DOI-HOPF MODULES AND YETTER-DRINFELD MODULES
FOR QUASI-HOPF ALGEBRAS

D. BULACU, S. CAENEPEEL, AND B. TORRECILLAS

ABSTRACT. For a quasi-Hopf algebra H, a left H-comodule algebra % and
a right H-module coalgebra C' we will characterize the category of Doi-Hopf
modules “ M(H)p in terms of modules. We will also show that for an H-
bicomodule algebra A and an H-bimodule coalgebra C' the category of gener-
alized Yetter-Drinfeld modules Y D(H)C is isomorphic to a certain category
of Doi-Hopf modules. Using this isomorphism we will transport the prop-
erties from the category of Doi-Hopf modules to the category of generalized
Yetter-Drinfeld modules.

INTRODUCTION

Recall that the defining axioms for a quasi-bialgebra H are the same as for a
bialgebra, with the coassociativity of the comultiplication replaced by a weaker
property, called quasi-coassociativity: the comultiplication is coassociative up to
conjugation by an invertible element ® € H ® H ® H, called the reassociator.
There are important differences with ordinary quasi-bialgebras: the definition of
a quasi-bialgebra is not selfdual, and we cannot consider comodules over quasi-
bialgebras, since they are not coassociative coalgebras. However, the category of
(left or right) modules over a quasi-bialgebra is a monoidal category.

Using this categorical point of view, the category of relative Hopf modules has been
introduced and studied in [6]. A right H-module coalgebra C' is a coalgebra in the
monoidal category My, and a left [C, H]-Hopf module is a left C-comodule in the
monoidal category Mp. A generalization of this concept was presented in [3]: re-
placing the right H-action by an action of a left H-comodule algebra, we can define
the notion of Doi-Hopf module over a quasi-bialgebra. At this point, we have to
mention that there is a phylosophical problem with the introduction of H-comodule
algebras: we cannot introduce them as algebras in the category of H-comodules,
since this category does not exist, as we mentioned above. However, a formal defi-
nition of H-comodule (and H-bicomodule) algebra was given by Hausser and Nill
in [14]. A more conceptual definition has been proposed in [3]. If 2 is an asso-
ciative algebra then the category of (2 ® H,2)-bimodules is monoidal. Moreover,
20 ® H has a coalgebra structure within this monoidal category “compatible” with
the unit element 19 ® 1p if and only if 2 is a right H-comodule algebra (for the
complete statement see Proposition 1.2 below). Of course, a similar result holds
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for a left H-comodule algebra (see Proposition 1.3). Moreover, if H is a quasi-Hopf
algebra then any H-bicomodule algebra can be viewed in two different (but twist
equivalent) ways as a left (right) H-comodule algebra.

The aim of this paper is to study the category of Doi-Hopf modules over a quasi-
Hopf algebra H, and its connections to the category of Yetter-Drinfeld modules.
If H is a quasi-bialgebra, B a left H-comodule algebra and C' a right H-module
coalgebra then BRC' is a B-coring (this means a coalgebra in the monoidal category
of B-bimodules) and the category of right-left (H, B, C')-Hopf modules, denoted by
C M(H)s, is isomorphic to the category of right comodules over the coring 8 ® C,
conform [3, Theorem 5.4]. In particular, since B ® C' is flat as a left B-module we
obtain that “ M(H)gy is a Grothendieck category.

It was shown in [3, Proposition 5.2] that the category “M(H)sp is isomorphic to
the category of right modules over the generalized smash product C*»<®B, if C' is
finite dimensional. In Section 2 we look at the case where C' is infinite dimensional.
Following the methods developed in [9, 11, 19], we will present two characterizations
of the category of Doi-Hopf modules “ M(H ). We first introduce the notion of
rational (right) C*»<B-module, and then we will show that the category “ M(H)gp
is isomorphic to Rat(Mc-p< ), the category of rational (right) C*»<B-modules.
We notice that, in the coassociative case, the notion of rational (right) C*p<B-
module reduces to the notion of right C*p<B-module which is rational as a right
C*-module. Secondly, we will show that Rat(Mc«p<s) is equal to oo« pc s [CRB],
the smallest closed subcategory of Mg-p<g containing C @ 9B (see Theorem 2.6).
In this way we recover that “ M(H)wy is a Grothendieck category, a fortiori with
enough injective objects. We will also introduce a generalized version of Koppinen’s
smash product [16], relate it to the generalized smash product, and characterize the
category of Doi-Hopf modules as the full subcategory of modules over the Koppinen
smash product, consisting of rational modules.

In Section 3, we will generalize a result from [8]. If H is a quasi-Hopf algebra, then
an H-bicomodule algebra A can be viewed in two different, but twist equivalent,
ways as a right H°P ® H-comodule algebra. To this end, we first prove that any left
H-comodule algebra %8 can be turned into a right H°P-comodule algebra. So, by
this correspondence, the two (twist equivalent) left H® H°P-comodule algebra struc-
tures on A obtained in [7] provide two (twist equivalent) right H°P ® H-comodule
algebra structures on A, which we will denote by A! and A?. If C' is an H-bimodule
coalgebra (that is, a coalgebra in the monoidal category of H-bimodules), then C
becomes in a natural way a left H°P ® H-module coalgebra, thus it makes sense
to consider the Hopf module category 42 M(H°® @ H)®. The main result of Sec-
tion 3 asserts that the category of generalized left-right Yetter-Drinfeld modules
AYD(H)® is isomorphic to 42 M(HP @ H)“, and also to 41 M(H @ H)¢. Using
the first isomorphism, we will characterize Y D(H)® as a category of comodules
over a coring. In Section 3.3, we will characterize the category of Yetter-Drinfeld
modules as a category of modules.

1. PRELIMINARY RESULTS

1.1. Quasi-Hopf algebras. We work over a commutative field k. All algebras,
linear spaces etc. will be over k; unadorned ® means ®j. Following Drinfeld [12],
a quasi-bialgebra is a fourtuple (H, A, e, ®), where H is an associative algebra with
unit, ® is an invertible element in HQ H® H,and A: H - H®H ande: H — k



DOI-HOPF MODULES AND YETTER-DRINFELD MODULES 3

are algebra homomorphisms satisfying the identities

(1.1) (id @ A)(A(h)) = @(A @ id)(A(h)D 1,

(1.2) (id®¢e)(A(h)) = h, (e ®id)(A(h)) = h,

for all h € H; ® has to be a normalized 3-cocycle, in the sense that

(1.3) (1®2)(id A®id)(P)(P®1) = (id®id® A)(DP)(A ®id ® id)(P),
(1.4) ([dRe®id)(P)=1®1.

The map A is called the coproduct or the comultiplication, ¢ the counit and ® the
reassociator. As for Hopf algebras [20] we denote A(h) = hy ® hg, but since A

is only quasi-coassociative we adopt the further convention (summation implicitely
understood):

(A®@id)(A(h) = h1,1) @ h1,2) @ ha, (id® A)(A(h)) =h1 ® k1) @ hz,2),

for all h € H. We will denote the tensor components of ® by capital letters, and
those of @1 by small letters, namely

P=X'eX’X’=T'T*T*=VeV’aVi="..

Pl el o2t =l ovigrd = ..
A quasi-Hopf algebra is a quasi-bialgebra H equipped with an anti-automorphism
S of the algebra H and elements «, 3 € H such that

(1.5) S(h1)ahe = e(h)a and h18S(he) = e(h)p,
(1.6) X1BS(X*)aX? =1 and S(z')az?3S(z®) = 1.,
forall h € H.

The antipode of a quasi-Hopf algebra is determined uniquely up to a transformation
a— Ua, B pUL S(h) — US(h)U™!, with U € H invertible. The axioms
imply that e(a)e(8) = 1, so, by rescaling a and (3, we may assume without loss of
generality that £(«) = ¢(8) = 1 and € 0 S = . The identities (1.2-1.4) also imply
that

(e®id®id)(?) = (ld®id®e)(P) =1 1.
If H=(H,A¢®,5,a,0) is a quasi-bialgebra or a quasi-Hopf algebra then H°P,
HP and H°P°°P are also quasi-bialgebras (respectively quasi-Hopf algebras), where
the superscript “op” means opposite multiplication and “cop” means opposite co-
multiplication. The structure maps are obtained by putting ®,, = &7, ®op =
((I)71)321’ Pop,cop = (I)321a SOP = SCOP = (SOP,COP)il = 5717 Qop = Sil(ﬂ)a
Bop = S7H(a), acop = S7H(a), Beop = STH(B), Aop,cop = B and Bop,cop = -
The definition of a quasi-bialgebra H is designed in such a way that the categories of
left and right representations over H are monoidal (see [15, 18] for the terminology).
Let (H, A, e, ®) be a quasi-bialgebra. For are left ( resp. right) H-modules U, V, W,
the associativity constraints ayv.w (resp. agv,w): (UQV)W - U (VeW)
are given by the formulas

apyw((u@v)@w) =0 (u® (v w));

avyw((u@v) @w) = (u® (vew) &
Next we recall that the definition of a quasi-bialgebra or quasi-Hopf algebra is
“twist covariant” in the following sense. An invertible element F' € H ® H is
called a gauge transformation or twist if (e ® id)(F) = (id®¢e)(F) = 1. If H is
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a quasi-bialgebra or a quasi-Hopf algebra and F = F!' ® F? ¢ H ® H is a gauge
transformation with inverse F~! = G!' ® G?, then we can define a new quasi-
bialgebra (respectively quasi-Hopf algebra) Hp by keeping the multiplication, unit,
counit (and antipode in the case of a quasi-Hopf algebra) of H and replacing the
comultiplication, reassociator and the elements « and § by

(1.7) Ap(h) = FA(h)F~!,
(1.8) Pr =1 F)(id® A)(F)®(A®id)(F ) (F 1),
(1.9) arp = S(GYHYaG?, Br = F'B3S(F?).

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism.
For a quasi-Hopf algebra, we have the following statement: there exists a gauge
transformation f € H ® H such that

(1.10) FA(S(R) ' = (S® S)(AP(h)), for all h € H.
The element f can be computed explicitly. First set

Al A2 AP A= (20 1)(A®id®id)(®71),
B'®B*® B*® B = (A®id®id)(®)(® ' @ 1),

and then define v, € H ® H by
v = S(A?)aA® @ S(AY)aA* and § = B'8S(B*) ® B*3S(B?).
Then f and f~! are given by the formulae

(1.11) o= (S®8)(A“P(a))yA(?BS(2?)),
(1.12) 7t = A(S(zhHaz?)s(S @ S)(AP(2?)).

