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Abstract. For a quasi-Hopf algebra H, a left H-comodule algebra B and

a right H-module coalgebra C we will characterize the category of Doi-Hopf
modules CM(H)B in terms of modules. We will also show that for an H-

bicomodule algebra A and an H-bimodule coalgebra C the category of gener-

alized Yetter-Drinfeld modules AYD(H)C is isomorphic to a certain category
of Doi-Hopf modules. Using this isomorphism we will transport the prop-

erties from the category of Doi-Hopf modules to the category of generalized

Yetter-Drinfeld modules.

Introduction

Recall that the defining axioms for a quasi-bialgebra H are the same as for a
bialgebra, with the coassociativity of the comultiplication replaced by a weaker
property, called quasi-coassociativity: the comultiplication is coassociative up to
conjugation by an invertible element Φ ∈ H ⊗ H ⊗ H, called the reassociator.
There are important differences with ordinary quasi-bialgebras: the definition of
a quasi-bialgebra is not selfdual, and we cannot consider comodules over quasi-
bialgebras, since they are not coassociative coalgebras. However, the category of
(left or right) modules over a quasi-bialgebra is a monoidal category.
Using this categorical point of view, the category of relative Hopf modules has been
introduced and studied in [6]. A right H-module coalgebra C is a coalgebra in the
monoidal category MH , and a left [C,H]-Hopf module is a left C-comodule in the
monoidal category MH . A generalization of this concept was presented in [3]: re-
placing the right H-action by an action of a left H-comodule algebra, we can define
the notion of Doi-Hopf module over a quasi-bialgebra. At this point, we have to
mention that there is a phylosophical problem with the introduction of H-comodule
algebras: we cannot introduce them as algebras in the category of H-comodules,
since this category does not exist, as we mentioned above. However, a formal defi-
nition of H-comodule (and H-bicomodule) algebra was given by Hausser and Nill
in [14]. A more conceptual definition has been proposed in [3]. If A is an asso-
ciative algebra then the category of (A ⊗H,A)-bimodules is monoidal. Moreover,
A⊗H has a coalgebra structure within this monoidal category “compatible” with
the unit element 1A ⊗ 1H if and only if A is a right H-comodule algebra (for the
complete statement see Proposition 1.2 below). Of course, a similar result holds
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for a left H-comodule algebra (see Proposition 1.3). Moreover, if H is a quasi-Hopf
algebra then any H-bicomodule algebra can be viewed in two different (but twist
equivalent) ways as a left (right) H-comodule algebra.
The aim of this paper is to study the category of Doi-Hopf modules over a quasi-
Hopf algebra H, and its connections to the category of Yetter-Drinfeld modules.
If H is a quasi-bialgebra, B a left H-comodule algebra and C a right H-module
coalgebra then B⊗C is a B-coring (this means a coalgebra in the monoidal category
of B-bimodules) and the category of right-left (H,B, C)-Hopf modules, denoted by
CM(H)B, is isomorphic to the category of right comodules over the coring B⊗C,
conform [3, Theorem 5.4]. In particular, since B⊗ C is flat as a left B-module we
obtain that CM(H)B is a Grothendieck category.
It was shown in [3, Proposition 5.2] that the category CM(H)B is isomorphic to
the category of right modules over the generalized smash product C∗I<B, if C is
finite dimensional. In Section 2 we look at the case where C is infinite dimensional.
Following the methods developed in [9, 11, 19], we will present two characterizations
of the category of Doi-Hopf modules CM(H)B. We first introduce the notion of
rational (right) C∗I<B-module, and then we will show that the category CM(H)B

is isomorphic to Rat(MC∗I<B), the category of rational (right) C∗I<B-modules.
We notice that, in the coassociative case, the notion of rational (right) C∗I<B-
module reduces to the notion of right C∗I<B-module which is rational as a right
C∗-module. Secondly, we will show that Rat(MC∗I<B) is equal to σC∗I<B[C⊗B],
the smallest closed subcategory of MC∗I<B containing C ⊗B (see Theorem 2.6).
In this way we recover that CM(H)B is a Grothendieck category, a fortiori with
enough injective objects. We will also introduce a generalized version of Koppinen’s
smash product [16], relate it to the generalized smash product, and characterize the
category of Doi-Hopf modules as the full subcategory of modules over the Koppinen
smash product, consisting of rational modules.
In Section 3, we will generalize a result from [8]. If H is a quasi-Hopf algebra, then
an H-bicomodule algebra A can be viewed in two different, but twist equivalent,
ways as a right Hop⊗H-comodule algebra. To this end, we first prove that any left
H-comodule algebra B can be turned into a right Hop-comodule algebra. So, by
this correspondence, the two (twist equivalent) leftH⊗Hop-comodule algebra struc-
tures on A obtained in [7] provide two (twist equivalent) right Hop ⊗H-comodule
algebra structures on A, which we will denote by A1 and A2. If C is an H-bimodule
coalgebra (that is, a coalgebra in the monoidal category of H-bimodules), then C
becomes in a natural way a left Hop ⊗ H-module coalgebra, thus it makes sense
to consider the Hopf module category A2M(Hop ⊗ H)C . The main result of Sec-
tion 3 asserts that the category of generalized left-right Yetter-Drinfeld modules
AYD(H)C is isomorphic to A2M(Hop ⊗H)C , and also to A1M(Hop ⊗H)C . Using
the first isomorphism, we will characterize AYD(H)C as a category of comodules
over a coring. In Section 3.3, we will characterize the category of Yetter-Drinfeld
modules as a category of modules.

1. Preliminary results

1.1. Quasi-Hopf algebras. We work over a commutative field k. All algebras,
linear spaces etc. will be over k; unadorned ⊗ means ⊗k. Following Drinfeld [12],
a quasi-bialgebra is a fourtuple (H,∆, ε,Φ), where H is an associative algebra with
unit, Φ is an invertible element in H⊗H⊗H, and ∆ : H → H⊗H and ε : H → k
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are algebra homomorphisms satisfying the identities

(id⊗∆)(∆(h)) = Φ(∆⊗ id)(∆(h))Φ−1,(1.1)
(id⊗ ε)(∆(h)) = h, (ε⊗ id)(∆(h)) = h,(1.2)

for all h ∈ H; Φ has to be a normalized 3-cocycle, in the sense that

(1⊗ Φ)(id⊗∆⊗ id)(Φ)(Φ⊗ 1) = (id⊗ id⊗∆)(Φ)(∆⊗ id⊗ id)(Φ),(1.3)
(id⊗ ε⊗ id)(Φ) = 1⊗ 1.(1.4)

The map ∆ is called the coproduct or the comultiplication, ε the counit and Φ the
reassociator. As for Hopf algebras [20] we denote ∆(h) = h1 ⊗ h2, but since ∆
is only quasi-coassociative we adopt the further convention (summation implicitely
understood):

(∆⊗ id)(∆(h)) = h(1,1) ⊗ h(1,2) ⊗ h2, (id⊗∆)(∆(h)) = h1 ⊗ h(2,1) ⊗ h(2,2),

for all h ∈ H. We will denote the tensor components of Φ by capital letters, and
those of Φ−1 by small letters, namely

Φ = X1 ⊗X2 ⊗X3 = T 1 ⊗ T 2 ⊗ T 3 = V 1 ⊗ V 2 ⊗ V 3 = · · ·
Φ−1 = x1 ⊗ x2 ⊗ x3 = t1 ⊗ t2 ⊗ t3 = v1 ⊗ v2 ⊗ v3 = · · ·

A quasi-Hopf algebra is a quasi-bialgebra H equipped with an anti-automorphism
S of the algebra H and elements α, β ∈ H such that

S(h1)αh2 = ε(h)α and h1βS(h2) = ε(h)β,(1.5)

X1βS(X2)αX3 = 1 and S(x1)αx2βS(x3) = 1.,(1.6)

for all h ∈ H.
The antipode of a quasi-Hopf algebra is determined uniquely up to a transformation
α 7→ Uα, β 7→ βU−1, S(h) 7→ US(h)U−1, with U ∈ H invertible. The axioms
imply that ε(α)ε(β) = 1, so, by rescaling α and β, we may assume without loss of
generality that ε(α) = ε(β) = 1 and ε ◦ S = ε. The identities (1.2-1.4) also imply
that

(ε⊗ id⊗ id)(Φ) = (id⊗ id⊗ ε)(Φ) = 1⊗ 1.
If H = (H,∆, ε,Φ, S, α, β) is a quasi-bialgebra or a quasi-Hopf algebra then Hop,
Hcop andHop,cop are also quasi-bialgebras (respectively quasi-Hopf algebras), where
the superscript “op” means opposite multiplication and “cop” means opposite co-
multiplication. The structure maps are obtained by putting Φop = Φ−1, Φcop =
(Φ−1)321, Φop,cop = Φ321, Sop = Scop = (Sop,cop)−1 = S−1, αop = S−1(β),
βop = S−1(α), αcop = S−1(α), βcop = S−1(β), αop,cop = β and βop,cop = α.
The definition of a quasi-bialgebra H is designed in such a way that the categories of
left and right representations over H are monoidal (see [15, 18] for the terminology).
Let (H,∆, ε,Φ) be a quasi-bialgebra. For are left ( resp. right) H-modules U, V,W ,
the associativity constraints aU,V,W (resp. aU,V,W ) : (U ⊗V )⊗W → U ⊗ (V ⊗W )
are given by the formulas

aU,V,W ((u⊗ v)⊗ w) = Φ · (u⊗ (v ⊗ w));

aU,V,W ((u⊗ v)⊗ w) = (u⊗ (v ⊗ w)) · Φ−1.

Next we recall that the definition of a quasi-bialgebra or quasi-Hopf algebra is
“twist covariant” in the following sense. An invertible element F ∈ H ⊗ H is
called a gauge transformation or twist if (ε ⊗ id)(F ) = (id ⊗ ε)(F ) = 1. If H is
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a quasi-bialgebra or a quasi-Hopf algebra and F = F 1 ⊗ F 2 ∈ H ⊗ H is a gauge
transformation with inverse F−1 = G1 ⊗ G2, then we can define a new quasi-
bialgebra (respectively quasi-Hopf algebra) HF by keeping the multiplication, unit,
counit (and antipode in the case of a quasi-Hopf algebra) of H and replacing the
comultiplication, reassociator and the elements α and β by

∆F (h) = F∆(h)F−1,(1.7)

ΦF = (1⊗ F )(id⊗∆)(F )Φ(∆⊗ id)(F−1)(F−1 ⊗ 1),(1.8)

αF = S(G1)αG2, βF = F 1βS(F 2).(1.9)

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism.
For a quasi-Hopf algebra, we have the following statement: there exists a gauge
transformation f ∈ H ⊗H such that

(1.10) f∆(S(h))f−1 = (S ⊗ S)(∆cop(h)), for all h ∈ H.

The element f can be computed explicitly. First set

A1 ⊗A2 ⊗A3 ⊗A4 = (Φ⊗ 1)(∆⊗ id⊗ id)(Φ−1),
B1 ⊗B2 ⊗B3 ⊗B4 = (∆⊗ id⊗ id)(Φ)(Φ−1 ⊗ 1),

and then define γ, δ ∈ H ⊗H by

γ = S(A2)αA3 ⊗ S(A1)αA4 and δ = B1βS(B4)⊗B2βS(B3).

Then f and f−1 are given by the formulae

f = (S ⊗ S)(∆cop(x1))γ∆(x2βS(x3)),(1.11)
f−1 = ∆(S(x1)αx2)δ(S ⊗ S)(∆cop(x3)).(1.12)

Furthermore the corresponding twisted reassociator (see (1.8)) is given by

(1.13) Φf = (S ⊗ S ⊗ S)(X3 ⊗X2 ⊗X1).

1.2. Comodule and bicomodule algebras. A formal definition of comodule al-
gebras over a quasi-bialgebra was given by Hausser and Nill [14].

Definition 1.1. Let H be a quasi-bialgebra. A right H-comodule algebra is a
unital associative algebra A together with an algebra morphism ρ : A → A⊗H and
an invertible element Φρ ∈ A⊗H ⊗H such that:

Φρ(ρ⊗ id)(ρ(a)) = (id⊗∆)(ρ(a))Φρ, for all a ∈ A,(1.14)
(1A ⊗ Φ)(id⊗∆⊗ id)(Φρ)(Φρ ⊗ 1H)

= (id⊗ id⊗∆)(Φρ)(ρ⊗ id⊗ id)(Φρ),(1.15)
(id⊗ ε) ◦ ρ = id,(1.16)
(id⊗ ε⊗ id)(Φρ) = (id⊗ id⊗ ε)(Φρ) = 1A ⊗ 1H .(1.17)

In a similar way, a leftH-comodule algebra is a unital associative algebra B together
with an algebra morphism λ : B → H⊗B and an invertible element Φλ ∈ H⊗H⊗B
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such that the following relations hold:

(id⊗ λ)(λ(b))Φλ = Φλ(∆⊗ id)(λ(b)), ∀ b ∈ B,(1.18)
(1H ⊗ Φλ)(id⊗∆⊗ id)(Φλ)(Φ⊗ 1B)

= (id⊗ id⊗ λ)(Φλ)(∆⊗ id⊗ id)(Φλ),(1.19)
(ε⊗ id) ◦ λ = id,(1.20)
(id⊗ ε⊗ id)(Φλ) = (ε⊗ id⊗ id)(Φλ) = 1H ⊗ 1B.(1.21)

Observe that H is a left and right H-comodule algebra: take ρ = λ = ∆, Φρ =
Φλ = Φ.
If (B, λ,Φλ) is a left H-comodule algebra then

- (B, λ ◦ τH,B, (Φ−1
λ )321) is a right Hcop-comodule algebra;

- (Bop, λ ◦ τH,B,Φ321
λ ) is a right Hop,cop-comodule algebra;

- (Bop, λ,Φ−1
λ ) is a left Hop-comodule algebra,

and vice versa. τX,Y : X ⊗ Y → Y ⊗X is the switch map mapping x⊗ y to y⊗ x.
From [14], we recall the notion of twist equivalence for the coaction on a right
H-comodule algebra (A, ρ,Φρ): if V ∈ A⊗H is an invertible element such that

(1.22) (idA ⊗ ε)(V) = 1A

then we can construct a new right H-comodule algebra (A, ρ′,Φρ′) with

(1.23) ρ′(a) = Vρ(a)V−1

and

(1.24) Φρ′ = (idA ⊗∆)(V)Φρ(ρ⊗ idH)(V−1)(V−1 ⊗ 1H).

