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ABSTRACT. We introduce and investigate the basic properties of an involutory
(dual) quasi-Hopf algebra. We also study the representations of an involutory
quasi-Hopf algebra and prove that an involutory dual quasi-Hopf algebra with
non-zero integral is cosemisimple.

INTRODUCTION

One of the aims in [8] was to find a plausible definition of an involutory quasi-Hopf
algebra. Since the definition of a quasi-Hopf algebra H is given in such a way that
the category of its finite dimensional representations z M has a rigid monoidal
structure it seems to be natural to relate the involutory notion to a certain property
of this category.

On one hand, in the classical case of a Hopf algebra, a categorical interpretation for
the involutory notion was given by Majid in [26]. Namely, he has shown that for
a finite dimensional Hopf algebra H, the trace of the square of the antipode S of
H, Tr(S?), arises in a very natural way as the representation-theoretic rank of the
Schrodinger representation of H, dim(H), or as the representation-theoretic rank
of the canonical representation of the quantum double, dim(D(H)). Relating this
to results of Larson and Radford [20, 21] and Etingof and Gelaki [15], we obtain
that the above rank coincide to the classical dimension of H if H is involutory;
otherwise it is zero.

This is why, for a finite dimensional quasi-Hopf algebra H, we computed in [8] the
representation-theoretic rank of a finite dimensional quasi-Hopf algebra H, and of
its associated quantum double D(H), within the category of finite dimensional left
modules over D(H), pq H)/\/lfd. More precisely, for a quasi-Hopf algebra H, we have

dim(H) = dim(D(H)) = Tr (h — §(S(8)ahi35(a)))

Therefore, we call a quasi-Hopf algebra H involutory if S?(h) = S(8)ahB3S(a), for
all h € H.

On the other hand, due to some recent results of Etingof, Nikshych and Ostrik [13],
it seems that the notion of involutory quasi-Hopf algebra should be given in such a
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way that, at least over an algebraic closed field of characteristic zero, its category
of finite dimensional representations is a fusion category and, moreover, has that
unique pivotal structure with respect to which the categorical dimensions of simple
objects coincide with their usual dimensions. In other words, an involutory quasi-
Hopf algebra, say H, should be semisimple as an algebra and such that the identity
functor and the second duality functor (—)** of the category yM' are tensor
isomorphic via a tensor functor, say j. In addition, we should have

dimk(V) = evy=x O (jv & idv*) o coevy,

for any simple finite dimensional left H-module V', where evy« and coevy are the
evaluation map of V* and the coevaluation map of V', respectively. Note that the
composition on the right hand side of the above equality was defined in [13] as
being the categorical dimension of V.

We have to stress the fact that our definition for an involutory quasi-Hopf algebra
agrees with this point of view. More precisely, over a field of characteristic zero
(or, more generally, if dim(H) # 0 in k) any involutory quasi-Hopf algebra is
semisimple because of the trace formula for quasi-Hopf algebras proved in [8]. Also,
by Lemma 2.2 below for an involutory quasi-Hopf algebra the square of the antipode
in an inner automorphism defined by S(8)a. Now, using some results from [25,
29] we will prove that the invertible element g which defines j is exactly 5S(«),
the inverse of S(f)a. From here we conclude that the family of left H-module
isomorphisms

jv: Vev— (@ —v"(S(B)a v) e V™

endows i M with the unique pivotal structure with respect to which the categor-
ical dimension of any simple object V' of ;M coincides with its usual dimension.
All the details are presented in Section 3.

Then the aim of this paper is to see that with our definition of an involutory (dual)
quasi-Hopf algebra some results of Lorenz [24] can be generalized to quasi-Hopf
algebras, and that the main result of Déscélescu, Nastasescu and Torrecillas in [10]
has a counterpart for involutory dual quasi-Hopf algebras.

The paper is organized as follows. In Section 2 we introduce the involutory notion
and then we study their basic properties. Starting with H(2), the (involutory)
quasi-Hopf algebra presented in [14], using different constructions as transmutation,
bosonozation or quantum double, we will be able to construct three involutory
quasi-Hopf algebras of dimension 4. It comes out that all of them are k[C2 x C5], the
group Hopf algebra associated to the Klein group, viewed as quasi-Hopf algebras
via some non-equivalent 3-cocycles. Moreover, all of them are not coming from
twisting k[Cy ® C3] by a gauge transformation. Also, we will prove in Section 3
that, under a “natural” condition, the involutory property survives when we pass
from H to its quantum double. Note that this “natural” condition is satisfied if we
work over an algebraic closed field of characteristic zero.

In Section 4 we study the representations of an involutory quasi-Hopf algebra.
Namely, we show that if H is an involutory semisimple quasi-Hopf algebra over a
field k then the characteristic of k does not divide the dimension of any finite dimen-
sional absolutely simple H-module. We also prove that if H is a non-semisimple
involutory quasi-Hopf algebra then the characteristic of k£ divides the dimension
of any finite dimensional projective H-module. Both results generalize well-known
results in Hopf algebra theory due to Larson and Lorenz, see [22, 24].
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The first goal of Section 5 is to introduce and study the dual concept: involutory
dual quasi-Hopf algebras. Then due to some recent results proved in [3] we will be
able to show that any involutory co-Frobenius dual quasi-Hopf algebra over a field
of characteristic zero is cosemisimple. This result was proved for Hopf algebras in
[10] and it can be viewed as an extension of the results of Larson and Radford to
the infinite dimensional case. For Hopf algebras it is well-known that the converse
property is true only in the finite dimensional case.

1. PRELIMINARIES

We work over a commutative field k. All algebras, linear spaces etc. will be over k;
unadorned ® means ®y. Following Drinfeld [12], a quasi-bialgebra is a four-tuple
(H,A, e, ®) where H is an associative algebra with unit, ® is an invertible element
in HRH®H,and A: H— H® H and ¢ : H — k are algebra homomorphisms
satisfying the identities

(1.1) (id ® A)(A(h)) = @(A @ id)(A(h)D 1,
(1.2) (id®e)(A(h)) =h, (e®id)(A(h))=h,

for all h € H, and ® has to be a 3-cocycle, in the sense that

(13)  (103)(id®A®id)(®)(® o 1) = (id®id® A)(®)(A @ id @ id)(®),
(14) (id®e®id)(®) =10 1.

The map A is called the coproduct or the comultiplication, ¢ the counit and ® the
reassociator. As for Hopf algebras we denote A(h) = h; ® ha, but since A is only
quasi-coassociative we adopt the further convention (summation understood):

(A®@id)(A(h) = ha1) @ hag @hs, (id@ A)(A(R) =h1 @ ha1) @ heaa),

for all h € H. We will denote the tensor components of ® by capital letters, and
the ones of ®~! by small letters, namely

P=X'0X2 X3 =T'@T?0T* =VeVi@V3=...
dl=slorrert=t'otrett =10’ evd="..