Furthermore the corresponding twisted reassociator (see (1.8)) is given by
(1.13) Pr=(S®S29)(X*®X*eX").

1.2. Comodule and bicomodule algebras. A formal definition of comodule al-
gebras over a quasi-bialgebra was given by Hausser and Nill [14].

Definition 1.1. Let H be a quasi-bialgebra. A right H-comodule algebra is a
unital associative algebra 2 together with an algebra morphism p : 2 — A® H and
an invertible element ®, € A ® H ® H such that:

(1.14) ®,(p@id)(p(a)) = (id® A)(p(a))®,, for all a € A,
(lg ® ®)(id @ A @ id)(®,) (P, @ 157)

(1.15) = (id®id® A)(®,)(p@id@id)(P,),

(1.16) (id®e)op=id,

(1.17) (id®e®id)(®,) = (id®id®e)(®,) = 1g ® 1p.

In a similar way, a left H-comodule algebra is a unital associative algebra ‘B together
with an algebra morphism A : 8 — H®*B and an invertible element &) € HR H B
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such that the following relations hold:

(1.18) (id ® \)(A(6)) By = Dr(A @ id)(A(b)), V b € B,
(1 @ ®y)(id ® A @ id) () (P © 1)

(1.19) = (id®id @ \)(®))(A @ id @ id)(y),

(1.20) (e ®id) o A = id,

(1.21) (id® e ® id)(Dy) = (¢ ® id ® id)(Py) = 1y @ Log.

Observe that H is a left and right H-comodule algebra: take p = A = A, &, =
D, = d.
If (B, A, ®@,) is a left H-comodule algebra then

- (B, oTHm, (@;1)321) is a right HP-comodule algebra;

- (BP, N o 19, P32) is a right HOP“°P-comodule algebra;

- (BP, A, @;1) is a left H°P-comodule algebra,
and vice versa. Txy : X®Y — Y ® X is the switch map mapping z ® y to y ® .
From [14], we recall the notion of twist equivalence for the coaction on a right
H-comodule algebra (2, p, ®,): if V€ A® H is an invertible element such that

(1.22) (idy ® £)(V) = 1o

then we can construct a new right H-comodule algebra (A, p’, ®,/) with
(1.23) p' (@) = Vp(a)V!

and

(1.24) O, = (idy © A)(V)®,(p @ idy) (V- )(V ' @ 1p).

We say that (2, p,®,) and (2, p’, ®),) are twist equivalent right H-comodule alge-
bras.
We obviously have a similar notion for left H-comodule algebras. More precisely, if
(B, A\, ©,) is a left H-comodule algebra and U € H®*B is an invertible element such
that (¢ ® idp)(U) = 1y then we have a new left H-comodule algebra (B, )\, ®y/)
with X (b) = UA(b)U~!, for all b € B, and
Py = (1g @U)(idg @ \) (V)@ (A ®idg)U".
(B, A, @) and (B, N, @) are called twist equivalent.
For a right H-comodule algebra (2, p, ®,) we will use the following Sweedler-type
notation, for any a € 2.
pla) = ap) ®agy, (p@id)(p(a)) = a0 @ ap,1) @ aq) ete.
Similarly, for a left H-comodule algebra (B, A, ), if b € B, we adopt the following
notation:
A(b) = b[_l] X b[o], (id @ X\)(A(b)) = b[_1] ® b[o,—l] X 5[070] etc.

In analogy with the notation for the reassociator ® of H, we will write

P, =X 09X ®X:=Y'@YeV}="
and

O =i QI RI = QR =

We use a similar notation for the element ® of a left H-comodule algebra 9B.
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If H is an associative bialgebra and 2 is an ordinary right H-comodule algebra,
then A ® H is a coalgebra in the monoidal category of 2-bimodules. The quasi-
bialgebra analog of this property was given in [3]. Let H be a quasi-bialgebra and
2 a unital associative algebra. We define by g Mg the category of 2A-bimodules
and (H,2)-bimodules M such that h-(a-m)=a-(h-m), for alla € A, h € H and
m € M. Morphisms are left H-linear maps which are also 2-bimodule maps. It is
not hard to see that ggm Mg is a monoidal category. The tensor product is ®g
and for any two objects M, N € gqggMsu, M ®q N is an object of ggpg Mg via

(a@h) - (m@gn)-a =a-(hy-m)Qyuhy-n-d

forallm € M, n € N, a,a’ € A, and h € H. The associativity constraints are
given by

ay NP (M@Q[N)@QIP—)M(@Q[ (N@Q[P),
ap . p((Mm@an) @up) =X mey (X* noy X p);

the unit object is 2 viewed as a trivial left H-module, and the left and right unit
constraints are the usual ones. Now, the definition of a comodule algebra in terms
of monoidal categories can be restated as follows.

Proposition 1.2. ([3, Proposition 3.8]) Let H be a quasi-bialgebra and A an al-
gebra, and view A @ H in the canonical way as an object in 9oy M. There is a
bijective correspondence between coalgebra structures (A ® H, A, ) in the monoidal
category g Ms such that A(ly ® lg) is invertible and e(1y ® 1g) = 1g, and
right H-comodule algebra structures on .

A similar result holds for a left H-comodule algebra 9. Denote by s Mmgn the
category whose objects are B-bimodules and (98, H)-bimodules M such that (m -
b)-h=(m-h)-bforalmeM,be®B and h € H. Morphisms are right H-linear
maps which are also $B-bimodule maps. We can easily check that s Mggy is a
monoidal category with tensor product ®g given via A, this means

b-(m®pn) - (b'@h):=b-m-h; @p (n-hg)-b'
for all M, N € yMwpom, m € M, n € N, b,b’ € B and h € H. The associativity
constraints are given by

aynp: (M®s N)®s P— Mg (N s P),

ahr,n,p((Mm @p 1) O p) =m-2' @p (n-2° @p p-2°),
the unit object is B viewed as a right H-module via ¢, and the left and right unit

constraints are the usual ones.

Proposition 1.3. Let H be a quasi-bialgebra and B an algebra, and view B @ H
in the canonical way as an object in Mygm. There is a bijective correspondence
between coalgebra structures (B ® H, A, g) in the monoidal category s Mpgp such
that A(ls ® 1g) is invertible and e(1s ® 1g) = 1w, and left H-comodule algebra
structures on 8.

Proof. Since the proof is similar to the one given in [3, Proposition 3.8], we restrict
ourselves to a description of the correspondence.

Suppose that (B ® H,A,¢) is a coalgebra in g Mggy such that A(ls ® 1g) is
invertible and (1l ® 157) = 15. Write

Allg @ 1) = (1s ® X}) @x (X5 @ X3),
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and consider ®y = X} ® X} ® X}. Define \: —H ® B by
)\(b) = T%’H(b . (1% ® ].H)),

for all b € B. Then (B, \, ®,) is a left H-comodule algebra.
Conversely, if (2B, A, ®,) is a left H-comodule algebra then B ® H € s Mygy via

b (b ®h)- (6" @A) =bpgb'b” @ bi_yhh

Moreover, B® H is a coalgebra in ;s Mwmgr, with comultiplication and counit given
by the formulas

Ab®h) = (1p @ Xihi) @m (X3b® Xihy),
(b ® h) =¢e(h)b,
forallbe®B and h € H. O

Let B be a left H-comodule algebra, and consider the elements py and ¢ in H @B
given by the following formulas:

(1.25) Pr =Py ® 53 = X3STH(XR0) @ X3, @ = S(F))ads ® .
Then we have the following formulas, for all b € B (see [14]):

(1.26) A(bro))pAlS ™1 (b—1) @ L] = pa[Lar @ b,

(1.27) [S(bj—1)) ® L]@xA(bpg) = [1 @ b]gn,

(1.28) AM@R)pAS™HE)) ©@ 1s] = 1n @ 1,

(1.29) [S(P}) ® 1s]pA(PR) = 1i © 1ss,
@3 ! (ids @ N)(DA) (1 @ Pn)

(1.30) = (A ®@ids) MXDpr) [ (X39%) ® S™1(XNg") © L],
(1g ® q\)(idg @ X)(Gr) P

(1.31) = [S(33) ® S(#)) © 1s][f © 1n](A @ idw ) (GAA(ER)).-

Bicomodule algebras where introduced by Hausser and Nill in [14], under the name
“quasi-commuting pair of H-coactions”.

Definition 1.4. Let H be a quasi-bialgebra. An H-bicomodule algebra A is a
quintuple (A, A, p, @5, D,, Dy ,), where X and p are left and right H-coactions on A,
and where ) c HQ H®A, &, c AQ H®H and ®, , € H®A® H are invertible
elements, such that

- (A, )\, @) is a left H-comodule algebra,

- (A, p,®,) is a right H-comodule algebra,

- the following compatibility relations hold, for all u € A:

(1.32) Py p(A@id)(p(u)) = (id ® p)(A(u))®a,p
(1g @ ®5,)(id @ A @ id)(Pr,)(Py @ 157)

(1.33) = (id ®id ® p)(Px)(A @ id ® id)(Px,p)
(1g ® ®,)(id @ p @id)(Px,,)(Pr, @ 1p)

(1.34) = (id ®id ® A) (P ,)(\ @ id @ id)(®,).

It was pointed out in [14] that the following additional relations hold in an H-
bicomodule algebra A:

(idH ® idy ® 6)((I)A’p) =1g ® 14, (E R idy ® idH)(q)A7p) =1y®1g.
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As a first example, take A=H, A=p=A and &) = &, =, , = .

Let (A, X\, p,®x,®,, Py ,) be an H-bicomodule algebra; it is not hard to show that
- (A, por, AoT, (1)1, (@3 1)32, (@;7;)321) is an H°°P-bicomodule algebra,
- (AP, por, NoT, @31 B @P;\Q;) is an H°P-*°P-bicomodule algebra,
- (AP X p, @)1, o @;}p) is an H°P-bicomodule algebra.

We will use the following notation:
0,,=0'00220°=0 20 00 ;
Ol =000 =0 0 20 .