We say that (A, ρ,Φρ) and (A, ρ′,Φ′
ρ) are twist equivalent right H-comodule alge-

bras.
We obviously have a similar notion for left H-comodule algebras. More precisely, if
(B, λ,Φλ) is a left H-comodule algebra and U ∈ H⊗B is an invertible element such
that (ε ⊗ idB)(U) = 1B then we have a new left H-comodule algebra (B, λ′,Φλ′)
with λ′(b) = Uλ(b)U−1, for all b ∈ B, and

Φλ′ = (1H ⊗ U)(idH ⊗ λ)(U)Φλ(∆⊗ idB)U−1.

(B, λ,Φλ) and (B, λ′,Φ′
λ) are called twist equivalent.

For a right H-comodule algebra (A, ρ,Φρ) we will use the following Sweedler-type
notation, for any a ∈ A.

ρ(a) = a〈0〉 ⊗ a〈1〉, (ρ⊗ id)(ρ(a)) = a〈0,0〉 ⊗ a〈0,1〉 ⊗ a〈1〉 etc.

Similarly, for a left H-comodule algebra (B, λ,Φλ), if b ∈ B, we adopt the following
notation:

λ(b) = b[−1] ⊗ b[0], (id⊗ λ)(λ(b)) = b[−1] ⊗ b[0,−1] ⊗ b[0,0] etc.

In analogy with the notation for the reassociator Φ of H, we will write

Φρ = X̃1
ρ ⊗ X̃2

ρ ⊗ X̃3
ρ = Ỹ 1

ρ ⊗ Ỹ 2
ρ ⊗ Ỹ 3

ρ = · · ·

and
Φ−1

ρ = x̃1
ρ ⊗ x̃2

ρ ⊗ x̃3
ρ = ỹ1

ρ ⊗ ỹ2
ρ ⊗ ỹ3

ρ = · · · .
We use a similar notation for the element Φλ of a left H-comodule algebra B.
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If H is an associative bialgebra and A is an ordinary right H-comodule algebra,
then A ⊗ H is a coalgebra in the monoidal category of A-bimodules. The quasi-
bialgebra analog of this property was given in [3]. Let H be a quasi-bialgebra and
A a unital associative algebra. We define by A⊗HMA the category of A-bimodules
and (H,A)-bimodules M such that h · (a ·m) = a · (h ·m), for all a ∈ A, h ∈ H and
m ∈ M . Morphisms are left H-linear maps which are also A-bimodule maps. It is
not hard to see that A⊗HMA is a monoidal category. The tensor product is ⊗A

and for any two objects M,N ∈ A⊗HMA, M ⊗A N is an object of A⊗HMA via

(a⊗ h) · (m⊗A n) · a′ = a · (h1 ·m)⊗A h2 · n · a′

for all m ∈ M , n ∈ N , a, a′ ∈ A, and h ∈ H. The associativity constraints are
given by

aM,N,P : (M ⊗A N)⊗A P →M ⊗A (N ⊗A P ),

aM,N,P ((m⊗A n)⊗A p) = X1 ·m⊗A (X2 · n⊗A X
3 · p);

the unit object is A viewed as a trivial left H-module, and the left and right unit
constraints are the usual ones. Now, the definition of a comodule algebra in terms
of monoidal categories can be restated as follows.

Proposition 1.2. ([3, Proposition 3.8]) Let H be a quasi-bialgebra and A an al-
gebra, and view A ⊗ H in the canonical way as an object in A⊗HM. There is a
bijective correspondence between coalgebra structures (A⊗H,∆, ε) in the monoidal
category A⊗HMA such that ∆(1A ⊗ 1H) is invertible and ε(1A ⊗ 1H) = 1A, and
right H-comodule algebra structures on A.

A similar result holds for a left H-comodule algebra B. Denote by BMB⊗H the
category whose objects are B-bimodules and (B,H)-bimodules M such that (m ·
b) · h = (m · h) · b for all m ∈M , b ∈ B and h ∈ H. Morphisms are right H-linear
maps which are also B-bimodule maps. We can easily check that BMB⊗H is a
monoidal category with tensor product ⊗B given via ∆, this means

b · (m⊗B n) · (b′ ⊗ h) := b ·m · h1 ⊗B (n · h2) · b′

for all M,N ∈ BMB⊗H , m ∈ M , n ∈ N , b, b′ ∈ B and h ∈ H. The associativity
constraints are given by

a′M,N,P : (M ⊗B N)⊗B P →M ⊗B (N ⊗B P ),

a′M,N,P ((m⊗B n)⊗B p) = m · x1 ⊗B (n · x2 ⊗B p · x3),

the unit object is B viewed as a right H-module via ε, and the left and right unit
constraints are the usual ones.

Proposition 1.3. Let H be a quasi-bialgebra and B an algebra, and view B⊗H
in the canonical way as an object in MB⊗H . There is a bijective correspondence
between coalgebra structures (B⊗H,∆, ε) in the monoidal category BMB⊗H such
that ∆(1B ⊗ 1H) is invertible and ε(1B ⊗ 1H) = 1B, and left H-comodule algebra
structures on B.

Proof. Since the proof is similar to the one given in [3, Proposition 3.8], we restrict
ourselves to a description of the correspondence.
Suppose that (B ⊗ H,∆, ε) is a coalgebra in BMB⊗H such that ∆(1B ⊗ 1H) is
invertible and ε(1B ⊗ 1H) = 1B. Write

∆(1B ⊗ 1H) = (1B ⊗ X̃1
λ)⊗B (X̃3

λ ⊗ X̃2
λ),
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and consider Φλ = X̃1
λ ⊗ X̃2

λ ⊗ X̃3
λ. Define λ : →H ⊗B by

λ(b) = τB,H(b · (1B ⊗ 1H)),

for all b ∈ B. Then (B, λ,Φλ) is a left H-comodule algebra.
Conversely, if (B, λ,Φλ) is a left H-comodule algebra then B⊗H ∈ BMB⊗H via

b · (b′ ⊗ h) · (b′′ ⊗ h′) = b[0]b
′b′′ ⊗ b[−1]hh

′.

Moreover, B⊗H is a coalgebra in BMB⊗H , with comultiplication and counit given
by the formulas

∆(b⊗ h) = (1B ⊗ X̃1
λh1)⊗B (X̃3

λb⊗ X̃2
λh2),

ε(b⊗ h) = ε(h)b,
for all b ∈ B and h ∈ H. �

Let B be a left H-comodule algebra, and consider the elements p̃λ and q̃λ in H⊗B
given by the following formulas:

(1.25) p̃λ = p̃1
λ ⊗ p̃2

λ = X̃2
λS

−1(X̃1
λβ)⊗ X̃3

λ, q̃λ = S(x̃1
λ)αx̃2

λ ⊗ x̃3
λ.

Then we have the following formulas, for all b ∈ B (see [14]):

λ(b[0])p̃λ[S−1(b[−1])⊗ 1B] = p̃λ[1H ⊗ b],(1.26)
[S(b[−1])⊗ 1H ]q̃λλ(b[0]) = [1⊗ b]q̃λ,(1.27)

λ(q̃2λ)p̃λ[S−1(q̃1λ)⊗ 1B] = 1H ⊗ 1B,(1.28)
[S(p̃1

λ)⊗ 1B]q̃λλ(p̃2
λ) = 1H ⊗ 1B,(1.29)

Φ−1
λ (idB ⊗ λ)(p̃λ)(1B ⊗ p̃λ)

= (∆⊗ idB)(λ(X̃3
λ)p̃λ)[S−1(X̃2

λg
2)⊗ S−1(X̃1

λg
1)⊗ 1B],(1.30)

(1H ⊗ q̃λ)(idH ⊗ λ)(q̃λ)Φλ

= [S(x̃2
λ)⊗ S(x̃1

λ)⊗ 1B][f ⊗ 1B](∆⊗ idB)(q̃λλ(x̃3
λ)).(1.31)

Bicomodule algebras where introduced by Hausser and Nill in [14], under the name
“quasi-commuting pair of H-coactions”.

Definition 1.4. Let H be a quasi-bialgebra. An H-bicomodule algebra A is a
quintuple (A, λ, ρ,Φλ,Φρ,Φλ,ρ), where λ and ρ are left and right H-coactions on A,
and where Φλ ∈ H ⊗H ⊗A, Φρ ∈ A⊗H ⊗H and Φλ,ρ ∈ H ⊗A⊗H are invertible
elements, such that

- (A, λ,Φλ) is a left H-comodule algebra,
- (A, ρ,Φρ) is a right H-comodule algebra,
- the following compatibility relations hold, for all u ∈ A:

Φλ,ρ(λ⊗ id)(ρ(u)) = (id⊗ ρ)(λ(u))Φλ,ρ(1.32)
(1H ⊗ Φλ,ρ)(id⊗ λ⊗ id)(Φλ,ρ)(Φλ ⊗ 1H)

= (id⊗ id⊗ ρ)(Φλ)(∆⊗ id⊗ id)(Φλ,ρ)(1.33)
(1H ⊗ Φρ)(id⊗ ρ⊗ id)(Φλ,ρ)(Φλ,ρ ⊗ 1H)

= (id⊗ id⊗∆)(Φλ,ρ)(λ⊗ id⊗ id)(Φρ).(1.34)

It was pointed out in [14] that the following additional relations hold in an H-
bicomodule algebra A:

(idH ⊗ idA ⊗ ε)(Φλ,ρ) = 1H ⊗ 1A, (ε⊗ idA ⊗ idH)(Φλ,ρ) = 1A ⊗ 1H .



8 D. BULACU, S. CAENEPEEL, AND B. TORRECILLAS

As a first example, take A = H, λ = ρ = ∆ and Φλ = Φρ = Φλ,ρ = Φ.
Let (A, λ, ρ,Φλ,Φρ,Φλ,ρ) be an H-bicomodule algebra; it is not hard to show that

- (A, ρ◦τ, λ◦τ, (Φ−1
ρ )321, (Φ−1

λ )321, (Φ−1
λ,ρ)

321) is an Hcop-bicomodule algebra,
- (Aop, ρ ◦ τ, λ ◦ τ,Φ321

ρ ,Φ321
λ ,Φ321

λ,ρ ) is an Hop,cop-bicomodule algebra,
- (Aop, λ, ρ,Φ−1

λ ,Φ−1
ρ ,Φ−1

λ,ρ) is an Hop-bicomodule algebra.
We will use the following notation:

Φλ,ρ = Θ1 ⊗Θ2 ⊗Θ3 = Θ
1 ⊗Θ

2 ⊗Θ
3
;

Φ−1
λ,ρ = θ1 ⊗ θ2 ⊗ θ3 = θ

1 ⊗ θ
2 ⊗ θ

3
.

Let H be a quasi-Hopf algebra and A an H-bicomodule algebra. We define two left
H ⊗Hop-coactions λ1, λ2 : A → (H ⊗Hop)⊗ A on A, as follows:

λ1(u) =
(
u<0>[−1] ⊗ S−1(u<1>)

)
⊗ u<0>[0] ,

λ2(u) =
(
u[−1] ⊗ S−1(u[0]<1>

)
)
⊗ u[0]<0>

,

for all u ∈ A. We also consider the following elements Φλ1 ,Φλ2 ∈ (H ⊗ Hop) ⊗
(H ⊗Hop)⊗ A:

Φλ1 =
(
Θ1X̃1

λ(x̃1
ρ)[−1]1 ⊗ S−1(x̃3

ρg
2)

)
⊗

(
Θ2

[−1]X̃
2
λ(x̃1

ρ)[−1]2 ⊗ S−1(Θ3x̃2
ρg

1)
)
⊗Θ2

[0]X̃
3
λ(x̃1

ρ)[0],

Φλ2 =
(
Ỹ 1

λ ⊗ S−1(θ3ỹ3
ρ(Ỹ 3

λ )<1>2g
2)

)
⊗

(
θ1Ỹ 2

λ ⊗ S−1(θ2<1>ỹ
2
ρ(Ỹ 3

λ )<1>1g
1)

)
⊗ θ2<0>ỹ

1
ρ(Ỹ 3

λ )<0>.

It was proved in [7] that (A, λ1,Φλ1) and (A, λ2,Φ2) are twist equivalent left
H ⊗ Hop-comodule algebras. In particular, if H is a quasi-Hopf algebra then the
notion of H-bicomodule algebra can be restated in terms of monoidal categories.
In Section 3 we will see that A can be also viewed in two twist equivalent ways as
a right Hop ⊗H-comodule algebra.