H is called a quasi-Hopf algebra if, moreover, there exists an anti-morphism S of
the algebra H and elements «, 3 € H such that, for all h € H, we have:

(1.5) S(hi)ahy =e(h)a and  hy8S(h2) =e(h)S,
(1.6) X'38(X?)aXx? =1 and S(z')az?BS(z?) = 1.

Our definition of a quasi-Hopf algebra is different from the one given by Drinfeld
[12] in the sense that we do not require the antipode to be bijective. Nevertheless, in
the finite dimensional or quasi-triangular case this condition can be deleted because
it follows from the other axioms, see [3] and [5].

The definition of a quasi-Hopf algebra is “twist coinvariant” in the following sense.
An invertible element FF € H ® H is called a gauge transformation or twist if
(e®id)(F) = (id®e)(F) = 1. If H is a quasi-Hopf algebra and F = F'®F? € HQH
is a gauge transformation with inverse F~! = G' ® G2, then we can define a new
quasi-Hopf algebra Hp by keeping the multiplication, unit, counit and antipode of



4 D. BULACU, S. CAENEPEEL, AND B. TORRECILLAS

H and replacing the comultiplication, reassociator and the elements o and 3 by

(1.7) Ap(h) = FA(R)F!,
(1.8) Pr =10 F)(id® A)(F)®A®id)(F 1Y) (F'el),
(1.9) ar = S(GHYaG?, Br = F1BS(F?).

For a quasi-Hopf algebra the antipode is determined uniquely up to a transfor-
mation a — ay = Ua, B — By := UL, S(h) — Sy(h) := US(h)U~!, where
U € H is invertible. In this case we will denote by HY the new quasi-Hopf algebra
(H, A, g, @, SU, ay, ﬁU)

If H = (H,A¢e®,5,a,0) is a quasi-bialgebra or a quasi-Hopf algebra then
H°P, H°P and H°P°P are also quasi-bialgebras (respectively quasi-Hopf algebras),
where ”op” means opposite multiplication and ”cop” means opposite comultipli-
cation. The structures are obtained by putting ®,, = &7, e, = (&71)32L,
(bop,cop - @321, Sop = Scop = (Sop,cop)_1 = 5_17 Qop = S_1<B)a ﬁop = S_1<a)a
Qeop = STHa), Beop = STHB), op.cop = B and Bop cop = av.

The axioms for a quasi-Hopf algebra imply that e 0 S = ¢ and e(a)e(8) = 1, so, by
rescaling o and [, we may assume without loss of generality that (o) = £(8) = 1.
The identities (1.2), (1.3) and (1.4) also imply that

(1.10) (e®id®id)(P) =(d®id®e)(P) =1® 1.

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism.
For a quasi-Hopf algebra, we have the following statement: there exists a gauge
transformation f € H ® H such that

(1.11) FAS(W)fr = (S®S)(AP(h)), forall he H,

where A®P(h) = hy ® hy. The element f can be computed explicitly. First set
(1.12) Al A2 A A = (@ 1)(A®id®id)(®1),

(1.13) B'@B*®B*®B'=(A®id®id)(®)(®' ®1)

and then define 7,0 € H ® H by

(1.14) 7= S(A*)aA® @ S(AY)aA* and § = B'S(B*) @ B*3S(B?).

With this notation f and f~! are given by the formulas

(1.15) o= (8@8)(A®P(h)yA@?sS(«?),
(1.16) 7t = AS(zhHax?)s(S @ S)(A“P(2?)).
Moreover, f satisfies the following relations:

(1.17) fA(@) =, A@B) =4,

(1.18) (1@ f)id@A)(HHP(ARid)(f)(f'el)=(Seses) (X’ X X").
In a Hopf algebra H, we obviously have the identity
h1 ® haS(hs) =h®1, for all h € H.

We will need the generalization of this formula to quasi-Hopf algebras. Following
[16, 17], we define

(119) pr=p'®@p° =2'©2°89(%), qr=¢' ©¢" = X' ® 5" (aX*)X?,
(120) pr=p'@p>=X2S"'(X'B) X3 ¢ =¢ ®¢ =S(")ar?® 2>
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For all h € H, we then have

(1.21) A(h)pr(1® S(he)) = pr(h®1),
(1.22) (1© S (h))qrA(h1) = (h©1)gr,
(1.23) Ah2)pr(S~H(h) ®1) = pr(1®h),
(1.24) (S(h1) ® 1)grA(h2) = (1@ h)qr.
Furthermore, the following relations hold

(1.25) (1S5 ' (p*)arAp') =1®1,
(1.26) Al )pr(1® S(¢*) =11,
(1.27) (S(") © DarA@®) =161,
(1.28) A@pr(ST'(@He) =11

Finally, for further use we need the notion of quasi-triangular quasi-Hopf algebra.
Recall that a quasi-Hopf algebra H is quasi-triangular (QT for short) if there exists
an element R = R' ® R? = r! ® r2 € H ® H such that

(1.29) (A®id)(R) = X?°R'2'YV'e X*2%'Y?® X'R?2%r?Y3
(1.30) (id2 A)R) = 2°R'X%*r'y' @ 2! X'r?y? @ 2? R2X 33
(1.31) A“P()R = RA(h), forall h € H

(1.32) (e®id)(R) = (id®e)(R)=1.

To any finite dimensional quasi-Hopf algebra H we can associate a Q7T quasi-Hopf
algebra D(H), the quantum double of H. From [16, 17, 4], we recall the definition
of the quantum double D(H). Let {e;},_1;; be a basis of H, and {e'},_1; the
corresponding dual basis of H*. We can easily see that H*, the linear dual of H,
is not a quasi-Hopf algebra. But H* has a dual structure coming from the initial
structure of H. So H* is a coassociative coalgebra, with comultiplication

n

Alp)=p1@pa= > pleiej)e’ @ el
ij—1

~

or, equivalently, A(¢) = p1 ® 2 < @(hh') = p1(h)p2(h'), for all h,h' € H.
H* is also an H-bimodule, by
(h =@, 1) = (p,W'h), (= h,h') = (p,hh').

The convolution is a multiplication on H*; it is not associative, but only quasi-
associative:

[op]e = (X' = = ah)[(X? =y = 2®)(X° = £~ 2°)], V 9, € € H".

We also introduce S : H* — H* as the coalgebra antimorphism dual to S, this

means (S(p),h) = (p,S(h)), for all p € H* and h € H.
Now consider Q € H®® given by

0=0'0P "0’
(1.33) = Xyt ® X} gpfe] © Xoy’es © ST XPe®) @ ST XP),
where f € H® H is the element defined in (1.15). We define the quantum double
D(H) = H* < H as follows: as a k-linear space, D(H) equals H* ® H, and the
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multiplication is given by
(o h)(¢p>ah)
(134) = [(Q" = Q) QLha) — ¢ — S H(ha)QY)] b QPhy o).
From [16, 17] we know that D(H) is an associative algebra with unit € > 1, and H is
a unital subalgebra via the morphism ip : H — D(H), ip(h) = € > h. Moreover,
D(H) is a quasi-triangular quasi-Hopf algebra with the following structure:
Ap(ppah) = (e XY (pra't — pp = Y2571 (p%) > pya’hy)
(1.35) B(XF = @1 — STHX?) s X3V 2 ho)
(1.36) ep(ppah) =e(h)p(S™(a))
(1.37) ®p = (ip ®ip @ip)(P)
—=—1
(1.38)  Sp(ppah) = (e S(A)f)IU" =5 (p) — f2571 () bapaU?)
(1.39)

ap=e¢Xa, fp=¢ecxf

(1.40) Rp = Z(E 1 ST H(p?)eipt) @ (e < p3).
i=1
Here pr = p' ® p? and f = f1 ® f? are the elements defined by (1.19) and (1.15),
respectively, and U = U' ® U? € H ® H is the following element
(1.41) U=U'eU?=¢"'S(¢*) ® ¢°S(q"),

where f~1 = g' ®¢? and qr = ¢* ®¢? are the elements defined by (1.16) and (1.19),
respectively.