Let H be a quasi-Hopf algebra and A an H-bicomodule algebra. We define two left
H ® H°P-coactions A1, As : A — (H ® H°P) ® A on A, as follows:

M) = (u<os_yy ® S Huas)) ® U<0> (09

Mo(u) = (uy®S ™ (ug).,.) @ o). s
for all w € A. We also consider the following elements ®y,,®,, € (H ® HP) ®
(H® H?) ® A:

oy, = (O'XL(@h)n, @ 571 (@0e))

® (07 X3@) 1, © ST(O%2")) © O K (@),

oy, = (ff; ® S*1(0337§(17f’)<1>292))
@ (0172 @ 57102 1 12 <119 ) @ 0205 74 (V) <o

It was proved in [7] that (A, A1, ®y,) and (A, X2, P2) are twist equivalent left
H ® H°P-comodule algebras. In particular, if H is a quasi-Hopf algebra then the
notion of H-bicomodule algebra can be restated in terms of monoidal categories.
In Section 3 we will see that A can be also viewed in two twist equivalent ways as
a right H°? ® H-comodule algebra.

2. DoI-HOPF MODULES AND RATIONALITY PROPERTIES

2.1. Doi-Hopf modules. The category of left (right) modules over a quasi-bialgebra
is monoidal. A coalgebra in g M (resp. Mpy) is called a left (right) H-module
coalgebra. Thus a left H-module coalgebra is a left H-module C together with a
comultiplication A : C' — C ® C and a counit £ : C — k such that

(2.1) (A ®idc)(A(c) = (ide ®@ A)(A(c)),
(22) é(hc) =h 'Cl®h2 - C2,
(2.3) e(h-c) =e(h)e(e),

for all ¢ € C and h € H. Similarly, a right H-module coalgebra C' is a right H-
module together with a comultiplication A: C — C ® C and a counit ¢ : C — k,
satisfying the following relations

(2.4) (A @ide)(A(e)®™" = (ide ® A)(A(e)),

(2.5) A(C -h) = c1-h1 ®ca - ho,

(2.6) ele- h) = g(c)e(h),
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for all ¢ € C' and h € H. Here we used the Sweedler-type notation
Alc) =1 ®cz, (A®ido)(Ac)) =cua) ®cug @ca ete.

It is easy to see that a left H-module coalgebra C' is in a natural way a right
HeP-module coalgebra (and vice versa).

Let H be a quasi-bialgebra and C' a right H-module coalgebra. A left [C, H]-Hopf
module is a left C-comodule in the monoidal category Mpy. This definition was
generalized in [3].

Definition 2.1. Let H be a quasi-bialgebra over a field k, C' a right H-module
coalgebra and (B, A, @) a left H-comodule algebra. A right-left (H, 9B, C)-Hopf
module (or Doi-Hopf module) is a k-module M, with the following additional struc-
ture: M is right B-module (the right action of b on m is denoted by m - b), and we
have a k-linear map Ay : M — C ® M, such that the following relations hold, for
all m € M and b € B:

(2.7) (A @idar)(Anr(m)) = (ide © Aar)(Aar (m)) @y,
(2.8) (e ®@idp)(Am(m)) =m,
(2.9) Av(m-b) = my_1} - b[,l] ® myo} - b[o].

As usual, we use the Sweedler-type notation Ay (m) = my_1y @ myoy. “M(H)gs is
the category of right-left (H, B, C')-Hopf modules and right %B-linear, left C-colinear
k-linear maps.

Let M be a right $B-module; then C ® M is a right-left (H,%,C)-Hopf module,
with structure maps given by the following formulas
(2.10) (C®m)~b:c~b[_1]®m~b[0],
(2.11) Aogm(c@m) =ci - 73 @ca - 73 @m - 73,
forallc e C, b € B and m € M. We obtain a functor F = C® e : Myp —
C“M(H)s. The functor F sends a morphism ¥ to idc ® ¥. In particular, C @ B €
C M(H)gs, via the structure maps

(C® b) . b/ =cC- bl[f]_] & bb{o],

Aogm(c®b) =c1 -7} @ cy - 73 @ b3,
for all c € C and b, b’ € B.

The functor F has a left and a right adjoint, so it is an exact functor.

Proposition 2.2. Let H be a quasi-bialgebra, B a left H-comodule algebra and C
a right H-module coalgebra. Then the functor F = C ® e is a right adjoint of the
forgetful functor
U: “M(H)g — Mg,
and a left adjoint of the functor
Hom%G (C' ® B,e): CM(H)p — My

defined as follows. For M € © M(H ), HomG (C @ B, M) is a right B-module via
the formula
(n-b)(c®b") = n(c @ bb'),
for allm € Hom%(C@%,M), ceC and b,b € B. For a morphism k: M — N
in CM(H)sg, we let
Hom$ (C' ® B, k)(v) = ko,
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for all v € Hom% (C' ® B, M).

Proof. Let M be a right-left (H,®,C)-Hopf module and N a right B-module.
Define

v,y i Homg(M,N) — Hom%(M7C’®N)7 Em,n (S)(m) = my_1y ® s(myoy),
for all ¢ € Homg (M, N) and m € M, and
C]W,N : HOHI%(M7C®N) - Hom%(Mv N)a CM,N(X)(m) = (§®ZdN)(X(m))7

for all x € Hom%(M,C ® N) and m € M. It is not hard to see that &y n and
Cm,n are well-defined natural transformations that are inverse to each other.
For M € Mg and N € “ M(H)p, we define

&y + Hom§(C ® M, N) — Homg (M, Hom (C ® B, N))

by
Eun (&) (m)(c@b) =< (c@m-b)
and
C;\LN : Hom%(M,Hom%(CQ@ B,N)) — Hom%(C@ M, N)
by

Cun () (e@m) =x'(m)(c® 1),
for all ¢’ € Hom%(C ® M, N), X' € Homep (M, Hom$G(C ® B,N)), m € M, c€ C
and b € B. Then & and (' are well-defined natural transformations that are inverse
to each other. (]

2.2. Doi-Hopf modules and comodules over a coring. It was proved in [3]
that the category of right-left Doi-Hopf modules is isomorphic to the category of
right comodules over a suitable B-coring. For a general treatment of the theory of
corings, we refer to [1, 2].

Let R be a ring with unit. An R-coring C is an R-bimodule together with two R-
bimodule maps A¢ : C — C®grC and ¢ : C — R such that the usual coassociativity
and counit properties hold. A right C-comodule is a right R-module together with
a right R-linear map p},; : M — M ®pg C such that

(P ®ride) o pyy = (idar ®r Ac) © ply,

(idM QR Ec) o Py = idp.
A map h: M — N between two right C-comodules is called right C-colinear if % is
right R-linear and py o h = (h®g idc) o ph;. MC will be the category of right C-
comodules and right C-comodule maps. It is well-known that M¢ is a Grothendieck
category (in particular with enough injective objects) if C is flat as a left R-module.
The category ¢ M of left C-comodules and left C-comodule maps can be introduced
in a similar way.
Let H be a quasi-bialgebra, (B, )\, ®)) a left H-comodule algebra and C a right
H-module coalgebra. It was proved in [3] that ¢ = B ® C is a B-coring. More
precisely, C is a B-bimodule via

b-(b'®c)=bb"®cand (b®@c)-b" =bbg @c-b{_y,
and the comultiplication and counit are given by

Ac(b®c) = (b33 @ cy-73) @ (1os @ ¢y - T3)
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and
ec(c®@b) =¢e(c)b,

for all b,b" € B and ¢ € C. Then we have an isomorphism of categories (see [3,
Theorem 5.4])

CM(H)p = MC.

C is free, and therefore flat, as a left B-module, and we conclude that M (H)yp =
MC is a Grothendieck category, and has therefore enough injectives (see [13, Prop.
1.2] or [2, 18.14].

2.3. Doi-Hopf modules and the generalized smash product. We now want
to discuss when the category of Doi-Hopf modules is isomorphic to a module cat-
egory. In the case where C is finite dimensional, this was already done in [3,
Proposition 5.2]. Let us explain this more precisely.

Let H be a quasi-bialgebra. A left H-module algebra A is an algebra in the monoidal
category g M. This means that A is a left H-module with a multiplication A® A —
A and a unit element 14 satisfying the following conditions:

(212) ()" = (X" - @)[(X? - ) (X° -a")],
(2.13) h-(aa") = (hy-a)(hg - a'),
(2.14) h-lAZE(h)lA,

for all a,a’,a” € A and h € H. Following [3], we can define the generalized
smash product of a left H-module algebra A and a left H-comodule algebra 9B:
Ap<B = A® B as a vector space, with multiplication

(am<b)(a'w<b’) = (&} - @) (Z3b[_1) - @' )P<T3 b b,
for all a,a’ € A, b,b’ € B. Ap<B is an associative algebra with unit 14»<1p.
The linear dual C* of a right H-module coalgebra C is a left H-module algebra.
The multiplication is the convolution, the unit is g, and the left H-action is given
by the formula (k- c¢*)(c) = ¢*(c- h), for all h € H, ¢* € C* and ¢ € C. So we
can consider the generalized smash product algebra C*p<8. Moreover, we have a
functor

&: “M(H)p — Mcopes, (M) =M,
with right C*p<‘B-action given by
m - (c*»<b) = c*(my_1})myoy - b,

for all m € M, ¢* € C* and b € 9. If C is finite dimensional, then & is an
isomorphism of categories (see [3]).

Now let C be infinite dimensional. We will show that the category “M(H)g is
isomorphic to the category oc-pc[C ® B]. Recall that if A is a Grothendieck
category and M is an object of A then o4[M] is the class of all objects N € A
which are subgenerated by M, that is, IV is a subobject of a quotient of directs sums
of copies of M. It is well-known that o 4[M] is the smallest closed subcategory of
A containing M, and that for any closed subcategory D of A there exists an object
M of A such that D = 0.4[M]. In particular, o 4[M] is a Grothendieck category,
and has a fortiori enough injective objects. For more detail, the reader is invited
to consult [10, 21].
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Let H be a quasi-bialgebra, C' a right H-module coalgebra and B a left H-comodule
coalgebra. For a right C*»<B-module M we define the linear maps

s 2 M — Hom(C* @ B, M), prp(m)(c* @b) =m- (c"'»<b),
vy 2 C® M — Hom(C* @ B, M), vy(c®@m)(c* ®b) = c*(c)m - (ew<b),
forallme M, ce C, c* € C* and b € B. It is easily verified that puy; and vy, are

injective linear maps.
Inspired by [9, 11] we propose the following

Definition 2.3. Let M be a right C*»<B-module. We say that M is rational
if Im (par) € Im (var). Rat(Meowpecss) will be the full subcategory of Mc«p<a
consisting of rational C*p<%B-modules.