2. Doi-Hopf modules and rationality properties

2.1. Doi-Hopf modules. The category of left (right) modules over a quasi-bialgebra
is monoidal. A coalgebra in HM (resp. MH) is called a left (right) H-module
coalgebra. Thus a left H-module coalgebra is a left H-module C together with a
comultiplication ∆ : C → C ⊗ C and a counit ε : C → k such that

Φ(∆⊗ idC)(∆(c)) = (idC ⊗∆)(∆(c)),(2.1)
∆(h · c) = h1 · c1 ⊗ h2 · c2,(2.2)
ε(h · c) = ε(h)ε(c),(2.3)

for all c ∈ C and h ∈ H. Similarly, a right H-module coalgebra C is a right H-
module together with a comultiplication ∆ : C → C ⊗ C and a counit ε : C → k,
satisfying the following relations

(∆⊗ idC)(∆(c))Φ−1 = (idC ⊗∆)(∆(c)),(2.4)
∆(c · h) = c1 · h1 ⊗ c2 · h2,(2.5)
ε(c · h) = ε(c)ε(h),(2.6)



DOI-HOPF MODULES AND YETTER-DRINFELD MODULES 9

for all c ∈ C and h ∈ H. Here we used the Sweedler-type notation

∆(c) = c1 ⊗ c2, (∆⊗ idC)(∆(c)) = c(1,1) ⊗ c(1,2) ⊗ c2 etc.

It is easy to see that a left H-module coalgebra C is in a natural way a right
Hop-module coalgebra (and vice versa).
Let H be a quasi-bialgebra and C a right H-module coalgebra. A left [C,H]-Hopf
module is a left C-comodule in the monoidal category MH . This definition was
generalized in [3].

Definition 2.1. Let H be a quasi-bialgebra over a field k, C a right H-module
coalgebra and (B, λ,Φλ) a left H-comodule algebra. A right-left (H,B, C)-Hopf
module (or Doi-Hopf module) is a k-module M , with the following additional struc-
ture: M is right B-module (the right action of b on m is denoted by m · b), and we
have a k-linear map λM : M → C ⊗M , such that the following relations hold, for
all m ∈M and b ∈ B:

(∆⊗ idM )(λM (m)) = (idC ⊗ λM )(λM (m))Φλ,(2.7)
(ε⊗ idM )(λM (m)) = m,(2.8)
λM (m · b) = m{−1} · b[−1] ⊗m{0} · b[0].(2.9)

As usual, we use the Sweedler-type notation λM (m) = m{−1}⊗m{0}. CM(H)B is
the category of right-left (H,B, C)-Hopf modules and right B-linear, left C-colinear
k-linear maps.

Let M be a right B-module; then C ⊗M is a right-left (H,B, C)-Hopf module,
with structure maps given by the following formulas

(c⊗m) · b = c · b[−1] ⊗m · b[0],(2.10)

λC⊗M (c⊗m) = c1 · x̃1
λ ⊗ c2 · x̃2

λ ⊗m · x̃3
λ,(2.11)

for all c ∈ C, b ∈ B and m ∈ M . We obtain a functor F = C ⊗ • : MB →
CM(H)B. The functor F sends a morphism ϑ to idC ⊗ ϑ. In particular, C ⊗B ∈
CM(H)B, via the structure maps

(c⊗ b) · b′ = c · b′[−1] ⊗ bb′[0],

λC⊗B(c⊗ b) = c1 · x̃1
λ ⊗ c2 · x̃2

λ ⊗ bx̃3
λ,

for all c ∈ C and b, b′ ∈ B.
The functor F has a left and a right adjoint, so it is an exact functor.

Proposition 2.2. Let H be a quasi-bialgebra, B a left H-comodule algebra and C
a right H-module coalgebra. Then the functor F = C ⊗ • is a right adjoint of the
forgetful functor

CU : CM(H)B →MB,

and a left adjoint of the functor

HomC
B(C ⊗B, •) : CM(H)B →MB

defined as follows. For M ∈ CM(H)B, HomC
B(C ⊗B,M) is a right B-module via

the formula
(η · b)(c⊗ b′) = η(c⊗ bb′),

for all η ∈ HomC
B(C ⊗B,M), c ∈ C and b, b′ ∈ B. For a morphism κ : M → N

in CM(H)B, we let
HomC

B(C ⊗B, κ)(υ) = κ ◦ υ,
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for all υ ∈ HomC
B(C ⊗B,M).

Proof. Let M be a right-left (H,B, C)-Hopf module and N a right B-module.
Define

ξM,N : HomB(M,N) → HomC
B(M,C ⊗N), ξM,N (ς)(m) = m{−1} ⊗ ς(m{0}),

for all ς ∈ HomB(M,N) and m ∈M , and

ζM,N : HomC
B(M,C ⊗N) → HomB(M,N), ζM,N (χ)(m) = (ε⊗ idN )(χ(m)),

for all χ ∈ HomC
B(M,C ⊗ N) and m ∈ M . It is not hard to see that ξM,N and

ζM,N are well-defined natural transformations that are inverse to each other.
For M ∈MB and N ∈ CM(H)B, we define

ξ′M,N : HomC
B(C ⊗M,N) → HomB(M,HomC

B(C ⊗B, N))

by
ξ′M,N (ς ′)(m)(c⊗ b) = ς ′(c⊗m · b)

and
ζ ′M,N : HomB(M,HomC

B(C ⊗B, N)) → HomC
B(C ⊗M,N)

by
ζ ′M,N (χ′)(c⊗m) = χ′(m)(c⊗ 1B),

for all ς ′ ∈ HomC
B(C ⊗M,N), χ′ ∈ HomB(M,HomC

B(C ⊗B, N)), m ∈M , c ∈ C
and b ∈ B. Then ξ′ and ζ ′ are well-defined natural transformations that are inverse
to each other. �

2.2. Doi-Hopf modules and comodules over a coring. It was proved in [3]
that the category of right-left Doi-Hopf modules is isomorphic to the category of
right comodules over a suitable B-coring. For a general treatment of the theory of
corings, we refer to [1, 2].
Let R be a ring with unit. An R-coring C is an R-bimodule together with two R-
bimodule maps ∆C : C → C⊗RC and εC : C → R such that the usual coassociativity
and counit properties hold. A right C-comodule is a right R-module together with
a right R-linear map ρr

M : M →M ⊗R C such that

(ρr
M ⊗R idC) ◦ ρr

M = (idM ⊗R ∆C) ◦ ρr
M ,

(idM ⊗R εC) ◦ ρr
M = idM .

A map ~ : M → N between two right C-comodules is called right C-colinear if ~ is
right R-linear and ρr

N ◦ ~ = (~ ⊗R idC) ◦ ρr
M . MC will be the category of right C-

comodules and right C-comodule maps. It is well-known that MC is a Grothendieck
category (in particular with enough injective objects) if C is flat as a left R-module.
The category CM of left C-comodules and left C-comodule maps can be introduced
in a similar way.
Let H be a quasi-bialgebra, (B, λ,Φλ) a left H-comodule algebra and C a right
H-module coalgebra. It was proved in [3] that C = B ⊗ C is a B-coring. More
precisely, C is a B-bimodule via

b · (b′ ⊗ c) = bb′ ⊗ c and (b⊗ c) · b′ = bb′[0] ⊗ c · b′[−1],

and the comultiplication and counit are given by

∆C(b⊗ c) = (bx̃3
λ ⊗ c2 · x̃2

λ)⊗B (1B ⊗ c1 · x̃1
λ)
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and
εC(c⊗ b) = ε(c)b,

for all b, b′ ∈ B and c ∈ C. Then we have an isomorphism of categories (see [3,
Theorem 5.4])

CM(H)B
∼= MC .

C is free, and therefore flat, as a left B-module, and we conclude that CM(H)B
∼=

MC is a Grothendieck category, and has therefore enough injectives (see [13, Prop.
1.2] or [2, 18.14].

2.3. Doi-Hopf modules and the generalized smash product. We now want
to discuss when the category of Doi-Hopf modules is isomorphic to a module cat-
egory. In the case where C is finite dimensional, this was already done in [3,
Proposition 5.2]. Let us explain this more precisely.
LetH be a quasi-bialgebra. A leftH-module algebra A is an algebra in the monoidal
category HM. This means that A is a left H-module with a multiplication A⊗A→
A and a unit element 1A satisfying the following conditions:

(aa′)a′′ = (X1 · a)[(X2 · a′)(X3 · a′′)],(2.12)
h · (aa′) = (h1 · a)(h2 · a′),(2.13)
h · 1A = ε(h)1A,(2.14)

for all a, a′, a′′ ∈ A and h ∈ H. Following [3], we can define the generalized
smash product of a left H-module algebra A and a left H-comodule algebra B:
AI<B = A⊗B as a vector space, with multiplication

(aI<b)(a′I<b′) = (x̃1
λ · a)(x̃2

λb[−1] · a′)I<x̃3
λb[0]b

′,

for all a, a′ ∈ A, b, b′ ∈ B. AI<B is an associative algebra with unit 1AI<1B .
The linear dual C∗ of a right H-module coalgebra C is a left H-module algebra.
The multiplication is the convolution, the unit is ε, and the left H-action is given
by the formula (h · c∗)(c) = c∗(c · h), for all h ∈ H, c∗ ∈ C∗ and c ∈ C. So we
can consider the generalized smash product algebra C∗I<B. Moreover, we have a
functor

G : CM(H)B →MC∗I<B, G(M) = M,

with right C∗I<B-action given by

m · (c∗I<b) = c∗(m{−1})m{0} · b,

for all m ∈ M , c∗ ∈ C∗ and b ∈ B. If C is finite dimensional, then G is an
isomorphism of categories (see [3]).
Now let C be infinite dimensional. We will show that the category CM(H)B is
isomorphic to the category σC∗I<B[C ⊗ B]. Recall that if A is a Grothendieck
category and M is an object of A then σA[M ] is the class of all objects N ∈ A
which are subgenerated by M , that is, N is a subobject of a quotient of directs sums
of copies of M . It is well-known that σA[M ] is the smallest closed subcategory of
A containing M , and that for any closed subcategory D of A there exists an object
M of A such that D = σA[M ]. In particular, σA[M ] is a Grothendieck category,
and has a fortiori enough injective objects. For more detail, the reader is invited
to consult [10, 21].
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Let H be a quasi-bialgebra, C a right H-module coalgebra and B a left H-comodule
coalgebra. For a right C∗I<B-module M we define the linear maps

µM : M → Hom(C∗ ⊗B,M), µM (m)(c∗ ⊗ b) = m · (c∗I<b),

νM : C ⊗M → Hom(C∗ ⊗B,M), νM (c⊗m)(c∗ ⊗ b) = c∗(c)m · (εI<b),
for all m ∈M , c ∈ C, c∗ ∈ C∗ and b ∈ B. It is easily verified that µM and νM are
injective linear maps.
Inspired by [9, 11] we propose the following

Definition 2.3. Let M be a right C∗I<B-module. We say that M is rational
if Im (µM ) ⊆ Im (νM ). Rat(MC∗I<B) will be the full subcategory of MC∗I<B

consisting of rational C∗I<B-modules.

Remark 2.4. If H is a coassociative bialgebra, B a left H-comodule algebra and C
a right H-module coalgebra in the usual sense, then a rational C∗I<B-module M
is nothing else that a C∗I<B-module wich is rational as a C∗-module. Here M is
viewed as a right C∗-module via the canonical algebra map C∗ ↪→ C∗I<B.

It follows easily from Definition 2.3 that a right C∗I<B-module is rational if and
only if for every m ∈M there exist two finite sets {ci}i ⊆ C and {mi}i ⊆M such
that

(2.15) m · (c∗I<b) =
∑

i

c∗(ci)mi · (εI<b),

for all c∗ ∈ C∗ and b ∈ B. If {c′j}j ⊆ C and {m′
j}j ⊆ M are two other finite sets

satisfying (2.15), then
∑
i

ci⊗mi =
∑
j

c′j⊗m′
j , because of the injectivity of the map

νM . So we have a well-defined map

λM : M → C ⊗M, λM (m) =
∑

i

ci ⊗mi,

for all m ∈M . If C is finite dimensional, then any right C∗I<B-module is rational.
Indeed, we take a finite dual basis {(ci, ci)}i of C and then consider for each m ∈M
the finite sets {ci}i ⊆ C and {mi = m · (ciI<1B)}i ⊆M .
We now summarize the properties of rational C∗I<B-modules.

Proposition 2.5. Let H be a quasi-bialgebra, C a right H-module coalgebra and
B a left H-comodule algebra. Then:

i) A cyclic submodule of a rational C∗I<B-module is finite dimensional.
ii) If M is a rational C∗I<B-module and N is a C∗I<B-submodule of M ,

then N and M/N are rational C∗I<B-modules.
iii) If (Mi)i∈I is a family of rational C∗I<B-modules, then the direct sum

M =
⊕
i∈I

Mi in MC∗I<B is a rational C∗I<B-module.

iv) To any right C∗I<B-module M we can associate a unique maximal rational
submodule M rat, which is equal to µ−1

M (Im(νM )). It is also equal to the sum
of all rational C∗I<B-submodule of M . We have a left exact functor

Rat : MC∗I<B →MC∗I<B, Rat(M) = M rat.