2. INVOLUTORY QUASI-HOPF ALGEBRAS

The purpose of this Section is to introduce and study involutory quasi-Hopf al-
gebras. As we have already explained in the Introduction there is a categorical
interpretation for this definition, see [8].

Definition 2.1. A quasi-Hopf algebra is called involutory if the following formula
holds for all h € H:

(2.1) S%(h) = S(B)ahBS(a).

Examples of involutory quasi-Hopf algebras will be presented at the end of this
Section.

Next we prove that for an involutory quasi-Hopf algebra the square of the antipode
is inner via an element depending of o and 3.

Lemma 2.2. Let H be an involutory quasi-Hopf algebra. Then S(B)a is an in-
vertible element and (S(B8)a)~t = 3S(a). In particular, S is inner and therefore
S is bijective. Moreover, o and 3 are invertible elements and

(2.2) a™t=85"Y(ap)B = S(Ba),

(2.3) Bt = S(Ba)a = aS~Hap).

Proof. For simplicity denote u = S(3)a and v = 3S(a). Then S?(h) = uhwv, for all
h € H. Since S? is an algebra map, we have that 1 = S?(1) = uv. This implies
that S%(u) = uuv = u and S?(v) = uvv = v. Then we find that vu = S?(v)S?(u) =
S?(vu) = wvuv = 1. This shows that u=! = v. The relation vu = 1 comes out as
BS(Ba)a = 1. Thus § has a right inverse, namely S(fa)a, and « has a left inverse,
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namely £S5 (Ba). Similarly, from uwv = 1 we obtain that S(8)a8S(a) = 1. Since S
is bijective this is equivalent to aS™(a3)3 = 1, so 3 has also a left inverse, namely
aS71(af), and a has a right inverse, namely S~!(a/3)3. It follows now that o and
B are invertible and that there inverse are given by (2.2,2.3). (]

Remark 2.3. Following the ideas in [8], there are two seemingly different ways to
introduce the notion of involutory quasi-Hopf algebra. The first definition is ob-
tained from the formula of the categorical representation rank of H and D(H), the
quantum double of H, and requires that the map sending h to S~2(S(8)ahB3S(a))
is the identity of H; this is clearly equivalent to (2.1) in Definition 2.1. The second
definition involves S and is obtained from the trace formula for quasi-Hopf alge-
bras proved in [8]. It requires that the map sending h € H to 35(«)S?(h)S(8)a
is the identity of H. It follows immediately from Lemma 2.2 that these two defi-
nitions are equivalent. Moreover, we can easily verify that H is involutory if and
only if H°P is involutory, if and only if H°P is involutory, if and only if H°P°P is
involutory.

For a Hopf algebra H it is well-known that S? = idy if and only if S(ha)h; = e(h)1
for any h € H, if and only if haS(h1) = €(h)1 for any h € H (see for instance [11,
Proposition 4.2.7]). For quasi-Hopf algebras we have the following result.

Proposition 2.4. Let H be an involutory quasi-Hopf algebra. Then for all h € H
the following relations hold:

(2.4) S(h2)B3 'hy = e(h)p~" and hoa 1 S(hy) = e(h)a™t.

Proof. As we have seen, if U € H is invertible then we can define a new quasi-
Hopf algebra HY = (H,A, e, ®, Sy, ay, fu), where ay = Ua, By = U and
Suy(h) =US(h)U~L.
Now, consider U = a~!. We know from Lemma 2.2 that U is invertible, so it makes
sense to consider the quasi-Hopf algebra HY. In this particular case we have that
ay =1, fy = Pa and

Su(h) = a~'S(h)a = BS(Ba)S(h)a = AS(a)S(3~ hB)S(B)a = S (B~ hB),
Since Sy(hi)ayhs = e(h)ay for all h € H, we get that S™Y(371h18)he = e(h)1,
and this is equivalent to S(hy)3 1 h18 = e(h)1, for all h € H. It follows now that
S(h2)B thy = e(h)B~1! for all h € H, as needed.

Similarly, using the fact that hq8yS(he) = e(h)By for all h € H, one can prove that
haoa=1S(hi) = e(h)a~! for all h € H, the details are left to the reader. O

Let us now present some examples of involutory quasi-Hopf algebras.

Examples 2.5. 1) To any finite dimensional cocommutative Hopf algebra H and
any normalized 3-cocycle w on H we can associate a quasi-Hopf algebra, D“(H), see
[7]. For D*(H) we have o = 1, 371 = S(8) and S?(h) = B~h3, for all h € D¥(H).
Thus D“(H) is an involutory quasi-Hopf algebra.

2) Let k be a field of characteristic different from 2, Cy the cyclic group of order
two, and ¢ the generator of Cy. Following [14], the two dimensional quasi-Hopf
algebra H(2) is the bialgebra k[C3], the group algebra associated to Cs, viewed as
a quasi-Hopf algebra via the non-trivial reassociator ® =1 —2p_ ® p_ ® p_, where
p_ = %(1 —¢g). The antipode S is the identity map and the distinguished elements
«a and § are a = g and § = 1, respectively. It is well-known that H(2) is not twist
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equivalent to a Hopf algebra. It is easy to see that H(2) is an involutory quasi-Hopf
algebra.

We will now study further properties of H(2). First we will show that if k& contains a
primitive fourth root of unity then there are exactly two quasi-triangular structures
on H(2). In what follows, py = $(1£g). One can easily check that {p+} is a basis
for H(2) consisting of orthogonal idempotents, and that py +p_ =1, p. —p_ =g.

Proposition 2.6. Suppose that k is a field of characteristic different from 2 con-
taining a primitive fourth root of unity i. Then there are exactly two different
R-matrices for H(2), namely, Ry =1 — (1+1i)p_ @ p_.