Remark 2.4. If H is a coassociative bialgebra, B a left H-comodule algebra and C'
a right H-module coalgebra in the usual sense, then a rational C*p<*B-module M
is nothing else that a C*p<%B-module wich is rational as a C*-module. Here M is
viewed as a right C*-module via the canonical algebra map C* — C*p<*B.

It follows easily from Definition 2.3 that a right C*»<B-module is rational if and
only if for every m € M there exist two finite sets {¢;}; C C and {m;}; C M such
that

(2.15) (c*p<b) Zc ci)m; - (ew<b),

for all ¢* € C* and b € B. If {c}}; C C and {m)}; C M are two other finite sets
satisfying (2.15), then ) | c; ®@m; = ) _ ¢; @m/;, because of the injectivity of the map
i J

var. So we have a well-defined map

A M —C®M, Ay(m Zc,@m,,

for all m € M. If C is finite dimensional, then any rlght C*p<B-module is rational.
Indeed, we take a finite dual basis {(c;, ¢*)}; of C and then consider for each m € M
the finite sets {¢;}; € C and {m; = m - (c¢'w<lg)}; C M.

We now summarize the properties of rational C*»<8B-modules.

Proposition 2.5. Let H be a quasi-bialgebra, C' a right H-module coalgebra and
B a left H-comodule algebra. Then:

i) A cyclic submodule of a rational C*»<B-module is finite dimensional.

i) If M is a rational C*»<B-module and N is a C*»<B-submodule of M,
then N and M/N are rational C*»<B-modules.

i) If (M;)ier is a family of rational C*»<B-modules, then the direct sum
M =@ M; in Mg-p<sg is a rational C*»<B-module.

il

iv) To any right C*»<B-module M we can associate a unique mazimal rational
submodule M™*, which is equal to py, (Im(var)). It is also equal to the sum
of all rational C*»<B-submodule of M. We have a left exact functor

at : MC*K‘B — MC*K%? Rat(M) = Mrat'

Proof. In fact this is a straightforward generalization of [20, Theorem 2.1.3] and
[10, Theorem 2.2.6]. Consider an element m of a rational C*p<B-module m. In
what follows, {¢;}; € C and {m;}; € M will then be two finite sets satisfying
(2.15).
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i) Let m - (C*p<B) be a cyclic submodule of a rational C*»<B-module M. m -
(C*p<B) is generated by the finite set {m;};, so it is finite dimensional.

ii) Take m € N C M. Choose the ¢; in such a way that they are linearly in-
dependent. Fix j, and take ¢* € C* such that c*(¢;) = d0; ;. Then N contains
m- (c'p<ly) = c*(c;)m; - (ew<ly) = m;, as needed.

Let m be the class in M /N represented by m € M. For all ¢* € C* and b € B, we
have that m - (c*»<<b) = > ¢*(¢;)m; - (ew<b), and it follows that M/N is a rational

C*p<B-module.
iii) Every m € M can be written in a unique way as

m = mj,

with J C [ finite, and m; € M;. Since M; is a rational C*»<B-module, there
exist two finite sets {c].}, C C and {m].}, C M, such that

m; - (¢'<b) = Y ¢ (cp)mj, - (ew<b),
k
for all ¢* € C* and b € 2B. We therefore have that

m - (c'p<b) = ij - (c*p<b) = Z c*(cl)my, - (ew<b),
jeJ JETk
for all ¢* € C* and b € 9B, and it follows that M is a rational C*p<B-module.
iv) Let M be a right C*p<B-module. We define M™ = ! (Im (var)).
We first prove that M™% is a right C*p<®B-module. Take m € M. Then there
exist two finite sets {¢;}; € C and {m;}; C M such that m - (¢*p<b) = c*(¢;)m; -
(ew<b), for all ¢* € C* and b € B. Therefore:

(m - ("p<b)) - (d*p<b') = m - ((c*w<b)(d*P<b'))
= m-((Z} - ) (@b - d*)p<E3b))b)
= ((e)r- B ((ci)2 - Xb—1)) (ms - (ew<F3byg))) - (ew<b'),

for all m € M, c¢*,d* € C* and b,b’ € B. Thus m - (c*»<b) € M™' hence
Mr2t is a C*p<®B-submodule of M. Using an argument similar to the one in the
first part of the proof of assertion ii), we can easily check that M'"' is a rational
C*p<B-module.

Let N be a rational C*p»<B-submodule of M, this means Im () C Im (vy). Then

par(N) = pn(N) € Im (vy) € Tm (var),

hence N C ,u;j (Im (vp)) = M*™*, and we conclude that M*' is the unique maximal
rational submodule of M. Assertions ii) and iii) show that M™" is also equal to
the sum of all rational C*p<®B-submodules of M. The proof of the final assertion
is identical to the proof of [10, Theorem 2.2.6 iv)]. O

We are now able to prove the main result of this Section.

Theorem 2.6. Let H be a quasi-bialgebra, B a left H-comodule algebra and C a
right H-module coalgebra. The categories “ M(H)sp and Rat(Me«p<g) are iso-
morphic, and Rat(Mg-p<) s equal to oo-pciz[C @ B].
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Proof. Recall that we have a functor
& : “M(H)p — Mc-p<m, B(M) = M,
with right C*»<‘B-action given by the formula
m - (c*»<b) = c*(my_1})myoy - b.
It is clear that & (M) is rational as a C*»<B-module.

Consider a rational C*»<B-module M. Then M is a right B-module through
m-b=m-(ep<b). We define a linear map Aps : M — C ® M as follows:

)\JVI Z C; ® m;

if and only if
(c*p<b) Zc (ci)m; - (ew<b),

for all ¢* € C* and b € B. It is clear that A is well-defined.
Fix ¢, and assume that
=D ¢ em,
j

or, equivalently, o
m; - (c"p<b) = c*(cj)m; - (ew<<b),
for all ¢* € C* and b € ®B. Therefore we have, for all ¢*,d* € C* and m € M, that
(¢* ®d* ®idy, (ide ® M) (A (m)) - ®x) = *(c; - X3)d*(c} - X})m' - X3
=c*(ci- XH)my - (X2 - d'w<X3) = (m- (X} - c'p<lp)) - (X7 - d»<X3)
=m- (X} -cp<lp) (X3 -d»<X})) =m- ("dp<ls)
=c"d*(¢;)m; = (¢ @ d* @ idpr, (A @ idpr)(Aar(m))),
proving that (2.7) is satisfied. (2.8) is trivial since m = m - (ew<<lg) for all m € M.
We will next prove that (2.9) holds. First observe that
(m-b) - (c*p<b’) = (m - (ep<<b)) - (c*p<b’) = m - ((ep<<b)(c*P<b’))
= m:- (b[,l] : C*Kb[o]b/) =c"(¢; - b[,l])(mi : b[o]) : (§><b/),
forallm € M, ¢* € C* and b, b’ € B. This shows that Au(m-b) = ci-b_1®@m; by,
as needed, and it follows that M € “ M(H)p

Let n: M — N be a morphism of rational C*p»<B-modules. Take m € M, and
assume that Ap(m) =Y ¢; ® m;. We compute that

n(m) - (¢"»<b) = n(m - (c*p<b)) Zc ci)n - (ew<b),

for all ¢* € C* and b € 9B. This is equlvalent to An(n(m)) = ¢ @ n(im;) =
(ide ®@n) (A (m)), hence 7 is left C-colinear. It is clear that 7 is right 9B-linear, so 7
is a morphism in “ M(H ), and we have a functor § : Rat(Mcepecos) — CM(H)p
which is inverse to &.

The proof of the fact that Rat(Mc«p<g3) and og-p< sz [C ® B] are equal is similar
to the proof of [19, Lemma 3.9].

We first show that M € og-pcn[C ® B] for every M € Rat(Mcxpcss). We recall
first that a right C*»<B-module belongs to oowp<cs[C ® B] if and only if there
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exists a set I, a right C*p<B-module N, and two C*p<B-linear maps ¢ : M — N
and 7 : (C ® B)) — N such that ¢ is injective and 7 is surjective.

Let M be a rational C*»<B-module. Thus M € “M(H)g and &(M) = M as
right C*p<B-modules. It is easy to check that « = A\py : M — C® M is an
injective morphism in “ M(H)p; here C ® M has the right-left Doi-Hopf module
structure given by (2.10, 2.11). The map

s B M, 7 ((bn)m) = m - by,

is a surjective right ‘B-linear map. By Proposition 2.2, it provides a surjective
morphism idg @ Ty 1 C @ BM) — C® M in “ M(H)s, and since C @ BM) =~
(C @ B)M) in ®M(H)g, we conclude that there exists a surjective morphism
7: (CoB)M — CoMin “M(H)p, 50 M € 0cpcs[C @ B.

Take M € oc-pca[C @ B]. Then we have right C*»<B-morphisms ¢ : M — N
and 7 : (C®9B)) — N such that ¢ is injective and 7 is surjective. Since the right
C*p<B-module C ® B lies in the image of &, it follows that C ® 95 is a rational
module. By Proposition 2.5 iii), (C'® B)) is a rational module too and since 7
is surjective we deduce from Proposition 2.5 ii) that N is rational. Finally, from
Proposition 2.5 ii) and the fact that ¢ is injective, it follows that M is a rational
C*p<B-module. O

Remark 2.7. Tt is well-known that the category o4[M] is a Grothendieck cate-
gory, so it follows from Theorem 2.6 that “ M(H)g is a Grothendieck category, an
observation that we already made before.

Corollary 2.8. [3, Proposition 5.2] Let H be a quasi-bialgebra, B a left H-comodule
algebra and C a finite dimensional right H-module coalgebra. Then the categories
CM(H)p and Mc-p<g are isomorphic.

Corollary 2.9. Let M be a right-left (H,B,C)-Hopf module. Then the following
assertions hold:

i) The right-left (H,B,C)-Hopf submodule generated by an element of M s
finite dimensional.
i) M is the sum of its finite dimensional (H,B,C)-Hopf submodules.