Proof. In fact this is a straightforward generalization of [20, Theorem 2.1.3] and
[10, Theorem 2.2.6]. Consider an element m of a rational C∗I<B-module m. In
what follows, {ci}i ⊆ C and {mi}i ⊆ M will then be two finite sets satisfying
(2.15).
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i) Let m · (C∗I<B) be a cyclic submodule of a rational C∗I<B-module M . m ·
(C∗I<B) is generated by the finite set {mi}i, so it is finite dimensional.
ii) Take m ∈ N ⊂ M . Choose the ci in such a way that they are linearly in-
dependent. Fix j, and take c∗ ∈ C∗ such that c∗(ci) = δi,j . Then N contains
m · (c∗I<1B) =

∑
i

c∗(ci)mi · (εI<1B) = mj , as needed.

Let m be the class in M/N represented by m ∈M . For all c∗ ∈ C∗ and b ∈ B, we
have that m · (c∗I<b) =

∑
i

c∗(ci)mi · (εI<b), and it follows that M/N is a rational

C∗I<B-module.
iii) Every m ∈M can be written in a unique way as

m =
∑
j∈J

mj ,

with J ⊂ I finite, and mj ∈ Mj . Since Mj is a rational C∗I<B-module, there
exist two finite sets {cjk}k ⊆ C and {mj

k}k ⊆Mj such that

mj · (c∗I<b) =
∑

k

c∗(cjk)mj
k · (εI<b),

for all c∗ ∈ C∗ and b ∈ B. We therefore have that

m · (c∗I<b) =
∑
j∈J

mj · (c∗I<b) =
∑

j∈J,k

c∗(cjk)mj
k · (εI<b),

for all c∗ ∈ C∗ and b ∈ B, and it follows that M is a rational C∗I<B-module.
iv) Let M be a right C∗I<B-module. We define M rat = µ−1

M (Im (νM )).
We first prove that M rat is a right C∗I<B-module. Take m ∈ M rat. Then there
exist two finite sets {ci}i ⊆ C and {mi}i ⊆ M such that m · (c∗I<b) = c∗(ci)mi ·
(εI<b), for all c∗ ∈ C∗ and b ∈ B. Therefore:

(m · (c∗I<b)) · (d∗I<b′) = m · ((c∗I<b)(d∗I<b′))
= m · ((x̃1

λ · c∗)(x̃2
λb[−1] · d∗)I<x̃3

λb[0]b
′)

= c∗((ci)1 · x̃1
λ)d∗((ci)2 · x̃2

λb[−1])(mi · (εI<x̃3
λb[0])) · (εI<b′),

for all m ∈ M , c∗, d∗ ∈ C∗ and b, b′ ∈ B. Thus m · (c∗I<b) ∈ M rat, hence
M rat is a C∗I<B-submodule of M . Using an argument similar to the one in the
first part of the proof of assertion ii), we can easily check that M rat is a rational
C∗I<B-module.
Let N be a rational C∗I<B-submodule of M , this means Im (µN ) ⊆ Im (νN ). Then

µM (N) = µN (N) ⊆ Im (νN ) ⊆ Im (νM ),

henceN ⊆ µ−1
M (Im (νM )) = M rat, and we conclude thatM rat is the unique maximal

rational submodule of M . Assertions ii) and iii) show that M rat is also equal to
the sum of all rational C∗I<B-submodules of M . The proof of the final assertion
is identical to the proof of [10, Theorem 2.2.6 iv)]. �

We are now able to prove the main result of this Section.

Theorem 2.6. Let H be a quasi-bialgebra, B a left H-comodule algebra and C a
right H-module coalgebra. The categories CM(H)B and Rat(MC∗I<B) are iso-
morphic, and Rat(MC∗I<B) is equal to σC∗I<B[C ⊗B].
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Proof. Recall that we have a functor

G : CM(H)B →MC∗I<B, G(M) = M,

with right C∗I<B-action given by the formula

m · (c∗I<b) = c∗(m{−1})m{0} · b.
It is clear that G(M) is rational as a C∗I<B-module.
Consider a rational C∗I<B-module M . Then M is a right B-module through
m · b = m · (εI<b). We define a linear map λM : M → C ⊗M as follows:

λM (m) =
∑

i

ci ⊗mi

if and only if
m · (c∗I<b) =

∑
i

c∗(ci)mi · (εI<b),

for all c∗ ∈ C∗ and b ∈ B. It is clear that λM is well-defined.
Fix i, and assume that

λM (mi) =
∑

j

cij ⊗mi
j ,

or, equivalently,
mi · (c∗I<b) = c∗(cij)m

i
j · (εI<b),

for all c∗ ∈ C∗ and b ∈ B. Therefore we have, for all c∗, d∗ ∈ C∗ and m ∈M , that

〈c∗ ⊗ d∗ ⊗ idM , (idC ⊗ λM )(λM (m)) · Φλ〉 = c∗(ci · X̃1
λ)d∗(cij · X̃2

λ)mi
j · X̃3

λ

= c∗(ci · X̃1
λ)mi · (X̃2 · d∗I<X̃3

λ) = (m · (X̃1
λ · c∗I<1B)) · (X̃2

λ · d∗I<X̃3
λ)

= m · ((X̃1
λ · c∗I<1B)(X̃2

λ · d∗I<X̃3
λ)) = m · (c∗d∗I<1B)

= c∗d∗(ci)mi = 〈c∗ ⊗ d∗ ⊗ idM , (∆⊗ idM )(λM (m))〉,
proving that (2.7) is satisfied. (2.8) is trivial since m = m · (εI<1B) for all m ∈M .
We will next prove that (2.9) holds. First observe that

(m · b) · (c∗I<b′) = (m · (εI<b)) · (c∗I<b′) = m · ((εI<b)(c∗I<b′))
= m · (b[−1] · c∗I<b[0]b

′) = c∗(ci · b[−1])(mi · b[0]) · (εI<b′),

for allm ∈M , c∗ ∈ C∗ and b, b′ ∈ B. This shows that λM (m·b) = ci·b[−1]⊗mi·b[0],
as needed, and it follows that M ∈ CM(H)B.
Let η : M → N be a morphism of rational C∗I<B-modules. Take m ∈ M , and
assume that λM (m) =

∑
i

ci ⊗mi. We compute that

η(m) · (c∗I<b) = η(m · (c∗I<b)) =
∑

i

c∗(ci)η(mi) · (εI<b),

for all c∗ ∈ C∗ and b ∈ B. This is equivalent to λN (η(m)) = ci ⊗ η(mi) =
(idC⊗η)(λM (m)), hence η is left C-colinear. It is clear that η is right B-linear, so η
is a morphism in CM(H)B, and we have a functor F : Rat(MC∗I<B) → CM(H)B,
which is inverse to G.

The proof of the fact that Rat(MC∗I<B) and σC∗I<B[C⊗B] are equal is similar
to the proof of [19, Lemma 3.9].
We first show that M ∈ σC∗I<B[C ⊗B] for every M ∈ Rat(MC∗I<B). We recall
first that a right C∗I<B-module belongs to σC∗I<B[C ⊗ B] if and only if there
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exists a set I, a right C∗I<B-module N , and two C∗I<B-linear maps ι : M → N
and π : (C ⊗B)(I) → N such that ι is injective and π is surjective.
Let M be a rational C∗I<B-module. Thus M ∈ CM(H)B and G(M) = M as
right C∗I<B-modules. It is easy to check that ι = λM : M → C ⊗ M is an
injective morphism in CM(H)B; here C ⊗M has the right-left Doi-Hopf module
structure given by (2.10, 2.11). The map

πM : B(M) →M, πM ((bm)m) = m · bm,

is a surjective right B-linear map. By Proposition 2.2, it provides a surjective
morphism idC ⊗ πM : C ⊗B(M) → C ⊗M in CM(H)B, and since C ⊗B(M) ∼=
(C ⊗ B)(M) in CM(H)B, we conclude that there exists a surjective morphism
π : (C ⊗B)(M) → C ⊗M in CM(H)B, so M ∈ σC∗I<B[C ⊗B].
Take M ∈ σC∗I<B[C ⊗B]. Then we have right C∗I<B-morphisms ι : M → N
and π : (C⊗B)(I) → N such that ι is injective and π is surjective. Since the right
C∗I<B-module C ⊗B lies in the image of G, it follows that C ⊗B is a rational
module. By Proposition 2.5 iii), (C ⊗ B)(I) is a rational module too and since π
is surjective we deduce from Proposition 2.5 ii) that N is rational. Finally, from
Proposition 2.5 ii) and the fact that ι is injective, it follows that M is a rational
C∗I<B-module. �

Remark 2.7. It is well-known that the category σA[M ] is a Grothendieck cate-
gory, so it follows from Theorem 2.6 that CM(H)B is a Grothendieck category, an
observation that we already made before.

Corollary 2.8. [3, Proposition 5.2] Let H be a quasi-bialgebra, B a left H-comodule
algebra and C a finite dimensional right H-module coalgebra. Then the categories
CM(H)B and MC∗I<B are isomorphic.

Corollary 2.9. Let M be a right-left (H,B, C)-Hopf module. Then the following
assertions hold:

i) The right-left (H,B, C)-Hopf submodule generated by an element of M is
finite dimensional.

ii) M is the sum of its finite dimensional (H,B, C)-Hopf submodules.

Proof. i) M is a rational C∗I<B-module, so the right-left (H,B, C)-Hopf submod-
ule generated by an element m ∈ M coincides with the cyclic C∗I<B-submodule
generated by m, by Theorem 2.6. We know from Proposition 2.5 i) that it is finite
dimensional.
ii) View M as a rational C∗I<B-module. Obviously, M is the sum of its cyclic
C∗I<B-submodules and all of these are finite dimensional right-left (H,B, C)-Hopf
submodules. �

2.4. Doi-Hopf modules and Koppinen’s smash product. We begin this Sec-
tion with some general results about corings, taken from [2, Sec. 19 and 20]. Let
R be a ring, and C an R-coring. Then ∗C = RHom(C, R) is an R-ring, with multi-
plication

(ϕ#ψ)(c) = ψ(c(1)ϕ(c(2))),

for all ϕ,ψ ∈ ∗C. We have a functor F : MC → M∗C , F (M) = M , with
m · ϕ = m[0]ϕ(m[1]), for all m ∈ M and ϕ ∈ ∗C. If C is finitely generated and
projective as a left R-module, then F is an isomorphism of categories.
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Assume now that C is locally projective as a left R-module. Then MC is isomor-
phic to the category σ∗C [C], see [2, 19.3]; observe that our multiplication on ∗C is
opposite to the one from [2], so that left ∗C-modules in [2] are our right ∗C-modules.
Take a right ∗C-module M . m ∈ M is called rational if there exists

∑
i

mi ⊗ ci ∈

M ⊗R C such that m · ϕ =
∑
i

miϕ(ci), for all ϕ ∈ ∗C. Then RatC(M) = {m ∈

M | m is rational} is a right C-comodule, and we obtain a functor RatC : M∗C →
MC , which is right adjoint to F . M is called rational if RatC(M) = M . MC is
isomorphic to the full category of M∗C consisting of rational right ∗C-modules.

Now let H be a quasi-bialgebra, B a left H-comodule algebra, and C a right H-
comodule algebra. We consider the B-coring C = B ⊗ C from Section 2.2. Since
we work over a field k, C is projective as a k-module, hence C is projective (and
a fortiori locally projective) as a left B-module. Hence we can apply the above
results to this situation. We have an isomorphism of vector spaces

∗C = BHom(B⊗ C,B) ∼= Hom(C,B).

The multiplication on ∗C can be transported to a multiplication on Hom(C,B).
This multiplication makes Hom(C,B) into a B-ring #(C,B), which we will call
the Koppinen smash product. The multiplication is given by the following formula:

(2.16) (f#g)(c) = x̃3
λf(c1 · x̃1

λ)[0]g
(
c2 · x̃2

λf(c1 · x̃1
λ)[1]

)
.

In the situation where H is an associative bialgebra, we recover the smash product
introduced first by Koppinen in [16]. The relation to the generalized smash product
introduced in Section 2.3 is discussed in Proposition 2.10.

Proposition 2.10. The k-linear map

α : C∗I<B → #(C,B), α(c∗I<b) = f,

with f(c) = 〈c∗, c〉b, for all c ∈ C, is a morphism of B-rings. It is an isomorphism
if C is finite dimensional.

Proof. We have to show that α is multiplicative. Take c∗I<b, d∗I<b′ ∈ C∗I<B,
and write α(c∗I<b) = f , α(d∗I<b′) = g. Using (2.16), we compute that

(f#g)(c) = x̃3
λ〈c∗, c1 · x̃1

λ〉b[0]〈d∗, c2 · x̃2
λb[1]〉b′.

We also have that

(c∗I<b)(d∗I<b′) = (x̃1
λ · c∗)(x̃2

λb[−1] · d∗)I<x̃3
λb[0]b

′,

so
α
(
(c∗I<b)(d∗I<b′)

)
(c) = 〈c∗, c1 · x̃1

λ〉〈d∗, c2 · x̃2
λb[1]〉x̃3

λb[0]b
′,

as needed. �

Take a right #(C,B)-module M . m ∈ M is rational if there exists
∑
i

mi ⊗ ci ∈

M ⊗ C such that
m · f =

∑
i

mif(ci),

for all f : C → B. M is called rational if every m ∈M is rational.
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Corollary 2.11. Now let H be a quasi-bialgebra, B a left H-comodule algebra, and
C a right H-comodule algebra. Then the category CM(H)B is isomorphic to the
full subcategory of M#(C,B), which is also equal to σ#(C,B)(B⊗ C).

