®C and z = 1y ® g%, in the case
where (A, C,1) is a partial entwining structure. First recall that Q = {q €
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*C | cayqleqz)) = q(c)z, for all c € C}. We first compute ) as a submodule
of #(C, A). q € #(C, A) satisfies the equation

(76) q(c) = 1yq(c?),

for all ¢ € C. Let ¢ be the map in *(A® C) corresponding to ¢q. For
y=aly® ¥ € A® C, we have that

A(y) = (alyy ® cg)) ®as(1® cl(é)),
hence ¢ € @Q if and only if
YyP(re) = (alyy ® cﬁ))q(czé)) = alw,q(cl(g))qﬂ ® CEI,I\)I,/
= a(Lyalcly))w @ 021/1)(7:6)@(0(2))@ ®
equals
e(7)r = alyg(c?)(ly ® g¥) = ag(c)ly @ ¢¥,

for all a € A and ¢ € C. We conclude that @ is the submodule of #(C, A)
consisting of the maps ¢ that satisfy (76) and

(77) 4(c@)v @ ¢y = )1y ® g¥,
for all c € C.

Now we want to describe @ as a submodule of A°P#C* = #(C, A)°P. Take
k=73, a;#d; € A°°#C” corresponding to g € #(C, A)°?. Then

(78) > ag#d; = lpaj#(d)"
J J

where R is the map from the partial smash product structure corresponding
to (A, C, 1), cf. Theorem 5.7. Then k € @ if and only if

Zaj¢<d;f, ) ® Czl}l) = Zaj<d;7,c>1w ® g¥,
J J
for all ¢ € C. This is equivalent to stating that
Y aiuld o) (e el = D aguld; e (e i ) el e)

J ]

Z ajr(dl, e (), cay) = Z ajp((c) xds, )

equals
Zaj17/)<d;f’ ?g Zajl¢ ]7 ><zag>
J
49
. Zaj13<dj,c><<c> 9.

J



PARTIAL ENTWINING STRUCTURES 29

for all ¢ € C' and ¢* € C*. We conclude that @ consists of the elements
k= Zj a;#d; € AP#C™ satisfying (78) and

(79) Y air#(() e di) =Y ajlp# (), g)ds,
i i

for all ¢* € C*.

It follows from [9, Lemma 3.1] that @ is a (#(C, A), T)-bimodule. The left
action is given by the multiplication in #(C, A). We also know (cf. [9, Prop.
2.2]) that A is a (T, #(C, A))-bimodule, with right #(C, A)-action given by
the formula a - f = ayf(g%¥). We have well-defined maps

T A®i(C,A)Q*}T’ T(a®q):aq:a¢q(g¢)

p: QerA—#(C,A), u(g®a)c)=qlca.
(T, #(C,A), A, Q, T, 1) is a Morita context. The map 7 is surjective if and

only if there exists ¢ € @ such that ¢(g) = 1.

)

Theorem 7.3. Let (A,C,1) be a partial entwining structure, g € G(C),
and assume that C is finitely generated and projective as a k-module. Then
the following assertions are equivalent.

(1) A is a faithfully flat partial coalgebra-Galois extension of T';

(2) 0 is an isomorphism and A is a left T-progenerator;

(3) the Morita context (T,#(C, A), A, Q, T, 1) is strict;

(4) (F,G) is an equivalence of categories.

Proof. Since C is finitely generated projective as a k-module, AQC is finitely
generated and projective as a left A-module. Being a direct factor of A® C,

A ® C is also finitely generated and projective as a left A-module. A® C' is
a left A-generator since

14
1y ® %) = Lye(g?) D 1e(g) = 1.

It follows that A ® C is a left A-progenerator, and the result then follows
immediately from [4, Theorem 4.7]. O

We now consider the situation where C' = H is a finitely generated projective
Hopf algebra, g = 1, A is a right partial H-comodule algebra, and v is
given by the formula (23). We will compute the corresponding partial smash
product structure (A°P, H*, R) (see Theorem 5.7), and show that it comes
from a left partial H*®°P-action on A°P, given by the formula

h*—a = <h*, a[1]>a[0].

Proposition 7.4. With notation and assumptions as above, A°P is a left
partial H*°P-module algebra, and (A°P, H*, R) is the corresponding smash
product structure, as discussed in Section 6.
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Proof. We compute R using (49):

R(h* ®@a) = (h*, hiap)ag @ by

)

= ) (il hi)(hyy, a)ag) @ B = hiyy—a® .
It follows that R is given by formula (51), starting from the Hopf algebra
H*°P. From Theorem 5.7, it follows that (A°P, H*, R) is a partial smash

product structure. Hence, by definition, A°P is a left partial H*“°P-module
algebra. It is also possible to verify (52,62,54) directly. O

Assume that H is Frobenius. Then H*°P is also Frobenius. Assume, more-
over, that

al[o] ® 1[1} = 1[0](1 & 1[1} and <g0, hklm> = <(p, hlkm>,

for all @ € A and h,k,[,mm € H. Then it follows from Proposition 6.4
that A°PH#H*P/A°P is Frobenius. The Morita context (T,#(H,A) =

APHH*OP A Q, T, 1) is the Morita context associated to the A°P-ring
APLH*P  gee [9, Theorem 3.5]. It follows from [9, Theorem 2.7] that

Q = A as k-modules. So we conclude that the Morita context is of the form
(Tv AOP#H*COP7 A7 A7 T, /j’)
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