Proof. 1) M is a rational C*»<9B-module, so the right-left (H, B, C)-Hopf submod-
ule generated by an element m € M coincides with the cyclic C*»p<B-submodule
generated by m, by Theorem 2.6. We know from Proposition 2.5 i) that it is finite
dimensional.

ii) View M as a rational C*p»<B-module. Obviously, M is the sum of its cyclic
C*p<B-submodules and all of these are finite dimensional right-left (H, 9B, C)-Hopf
submodules. O

2.4. Doi-Hopf modules and Koppinen’s smash product. We begin this Sec-
tion with some general results about corings, taken from [2, Sec. 19 and 20]. Let
R be a ring, and C an R-coring. Then *C = gHom(C, R) is an R-ring, with multi-
plication

(p#)(c) = Y(cayp(ee)))
for all ¢,%» € *C. We have a functor F' : MS — M.c, F(M) = M, with

m - = mpjp(mp), for all m € M and ¢ € *C. If C is finitely generated and
projective as a left R-module, then F'is an isomorphism of categories.
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Assume now that C is locally projective as a left R-module. Then MC is isomor-
phic to the category o+¢[C], see [2, 19.3]; observe that our multiplication on *C is
opposite to the one from [2], so that left *C-modules in [2] are our right *C-modules.
Take a right *C-module M. m € M is called rational if there exists > m; ® ¢; €

M &g C such that m - ¢ = S m;p(c;), for all ¢ € *C. Then Rat®(M) = {m e

M | m is rational} is a right C-comodule, and we obtain a functor Rat® : M.c —
MCE, which is right adjoint to F. M is called rational if Rat®(M) = M. MC is
isomorphic to the full category of M- consisting of rational right *C-modules.

Now let H be a quasi-bialgebra, B a left H-comodule algebra, and C' a right H-
comodule algebra. We consider the B-coring C = B ® C' from Section 2.2. Since
we work over a field k, C' is projective as a k-module, hence C is projective (and
a fortiori locally projective) as a left B-module. Hence we can apply the above
results to this situation. We have an isomorphism of vector spaces

*C = gHom (B ® C,B) = Hom(C, B).

The multiplication on *C can be transported to a multiplication on Hom(C, B).
This multiplication makes Hom(C,B) into a B-ring #(C, ), which we will call
the Koppinen smash product. The multiplication is given by the following formula:

(2.16) (F#9)(e) = 3 (er - ) mg ez - 73 fler - ) )-

In the situation where H is an associative bialgebra, we recover the smash product
introduced first by Koppinen in [16]. The relation to the generalized smash product
introduced in Section 2.3 is discussed in Proposition 2.10.

Proposition 2.10. The k-linear map
a: C'o<B — #(C,B), a(c*m<b) = f,

with f(c) = (c*, )b, for all c € C, is a morphism of B-rings. It is an isomorphism
if C' is finite dimensional.

Proof. We have to show that « is multiplicative. Take c*p<<b, d*p<b’ € C*p<B,
and write a(c*p<b) = f, a(d*p<b’) = g. Using (2.16), we compute that

(f#9)(c) = A (c™, cL - T} )byoy(d”, e - T3b))b'.
We also have that
(" p<b)(d"p<b’) = (T} - ) (TRb[—1 - d°)P<T3 )b,

o

a((c*p<b)(d*p<b’))(c) = (", c1 - FXN(d*, ¢z - E3b[1))E3bo)b,
as needed. d
Take a right #(C, B)-module M. m € M is rational if there exists Zmi Rc; €
M ® C such that 1

m-f= Zmif(ci)a

for all f: C — B. M is called rational if every m € M is rational.
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Corollary 2.11. Now let H be a quasi-bialgebra, B a left H-comodule algebra, and
C a right H-comodule algebra. Then the category © M(H ) is isomorphic to the
full subcategory of My (c,p), which is also equal to o4 c,5)(B @ C).

2.5. Left, right and right-left Doi-Hopf modules. For the sake of complete-
ness, we also define the other Doi-Hopf module categories. In fact, we have four
different types of Doi-Hopf modules. The first one was already studied, namely the
right-left version. We also have the left-right, right-right and left-left versions.

Definition 2.12. Let H be a quasi-bialgebra, 2 a right H-comodule algebra and
B a left H-comodule algebra. In the statements below we assume in i) and iii) that
C' is a left H-module coalgebra, and in ii) that C is a right H-module coalgebra,
respectively.

i) A left-right (H,2(, C)-Hopf module (or Doi-Hopf module) is a left A-module M
together with a k-linear map par @ M — M ® C, par(m) = my ® m(y), such that
the following relations hold, for all m € M and a € 2:

(2.17) @, (pm ®ide)(par(m)) = (idy @ A)(par(m)),
(218) (idys © )(par(m)) = m,
(2.19) pyv(a-m) = a0y - M) @ a1y - M(1)-

aM(H)C is the category of left-right (H,%2l, C)-Hopf modules and left 2-linear,
right C-colinear maps.

ii) A right-right (H,2, C')-Hopf module (or Doi-Hopf module) is a right 2-module
M together with a k-linear map pas : M — M ® C, par(m) = mpy ® m(1y, such
that the following relations hold, for all m € M and a € A:

(2.20) (par @ idar)(par(m)) = (idar © A)(par(m)) - @p,
(2.21) (idar ® &) (prs(m) = m,
(222) pM(m . Cl) = myg) - Aoy @ M(1) * O(1)-

M(H)§ is the category of right-right (H,2l, C)-Hopf modules and left 2-linear,
right C-colinear maps.

iii) A left-left (H,B, C)-Hopf module (or Doi-Hopf module) is a left B-module M
together with a left k-linear map Aps @ M — C ®@ M, Ay(m) = my_13 @ myey,
such that the following relations hold, for all m € M and b € B:

(2.23) Dy - (A®@idy) (A (m)) = (ide @ Aar)(An(m)),
(2.24) (e®idp ) A (m)) =m,
(2.25) An(b-m) = bj_1y - my_1y ® bygy - myoy-

%M(H) is the category of left-left (H,2, C')-Hopf modules and left -linear,left
C-colinear maps.

We remind that if (2, p,®,) is a right H-comodule algebra then 2 = (AP, p o
o, (B,)%21) is a left HOP“°P-comodule algebra and 2 = (2, pora, i, (¥, 1)) is a
left H°°P-comodule algebra, where T : A® H — H ®% is the switch map. Also,
if B is a left H-comodule algebra then B°P = (B°P, \, &, ') is a left H°P-comodule

algebra.
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On the other hand, if C' is a left H-module coalgebra then C'is a right H°P-module
coalgebra and C°°P is a right H°P“°P-module coalgebra (and vice versa). So if C' is
a right H-module coalgebra then C°°P is a right H°°P-module coalgebra.

Having these correspondences one can easily see that

aM(H)C 2 O MHOPPYgon, M(H)G 22 ™" M(HP)g,

GM(H) = € M(HP)gop.

It follows that the four different types of Doi-Hopf modules are isomorphic to cat-
egories of comodules over suitable corings, and they are Grothendieck categories
with enough injective objects. On the other hand, if C is finite dimensional then the
above categories are isomorphic to categories of modules over certain generalized
smash product algebras. More precisely, we have:

Remarks 2.13. i) The category qM(H)® is isomorphic to the category of right
modules over the generalized smash product (C°P)*p<2A°" (over H°P:*°P) and
therefore also to the category of left modules over ((CP)*»<2°P)°P. Is not hard
to see that the multiplication rule in ((C°P)*p<2°P)°P is

(c'p<a)(d*p<da’) = (¢ - afy,@5) (d" - &) )p<ad)o T,

for all ¢*,d* € C* and a,a’ € 2, where (¢* - h)(c) =c*(h-c) forall ¢* € C*, he H
and ¢ € C. Therefore, under the trivial permutation of tensor factors we have that
((CoP)* p<AP)oP = A >4 C*, the right generalized smash product between the
right H-comodule algebra 2 and the right H-module algebra C* (see [7] for more
details). We conclude that g M(H)® 2 o ~q ¢« M if C is finite dimensional.

ii) The above arguments entail that
M(H)g ~ CCOPM(HOP)Q o M(Ccop)*Kg = ((CCOp)*K%)OpM,

where the generalized smash product is over H°P. The explicit formula for the
multiplication @ on ((C°°P)*»<2A)°P is given by

(2.26) (c"p<a) © (dp<d’) = (X2aly - ) (X} - d*)p<X)algya,

for all ¢*,d* € C* and a,d’ € 2.
iii) Obviously, GM(H) = Mg-p<por, Where the generalized smash product is
taken over H°P.

Let H be a quasi-Hopf algebra and C' a finite dimensional right H-module coalgebra.
It was proved in [6, Proposition 3.2] that the category M$ = M(H)$ is isomorphic
to the category of left modules over the smash product algebra C*#H = C*p<H.
Now, by Remark 2.13 ii) the category ./\/l% is isomorphic to the category of left mod-
ules over ((C°°P)*#H)°P. The next result shows that the smash product algebras
C*#H and ((C°P)*#H)°P are isomorphic.

Proposition 2.14. Let H be a quasi-Hopf algebra and C a right H-module coal-
gebra. Then the map

g CHH — (CP)#H)®, o(c#h) = S (a'hng') - " #5 (a°h2g?)

is an algebra isomorphism. Here f~1 = g' ®@g? is the element defined by (1.12) and
da = q* ® q? is the element G\ defined in (1.25), in the special case where B = H.
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Proof. We first show that ¢ is an algebra map. Let f = f' ® f2, f ' =¢' ® ¢% =
G'®G? and ga = q' ® 9% = Q' ®Q? be the elements defined by (1.11), (1.12) and
(1.25), respectively. We compute

o((c*#n)(d*#h) = p((z" - ") (@°hy - d*)#2 hoh)
(2'13;1'10) [S 1(f2‘]2$(1 2)(h2h/)(1,2)9%G2) bt
[S™H(fraraly 1y (heh') 1,y g1 G2 hy - d¥]#S ™ (g% 23 (hoh')2g?)
ASLED (S (q" Q3 (hoh') 2,1y X295 G?) - €] [S™HQ (hal )1 X g1 GY )Py - 7]
#5719 Q3 (hah) 2,2 X% g)

(1.27,1;8,1.13) [X2S_1(q1h1£22h’2 g QGI)- *][X3S_1(£21h’lgl) ~d*]
#X'S71(q*haQ3h(y )95 G)
10 X291 (Q%hhg%)2S (g G - ][XPS7H(Q hig) - d]
#X1S1(Q%hh6%)1S (g2 ha G?)
R20) (" #h) © p(d#h),

as needed. Tt is clear that p(e#1y) = e#1py, so it remains to be shown that ¢ is
bijective.

First we introduce some notation. Let 2 be a right H-comodule algebra, and define
the element g, € A ® H as follows:

~ - » ~1 _ ~3. ~2
(2.27) 4y = q}, ®q§ =X,©5 ' (aX,)X,.