2.5. Left, right and right-left Doi-Hopf modules. For the sake of complete-
ness, we also define the other Doi-Hopf module categories. In fact, we have four
different types of Doi-Hopf modules. The first one was already studied, namely the
right-left version. We also have the left-right, right-right and left-left versions.

Definition 2.12. Let H be a quasi-bialgebra, A a right H-comodule algebra and
B a left H-comodule algebra. In the statements below we assume in i) and iii) that
C is a left H-module coalgebra, and in ii) that C is a right H-module coalgebra,
respectively.

i) A left-right (H,A, C)-Hopf module (or Doi-Hopf module) is a left A-module M
together with a k-linear map ρM : M →M ⊗C, ρM (m) = m(0) ⊗m(1), such that
the following relations hold, for all m ∈M and a ∈ A:

Φρ · (ρM ⊗ idC)(ρM (m)) = (idM ⊗∆)(ρM (m)),(2.17)
(idM ⊗ ε)(ρM (m)) = m,(2.18)
ρM (a ·m) = a〈0〉 ·m(0) ⊗ a〈1〉 ·m(1).(2.19)

AM(H)C is the category of left-right (H,A, C)-Hopf modules and left A-linear,
right C-colinear maps.

ii) A right-right (H,A, C)-Hopf module (or Doi-Hopf module) is a right A-module
M together with a k-linear map ρM : M → M ⊗ C, ρM (m) = m(0) ⊗m(1), such
that the following relations hold, for all m ∈M and a ∈ A:

(ρM ⊗ idM )(ρM (m)) = (idM ⊗∆)(ρM (m)) · Φρ,(2.20)
(idM ⊗ ε)(ρM (m)) = m,(2.21)
ρM (m · a) = m(0) · a〈0〉 ⊗m(1) · a〈1〉.(2.22)

M(H)C
A is the category of right-right (H,A, C)-Hopf modules and left A-linear,

right C-colinear maps.

iii) A left-left (H,B, C)-Hopf module (or Doi-Hopf module) is a left B-module M
together with a left k-linear map λM : M → C ⊗M , λM (m) = m{−1} ⊗ m{0},
such that the following relations hold, for all m ∈M and b ∈ B:

Φλ · (∆⊗ idM )(λM (m)) = (idC ⊗ λM )(λM (m)),(2.23)
(ε⊗ idM )(λM (m)) = m,(2.24)
λM (b ·m) = b[−1] ·m{−1} ⊗ b[0] ·m{0}.(2.25)

C
BM(H) is the category of left-left (H,A, C)-Hopf modules and left A-linear,left
C-colinear maps.

We remind that if (A, ρ,Φρ) is a right H-comodule algebra then Aop = (Aop, ρ ◦
τA,H , (Φρ)321) is a left Hop,cop-comodule algebra and A = (A, ρ◦τA,H , (Φ−1

ρ )321) is a
left Hcop-comodule algebra, where τA,H : A⊗H → H⊗A is the switch map. Also,
if B is a left H-comodule algebra then Bop = (Bop, λ,Φ−1

λ ) is a left Hop-comodule
algebra.
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On the other hand, if C is a left H-module coalgebra then C is a right Hop-module
coalgebra and Ccop is a right Hop,cop-module coalgebra (and vice versa). So if C is
a right H-module coalgebra then Ccop is a right Hcop-module coalgebra.
Having these correspondences one can easily see that

AM(H)C ∼= Ccop
M(Hop,cop)Aop , M(H)C

A
∼= Ccop

M(Hcop)A,

C
BM(H) ∼= CM(Hop)Bop .

It follows that the four different types of Doi-Hopf modules are isomorphic to cat-
egories of comodules over suitable corings, and they are Grothendieck categories
with enough injective objects. On the other hand, if C is finite dimensional then the
above categories are isomorphic to categories of modules over certain generalized
smash product algebras. More precisely, we have:

Remarks 2.13. i) The category AM(H)C is isomorphic to the category of right
modules over the generalized smash product (Ccop)∗I<Aop (over Hop,cop), and
therefore also to the category of left modules over ((Ccop)∗I<Aop)op. Is not hard
to see that the multiplication rule in ((Ccop)∗I<Aop)op is

(c∗I<a)(d∗I<a′) = (c∗ · a′〈1〉x̃
2
ρ)(d

∗ · x̃3
ρ)I<aa′〈0〉x̃

1
ρ,

for all c∗, d∗ ∈ C∗ and a, a′ ∈ A, where (c∗ · h)(c) = c∗(h · c) for all c∗ ∈ C∗, h ∈ H
and c ∈ C. Therefore, under the trivial permutation of tensor factors we have that
((Ccop)∗I<Aop)op = A >J C∗, the right generalized smash product between the
right H-comodule algebra A and the right H-module algebra C∗ (see [7] for more
details). We conclude that AM(H)C ∼= A >J C∗M if C is finite dimensional.

ii) The above arguments entail that

M(H)C
A
∼= Ccop

M(Hop)A
∼= M(Ccop)∗I<A

∼= ((Ccop)∗I<A)opM,

where the generalized smash product is over Hcop. The explicit formula for the
multiplication � on ((Ccop)∗I<A)op is given by

(2.26) (c∗I<a)� (d∗I<a′) = (X̃2
ρa′〈1〉 · c

∗)(X̃3
ρ · d∗)I<X̃1

ρa′〈0〉a,

for all c∗, d∗ ∈ C∗ and a, a′ ∈ A.
iii) Obviously, C

BM(H) ∼= MC∗I<Bop , where the generalized smash product is
taken over Hop.

LetH be a quasi-Hopf algebra and C a finite dimensional rightH-module coalgebra.
It was proved in [6, Proposition 3.2] that the category MC

H = M(H)C
H is isomorphic

to the category of left modules over the smash product algebra C∗#H = C∗I<H.
Now, by Remark 2.13 ii) the categoryMC

H is isomorphic to the category of left mod-
ules over ((Ccop)∗#H)op. The next result shows that the smash product algebras
C∗#H and ((Ccop)∗#H)op are isomorphic.

Proposition 2.14. Let H be a quasi-Hopf algebra and C a right H-module coal-
gebra. Then the map

ϕ : C∗#H → ((Ccop)∗#H)op, ϕ(c∗#h) = S−1(q1h1g
1) · c∗#S−1(q2h2g

2)

is an algebra isomorphism. Here f−1 = g1⊗g2 is the element defined by (1.12) and
q̃∆ = q1 ⊗ q2 is the element q̃λ defined in (1.25), in the special case where B = H.
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Proof. We first show that ϕ is an algebra map. Let f = f1 ⊗ f2, f−1 = g1 ⊗ g2 =
G1⊗G2 and q̃∆ = q1⊗ q2 = Q1⊗Q2 be the elements defined by (1.11), (1.12) and
(1.25), respectively. We compute

ϕ((c∗#h)(d∗#h′)) = ϕ((x1 · c∗)(x2h1 · d∗)#x3h2h
′)

(2.13,1.10)
= [S−1(f2q1

2x
3
(1,2)(h2h

′)(1,2)g
1
2G

2)x1 · c∗]

[S−1(f1q1
1x

3
(1,1)(h2h

′)(1,1)g
1
1G

1)x2h1 · d∗]#S−1(q2x3
2(h2h

′)2g2)
(1.31,1.1)

= [S−1(q1Q2
1(h2h

′)(2,1)X
2g1

2G
2) · c∗][S−1(Q1(h2h

′)1X1g1
1G

1)h1 · d∗]
#S−1(q2Q2

2(h2h
′)(2,2)X

3g2)

(1.27,1.8,1.13)
= [X2S−1(q1h1Q

2
1h

′
(2,1)g

2
1G

1) · c∗][X3S−1(Q1h′1g
1) · d∗]

#X1S−1(q2h2Q
2
2h

′
(2,2)g

2
2G

2)
(1.10)

= [X2S−1(Q2h′2g
2)2S−1(q1h1G

1) · c∗][X3S−1(Q1h′1g
1) · d∗]

#X1S−1(Q2h′2g
2)1S−1(q2h2G

2)
(2.26)

= ϕ(c∗#h)� ϕ(d∗#h′),

as needed. It is clear that ϕ(ε#1H) = ε#1H , so it remains to be shown that ϕ is
bijective.
First we introduce some notation. Let A be a right H-comodule algebra, and define
the element q̃ρ ∈ A⊗H as follows:

(2.27) q̃ρ = q̃1ρ ⊗ q̃2ρ = X̃
1

ρ ⊗ S−1(αX̃
3

ρ)X̃
2

ρ.

In the special situation where A = H, the element q̃∆ will be denoted by q̃∆ =
q1 ⊗ q2.
We now claim that ϕ−1 : ((Ccop)∗#H)op → C∗#H is given by the formula

ϕ−1(c∗#h) = g1S(q2h2) · c∗#g2S(q1h1),

for all c∗ ∈ C∗ and h ∈ H.
From [6, Lemma 2.6], we recall the following formula:

(2.28) g2αS−1(g1) = S−1(β).

Let p̃∆ = p1 ⊗ p2 be the element p̃λ defined in (1.25), in the special case where
B = H. We then compute, for all c∗ ∈ C∗ and h ∈ H:

ϕ−1 ◦ ϕ(c∗#h) = ϕ−1(S−1(q1h1g
1) · c∗#S−1(q2h2g

2))
(1.10)

= q2
1h(2,1)g

2
1G

1S(q2)S−1(q1h1g
1) · c∗#q2

2h(2,2)g
2
2G

2S(q1)
(2.27,1.8,1.13)

= q2
1h(2,1)X

2g1
2G

2αS−1(q1h1X
1g1

1G
1) · c∗#q2

2h(2,2)X
3g2

(2.28,1.5,1.25)
= S−1(q1h1S(q2

1h(2,1)p
1)) · c∗#q2

2h(2,2)p
2

(1.26,1.28)
= c∗#h.

The proof of the fact that ϕ ◦ ϕ−1 = id((Ccop)∗#H)op is based on similar computa-
tions. �

Remark 2.15. The isomorphism ϕ in Proposition 2.14 can be defined more gen-
erally for a left H-module algebra A instead of a right H-module coalgebra C.
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Observe that H cannot be replaced by an H-bicomodule algebra A, because of the
appearance of the antipode S of H on the second position of the tensor product.

3. Yetter-Drinfeld modules are Doi-Hopf modules

In this Section, we will show that Yetter-Drinfeld modules are special case of Doi-
Hopf modules. We will then apply the properties of Doi-Hopf modules to Yetter-
Drinfeld modules.

3.1. Yetter-Drinfeld modules over quasi-bialgebras. The category of Yetter-
Drinfeld modules over a quasi-Hopf algebra H was introduced by Majid, as the
center of the monoidal category HM. His aim was to define the quantum double
by an implicit Tannaka-Krein reconstruction procedure, see [17]. From [7], we recall
the following more general definition of Yetter-Drinfeld modules.
The category of (H,H)-bimodules, HMH , is monoidal. The associativity con-
straints a′U,V,W : (U ⊗ V )⊗W → U ⊗ (V ⊗W ) are given by

(3.1) a′U,V,W ((u⊗ v)⊗ w) = Φ · (u⊗ (v ⊗ w)) · Φ−1

for all U, V,W ∈ HMH , u ∈ U , v ∈ V and w ∈ W . A coalgebra in the category
of (H,H)-bimodules will be called an H-bimodule coalgebra. More precisely, an
H-bimodule coalgebra C is an (H,H)-bimodule (denote the actions by h · c and
c · h) with a comultiplication ∆ : C → C ⊗ C and a counit ε : C → k satisfying
the following relations, for all c ∈ C and h ∈ H:

Φ · (∆⊗ idC)(∆(c)) · Φ−1 = (idC ⊗∆)(∆(c)),(3.2)
∆(h · c) = h1 · c1 ⊗ h2 · c2, ∆(c · h) = c1 · h1 ⊗ c2 · h2,(3.3)
(ε⊗ idC) ◦∆ = (idC ⊗ ε) ◦∆ = idC ,(3.4)
ε(h · c) = ε(h)ε(c), ε(c · h) = ε(c)ε(h),(3.5)

where we used the same Sweedler-type notation as introduced before.
For further use we note that an H-bimodule coalgebra C can be always viewed as
a left Hop ⊗ H-module coalgebra via the left Hop ⊗ H-action given for all c ∈ C
and h, h′ ∈ H by

(3.6) (h⊗ h′) · c = h′ · c · h.