Proof. Suppose that R=al®14+b1®g+cg®1+dg® g is an R-matrix for H(2),
where a,b,c¢,d € k. By (1.32) we have that a4+ c=a+b=1and b+d=c+d=0,
and therefore b = ¢ = —d and a = 1 — b. Hence, R should be on the form

R=(1-01®1+bl®g+bg1-bgg=1-b(1-¢g)(1—g)=1—wp_®p_,
where we denoted 4b = w. Now, we can easily see that
(2.5) P l=0=1-2p_®p_p_,
and since X2 ® X3 ® X' = ®, the above relation implies
X°Rlgl o X33 @ X'R* 2> =1—-wp_ @10 p_,
and therefore, after some computations, we get
X2RY2Y @ X323 Y2 @ X1 R222r%Y3
= 1-wp_ Qpy®p. —wpy Op-®p_ —(2—2w+w’)p_@p_Dp_.
On the other hand, we have A(p_) = p_ @ p+ + py+ Q@ p_, 80
(A®id)(R)=1—-wp- @pr @p- —wpy @p_ Dp_.
We conclude that (1.29) holds if and only if 2 — 2w +w? = 0, and this is equivalent
tow=1=1.
Using (2.5) for @1, we obtain in a similar way that
PRIX? 2 X' @2’R2X P =1—-wp_ 1@ p_.
Using this formula, it can be proved that
BRIXZ N @ o X1r2y? © 22 R2X 3y
=1—wp_ @p_Opy —wp- Vpp Op- — (2— 2w +w’)p_ Op_ @ p_.
It is easy to see that
(id®@A)(R)=1-wp-@p-Q@py —wp- @p4 @p—,

so the relation in (1.30) holds if and only if 2 —2w+w? = 0. The relation in (1.31) is
automatically satisfied because of the commutativity and cocommutativity of H(2).
Thus the R-matrices for H(2) are in bijective correspondence with the solutions of
the equation 2 — 2w +w? = 0, from where we deduce that Ry =1 — (144)p_ @p_
are the only quasi-triangular structures on H(2). O

Remark 2.7. Tt is not difficult to show that H(2)y = (H(2),R4+) and H(2)_ =
(H(2), R-) are non-isomorphic QT quasi-Hopf algebras, this means that there is
no quasi-Hopf algebra isomorphism v : H(2) — H(2) satisfying (v®v)(R+) = R_.
Indeed, if such a v exists then (14 4)v(p-) @ v(p-) = (1 — i)p— @ p_. If we write
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v(p—) = ap— + bpy, for some scalars a,b € k, then from the above relation we
obtain that > = —i and b = 0. Since p3 = p+ and v is an algebra map we get
that ap_ = v(p_) = v(p?) = (ap_)? = —ip_, and we conclude that a = —i. But

a? = —i, so i € {—1,0}, a contradiction.

To any quasi-triangular quasi-Hopf algebra (H, R), we can associate a new quasi-
Hopf algebra bos(Hy), called the bosonisation of Hy (see [6, Corollary 5.3]). Hy
equals H as a vector space, with a newly defined multiplication o given by the
formula
(2.6) hoh' = X'hS(x' X?)az? X3n'S (23 X3),
and left H-module structure given by h>h' = hih'S(hs), for all h,h’ € H. Then
bos(Hy) is the k-vector space Hyp ® H with the following quasi-Hopf algebra struc-
ture:
(2.7)  (bxh) xh) = (z'>b)o (x?h b)) x 23hyh/,

A(b x h)
(2.8) =y X' by x Y R22XPh @ yiY2R' 2 X2 b by x 43 Y323 X3 Do,
(29) (I)bos(Hg):6XX1®6XX2®/BXX37
(2.10) s(bx h) = (8 x S(X'x{ R*h)a)(X 223 R' > Sy, (b) x X32%3S(2?)),
for all b,0',h,h’ € H, where we write b x h and ¥’ x h’ in place of b ® h and
respectively b’ ® I’ to distinguish the new structure on Hy ® H, and where
(2.11)  A(b) = by ® by := ' X 'b1g' S(2* R*y* X3) @ 2 R' >y X?bpg*S (v X7),
(2.12) Sy, (b) = X'R*p*S(¢'(X*R'p' »b)S(¢*) X?),
forallb€ H. Here R=R'®@ R? and f~! = g' ® ¢?, pr = p' ®p? and qr = ¢' ® ¢*
are the elements defined by (1.16) and (1.19), respectively.
The unit for bos(Hy) is § x 1, the counit is e(b x h) = (b)e(h), for all b,h € H,
and the distinguished elements a and 3 are given by 8 x a and 3 X (3, respectively.
Our next goal is to compute the quasi-Hopf algebra structure on bos(Hy), in the
case where H = H(2); or H = H(2)_.
Proposition 2.8. bos(H(2)+) = bos(H(2)-) = k[C2 x Cs] as bialgebras, viewed as
a quasi-Hopf algebra via the non-trivial reassociator @, := 1—2p” Qp” Qp” , where
x is one of the generators of Cy x Ca, and where p* := %(1 — ). The antipode
is the identity map and the distinguished elements o and B are given by o = x
and B = 1, respectively. In particular, bos(H(2)4) = bos(H(2)—) is an involutory
quasi-Hopf algebra.
Proof. Since H(2)+ are commutative algebras and 8 = 1, it follows from (1.5) and
(1.6) that the multiplication o defined in (2.6) coincides with the original multi-
plication of H(2). Also, from the definition of H(2) it follows that the action > is
trivial, i.e. h>h' = e(h)W, for all h,h' € H(2). Using (2.7) we obtain that the
multiplication on bos(Hp) is the componentwise multiplication, and by (2.11) we
get that the comultiplication A on H reduces to
A() = X'bi1g"S(y° X3) ® y' X?bag® S(y* XT) = AB)(X' X3y’ @ X2X7y'y?) f .
We have that

(dRiIdA)(P)=1—-2p_Rp_Qp+ @p_ —2p_ @ p_ @ p_ Q py,
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and therefore X1 X3 ® X2X3 = 1. Also, by (2.5) we have
Yoy =1-2p_0p. =10ps +g@p_,
and a straightforward computation ensures us that the Drinfeld twist f and its

inverse f~! for H(2) are given by

f=f'=gep_+1®@p;.

Combining all these facts we get A = A, and keeping in mind that the action
> is trivial we conclude that the comultiplication in (2.8) is the componentwise
comultiplication on H(2) ® H(2). Thus bos(H (2)+) = bos(H(2)_) = H(2) ® H(2)
as bialgebras. Hence bos(H(2)1) = bos(H(2)_) is generated as an algebra by
z=1xgand y =g x 1, with relations 2 = 4> = 1 and 2y = yx. The elements
x and y are grouplike elements, so bos(H(2)y) = bos(H(2)_) = k[C2 x C3] as
bialgebras. According to (2.9) the reassociator of bos(H(2);) = bos(H(2)_) is
given by

P, = IxX'®@1xX?®1xX3
IX1I®1IX1I®IX1-—2Xp_.®R®1Xxp_R1Xp_
= 1-2p* @p® @p®

since 1 x p_ = 2(1x1—1xg) = 3(1— ) = p”. Finally, using that i is trivial,
B =1 and the axiom (1.6), we obtain Sy, = S, the antipode of H(2). From (2.10)
and (1.6) we deduce that the antipode of bos(H (2)+) = bos(H (2)_) is the identity
map. Clearly, the distinguished elements o and 3 are respectively 1 x ¢ = = and
1x1=1. ([

Example 2.9. If H and K are two quasi-Hopf algebras then H ® K is also a quasi-
Hopf algebra with the componentwise structure. In particular, the reassociator of
H®K is

Puox = (Xp © Xi) ® (Xi @ Xi) ® (X © Xi),
where &y = Xj; @ X7 ® X}, and @ = X ® X% @ X} are the reassociators
of respectively H and K. Therefore H(2) ® H(2) has a second quasi-Hopf algebra
structure. H(2) ® H(2) = k[C2 x C3] as a bialgebra but now it is viewed as a
quasi-Hopf algebra via the reassociator
Py =1-2(1@p-)®(1®p-)®@(1p-)
2p-0)0(P-91)(p-01)+4p-2p-) @ (p- ©p-) @ (p- ©p-).