In the special situation where 2 = H, the element ga will be denoted by ga =
1o 2
q ®q°.
We now claim that ¢ =1 : ((CP)*#H)°P — C*#H is given by the formula
N #h) = g'S(¢Pha) - ¢ H#gS(g ),

forall ¢ € C* and h € H.
From [6, Lemma 2.6], we recall the following formula:

(2.28) G?aS7g") = S57H(B).

Let pa = p' @ p? be the element py defined in (1.25), in the special case where
B = H. We then compute, for all ¢c* € C* and h € H:

o op(c*#h) = o (STHg hagt) - ¢ #S (g% hag?))

19 qtho1giGrS(¢*)S ™ a hag') - ¢ #a3he,293G?S(q")
(2.27,1;8,1‘13) q2h(21 X2 GQOéS (qlhlxlg%Gl) .c #QO(2,2)X g
(22815129 G=1(q' hy S(a3ho1)p")) - " #aBh(2,2) 0>

(1.26,1.28) FHh.

The proof of the fact that ¢ o p=! = id((ceovy - #m)or is based on similar computa-
tions. [l

Remark 2.15. The isomorphism ¢ in Proposition 2.14 can be defined more gen-
erally for a left H-module algebra A instead of a right H-module coalgebra C.
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Observe that H cannot be replaced by an H-bicomodule algebra A, because of the
appearance of the antipode S of H on the second position of the tensor product.

3. YETTER-DRINFELD MODULES ARE DOI-HOPF MODULES

In this Section, we will show that Yetter-Drinfeld modules are special case of Doi-
Hopf modules. We will then apply the properties of Doi-Hopf modules to Yetter-
Drinfeld modules.

3.1. Yetter-Drinfeld modules over quasi-bialgebras. The category of Yetter-
Drinfeld modules over a quasi-Hopf algebra H was introduced by Majid, as the
center of the monoidal category gy M. His aim was to define the quantum double
by an implicit Tannaka-Krein reconstruction procedure, see [17]. From [7], we recall
the following more general definition of Yetter-Drinfeld modules.

The category of (H, H)-bimodules, yMp, is monoidal. The associativity con-
straints a’'yyw (U@ V)W - U ® (V@ W) are given by

(3.1) aApyw(u®v)@w) =0 (u® (vew)) &

foral UUV.W € gyMpy, u e U, v € V and w € W. A coalgebra in the category
of (H, H)-bimodules will be called an H-bimodule coalgebra. More precisely, an
H-bimodule coalgebra C' is an (H, H)-bimodule (denote the actions by h - ¢ and
¢ - h) with a comultiplication A : ¢ — C ® C and a counit £ : C — k satisfying
the following relations, for all c € C' and h € H:

(3:2) ¢ - (A®ide)(Ale) - 7" = (ide ® A)(A(c)),

(3.3) Ah-¢c)=h1-c1®@hy-ca, Alc-h)=rc1-h1 ®ca- hg,
(3.4) (e®ide) oA = (ide ®e)o A =ide,

(3.5) g(h-c) =e(h)e(e), elc-h) =elc)e(h),

where we used the same Sweedler-type notation as introduced before.

For further use we note that an H-bimodule coalgebra C' can be always viewed as
a left H°P @ H-module coalgebra via the left H°P @ H-action given for all ¢ € C
and h,h' € H by

(3.6) (h@h')y-c=h"-c-h.
Definition 3.1. ([7]) Let H be a quasi-bialgebra, C' an H-bimodule coalgebra and

A an H-bicomodule algebra. A left-right (H, A, C)-Yetter-Drinfeld module is a
k-vector space M with the following additional structure:

- M is a left A-module; we write - for the left A-action;
- we have a k-linear map py : M — M ® C, ppr(m) = mg) @ myy), called
the right C-coaction on M, such that for all m € M, g(m))m) = m and

(6% - m()) o) ® (6 - mo)) 1) - 0" @67 - e
(3.7) =F,- (I3 -m)) @ T, - (T - m) 1), - T) &, - (T3 - m) (), - T,
- for all u € A and m € M the following compatibility relation holds:
(3.8) U<0> M) ® U<t M) = (ugo) - m)(0) @ (ugo] - M) (1) - Uf-1y-

AYD(H)® will be the category of left-right (H, A, C)-Yetter-Drinfeld modules and
maps preserving the A-action C-coaction.
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We have seen in Section 1.2 that H is an H-bicomodule algebra; it is also clear that
H is an H-bimodule coalgebra (take A = A and ¢ = ¢). If we take H = A =C in
Definition 3.1, then we recover the category of Yetter-Drinfeld modules introduced
by Majid in [17], and studied in [4, 5]. It is remarkable that a quasi-bialgebra H
is a coalgebra in the category of H-bimodules, but not in the category of vector
spaces, or in the category of left (or right) H-modules.

Let H be a quasi-bialgebra, A an H-bicomodule algebra and C a left H-module
coalgebra. It is straightforward to check that C' with the right H-module structure
given by ¢ is an H-bimodule coalgebra. Then (3.7) and (3.8) reduce respectively
o (2.17) and (2.19), in which only the right H-coaction on A appears. So in this
particular case the category s M(H)Y is just ,YD(H)C.

In order to show that the Yetter-Drinfeld modules are special case of Doi-Hopf
modules we need a Doi-Hopf datum. As we have already seen, an H-bimodule
coalgebra C' can be viewed as a left H°P ® H-module via the structure defined
n (3.6). In order to provide a right H°? ® H-comodule algebra structure on an
H-bicomodule algebra A, we need the following result.

Lemma 3.2. Let H be a quasi-Hopf algebra and (B, N, Py) a left H-comodule
algebra. Then B is a right HP-comodule algebra via the structure

(3.9) p: BB H, pb)= b[o] ® S™H(b[_1),
(3.10) ¢, =338 I(fPfE3) @S Hf'7)) e B H® H,

where f' ® f? is the Drinfeld twist defined in (1.11). Moreover, if (B, \, ®) and
(B, N, D)) are twist equivalent left H-comodule algebras then the corresponding
right HP-comodule algebras are also twist equivalent.

Proof. The relation (1.14) follows easily by applying (1.18) and (1.10), and the
relations (1.16, 1.17) are trivial. We prove now (1.15). Since ®,, = ®~! we have

XV @0 oy (X2)1 wop V2 @22 cop (X2)2 0p V3 @ 2% 0 X2
= BB oS HFR)S (5!
S U F' L) ST (f233)2? ® STL(f iy )a
B3 © STHS (@) F f3(33)203)
@S~H(S(@)F! f2(33)13) @ STH(S(=®) f1a3)
(1:8113) fini@S—l(F? 3(#3)203)
YR (@0R) @ ST )
(119,110 giwws (P2 >o S7H(@3) 1)
DS L F )1 op STHSER) @ STHE )2 wop ST

93100 XNV )0y @ X2 op (Y, )<1> ® (X1 0p Yy @ (X2)2 -0p V2,

(1.10)

where we denote by o, the multiplication of H°P and by F'! @ F? another copy of
the Drinfeld twist f.

Finally, it is not hard to see that if the invertible element U = U ® U?2 € H @ B
provides a twist equivalence between the left H-comodule algebras (B, A, ®,) and
(B, N, ®,) then the invertible element V = U? @ S~}(U') € B ® H provides a
twist equivalence between the associated right H°P-comodule algebras (B, p, ®,)
and (B, o/, /), respectively. O
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Proposition 3.3. Let H be a quasi-Hopf algebra and (A, X\, p, ®x,®,, Py ,) an H-
bicomodule algebra. We define two right H°® ® H -coactions
pr,p2: A—A®(H®®H)

on A, and corresponding elements ®,,,®,, € AQ(HP®H)®(H®®H) as follows:

(311 pi(w) = ugyy @ (S g ) @),
p, = (X)) 7305 @ (Sfl(fz(xi)[—uzﬁ@[?—u) ®X§93)
(3.12) ® (S‘l(fl()z;)[,lhir,\el) ® Xg) ;
and
(3.13)  pa(u) =up),, ® (571@[_1]) ®U[0]<1>) )
Dy, = ()0 X 0%, © (571 (F30Y) @ (33) ), X264
(3.14) ® (ST @ (@), X36°).
Then (A, p1,®,,) and (A, p2, ®,,) are twist equivalent right H® @ H -comodule al-
gebras.

Proof. The statement follows from Lemma 3.2. Indeed, we have seen at the end of
Section 1 that A has two twist equivalent left H ® H°P-comodule algebra structures.
Identifying (H ® H°P)°P and H°P ® H, and computing the induced right coactions
we obtain the structures defined in (3.11-3.14). We point out that the reassociator,
the antipode and the Drinfeld twist corresponding to H ® H°P are given by

Ppppr = (X' @)@ (X222 e (X ea?),
Saemer =S ®S™Y, fugner = (f1 @ S7Hg*) © (f*© S (g")),
where, as usual, g' ® g2 is the inverse of f = f! ® f2. O

Let H be a quasi-Hopf algebra, C' an H-bimodule coalgebra and A an H-bicomodule
algebra. In the sequel, A! and A? will be our notation for the right H°? ® H-
comodule algebras (A, p1, ®,,) and (A, p2, ®,,). By the above arguments, it make
sense to consider the left-right Doi-Hopf module categories 41 M(H? @ H)® and
a2 M(H®P @ H)C. Tt will follow from Proposition 3.4 that these two categories are
isomorphic.

Proposition 3.4. Let H be a quasi-bialgebra, C a left H-module coalgebra and
Al = (A, p, ®,) and A* = (A, p/, @) two twist equivalent right H-comodule alge-
bras. Then the categories g1 M(H)C and g2 M(H)C are isomorphic.
Proof. If A' and 22 are twist equivalent, then there exists V € A ® H satisfying
(1.22-1.24). Take M € gu M(H)®; M becomes an object in g2 M(H)® by keeping
the same left A-module structure and defining

pu: M—McC, p(m)=V-pp(m).

Conversely, take M € 92 M(H)C via the structures - and p),. Then M can be
viewed as a left-right (H, ', C')-Hopf module via the same left 2-action - and the
right C-coaction py; defined by

par s M — M ®C, py(m) =V~"- ply(m).
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These correspondences define two functors which act as the identity on morphisms
and produce inverse isomorphisms. ([

Remark 3.5. Let H be a quasi-bialgebra, and F € H ® H a gauge transformation.
We can consider the twisted quasi-bialgebra Hp (see (1.7-1.8)), and it is well-known
that the categories of left H-modules and left Hp-modules are isomorphic. We have
a similar property for Doi-Hopf modules.