Definition 3.1. ([7]) Let H be a quasi-bialgebra, C an H-bimodule coalgebra and
A an H-bicomodule algebra. A left-right (H,A, C)-Yetter-Drinfeld module is a
k-vector space M with the following additional structure:

- M is a left A-module; we write · for the left A-action;
- we have a k-linear map ρM : M → M ⊗ C, ρM (m) = m(0) ⊗m(1), called

the right C-coaction on M , such that for all m ∈M , ε(m(1))m(0) = m and

(θ2 ·m(0))(0) ⊗ (θ2 ·m(0))(1) · θ1 ⊗ θ3 ·m(1)

= x̃1
ρ · (x̃3

λ ·m)(0) ⊗ x̃2
ρ · (x̃3

λ ·m)(1)1 · x̃
1
λ ⊗ x̃3

ρ · (x̃3
λ ·m)(1)2 · x̃

2
λ,(3.7)

- for all u ∈ A and m ∈M the following compatibility relation holds:

u<0> ·m(0) ⊗ u<1> ·m(1) = (u[0] ·m)(0) ⊗ (u[0] ·m)(1) · u[−1].(3.8)

AYD(H)C will be the category of left-right (H,A, C)-Yetter-Drinfeld modules and
maps preserving the A-action C-coaction.
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We have seen in Section 1.2 that H is an H-bicomodule algebra; it is also clear that
H is an H-bimodule coalgebra (take ∆ = ∆ and ε = ε). If we take H = A = C in
Definition 3.1, then we recover the category of Yetter-Drinfeld modules introduced
by Majid in [17], and studied in [4, 5]. It is remarkable that a quasi-bialgebra H
is a coalgebra in the category of H-bimodules, but not in the category of vector
spaces, or in the category of left (or right) H-modules.
Let H be a quasi-bialgebra, A an H-bicomodule algebra and C a left H-module
coalgebra. It is straightforward to check that C with the right H-module structure
given by ε is an H-bimodule coalgebra. Then (3.7) and (3.8) reduce respectively
to (2.17) and (2.19), in which only the right H-coaction on A appears. So in this
particular case the category AM(H)C is just AYD(H)C .
In order to show that the Yetter-Drinfeld modules are special case of Doi-Hopf
modules we need a Doi-Hopf datum. As we have already seen, an H-bimodule
coalgebra C can be viewed as a left Hop ⊗ H-module via the structure defined
in (3.6). In order to provide a right Hop ⊗ H-comodule algebra structure on an
H-bicomodule algebra A, we need the following result.

Lemma 3.2. Let H be a quasi-Hopf algebra and (B, λ,Φλ) a left H-comodule
algebra. Then B is a right Hop-comodule algebra via the structure

ρ : B → B⊗H, ρ(b) = b[0] ⊗ S−1(b[−1]),(3.9)

Φρ = x̃3
λ ⊗ S−1(f2x̃2

λ)⊗ S−1(f1x̃1
λ) ∈ B⊗H ⊗H,(3.10)

where f1 ⊗ f2 is the Drinfeld twist defined in (1.11). Moreover, if (B, λ,Φλ) and
(B, λ′,Φλ′) are twist equivalent left H-comodule algebras then the corresponding
right Hop-comodule algebras are also twist equivalent.

Proof. The relation (1.14) follows easily by applying (1.18) and (1.10), and the
relations (1.16, 1.17) are trivial. We prove now (1.15). Since Φop = Φ−1 we have

X̃1
ρ Ỹ

1
ρ ⊗ x1 ·op (X̃2

ρ)1 ·op Ỹ 3
ρ ⊗ x2 ·op (X̃2

ρ)2 ·op Ỹ 3
ρ ⊗ x3 ·op X̃3

ρ

= x̃3
λỹ

3
λ ⊗ S−1(F 2ỹ2

λ)S−1(f2x̃2
λ)1x1

⊗S−1(F 1ỹ1
λ)S−1(f2x̃2

λ)2x2 ⊗ S−1(f1x̃1
λ)x3

(1.10)
= x̃3

λỹ
3
λ ⊗ S−1(S(x1)F 2f2

2 (x̃2
λ)2ỹ2

λ)

⊗S−1(S(x2)F 1f2
1 (x̃2

λ)1ỹ1
λ)⊗ S−1(S(x3)f1x̃1

λ)
(1.8,1.13)

= x̃3
λỹ

3
λ ⊗ S−1(F 2x3(x̃2

λ)2ỹ2
λ)

⊗S−1(f2F 1
2 x

2(x̃2
λ)1ỹ1

λ)⊗ S−1(f1F 1
1 x

1x̃1
λ)

(1.19,1.10)
= ỹ3

λ(x̃3
λ)[0] ⊗ S−1(F 2ỹ2

λ) ·op S−1((x̃3
λ)[−1])

⊗S−1(F 1ỹ1
λ)1 ·op S−1(f2x̃2

λ)⊗ S−1(F 1ỹ1
λ)2 ·op S−1(f1x̃1

λ)
(3.9,3.10)

= X̃1
ρ(Ỹ 1

ρ )〈0〉 ⊗ X̃2
ρ ·op (Ỹ 1

ρ )〈1〉 ⊗ (X̃3
ρ)1 ·op Ỹ 2

ρ ⊗ (X̃3
ρ)2 ·op Ỹ 3

ρ ,

where we denote by ·op the multiplication of Hop and by F 1 ⊗ F 2 another copy of
the Drinfeld twist f .
Finally, it is not hard to see that if the invertible element U = U1 ⊗ U2 ∈ H ⊗B
provides a twist equivalence between the left H-comodule algebras (B, λ,Φλ) and
(B, λ′,Φλ′) then the invertible element V = U2 ⊗ S−1(U1) ∈ B ⊗ H provides a
twist equivalence between the associated right Hop-comodule algebras (B, ρ,Φρ)
and (B, ρ′,Φρ′), respectively. �
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Proposition 3.3. Let H be a quasi-Hopf algebra and (A, λ, ρ,Φλ,Φρ,Φλ,ρ) an H-
bicomodule algebra. We define two right Hop ⊗H-coactions

ρ1, ρ2 : A → A⊗ (Hop ⊗H)

on A, and corresponding elements Φρ1 ,Φρ2 ∈ A⊗(Hop⊗H)⊗(Hop⊗H) as follows:

ρ1(u) = u〈0〉[0] ⊗
(
S−1(u〈0〉[−1]

)⊗ u〈1〉

)
,(3.11)

Φρ1 = (X̃1
ρ)[0]x̃3

λθ
2
[0] ⊗

(
S−1(f2(X̃1

ρ)[−1]2 x̃
2
λθ

2
[−1])⊗ X̃2

ρθ
3
)

⊗
(
S−1(f1(X̃1

ρ)[−1]1 x̃
1
λθ

1)⊗ X̃3
ρ

)
,(3.12)

and

ρ2(u) = u[0]〈0〉 ⊗
(
S−1(u[−1])⊗ u[0]〈1〉

)
,(3.13)

Φρ2 = (x̃3
λ)〈0〉X̃1

ρΘ2
〈0〉 ⊗

(
S−1(f2x̃2

λΘ1)⊗ (x̃3
λ)〈1〉1X̃

2
ρΘ2

〈1〉

)
⊗

(
S−1(f1x̃1

λ)⊗ (x̃3
λ)〈1〉2X̃

3
ρΘ3

)
.(3.14)

Then (A, ρ1,Φρ1) and (A, ρ2,Φρ2) are twist equivalent right Hop ⊗H-comodule al-
gebras.

Proof. The statement follows from Lemma 3.2. Indeed, we have seen at the end of
Section 1 that A has two twist equivalent left H⊗Hop-comodule algebra structures.
Identifying (H ⊗Hop)op and Hop ⊗H, and computing the induced right coactions
we obtain the structures defined in (3.11-3.14). We point out that the reassociator,
the antipode and the Drinfeld twist corresponding to H ⊗Hop are given by

ΦH⊗Hop = (X1 ⊗ x1)⊗ (X2 ⊗ x2)⊗ (X3 ⊗ x3),
SH⊗Hop = S ⊗ S−1, fH⊗Hop = (f1 ⊗ S−1(g2))⊗ (f2 ⊗ S−1(g1)),

where, as usual, g1 ⊗ g2 is the inverse of f = f1 ⊗ f2. �

LetH be a quasi-Hopf algebra, C anH-bimodule coalgebra and A anH-bicomodule
algebra. In the sequel, A1 and A2 will be our notation for the right Hop ⊗ H-
comodule algebras (A, ρ1,Φρ1) and (A, ρ2,Φρ2). By the above arguments, it make
sense to consider the left-right Doi-Hopf module categories A1M(Hop ⊗ H)C and
A2M(Hop ⊗H)C . It will follow from Proposition 3.4 that these two categories are
isomorphic.

Proposition 3.4. Let H be a quasi-bialgebra, C a left H-module coalgebra and
A1 = (A, ρ,Φρ) and A2 = (A, ρ′,Φρ′) two twist equivalent right H-comodule alge-
bras. Then the categories A1M(H)C and A2M(H)C are isomorphic.

Proof. If A1 and A2 are twist equivalent, then there exists V ∈ A ⊗ H satisfying
(1.22-1.24). Take M ∈ A1M(H)C ; M becomes an object in A2M(H)C by keeping
the same left A-module structure and defining

ρ′M : M →M ⊗ C, ρ′(m) = V · ρM (m).

Conversely, take M ∈ A2M(H)C via the structures · and ρ′M . Then M can be
viewed as a left-right (H,A1, C)-Hopf module via the same left A-action · and the
right C-coaction ρM defined by

ρM : M →M ⊗ C, ρM (m) = V−1 · ρ′M (m).
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These correspondences define two functors which act as the identity on morphisms
and produce inverse isomorphisms. �

Remark 3.5. Let H be a quasi-bialgebra, and F ∈ H ⊗H a gauge transformation.
We can consider the twisted quasi-bialgebra HF (see (1.7-1.8)), and it is well-known
that the categories of left H-modules and left HF -modules are isomorphic. We have
a similar property for Doi-Hopf modules.
Let (A, ρ,Φρ) be a right H-comodule algebra, and let ΦρF

= (1A ⊗ F )Φρ. Then
AF := (A, ρ,ΦρF

) is a right HF -comodule algebra, see [14].
Now let C be a left H-module coalgebra, and define a new comultiplication ∆F as
follows: ∆F (c) = F∆(c), for all c ∈ C. Then straightforward computations show
that (C,∆F , ε) is a left HF -module coalgebra and that the categories AM(H)C and
AF
M(HF )CF are isomorphic. Of course, a similar result holds for left comodule

algebras.

3.2. Yetter-Drinfeld modules and Doi-Hopf modules. Our next aim is to
show that the category of left-right Yetter-Drinfeld modules AYD(H)C is isomor-
phic to the category of Doi-Hopf modules A2M(Hop ⊗ H)C and, a fortiori, to
A1M(Hop ⊗H)C , by Proposition 3.4. We have divided the proof over a few lem-
mas.

Lemma 3.6. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra and C an
H-bimodule coalgebra. We have a functor

F : AYD(H)C → A2M(Hop ⊗H)C

which acts as the identity on objects an morphisms. If M is a left-right (H,A, C)-
Yetter-Drinfeld module then F (M) = M as a left A-module, and with the newly
defined right C-coaction

(3.15) ρ′M (m) = m(0)′ ⊗m(1)′ = (p̃2
λ ·m)(0) ⊗ (p̃2

λ ·m)(1) · p̃1
λ,

for all m ∈M . Here p̃λ = p̃1
λ ⊗ p̃2

λ is the element defined by (1.25).

Proof. It is not hard to see that (1.33) and (1.5) imply

(3.16) Θ2
[0]p̃

2
λ ⊗Θ2

[−1]p̃
1
λS

−1(Θ1)⊗Θ3 = θ2(p̃2
λ)〈0〉 ⊗ θ1p̃1

λ ⊗ θ3(p̃2
λ)〈1〉.

We now show that F (M) satisfies the relations (2.17-2.19). Let P̃ 1
λ ⊗ P̃ 2

λ be another
copy of p̃λ, and compute

Φρ2 · (ρ′M ⊗ idC)(ρM (m))
(3.14,3.15,3.6)

= (x̃3
λ)〈0〉X̃

1

ρΘ
2
〈0〉 · (P̃ 2

λ · (p̃2
λ ·m)(0))(0)

⊗(x̃3
λ)〈1〉1X̃

2

ρΘ
2
〈1〉 · (P̃ 2

λ · (p̃2
λ ·m)(0))(1) · P̃ 1

λS
−1(f2x̃2

λΘ1)

⊗(x̃3
λ)〈1〉2X̃

3

ρΘ
3 · (p̃2

λ ·m)(1) · p̃1
λS

−1(f1x̃1
λ)

(3.8,3.16)
= (x̃3

λ)〈0〉X̃
1

ρ · (θ2(P̃ 2
λ)〈0〉 · (p̃2

λ ·m)(0))(0)

⊗(x̃3
λ)〈1〉1X̃

2

ρ · (θ2(P̃ 2
λ)〈0〉 · (p̃2

λ ·m)(0))(1) · θ1P̃ 1
λS

−1(f2x̃2
λ)

⊗(x̃3
λ)〈1〉2X̃

3

ρθ
3(P̃ 2

λ)〈1〉 · (p̃2
λ ·m)(1) · p̃1

λS
−1(f1x̃1

λ)
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(3.8,3.7)
= (x̃3

λ)〈0〉 · (ỹ3
λ(P̃ 2

λ)[0]p̃2
λ ·m)(0)

⊗(x̃3
λ)〈1〉1 · (ỹ

3
λ(P̃ 2

λ)[0]p̃2
λ ·m)(1)1 · ỹ

1
λP̃

1
λS

−1(f2x̃2
λ)

⊗(x̃3
λ)〈1〉2 · (ỹ

3
λ(P̃ 2

λ)[0]p̃2
λ ·m)(1)2 · ỹ

2
λ(P̃ 2

λ)[−1]p̃
1
λS

−1(f1x̃1
λ)

(3.3,3.8,1.30)
= (p̃2

λ ·m)(0) ⊗ (p̃2
λ ·m)(1)1 · (p̃1

λ)1 ⊗ (p̃2
λ ·m)(1)2 · (p̃1

λ)2
(3.3,3.15)

= m(0)′ ⊗m(1)′1
⊗m(1)′2

= (idM ⊗∆)(ρ′M (m)),

for all m ∈ M , as needed. The relation (2.18) is trivial and (2.19) follows from
(1.26), (3.13) and (3.6). �

Lemma 3.7. Let H be a quasi-Hopf algebra, C an H-bimodule coalgebra and A an
H-bicomodule algebra. Then we have a functor

G : A2M(Hop ⊗H)C → AYD(H)C

which acts as the identity on objects and morphisms. Let M be a left-right (Hop ⊗
H,A2, C)-Hopf module, with left A-action · and right C-coaction ρ′M , ρ′M (m) =
m(0)′ ⊗ m(1)′ ∈ M ⊗ C. Then G(M) = M as a left A-module, with new right
C-coaction ρM : M →M ⊗ C, given by the formula

(3.17) ρM (m) = m
(0)

⊗m
(1)

= (q̃2λ)〈0〉 ·m(0)′ ⊗ (q̃2λ)〈1〉 ·m(1)′ · S−1(q̃1λ),

for all m ∈M . Here q̃λ = q̃1λ ⊗ q̃2λ is the element defined in (1.25).