Ifr=1®g¢and y =g ® 1 are the algebra generators of H(2) ® H(2) then

_1
S 2

andp- @p_ =11-g)®(1—-9g)=3i1-2—y+azy) =p“p”. Therefore, ®,,
comes out as

1 1 1
lop-=5(1-18g) =501-2)=p% p-0l=5(1-gel)=(1-y):=pl,

P,y =(1-2p2 @p? @p%)(1—2pY @p? @p?).

Note that the distinguished elements are a = xy and § = 1, and that the antipode
is the identity map. Consequently, H(2)® H(2) is an involutory quasi-Hopf algebra.

Another example of involutory quasi-Hopf algebra is the quantum double of H(2).
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Proposition 2.10. The quantum double of H(2) is the unital algebra generated by
X and Y with relations
X2=1,Y?’=X, XY =YX.
The coalgebra structure on D(H(2)) is given by the formulas:
AX)=X®X, ¢(X)=1,
A(Y) = —%(Y®Y+XY®Y+Y®XY—XY®XY), e(Y)=-1.

The reassociator, the distinguished elements a and (3, and the antipode are respec-
tively given by
dx =1-2p @p X @p*, a=X, =1, S(X)=X, S(Y)=Y,

where we denoted pX = (1 — X). Moreover, D(H(2)) is an involutory quasi-Hopf
algebra.

Proof. Using the commutativity and cocommutativity of H(2), (1.5), and the fact
that 8 = 1, we find that the multiplication rule (1.34) takes the following form on
D(H(2)):

(o h) (' > ') = (Q'Q° = )(2Q = ¢) b QI
for all ¢, ¢’ € H(2)* and h,h’ € H(2). Now, from the definition (1.33) of 2 we find
out that

Q00?0 0@ = X ) XPyla! 2 @ X o X2y ate’ f1 © XoyPas.
Using the expressions of ® and ®~! in (2.5) we easily compute that
X XP @ X X? @ X; =1-2p_- @p_®p-,
w1®x%x3®x% =1-2p_Q®p_ Qp4,
R ol)=p-@1®p_ +p-Qg@ps +pr @11,

where f = g ® p_ + 1 ® py is the Drinfeld twist of H(2). By the above relations
the multiplication of D(H(2)) comes out explicitly as

(epah)(¢’ b l’) = @’ b hh = 2(p- = @) (p- — &) pap_hh'.
Now, let {P;, P;} be the dual basis of H(2)* corresponding to the basis {1, g} of
H(2). Then € = P, + P, and {e, n = P1 — Py} is clearly a basis for H(2)*. Now let
X=exgand Y = 1. Since p_ = P = %,u and p_ 4Pg:—%,m we obtain
that

X?=(exg)(exg) =exl—2(p_ —e)(p_ —¢) =1,

XY =YX=uxg,

Y2 =42l —2(p- = p)?xp. =exl—ex2p. —exag=X,
which are the multiplication rules that we stated. A computation as in the proof
of Proposition 2.8 shows that the reassociator of D(H(2)) has the desired form.

Since H(2) is commutative and cocommutative, 3 = 1 and @71 = & = Y2RY1xY?3,
by (1.35) we have

Al h) = pip* = @2 i pyX'hy © XTX? — 1 b1 XFho,
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for all ¢ € H(2)* and h € H(2). On the other hand,
pp’ @ X' © XTX° © X3
(P+®1@lel-p @ge1e1)(1-20p-@p- @p;)

= prR1lRI®1I-—-p_Q9R1Q®1-2Qp_ Qp_ @p4.

We then have
AX)=Alexg)=exgexg=XQX,

and since A(Py) = Py ® Py + Py ® Py and A(Py) = Py ® Py + Py ® Py we get that
A(p) =A(P, — Py) = (P — P,)) ® (P1 — P;) = p ® p, and therefore
AY)=pr = puxl@ueal—p_ = pug@ueal —2uxp_ @p_ — p>xpy

_ fXY®Yf%(YfXY)®(Y+XY)

1
= (VY +XYaY+YaXy -XYeXY),

as needed. It follows from (1.36) that e(X) =1 and e(Y') = —1.
Finally, in our particular situation (1.38) takes the form

S(p>ah) = pip?Utf? — oapU% f1h
forall p € H(2)* and h € H. But pip?f2@pifl = U'®@U? = g®1, so the antipode
for D(H(2)) is the identity map. Obviously, a =exg=X, f=exx1 =1, and
our proof is complete. O

Remark 2.11. Since pip?®@pi = p, ®1—p_®g we have from (1.40) that the canonical
R-matrix for D(H(2)) is R = pf ®1—pX ® XY, where, as usual, pf = %(1 + X).

At first sight there is no relationship between D(H(2)) and H(2) ® H(2), so it
comes as a surprise that these two Hopf algebras are twisted equivalent. To show
this, we will use the structure of the quantum double associated to a factorizable
quasi-Hopf algebra, see [2].

Recall from [2] that a QT quasi-Hopf algebra (H, R) is called factorizable if the
k-linear map Q: H* — H given for all x € H* by

(2.13) Q(x) = (x, S(X35°) fL R*r U XP) X S(XTp') f2 R0,

is bijective. Here ! ® 72 is another copy of R, and U = U' @ U?, f~! = ¢' ® ¢°
and pr, = p' ® p? are the elements defined by (1.41), (1.16) and (1.20), respectively.
The first step is to prove that H(2) is a factorizable quasi-Hopf algebra.

Proposition 2.12. For (H(2),R) with R as in Proposition 2.6 the map Q from
(2.13) has the following form for all x € H(2)*

Q(x) = x(M)p- + x(9)p+-

Since {p—,p+} and {1,g} are bases for H(2) it follows that Q is bijective, so H(2)
is factorizable.

Proof. For H(2) the element py, has the form
pr=X'X?0X’=1-2p ®p =1-(1-g)®p_=10p, +g®p_=f.