Let (A, p,®,) be a right H-comodule algebra, and let ®,, = (1g ® F)®,. Then
Ap = (A, p, ®,,.) is a right Hp-comodule algebra, see [14].

Now let C' be a left H-module coalgebra, and define a new comultiplication Ay as
follows: Ap(c) = FA(c), for all ¢ € C. Then straightforward computations show
that (C, Ay, €) is a left Hp-module coalgebra and that the categories g M (H)® and
2, M(Hp)CF are isomorphic. Of course, a similar result holds for left comodule
algebras.

3.2. Yetter-Drinfeld modules and Doi-Hopf modules. Our next aim is to
show that the category of left-right Yetter-Drinfeld modules Y D(H)® is isomor-
phic to the category of Doi-Hopf modules 42 M(H°® @ H)¢ and, a fortiori, to
s M(HP @ H), by Proposition 3.4. We have divided the proof over a few lem-
mas.

Lemma 3.6. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra and C' an
H-bimodule coalgebra. We have a functor

F: wYD(H)® — ;2 M(H® @ H)®

which acts as the identity on objects an morphisms. If M is a left-right (H, A, C)-
Yetter-Drinfeld module then F(M) = M as a left A-module, and with the newly
defined right C-coaction

(3.15) Phr(m) = my @ may = (5 - m) ) @ (B% - m)q1) - P,

for allm € M. Here py = p} @ 3 is the element defined by (1.25).

Proof. Tt is not hard to see that (1.33) and (1.5) imply

(3.16) O3 ® Oy S~ (0') ® ©° = 07(53) o) ® 0"} © 6°(53) ).

We now show that F/(M) satisfies the relations (2.17-2.19). Let P ® P be another
copy of py, and compute

D, - (P @ idc)(par(m))

(1431530 (33) ) X, 0% - (P (5} - m)o)) o
<1>1Xi@%1> S(PE- (B3 - m) o)) - PYSTH( 22300
<1>2X2@3 (B3 -m)) - PSS EY)
b (0P - (5% - m)0) o
<1>1X;2) (02 (P oy - (B3 - m)(0)) 1y - 0 PLSTH(f223)
W X0 By (R )y - RS (17)

2
&

(3.8,3.16) (
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BE3D (33 10) - (BR(PE)0)B3 - m) o)

®(E) 1y, - G PP - m) ), - TAPLS 71(f2~2)

®(EX) 1y, - GNP P2 - M) (1), - T2 (P A (f1E))
B838130) (52 m) gy ® (B3 - m) 1y, - (BA)1 @ (B3 - m)(l)z : (pA)2
M)y ® miy ® may, = (ida ® A)(py(m)),

(3.3,3.15)

for all m € M, as needed. The relation (2.18) is trivial and (2.19) follows from
(1.26), (3.13) and (3.6). O

Lemma 3.7. Let H be a quasi-Hopf algebra, C' an H-bimodule coalgebra and A an
H-bicomodule algebra. Then we have a functor

G: p2M(H® @ H)Y — 4, YD(H)“

which acts as the identity on objects and morphisms. Let M be a left-right (H°P ®
H,A?,C)-Hopf module, with left A-action - and right C-coaction ply;, ph,(m) =
mey @ may € M ®C. Then G(M) = M as a left A-module, with new right
C-coaction pyy 2 M — M ® C, given by the formula

(3.17) P (m) = Moy ® mmy = ((ﬁ)w) s Moy & ((ji)(l) CMm(1y S_l((ﬁ)y
for allm € M. Here G = 4\ ® 3 is the element defined in (1.25).

Proof. The most difficult part is tho show that G(M) satisfies the relations (3.7)
and (3.8). M is a left-right (H, A2, C)-Hopf module, so we have by (2.17), (3.13,
3.14) and (1.14):

~1,, ~2 _ -
X,((#3)0)0%) (0) - m(0,01 @ X, ((23)(0y0%) (1) - mo,1y - S~ H 2301
~3 _ B
(3.18) ®Xp(a:?,{)<1>@3 “myy - S Lz = M0y @ M1y @ M1y,

(3.19) (u : m)(o)/ X (u : m)(l)/ = U[0]oy " ™M (0) X U] 1y * (1) Sfl(U[,l]),
for all m € M and u € A. Also, (1.33) and (1.5) imply that
(3.20) S(0M)a07 1) © @307 ® 0° = 330" © (33)(0)0° ® (33)(1)©°
Let Q%\ ® Qi be another copy of §y; for all m € M, we compute that
2, N 2 3
(07 m)@ © (07 mg)am © 07 ma
(3'17;3'19) (Q}ﬂ[o (@3)0) 01)(0) " (0,0 (Q,\e2 (@) 0)107) (1) * 0,1y’
(O ( 03)0),))0" © 6°(@R)ay - may - STH@Y)

(820152 (Q3 (80 o @) mo,0y ® (Q3(3R)101)©0%) 1) - mo,1y
STHQRX@) -0 ® (Q (@)0)1y©* - me1y - STHGL)
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(3L ISL10) (32 (33 0)) (0,00 - M0y

@G5 (F)0) 0.1y T - My, - STHE(ER) 1)1 7
(@3 (@) 0) (&, - My, - S (%(%)[4])2%
AREERD 2 (@) - (33 m)o)
o, - ((33) ) - (@ -m)ay - S7H@)), - %A
@5 - ((@3)qy - (- m)ay .571(&))2 i
(3.17) T (3 m)g @ 2 (3 ), - B @& - (3 mig, 8

as needed. (3.8) also holds since

o) - Mgy @ W) - Mgy

GATL2D (Gugo.0)0) - Moy @ (@ugo,0)y - may - S~ (@ upo,—1))up1)
G190 @)y (o - m)oy @ (@) - (wgo) - m)ay - S7H(@)ug-y
GLD (ugo - m)y © (ugo) - M)y - w1y,
for all w € A and m € M. The remaining details are left to the reader. O

Theorem 3.8 is the main result of this Section, and generalizes [8, Theorem 2.3] to
the quasi-Hopf algebra setting.

Theorem 3.8. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra and C
an H-bimodule coalgebra. Then the categories Y D(H)C and o M(H®P @ H)¢
isomorphic. In particular \YD(H)C is a Grothendieck category, and therefore it
has enough injective objects.

Proof. We show that the functors F' and G from Lemmas 3.6 and 3.7 are inverses.
Since F' and G act as the identity functor at the level of A-modules we have only
to show that F' and G are inverses at the level of C-coactions.
Let M € ,YD(H)® and pp(m) = m(g) ® m(y its right C-coaction. We denote
by py(m) = mgy ® migy the right C-coaction of G(F(M)) obtained using first
Lemma 3.6 and then Lemma 3.7. For all m € M we then have

Py (m) G327 (%) 0y - Moy @ (33) 1y - may - S™HGY)

G (@) - (B3 -m)0) @ (@) qy - (B3 -m)y - PAS™H(@))
9 (@) M) © (@)h} - m)a) - (@) -ypAS (@)

(158) m) @ ma) = pa(m).

Conversely, let M € 4,2 M(H" @ H) and denote by p},(m) = m(g)y @ my its
right C-coaction. If ppr(m) = mg) ® m(y is the right C-coaction on F(G(M))
obtained using first Lemma 3.7 and then Lemma 3.6 we have

pr(m) G2 (R m) © (B3 - m) - by

GID (@) 0y - (B3 - m) oy @ (@3)qy - (B3 - m)ay - S~HGL)PA
G199 (BB o) 0y - Moy ® (@ (?\)[0]) ~m1y - STHG (PR [—1])PA

(129) m(o)/ & m(l)/ = p?VI(m),

for all m € M, so the proof is finished. O



26 D. BULACU, S. CAENEPEEL, AND B. TORRECILLAS

Let H be a quasi-bialgebra, 2 a right H-comodule algebra and C' a left H-module
coalgebra. Identifying the category of left-right (H,2(, C)-Hopf modules to the
category of right-left (H°P:°°P A°P (C°°P)-Hopf modules using the construction pre-
ceding Proposition 2.2, we obtain the functor, after permuting the tensor factors:

Fl=e@C: gM — g M(H)C.
If M is a left A-module then F'(M) = M ® C with structure maps

a- (m@c) = 0(0) -m®a<1> - C,

pym(m® c) :i;~m®£i~cl®ii'02,
for all a € A, m € M and ¢ € C. For a morphism v in 9gM, we have that
F'(v) = v®idc. In particular, we obtain that A ® C is a left-right (H, 2, C)-Hopf
module.
Moreover, F' is a right adjoint of the forgetful functor Y% : g M(H)C — qM, and
it is a left adjoint of the functor Homy (A ® C,e) : qM(H)C — gM defined as
follows. For M € g M(H)®, Hom§ (2 ® C,e)(M) = Hom§ (A ® C, M), the set of
morphisms in g M(H)¢ between 2 ® C and M, viewed as a left 2-module via

(a-n)(a'@c)=n(da®c),

for all € Hom§ (A ® C, M), a,a’ € A and ¢ € C. The functor Hom (A @ C, o)
sends a morphism & from o M(H)® to the morphism 9 — & o ¥.

Corollary 3.9. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra and C
an H-bimodule coalgebra. We have a functor § =e® C : aM — 2YD(H)®. The
structure maps on F(M) = M ® C are the following:

u- (m® c) = up),, M up),, - S~ u—1)),
~ . ~3 - - ~3
puec(m®c) = 9<20>'T/1)((q/2\)[0]X>\)(0> Mm@ 9<21>xi(((1§)[0]X,\)(1>1 C1
. ~2 5, ~3 il
STHON@R)-1Xa9%) @ 0T, (@) 10X Ny, - c2 - STHGRXA),
forallu € A, m € M and ¢ € C. In particular, A @ C is a left-right (H,A,C)-
Yetter-Drinfeld module. Moreover, the following assertions hold:
i) § is right adjoint to the forgetful functor U€ : s YD(H)® — s M.
ii) § is left adjoint to the functor Hom§ (A ® C,e) : 2YD(H)® — M. If
M € 4YD(H)C then Hom§ (A @ C, e)(M) = Hom¢ (A ® C, M), the set of

Yetter-Drinfeld morphisms from A ® C' to M, viewed as a right A-module
via the action

(u-n) (W ®c) =nu'uxc),
for all n € Hom§ (A ® C, M), u,u' € A and c € C.