Proof. The most difficult part is tho show that G(M) satisfies the relations (3.7)
and (3.8). M is a left-right (H,A2, C)-Hopf module, so we have by (2.17), (3.13,
3.14) and (1.14):

X̃
1

ρ((x̃
3
λ)〈0〉Θ2)〈0〉 ·m(0,0)′ ⊗ X̃

2

ρ((x̃
3
λ)〈0〉Θ2)〈1〉 ·m(0,1)′ · S−1(f2x̃2

λΘ1)

⊗X̃3

ρ(x̃
3
λ)〈1〉Θ3 ·m(1)′ · S−1(f1x̃1

λ) = m(0)′ ⊗m(1)′1
⊗m(1)′2

,(3.18)

(u ·m)(0)′ ⊗ (u ·m)(1)′ = u[0]〈0〉 ·m(0)′ ⊗ u[0]〈1〉 ·m(1)′ · S−1(u[−1]),(3.19)

for all m ∈M and u ∈ A. Also, (1.33) and (1.5) imply that

(3.20) S(θ1)q̃1λθ
2
[−1] ⊗ q̃2λθ

2
[0] ⊗ θ3 = q̃1λΘ1 ⊗ (q̃2λ)〈0〉Θ2 ⊗ (q̃2λ)〈1〉Θ3.

Let Q̃1
λ ⊗ Q̃2

λ be another copy of q̃λ; for all m ∈M , we compute that

(θ2 ·m
(0)

)
(0)

⊗ (θ2 ·m
(0)

)
(1)

⊗ θ3 ·m
(1)

(3.17,3.19)
= (Q̃2

λθ
2
[0](q̃

2
λ)〈0〉[0])〈0〉 ·m(0,0)′ ⊗ (Q̃2

λθ
2
[0](q̃

2
λ)〈0〉[0])〈1〉 ·m(0,1)′

·S−1(Q̃1
λθ

2
[−1](q̃

2
λ)〈0〉[−1]

)θ1 ⊗ θ3(q̃2λ)〈1〉 ·m(1)′ · S−1(q̃1λ)
(3.20,1.32)

= ((Q̃2
λ(q̃2λ)[0])〈0〉Θ2)〈0〉 ·m(0,0)′ ⊗ ((Q̃2

λ(q̃2λ)[0])〈0〉Θ2)〈1〉 ·m(0,1)′

·S−1(Q̃1
λ(q̃2λ)[−1]Θ1)⊗ (Q̃2

λ(q̃2λ)[0])〈1〉Θ3 ·m(1)′ · S−1(q̃1λ)
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(1.31,3.18,1.10)
= (q̃2λ(x̃3

λ)[0])〈0,0〉x̃
1
ρ ·m(0)′

⊗(q̃2λ(x̃3
λ)[0])〈0,1〉x̃

2
ρ ·m(1)′1

· S−1(q̃1λ(x̃3
λ)[−1])1x̃1

λ

⊗(q̃2λ(x̃3
λ)[0])〈1〉x̃3

ρ ·m(1)′2
· S−1(q̃1λ(x̃3

λ)[−1])2x̃2
λ

(1.14,1.33,3.19)
= x̃1

ρ · ((q̃2λ)〈0〉 · (x̃3
λ ·m)(0)′)

⊗x̃2
ρ ·

(
(q̃2λ)〈1〉 · (x̃3

λ ·m)(1)′ · S−1(q̃1λ)
)
1
· x̃1

λ

⊗x̃3
ρ ·

(
(q̃2λ)〈1〉 · (x̃3

λ ·m)(1)′ · S−1(q̃1λ)
)
2
· x̃2

λ

(3.17)
= x̃1

ρ · (x̃3
λ ·m)

(0)
⊗ x̃2

ρ · (x̃3
λ ·m)

(1)1
· x̃1

λ ⊗ x̃3
ρ · (x̃3

λ ·m)
(1)2

· x̃2
λ,

as needed. (3.8) also holds since

u〈0〉 ·m(0)
⊗ u〈1〉 ·m(1)

(3.17,1.27)
= (q̃2λu[0,0])〈0〉 ·m(0)′ ⊗ (q̃2λu[0,0])〈1〉 ·m(1)′ · S−1(q̃1λu[0,−1])u[−1]

(3.19)
= (q̃2λ)〈0〉 · (u[0] ·m)(0)′ ⊗ (q̃2λ)〈1〉 · (u[0] ·m)(1)′ · S−1(q̃1λ)u[−1]

(3.17)
= (u[0] ·m)

(0)
⊗ (u[0] ·m)

(1)
· u[−1],

for all u ∈ A and m ∈M . The remaining details are left to the reader. �

Theorem 3.8 is the main result of this Section, and generalizes [8, Theorem 2.3] to
the quasi-Hopf algebra setting.

Theorem 3.8. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra and C
an H-bimodule coalgebra. Then the categories AYD(H)C and A2M(Hop⊗H)C are
isomorphic. In particular AYD(H)C is a Grothendieck category, and therefore it
has enough injective objects.

Proof. We show that the functors F and G from Lemmas 3.6 and 3.7 are inverses.
Since F and G act as the identity functor at the level of A-modules we have only
to show that F and G are inverses at the level of C-coactions.
Let M ∈ AYD(H)C and ρM (m) = m(0) ⊗ m(1) its right C-coaction. We denote
by ρM (m) = m

(0)
⊗ m

(1)
the right C-coaction of G(F (M)) obtained using first

Lemma 3.6 and then Lemma 3.7. For all m ∈M we then have

ρM (m) (3.17)
= (q̃2λ)〈0〉 ·m(0)′ ⊗ (q̃2λ)〈1〉 ·m(1)′ · S−1(q̃1λ)

(3.15)
= (q̃2λ)〈0〉 · (p̃2

λ ·m)(0) ⊗ (q̃2λ)〈1〉 · (p̃2
λ ·m)(1) · p̃1

λS
−1(q̃1λ)

(3.8)
= ((q̃2λ)[0]p̃2

λ ·m)(0) ⊗ ((q̃2λ)[0]p̃2
λ ·m)(1) · (q̃2λ)[−1]p̃

1
λS

−1(q̃1λ)
(1.28)

= m(0) ⊗m(1) = ρM (m).

Conversely, let M ∈ A2M(Hop ⊗ H)C and denote by ρ′M (m) = m(0)′ ⊗ m(1)′ its
right C-coaction. If ρM (m) = m(0) ⊗ m(1) is the right C-coaction on F (G(M))
obtained using first Lemma 3.7 and then Lemma 3.6 we have

ρM (m) (3.15)
= (p̃2

λ ·m)
(0)

⊗ (p̃2
λ ·m)

(1)
· p̃1

λ

(3.17)
= (q̃2λ)〈0〉 · (p̃2

λ ·m)(0)′ ⊗ (q̃2λ)〈1〉 · (p̃2
λ ·m)(1)′ · S−1(q̃1λ)p̃1

λ

(3.19)
= (q̃2λ(p̃2

λ)[0])〈0〉 ·m(0)′ ⊗ (q̃2λ(p̃2
λ)[0])〈1〉 ·m(1)′ · S−1(q̃1λ(p̃2

λ)[−1])p̃1
λ

(1.29)
= m(0)′ ⊗m(1)′ = ρ′M (m),

for all m ∈M , so the proof is finished. �
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Let H be a quasi-bialgebra, A a right H-comodule algebra and C a left H-module
coalgebra. Identifying the category of left-right (H,A, C)-Hopf modules to the
category of right-left (Hop,cop,Aop, Ccop)-Hopf modules using the construction pre-
ceding Proposition 2.2, we obtain the functor, after permuting the tensor factors:

F ′ = • ⊗ C : AM→ AM(H)C .

If M is a left A-module then F ′(M) = M ⊗ C with structure maps

a · (m⊗ c) = a〈0〉 ·m⊗ a〈1〉 · c,
ρM (m⊗ c) = x̃1

ρ ·m⊗ x̃2
ρ · c1 ⊗ x̃3

ρ · c2,

for all a ∈ A, m ∈ M and c ∈ C. For a morphism υ in AM, we have that
F ′(υ) = υ⊗ idC . In particular, we obtain that A⊗C is a left-right (H,A, C)-Hopf
module.
Moreover, F ′ is a right adjoint of the forgetful functor UC : AM(H)C → AM, and
it is a left adjoint of the functor HomC

A(A ⊗ C, •) : AM(H)C → AM defined as
follows. For M ∈ AM(H)C , HomC

A(A ⊗ C, •)(M) = HomC
A(A ⊗ C,M), the set of

morphisms in AM(H)C between A⊗ C and M , viewed as a left A-module via

(a · η)(a′ ⊗ c) = η(a′a⊗ c),

for all η ∈ HomC
A(A ⊗ C,M), a, a′ ∈ A and c ∈ C. The functor HomC

A(A ⊗ C, •)
sends a morphism κ from AM(H)C to the morphism ϑ 7→ κ ◦ ϑ.

Corollary 3.9. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra and C
an H-bimodule coalgebra. We have a functor F = • ⊗ C : AM→ AYD(H)C . The
structure maps on F(M) = M ⊗ C are the following:

u · (m⊗ c) = u[0]〈0〉 ·m⊗ u[0]〈1〉 · c · S−1(u[−1]),

ρM⊗C(m⊗ c) = θ2〈0〉x̃
1
ρ((q̃

2
λ)[0]X̃

3

λ)〈0〉 ·m⊗ θ2〈1〉x̃
2
ρ((q̃

2
λ)[0]X̃

3

λ)〈1〉1 · c1

·S−1(θ1(q̃2λ)[−1]X̃
2

λg
2)⊗ θ3x̃3

ρ((q̃
2
λ)[0]X̃

3

λ)〈1〉2 · c2 · S−1(q̃1λX̃
1

λg
1),

for all u ∈ A, m ∈ M and c ∈ C. In particular, A ⊗ C is a left-right (H,A, C)-
Yetter-Drinfeld module. Moreover, the following assertions hold:

i) F is right adjoint to the forgetful functor UC : AYD(H)C → AM.
ii) F is left adjoint to the functor HomC

A (A ⊗ C, •) : AYD(H)C → AM. If
M ∈ AYD(H)C then HomC

A (A ⊗ C, •)(M) = HomC
A (A ⊗ C,M), the set of

Yetter-Drinfeld morphisms from A ⊗ C to M , viewed as a right A-module
via the action

(u · η)(u′ ⊗ c) = η(u′u⊗ c),

for all η ∈ HomC
A (A⊗ C,M), u, u′ ∈ A and c ∈ C.

Proof. The functor F is well defined because it is the composition

F : AM = A2M
F ′
- A2M(Hop ⊗H)C G- AYD(H)C ,

where F ′ is the functor described above but now for the context given by (3.13-
3.14), and G is the functor from Lemma 3.7. All the others details are left to the
reader. �
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Let H be a quasi-bialgebra, A a right H-comodule algebra and C a left H-module
coalgebra. Since the category AM(H)C can be identified to a category of right-left
Doi-Hopf modules it follows that AM(H)C is isomorphic to a category of comodules
over the coring C′ = C ⊗ A, with A-bimodule structure given by

a · (c⊗ a′) · a′′ = a〈1〉 · c⊗ a〈0〉a
′a′′

and comultiplication and counit given by

∆C′(c⊗ a) = (x̃3
ρ · c2 ⊗ 1A)⊗A (x̃2

ρ · c1 ⊗ x̃1
ρa), εC′(c⊗ a) = ε(c)a

for all a, a′, a′′ ∈ A and c ∈ C. Using arguments similar to the ones given in [3,
Theorem 5.4], one can easily check that AM(H)C is isomorphic to C′M.

Corollary 3.10. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra and
C an H-bimodule coalgebra. Then the category of left-right Yetter-Drinfeld modules
AYD(H)C is isomorphic to the category of left comodules over the coring C′ = C⊗A,
with the following structure maps. The A-bimodule is given by

u · (c⊗ u′) · u′′ = u[0]〈1〉 · c · S−1(u[−1])⊗ u[0]〈0〉u
′u′′,

and the comultiplication and counit are defined by the formulas

∆C′(c⊗ u) =
(
θ3x̃3

ρ(X̃
3

λ)〈1〉2 · c2 · S−1(X̃
1

λg
1)⊗ 1A

)
⊗A

(
θ2〈1〉x̃

2
ρ(X̃

3

λ)〈1〉1 · c1 · S−1(θ1X̃
2

λg
2)⊗ θ2〈0〉x̃

1
ρ(X̃

3

λ)〈0〉u
)
,

εC′(c⊗ u) = ε(c)u,

for all u, u′, u′′ ∈ A and c ∈ C.