Also, we can easily see that X1 X? ® X7X? = 1 and since f is an involution we
conclude that
X3XPp° ' o XTXTp' 7 = 1.
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On the other hand, since w? — 2w = —2 it follows that R*r! @ R'r? = (1 —wp_ ®
p_)?=1-2p_®p_. We have already seen that U = g ® 1, and therefore

S(X3p*) ' R*rIUTX? @ X1 S(XTpY) PRI U
=(1-2p-@p_)(g@l)=10p_ +g®@p;.
It is now clear that Q(x) = x(1)p— + x(¢)p+, for all x € H(2)*, and this finishes
the proof. 0O

The structure of the quantum double of a finite dimensional factorizable quasi-Hopf
algebra (H, R) can be found in [2, Theorem 5.4]. More precisely, since (H, R) is
quasi-triangular there exist two quasi-Hopf algebra morphisms 7,7 : D(H) — H
covering the natural inclusion ip : H — D(H). They are given by the formulas

m(p 21 h) = p(¢*R")q' R*h and 7(ip 5 h) = 9(¢°R )g'R b,
for all p € H* and h € H, where R~! = R ®R2. Now, if we define
(2.14) F=Y!'2' X'y @ V)2’ R2X3? @ Y22 R' X2y @ Y32,
and U = ngZ ® EZgl, then F' is a twist on H ® H, U is an invertible element
of H® H and ¢ : D(H) — (H ® H)Y, given by ((D) = #(D;) ® m(D>), for all

D € D(H), is a quasi-Hopf algebra isomorphism. We make this result explicit for
the quasitriangular quasi-Hopf algebra (H(2), R).

Proposition 2.13. Let X, Y be the algebra generators of D(H (2)) defined in Propo-
sition 2.10, and x,y the generators of H(2) ® H(2) = k[Cy x Cy], the quasi-Hopf
algebra described in FExample 2.9. Let w4 = 1+ 14 and consider the elements

Uil =ps®1+p_®g+wip_ @p_,

Fi=1-2p"pY @p®pf —2pTp? @p*p” —wip? @p?,
where p%. = (1 £ z) and pf = (1 +y). Then the maps ¢+ : D(H(2)) —
(H(2) ® H(2))g:, given by

1
(X)) =ay, (V) =-14wip® +wep? = —§(wix + wry),
are quasi-Hopf algebra isomorphisms.

Proof. Since H(2) is a factorizable quasi-Hopf algebra everything will follow from
the general isomorphism presented above. For H(2) we have qr = 1 ®pL —gQp_.
Also, it is easy to see that the inverse of Ry = 1—w4p_Qp_ is R+ = 1 —w+p_®p_,
and therefore

PRL®¢'RL =p @1-p ©g—wip @p-,

—2 —1

RL®q¢'Ry = Q2Rl¢ (Y qui =py®l—p_®g—wsp_ @p_.
From the structure of D(H(2)) in Proposition 2.10 we compute that m(X) =
(X)) =gy,

m(Y) =m(ueal) = plpy)l — p(p-)g — wep(p-)p- = —g —wp—,

and, in a similar way, 7(Y) = —g — wrp—. We get that 7(XY) = -1+ wip_ and
T(XY)=—-1+wsp_,s0(+(X)=9g®¢g=uxy and

1
(V)= -3(r@H) (Y 8Y + XY Y +Y 0 XY - XY @ XY).
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After some straightforward computations we obtain
(V)@ 7(Y) =2y +2p~p” + wiap? +wzyp®,
T(XY)@7(Y) =2 —2p°p? —wiap’ +wep?,
(V)@ #(XY) =y —2p2p? +wip? —wryp?,
T(XY)@7(XY)=1+2p"p” —wip’ —wzp”.

Thus, we can compute:
1
() = —i(fﬂy +x4+y—1—4p"pY 4+ 2wip? + 2wep”)

= l-z-y—wip! —wep?
= —14+2-we)p? + (2 —-wt)p? = -1+ wip” +wep?,
and this is exactly what we need. Finally, one can easily see that the corresponding

elements Uy and Fy for (H(2), Ry ) are exactly the ones defined in the statement,
we leave the details to the reader. O

Remarks 2.14. 1) Keeping the notation used in Proposition 2.13, we have that
(€t ® (e ® (1 )(Px) = Pyy :=1— 29 ®@ pZ¥ @ pZ,

where @ is the reassociator of D(H(2)) and p” := $(1 — zy). We then have that
®,, is a 3-cocycle for k[Cy x Cs] and @,y = (D, )r = (PP, ), because of (1.8).
Here @, = 1—2p” @p? ®p¥ is the 3 cocycle on k[Cy x O3] corresponding to y. In
other words we have proved that the 3-cocycles ®,, and ®,®, are equivalent.
2) Tt follows from Proposition 2.13 that k[C4] and k[Cy x C5] are isomorphic as
algebras if char(k) # 2 and k contains a primitive fourth root of 1. This is well-
known and can be easily seen directly: k[Cy4] and k[Cy x C3] are isomorphic (as
Hopf algebras even) to their duals and the two duals are both isomorphic to k* as
algebras. More explicitly, we have the following: {; = 7o (3 o a, where a, 3, are
the following three algebra isomorphisms. {ej,es, e3,e4} is the standard basis of
k4.

a: k[Cy =k[Y]/(Y* = 1) = k', a(Y) = e +iey — e3 — iey;

B k* — k[Cy x O] = k[, y],

Bler) = piph, Ble2) = ppl, Bles) =pip’; Bles) = pLp¥;
7 k[Cy x Co] — k[Ca x Col, y(x) = a2y, v(y) = —z, v(zy) = —y.

3. THE PIVOTAL STRUCTURE OF g M WHEN H 1S INVOLUTORY

If C is a monoidal category with left duality, then the functor (=)** : C — C is
strongly monoidal: we have an isomorphism ¢ : I — I™*, and for V.W € C, we
have the following family of isomorphisms in C:
Awe e AgL)*
dvw: VW TEST (Wre vt IR (Ve W)t
Avw : W@ V* — (V@ W)* is the isomorphism described in [19, Proposition
XIV.2.2]), and ()\‘_/,1‘4,)* is the transpose in C of the morphism )‘\_/,lwv see [19, XIV.2].
By definition, a pivotal structure on C is an isomorphism 7 between the strongly
monoidal functors Id and (—)**. This means that 7 is a natural transformation
satisfying the coherence conditions

(3.1) ovw o (v ®iw) = tvew, Po = 11.



INVOLUTORY QUASI-HOPF ALGEBRAS 15

The importance of pivotal structures lies in the following fundamental result of
Etingof, Nikshych and Ostrik [13, Prop. 8.24 and 8.23]. Recall first that the
category C = g M of finite dimensional left modules over a quasi-Hopf algebra
H is monoidal with left duality. The structure is the following. If U, V, W are left
H-modules, define ayy,w : (U V)W - U® (V®W) by

avyw(u®@v)@w) = (u® (v w)).

Then g M becomes a monoidal category with tensor product ® given via A, as-
sociativity constraints ay,v,1, unit k as a trivial H-module and the usual left and
right unit constraints. In addition, every object V of C has a (left) dual object V*,
the linear dual of V', with left H-action (h - p,v) = (p,S(h) - v). The evaluation
and coevaluation maps are given by the formulas

evy (e ®v) = p(a-v), coevy (1) = Zﬁ cv; @V,

for all ¢ € V* and v € V. Here {v;}; is a basis of V with dual basis {v'}; in V*.
The next result was proved in [13, Prop. 8.24 and 2.3].