Proof. The functor § is well defined because it is the composition

/

F G
F:aM=p2M — 2 M(H? ®H)C — Ay])([{)c7

where F’ is the functor described above but now for the context given by (3.13-
3.14), and @G is the functor from Lemma 3.7. All the others details are left to the
reader. ]
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Let H be a quasi-bialgebra, 2 a right H-comodule algebra and C' a left H-module
coalgebra. Since the category o M (H)C can be identified to a category of right-left
Doi-Hopf modules it follows that g M (H)® is isomorphic to a category of comodules
over the coring ' = C ® 2, with 2-bimodule structure given by
a-(c@a)-a”" =ap - c@apgaa’
and comultiplication and counit given by
Aci(c®a) = (T ¢y ® 1og) ®au (T2 - 1 ® Tpat), e (c®@ a) =g(c)a
for all a,a’,a” € A and ¢ € C. Using arguments similar to the ones given in [3,
Theorem 5.4], one can easily check that g M(H)C is isomorphic to ¢’ M.
Corollary 3.10. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra and
C an H-bimodule coalgebra. Then the category of left-right Yetter-Drinfeld modules
AYD(H)C is isomorphic to the category of left comodules over the coring € = CRA,
with the following structure maps. The A-bimodule is given by
u- (@) u’ =upy,, ¢ ST up1) @ uj,, u'v”,
and the comultiplication and counit are defined by the formulas
3,53 ~1
Ae(c@u) = (033X, e 57 (Xng') @ 12)
9,53 _ ~2 1,53
B (9%1>z§(XA)<1>1 e S 1(91XA92) ® 9%0>I;}(XA)<0>“) )
eer(c®@u) =g(c)u,
for all u,v',u”" € A and c € C.

Proof. This is a direct consequence of the above comments and Theorem 3.8. [

3.3. The category of Yetter-Drinfeld modules as a module category. Our
next aim is to describe the category of Yetter-Drinfeld modules as a category of
modules. We will need the (right) generalized diagonal crossed product construc-
tion, as introduced in [14, 7].

Let H be a quasi-bialgebra and A an H-bicomodule algebra. In the sequel, A
will be an H-bimodule algebra. This means that A is an H-bimodule which has
a multiplication and a usual unit 14 such that for all p,1,¢& € A and h € H the
following relations hold:

(p¥)€ = (X1 ah)[(X? -9 2®)(X° - € - 2%,
h- (o) = (h1-@)(ha - ), (o) - h = (p-h1)(¢ - hs),
h-1a=¢e(h)la, 1a-h=¢e(h)l4.
If H is a quasi-bialgebra, then H*, the linear dual of H, is an H-bimodule via the
H-actions
(h =@, 1) = o(h'h), (¢~ h,h) = p(hl),
for all ¢ € H*, h,h’ € H. The convolution (¢, h) = @(h1)(ha), @, € H*,
h € H, is a multiplication on H* which is not associative in general, but with this
multiplication H* becomes an H-bimodule algebra.
Let H be a quasi-bialgebra, A an H-bimodule algebra and (A, X, p, @y, ®,, P ,) an
H-bicomodule algebra. In the sequel (§, ¥) will be the pair
o= (A®@idg)op,
U, = (idg ® A®id5?) (Pr,, @ 1) (A @ id57) (1)) [@r @ 157,
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or
0, = (idg ® p) o A,
W, = (i @ p@idy) (Ln  O55) (52 @ p) (@) 152 @ @, .
Qr,,,,0r,,, € H®* @ A® H®? are defined by the following formulas
O, = (i[df @idy © S @ S™)(¥,)) - 1F ©1a @S @ S7Hf)],
Qr, =[S gH @S ") @ 1a @15 - (S @ 57! @idy @ idF?) (V).

Here f = f' ® f2 is the Drinfeld twist and f~! = g' ® ¢? is its inverse. We will use
the notation

QLZ/T = Qil/r Q- Qil/r.

Let A5, A and A w4 5 A be the vector space A® A furnished with the multipli-
cation given respectively by the following formulas:

(peau) (¥ )

(3.21) = (Q, - - Q) woy_yy - ¥+ ST uy)R,) > Q3w v,
(¢ pau)(y pau)
(3.22) = (L, ¢ QL)L gy ¥ - S ug) ) )L, ) P QL up) )0,

for all v, € A and u,u’ € A. We write ¢ <1 u (respectively ¢ »a u) for o @ u con-
sidered as an element of A x5, A (respectively A pa 5 A). A<, A and A pd 5, A
are isomorphic associative algebras with unit 14 < 15 (respectively 14 »a 14),
containing A = 14 1 A (respectively A = 14 »4 A) as unital subalgebra. These
algebras are called the left generalized diagonal crossed products.

The right generalized diagonal crossed products are introduced in a similar way:
denote

_ 0l 5
QRI/T - QRl/r ®-® QRI,/T7
and let A <5, A and A »« 5..A be the vector space A®.A with the following product:

(u a1 ) (u' > 9))

(323) = uul(O)[O]Q%l > (9%15_1(/“’,(0)[,1]) 2 ’LI,I<1>QA}L21)(Q}%Z : w : 9%1)7
(u P o)(u' Par))
(320) = uuly, O e (OF S (uly) 0l U )@ 0 O,

for all u,u’ € A and p,¢ € A. A5, A and A »« 5, A are isomorphic associative
algebras with unit 1, 0114 and 14 >4 14, containing A as a unital subalgebra.
As algebras, the left and right generalized crossed product algebras are isomorphic,
see [14, 7). If H is a quasi-Hopf algebra then A = H* is an H-bimodule algebra.
In this particular case the left and right generalized diagonal crossed products are
exactly the left and the right diagonal crossed products constructed in [14]. In this
way Hausser and Nill gave four explicit realizations of D(H), the quantum double
of a finite dimensional quasi-Hopf algebra H. Two of them are build on H*® H and
the other two on H® H*. All these are, as algebras, diagonal crossed products. The
first two realizations built on H* ® H coincide to H* ><5, H and H* »« 5. H, and
the last two realizations built on H ® H* coincide to H <5, H* and H v« 5. H".
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Proposition 3.11. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra
and C' an H-bimodule coalgebra. Then Al >4 C* = A x5, C* and A? >4 C* =
A »a 5. C*, as algebras. In particular, the algebras A' >4 C* and A? >4 C* are
isomorphic to each other, and also to the four generalized diagonal crossed products.

Proof. Keeping the above concepts and notations it is not hard to see that for an
H-bicomodule algebra A the reassociators ®,, and ®,, defined in (3.12) and (3.14),
respectively, can be rewritten as

@y, = O, © (W, © %) © (U, © O,
®p, = Oy, ® (O, ®Ok,) ® (U, @ OF),
where we used the notation
-1 _ A1 A5
QRZ/T - QRL/T ®-® QRl/?"

Now, if C' is an H-bimodule coalgebra viewed as a left H°? ® H-module coalgebra
via the structure defined in (3.6) then C*, the linear dual space of C, is a right
H°? ® H-module algebra. The multiplication of C* is the convolution, that is
(c*d*)(c) = ¢*(c1)d*(cz2), the unit is ¢ and the right H°P ® H-module action is given
by the formula (¢* - (h®@h'))(c) = ¢*(W -¢-h) = (h = ¢* — h')(c), for all h,h' € H,
c,d*eC* ceC.

Since A'/? are right H°? ® H-comodule algebras and C* is a right H°? ® H-module
coalgebra, it makes sense to consider the right generalized smash product algebras
A'/? >4 C* (cf. Remark 2.13 1)). Tt also follows easily from Remark 2.13 i) that
the multiplication on A! >4 C* is given by

(u >« c*)(u' >4 d")
= uu’<0>[0] Qp, ® ((c* ' (Q%zs_l(u/(())[—l]) ® u'<1>Q‘}3[))(d* (Q, ® Q5Rl>))
= uulgy Uk, @ (Vg S~ (ulgy ) = € ulyy Q) (U, = d* = QF).

On the other hand, it is easy to see that the linear dual space C* of an H-bimodule
coalgebra C' is an H-bimodule algebra. The multiplication of C* is the convolution,
the unit is £ and the H-bimodule structure is given by the formula (h — ¢* —
h)(c) = ¢*(h' - c-h), for all h,h' € H, ¢* € C*, ¢ € C. So we can consider the
generalized right diagonal crossed product A <i5, C*. From (3.23) it follows that
the multiplication rule on A p<15, C* coincides with the multiplication of A! >4 C*,
hence the algebras A 5, C* and Al >4 C* are equal. In a similar way we can
show the equality of the k-algebras A2 >4 C* and A pa 5 C*. ]

Remark 3.12. It was shown in [7] that the left generalized crossed product algebras
A 5, A and A »4 5, A coincide with the left generalized smash product algebras
Ap<A; and Ap<As, respectively. The generalized smash products are made over
H®H°P and by A; and A, we denote the left H® H°P-comodule algebras structures
on A defined at the end of Section 1.

Let H be a quasi-bialgebra, 2 a right H-comodule algebra and C' a left H-module al-
gebra. Viewing the category g M(H)® as a category of right-left Doi-Hopf modules,
we deduce from Theorem 2.6 that g M (H)® is isomorphic to the category of rational
2 >4 C*-modules, Rat(y ~q ¢- M), and that Rat(y ~q c-M) = 0y >q ¢+ [ARC].
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A rational 2 >4 C*-module is a left A >4 C*-module M such that for any m € M
there exist two finite families {¢;}; C C and {m;}; C M such that

(a >4 c*) -m=c"(¢;)(a >a¢) - m,,
for all a € A and c¢* € C*.

Corollary 3.13. Let H be a quasi-Hopf algebra, A an H-bicomodule algebra and
C an H-bimodule coalgebra. Then the following assertions hold:
i) The category of left-right Yetter-Drinfeld modules Y D(H)C is isomorphic
to the category of rational A w5, C*-modules Rat(, pg JTC*M), which is
also equal to the category oy pq 5 c* [A® C].
ii) If C is finite dimensional then Y D(H)® is isomorphic to the category of
left C* b5, A-modules.

Proof. The assertion i) follows easily from the above comments and Theorem 3.8.
ii) If C is finite dimensional then Rat(s pq ;5 c+M) = 4 pa 45, c-M. Moreover,
A »4 5, C* is always isomorphic to C* ps5, A as an algebra. We note that another
proof of this result can be found in [7]. O
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