Proof. This is a direct consequence of the above comments and Theorem 3.8. �

3.3. The category of Yetter-Drinfeld modules as a module category. Our
next aim is to describe the category of Yetter-Drinfeld modules as a category of
modules. We will need the (right) generalized diagonal crossed product construc-
tion, as introduced in [14, 7].
Let H be a quasi-bialgebra and A an H-bicomodule algebra. In the sequel, A
will be an H-bimodule algebra. This means that A is an H-bimodule which has
a multiplication and a usual unit 1A such that for all ϕ,ψ, ξ ∈ A and h ∈ H the
following relations hold:

(ϕψ)ξ = (X1 · ϕ · x1)[(X2 · ψ · x2)(X3 · ξ · x3)],
h · (ϕψ) = (h1 · ϕ)(h2 · ψ), (ϕψ) · h = (ϕ · h1)(ψ · h2),
h · 1A = ε(h)1A, 1A · h = ε(h)1A.

If H is a quasi-bialgebra, then H∗, the linear dual of H, is an H-bimodule via the
H-actions

〈h ⇀ ϕ, h′〉 = ϕ(h′h), 〈ϕ ↼ h, h′〉 = ϕ(hh′),
for all ϕ ∈ H∗, h, h′ ∈ H. The convolution 〈ϕψ, h〉 = ϕ(h1)ψ(h2), ϕ,ψ ∈ H∗,
h ∈ H, is a multiplication on H∗ which is not associative in general, but with this
multiplication H∗ becomes an H-bimodule algebra.
Let H be a quasi-bialgebra, A an H-bimodule algebra and (A, λ, ρ,Φλ,Φρ,Φλ,ρ) an
H-bicomodule algebra. In the sequel (δ,Ψ) will be the pair

δl = (λ⊗ idH) ◦ ρ,
Ψ: = (idH ⊗ λ⊗ id⊗2

H )
(
(Φλ,ρ ⊗ 1H)(λ⊗ id⊗2

H )(Φ−1
ρ )

)
[Φλ ⊗ 1⊗2

H ],
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or

δr = (idH ⊗ ρ) ◦ λ,

Ψr = (id⊗2
H ⊗ ρ⊗ idH)

(
(1H ⊗ Φ−1

λ,ρ)(id
⊗2
H ⊗ ρ)(Φλ)

)
[1⊗2

H ⊗ Φ−1
ρ ].

ΩLl/r
,ΩRl/r

∈ H⊗2 ⊗ A⊗H⊗2 are defined by the following formulas

ΩLl/r
= (id⊗2

H ⊗ idA ⊗ S−1 ⊗ S−1)(Ψ−1
l/r) · [1

⊗2
H ⊗ 1A ⊗ S−1(f1)⊗ S−1(f2)],

ΩRl/r
= [S−1(g1)⊗ S−1(g2)⊗ 1A ⊗ 1⊗2

H ] · (S−1 ⊗ S−1 ⊗ idA ⊗ id⊗2
H )(Ψl/r).

Here f = f1⊗ f2 is the Drinfeld twist and f−1 = g1⊗ g2 is its inverse. We will use
the notation

ΩLl/r
= Ω1

Ll/r
⊗ · · · ⊗ Ω5

Ll/r
.

Let A ./δl
A and A IJ δr

A be the vector space A⊗A furnished with the multipli-
cation given respectively by the following formulas:

(ϕ ./ u)(ψ ./ u′)
= (Ω1

Ll
· ϕ · Ω5

Ll
)(Ω2

Ll
u〈0〉[−1]

· ψ · S−1(u〈1〉)Ω4
Ll

) ./ Ω3
Ll
u〈0〉[0]u

′,(3.21)

(ϕ IJ u)(ψ IJ u′)
= (Ω1

Lr
· ϕ · Ω5

Lr
)(Ω2

Lr
u[−1] · ψ · S−1(u[0]〈1〉)Ω

4
Lr

) IJ Ω3
Lr
u[0]〈0〉u

′,(3.22)

for all ϕ,ψ ∈ A and u, u′ ∈ A. We write ϕ ./ u (respectively ϕ IJ u) for ϕ⊗u con-
sidered as an element of A ./δl

A (respectively A IJ δr A). A ./δl
A and A IJ δr A

are isomorphic associative algebras with unit 1A ./ 1A (respectively 1A IJ 1A),
containing A ∼= 1A ./ A (respectively A ∼= 1A IJ A) as unital subalgebra. These
algebras are called the left generalized diagonal crossed products.
The right generalized diagonal crossed products are introduced in a similar way:
denote

ΩRl/r
= Ω1

Rl/r
⊗ · · · ⊗ Ω5

Rl/r
,

and let A ./δl
A and A IJ δr

A be the vector space A⊗A with the following product:

(u ./ ϕ)(u′ ./ ψ)
= uu′〈0〉[0]Ω

3
Rl
./ (Ω2

Rl
S−1(u′〈0〉[−1]

) · ϕ · u′〈1〉Ω
4
Rl

)(Ω1
Rl
· ψ · Ω5

Rl
),(3.23)

(u IJ ϕ)(u′ IJ ψ)
= uu′[0]〈0〉Ω

3
Rr

IJ (Ω2
Rr
S−1(u′[−1]) · ϕ · u

′
[0]〈1〉

Ω4
Rr

)(Ω1
Rr
· ψ · Ω5

Rr
),(3.24)

for all u, u′ ∈ A and ϕ,ψ ∈ A. A ./δl
A and A IJ δrA are isomorphic associative

algebras with unit 1A ./ 1A and 1A IJ 1A, containing A as a unital subalgebra.
As algebras, the left and right generalized crossed product algebras are isomorphic,
see [14, 7]. If H is a quasi-Hopf algebra then A = H∗ is an H-bimodule algebra.
In this particular case the left and right generalized diagonal crossed products are
exactly the left and the right diagonal crossed products constructed in [14]. In this
way Hausser and Nill gave four explicit realizations of D(H), the quantum double
of a finite dimensional quasi-Hopf algebra H. Two of them are build on H∗⊗H and
the other two on H⊗H∗. All these are, as algebras, diagonal crossed products. The
first two realizations built on H∗ ⊗H coincide to H∗ ./δl

H and H∗ IJ δr
H, and

the last two realizations built on H ⊗H∗ coincide to H ./δl
H∗ and H IJ δr

H∗.
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Proposition 3.11. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra
and C an H-bimodule coalgebra. Then A1 >J C∗ ≡ A ./δl

C∗ and A2 >J C∗ ≡
A IJ δr

C∗, as algebras. In particular, the algebras A1 >J C∗ and A2 >J C∗ are
isomorphic to each other, and also to the four generalized diagonal crossed products.

Proof. Keeping the above concepts and notations it is not hard to see that for an
H-bicomodule algebra A the reassociators Φρ1 and Φρ2 defined in (3.12) and (3.14),
respectively, can be rewritten as

Φρ1 = Ω̃3
Rl
⊗ (Ω̃2

Rl
⊗ Ω̃4

Rl
)⊗ (Ω̃1

Rl
⊗ Ω̃5

Rl
),

Φρ2 = Ω̃3
Rr
⊗ (Ω̃2

Rr
⊗ Ω̃4

Rr
)⊗ (Ω̃1

Rr
⊗ Ω̃5

Rr
),

where we used the notation

Ω−1
Rl/r

= Ω̃1
Rl/r

⊗ · · · ⊗ Ω̃5
Rl/r

.

Now, if C is an H-bimodule coalgebra viewed as a left Hop ⊗H-module coalgebra
via the structure defined in (3.6) then C∗, the linear dual space of C, is a right
Hop ⊗ H-module algebra. The multiplication of C∗ is the convolution, that is
(c∗d∗)(c) = c∗(c1)d∗(c2), the unit is ε and the right Hop⊗H-module action is given
by the formula (c∗ · (h⊗h′))(c) = c∗(h′ · c ·h) = (h ⇀ c∗ ↼ h′)(c), for all h, h′ ∈ H,
c∗, d∗ ∈ C∗, c ∈ C.
Since A1/2 are right Hop⊗H-comodule algebras and C∗ is a right Hop⊗H-module
coalgebra, it makes sense to consider the right generalized smash product algebras
A1/2 >J C∗ (cf. Remark 2.13 i)). It also follows easily from Remark 2.13 i) that
the multiplication on A1 >J C∗ is given by

(u >J c∗)(u′ >J d∗)

= uu′〈0〉[0]Ω
3
Rl
⊗

(
(c∗ · (Ω2

Rl
S−1(u′〈0〉[−1]

)⊗ u′〈1〉Ω
4
Rl

))(d∗ · (Ω1
Rl
⊗ Ω5

Rl
))

)
= uu′〈0〉[0]Ω

3
Rl
⊗ (Ω2

Rl
S−1(u′〈0〉[−1]

) ⇀ c∗ ↼ u′〈1〉Ω
4
Rl

)(Ω1
Rl
⇀ d∗ ↼ Ω5

Rl
).

On the other hand, it is easy to see that the linear dual space C∗ of an H-bimodule
coalgebra C is an H-bimodule algebra. The multiplication of C∗ is the convolution,
the unit is ε and the H-bimodule structure is given by the formula (h ⇀ c∗ ↼
h′)(c) = c∗(h′ · c · h), for all h, h′ ∈ H, c∗ ∈ C∗, c ∈ C. So we can consider the
generalized right diagonal crossed product A ./δl

C∗. From (3.23) it follows that
the multiplication rule on A ./δl

C∗ coincides with the multiplication of A1 >J C∗,
hence the algebras A ./δl

C∗ and A1 >J C∗ are equal. In a similar way we can
show the equality of the k-algebras A2 >J C∗ and A IJ δrC

∗. �

Remark 3.12. It was shown in [7] that the left generalized crossed product algebras
A ./δl

A and A IJ δr
A coincide with the left generalized smash product algebras

AI<A1 and AI<A2, respectively. The generalized smash products are made over
H⊗Hop and by A1 and A2 we denote the left H⊗Hop-comodule algebras structures
on A defined at the end of Section 1.

LetH be a quasi-bialgebra, A a rightH-comodule algebra and C a leftH-module al-
gebra. Viewing the category AM(H)C as a category of right-left Doi-Hopf modules,
we deduce from Theorem 2.6 that AM(H)C is isomorphic to the category of rational
A >J C∗-modules, Rat(A >J C∗M), and that Rat(A >J C∗M) = σA >J C∗ [A⊗C].
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A rational A >J C∗-module is a left A >J C∗-module M such that for any m ∈M
there exist two finite families {ci}i ⊆ C and {mi}i ⊆M such that

(a >J c∗) ·m = c∗(ci)(a >J ε) ·mi,

for all a ∈ A and c∗ ∈ C∗.

Corollary 3.13. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra and
C an H-bimodule coalgebra. Then the following assertions hold:

i) The category of left-right Yetter-Drinfeld modules AYD(H)C is isomorphic
to the category of rational A IJ δrC

∗-modules Rat(A IJ δr C∗M), which is
also equal to the category σA IJ δr C∗ [A⊗ C].

ii) If C is finite dimensional then AYD(H)C is isomorphic to the category of
left C∗ ./δl

A-modules.

Proof. The assertion i) follows easily from the above comments and Theorem 3.8.
ii) If C is finite dimensional then Rat(A IJ δr C∗M) = A IJ δr C∗M. Moreover,
A IJ δrC

∗ is always isomorphic to C∗ ./δl
A as an algebra. We note that another

proof of this result can be found in [7]. �
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[13] L. El Kaoutit, J. Gómez-Torrecillas and F. Lobillo, Semisimple corings, Algebra Colloquium,

to appear.

[14] F. Hausser and F. Nill, Diagonal crossed products by duals of quasi-quantum groups, Rev.
Math. Phys. 11 (1999), 553–629.

[15] C. Kassel, “Quantum Groups”, Graduate Texts in Mathematics 155, Springer Verlag, Berlin,

1995.
[16] M. Koppinen, Variations on the smash product with applications to group-graded rings, J.

Pure Appl. Algebra 104 (1994), 61–80.
[17] S. Majid, Quantum double for quasi-Hopf algebras, Lett. Math. Phys. 45 (1998), 1–9.



DOI-HOPF MODULES AND YETTER-DRINFELD MODULES 31

[18] S. Majid, “Foundations of quantum group theory”, Cambridge Univ. Press, 1995.
[19] C. Menini and M. Zuccoli, Equivalence theorems and Hopf-Galois extensions, J. Algebra 194

(1997), 245–274.

[20] M. E. Sweedler,“Hopf algebras”, Benjamin, New York, 1969.
[21] R. Wisbauer, ”Foundations of module and ring theory”, Gordon and Breach, Philadelphia,

1991.

Faculty of Mathematics and Informatics, University of Bucharest,RO-010014 Bucha-
rest 1, Romania

E-mail address: dbulacu@al.math.unibuc.ro

Faculty of Applied Sciences, Vrije Universiteit Brussel, VUB, B-1050 Brussels, Belgium

E-mail address: scaenepe@vub.ac.be

URL: http://homepages.vub.ac.be/~scaenepe/

Department of Algebra and Analysis, University of Almeria, 04071 Almeria, Spain

E-mail address: btorreci@ual.es