Theorem 3.1. If H is a semisimple quasi-Hopf algebra over an algebraically closed
field of characteristic zero then g M has a unique pivotal structure j : 1d — (—)**
such that for any simple object V. of C, dim; (V) = dimy(V), where dim (V) :=
evy« o (Jy @ idy«) o coevy is the (categorical) dimension of V in C.

The aim of this Section is to compute explicitly this unique pivotal structure for
an involutory quasi-Hopf algebra H. Note that, due to the trace formula proved in
[8], H is semisimple, so that Theorem 3.1 can be applied.

We first give a description of all pivotal structures on g M, when H is finite
dimensional. For this, we do not need any assumption on the groundfield k.

Proposition 3.2. Let H be a finite dimensional quasi-Hopf algebra over a field k.
Then we have a bijective correspondence between pivotal structures i on C = g M
and invertible elements g; € H satisfying

(3.2) S?(h) = g; 'hg;,
for all h € H and
(3:3) Agi) = (8: ® 8:)(S ® ) (") ],

where f = f' ® f? is the Drinfeld twist defined in (1.15) and fo1 = f?> @ f*.

Proof. Since H is finite dimensional its antipode S is bijective, cf. [3].

Let V € gM™M. We have a k-linear isomorphism V — V** and V** can be
regarded as V with newly defined left H-action h-v = S?(h)v.

It has been pointed out in the literature (see [25, 29]), that there is a bijective
correspondence between natural isomorphisms between the functors Id and (—)**
and invertible elements g; € H satisfying (3.2). Let us sketch this correspondence.
Let i : Id — (—)** be a natural isomorphism, and let g; = S2(i;' (1)), & = iz (1).
For all h € H, we have ig(h) = S?(h)&; and i;'(h) = S~2(hg;). In particular,
1 =i (t;) = S72(t;g;) and 1 = ig(S™%(gi)) = @it;, hence & = g;'. Now take
V € gMM and fix v € V. From the naturality of i, we deduce that iy (v) =
(iv o f)(1) = (foig)(1) = g; 'v. This means that i is completely determined by
gi

(3.4) iv(v) = g; .
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Now take V = H and v = h. (3.4) tells us that S?(h)g; ' = ig(h) = g; *h, and it
follows that (3.2) is satisfied.
For H a quasi-Hopf algebra and C = ;M the isomorphisms Av,w were computed
in [1, Proposition 4.2], namely

v (W™ @ o) (v @ w) = (v*, f1-o)w”, f2 - w),
forallv € V, w € W, v* € V* and w* € W*, where f = f! ® f? is the Drinfeld
twist defined in (1.15). Observe that the isomorphism Ay is denoted ¢y, in [1].
It is not difficult to see at this point that /\\7114/ is given by

A () = (" v ® g7 wy)w! @ v
"j

for all ¢ € (V @ W)*, where {v;}; and {v'}; are dual bases of V and V*, {w;};
and {w7}; are dual bases of W and W*, and f~! = g' @ ¢? is the inverse of the
Drinfeld twist.
It is then easy to establish that the first condition from (3.1) is equivalent to the
following equivalent conditions:
pv,w (iv(v) @ iw (w)) = ivgw (v © w)
< Awe v (iv(v) @iw(w)) o )\x_/,lw =ivew(v®w)
Aw, v+ (iv (v) ® iw (w))(w* @ v*) = ivew (v w)(Av,w (w" @ v7))
iw (w)(f' - w )iy (0)(f* - 0*) = Avw (w* @ 0*) (g7 - (v O w))
v(S(fgrt  vw(S(fert - w) = vt (F (g7 D1 v)w (e )2 - w),
foral VW eC,veV,weW,v* € V* and w* € W*. Since H is an object of C,
this last condition is equivalent to
Algr ) =/ (S®8)(fa)ei ' @9;7),

which is equivalent to (3.3). Now take z € k. It follows from (3.4) that ji(x) =
e(g; 1)3:. Since ¢g : k — k** is the identity, we see that the second condition from
(3.1) is equivalent to e(g;) = 1. If (3.3) is satisfied, then £(g;)? = £(g;) (apply e® &
to (3.3)), and it follows that £(g;) = 1. This completes our proof. O

Tt e

The categorical dimension corresponding to ¢ is now given by the formula
(3.5) dimy (V) = o' (g; ' 8S (@) -vi) = > v (@:S(B)er - vy),

for all V € C.
The element g corresponding to the unique pivotal structure j in Theorem 3.1 was
computed in [25]. Since H is semisimple there exists a (left and right) integral A
in H such that ¢(A) = 1, cf. [28]. By [25, Corollary 8.5] we then have

g = ¢’ A2p®S(q' Aip?),
where pr = p! ® p? and qr = ¢' ® ¢* are the elements defined in (1.19). We
should note that the above formula for g can be immediately obtained from the
trace formula proved in [8]. An alternative way to compute g can be found in [29,
Lemma 3.1], in the case where 3 is invertible.

If H is an involutory quasi-Hopf algebra, then S? is inner, and induced by 3S(«).
We will now show that the invertible element g corresponding to unique pivotal
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structure on C is precisely 3S(a). In particular, g~ = S(3)a, and the equalities
in (3.5) become trivial.

Proposition 3.3. Let H be a finite dimensional involutory quasi-Hopf algebra over
an algebraic closed field of characteristic zero. Then the element g corresponding
to the pivotal structure j in Theorem 3.1 is equal to BS(«).

Proof. By [3, Lemma 2.1], we have for any left integral ¢ in H that
t @ty = Bq't ® ¢*ty = ¢'t1 @ STH(B) g ta.

Replacing H by H°P we find for any right integral r in H that,
Q1 = rlplsfl(a) @ rop? = rip' @ rop?ar.

Now, since A is both a left and right integral in H we compute:

g =q’Nap?S(q'A'p') = STHB AP S(A1p") = STH(BT)Aza T S(Ay)
(2;4) e(M)STH(pHa™t = BS()S(BHS(B)aa™t = 3S(a).

In the penultimate equality, we used (2.1) in its equivalent form, S~1(h) = 8S(«)
S(h)S(B)a, for all h € H. O

Assume that H is an involutory quasi-Hopf algebra. It is a natural question to ask
whether the Drinfeld double D(H) is also involutory. We will present a sufficient
condition in Proposition 3.4. In order to simplify the computations we need the
following formulas

(3.6) fir' ® f20°S(f%) = ¢'S(@*) ® ¢*S(3"),
(3.7) S(UHG'UF © U5 =,

where pr = p! ® p? and qr, = ¢' ® ¢ are the elements defined in (1.19) and (1.20),
and f = f'®f? is the Drinfeld’s twist defined in (1.15) with its inverse f~! = g'®@g?
as in (1.16). (3.6,3.7) follow easily from the axioms and the basic properties of a
quasi-Hopf algebra.

Proposition 3.4. Let H be an involutory quasi-Hopf algebra such that

(3-8) A(S(B)a) = FH(S ® 8)(f21)(S(B)ar ® S(B)a),

where for = f2® f1. Then D(H) is an involutory quasi-Hopf algebra.
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Proof. For all p € H* and h € H we compute:
Sh(p > h)
——1
= Sp(piU' =5 (p) = f2S71(p*) > p3U?) (e > S(S(h) f1))
U39 (s SEUHFYPU =5 (piU" =5 (0) < 257 (7))
— F2S7HP*) pa PyUP) (e S(f1)) (e > S2(h))
(8130 (S(pU)1g"S@)U' DS (1) =5 ()
— S(p1UN)q STH(S(p3U?)29%) > (S(3U?)19"S(3°))2U?S(F1)) (e > % ()
AL (gl S PUERUPPS(f2) = 5 () < SN UESH(g?)
> g2 S(p' G2 U3 )oaUS(f1)) (e >a 5% (h))
AL (LGSR ) = § (9) = SWNTUIS T (?)
1 9G2S (f1 G U, 1)) (e > S*(h))
GO glGUS(fPF) = 5 () < P (g?) s s GPS(F ) S (),
where U @U?, F'®@F? and G' ® G? are second copies of U, f and f~!, respectively.
Using (3.8) twice and (1.11) we obtain that

(A @id)(A(S(F)a))
= G S(f*F5)S(B)a @ g, G*S(f1FT)S(B)a ® g*S(F)S(B)a.
By (2.1) and (2.2) we have
S(BS(a)) = $*(a)S(B) = S(B)a*BS(Ba) = S(Ba’a™! = S(B)e,
or, equivalently, S~(S(8)a) = 3S(a). We then have
(e > S(B)a)(p > h)(e > aS(B))
U0 glGrS(FAE)S(0 )aéww )57 S (F)) b g3 G2S(F* f7)5% (1)
= Q%G S(szz)
= SD(SO > h),

for all p € H* and h € H, and this means that D(H) is an involutory quasi-Hopf
algebra. O

() = FLS7(g?) g3 G2S(f1FD) S (h)

Remarks 3.5. 1) The formula (3.8) holds for any finite dimensional involutory quasi-
Hopf algebra over an algebraic closed field of characteristic zero. Indeed, by Propo-
sition 3.3 we have g~ = S(8)a, so (3.8) follows from (3.3). Moreover, we believe
that (3.8) is satisfied for an arbitrary involutory quasi-Hopf algebra; this would
imply that H is involutory if and only if D(H) is involutory. Somehow this should
follow naturally from the equality A(S?(h)) = A(S(B8)ahBS(«)) which is equivalent
to

A(S(B)a)A(h)A(BS ()
= 718 @ 8)(fa1)(S(B)a @ S(B)a) A(h)(BS(a) ® BS(@))(S ® 8)(f5')f-

2) For H(2), the condition (3.8) reduces to A(g) = g ® g which is just part of the
definition of H(2). So Proposition 3.4 gives a new proof for the fact that D(H(2))
is involutory.
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3) One of the aims in [25] was to compute the Frobenius-Schur indicator for the
irreducible representations of D (G). Note that D¥(G) is a particular case of the
quasi-Hopf algebra D“(H) roughly described in Example 2.5 1). Thus D¥(G) is an
involutory quasi-Hopf algebra, so the element g corresponding to D“(G) is 3, and
its inverse is 371 = S(B).

4. REPRESENTATIONS OF INVOLUTORY QUASI-HOPF ALGEBRAS

The goal of this Section is to study the representations of an involutory quasi-
Hopf algebra H over a field k. In the case where H is semisimple, we will show
that the characteristic of k does not divide the dimension of any finite dimensional
absolutely simple H-module. Following [9, Definition 3.42] a left H-module V is
called absolutely simple if for every field extension k C K, K®V is a simple K ® H-
module or, equivalently, if every H-endomorphism of V' is on the form ¢ idy for
some scalar ¢ € k (see [9, Theorem 3.43]).

The case when H is not semisimple is treated as well. In this case the characteristic
of k divides the dimension of any finite dimensional projective H-module.

In the case of Hopf algebras, the first result was initially proved for Hopf algebras
by Larson in [22] and afterwards by Lorenz [24] in a slightly more general shape.
The Hopf algebra version of the second result is also due to Lorenz [24].

Before we are able to prove these results over involutory quasi-Hopf algebras, we
need some preliminary results.

Let V and W be left H-modules and denote by Homg (V, W) the set of H-linear
morphisms between V' and W. If V is finite dimensional then Hompy(V, W) =
Hompg (k,W ® V*) as k-vector spaces. Actually, this isomorphism works in any
monoidal category C, in the sense that for any object V of C admitting a left dual
object V* and for any W € C we have Hom¢ (V, W) = Home (1, W ® V*), where 1
is the unit object of C. Indeed, it is well-known that

Home (V, W) 9 — (; vy gy Leldvy W®V*) € Home (1, W @ V*)

is an isomorphism in C; its inverse is given by

-1
Home (LW @ V™) 3¢ — <Vl—v»1®v@ WaV)eV

aw,v* v Idw ®evy
—_—

We (Vs eV) Wel - W) € Home (V, W),
where a,l,r are the associativity, and the left and right unit constraints of C.

In particular, if V € gM/? then Endy (V) := Hompg(V,V) is isomorphic to
Hompg (k,V ® V*), as k-vector space.

Secondly, for any morphism a : V — V** in g M the categorical trace Try (a) of
a is defined as the scalar corresponding to

coevy

kO y gy LBy pee g pr SVS
We are now able to prove one of the main results of this Section.

Theorem 4.1. Let H be a semisimple involutory quasi-Hopf algebra over a field
k of characteristic p > 0. Then p does not divide the dimension of any finite
dimensional absolutely simple H-module.
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Proof. Since H is involutory we have S%(h) = g~'hg, for all h € H, where g =
BS(a) and g=! = S(B)a is its inverse in H. Then for any V € g M we get that
a:V — V** defined by a(v)(v*) = v*(g=* - v), for all v € V and v* € V*, is an
isomorphism in y M. Moreover, its categorical trace Try (a) coincides with the
usual k-dimension of V. Indeed, if {v;} is a basis in V with dual basis {v’}

in V* we then have
n n

Try (a) = Za(ﬁ~vi)(a~vi) = Z( g ' i) Zv (Ba)af-v;) = dimg(V),

i=1 i=1

i=1,n i=1,n

because of Lemma 2.2.

Assume now that V' is a finite dimensional absolutely simple H-module. Thus
V € gMF? and dimy(Endg(V)) = 1. We claim that Try,(a) # 0; this would imply
that dim (V) # 0, as required.

By the way of contradiction, if Try (a) = 0 we then obtain a sequence

0k VY vy evyx (a®Idy *) E—

in g M/ with Tm(coevy) C Ker(evy«(a ® Idy~+)). Since H is semisimple & is a
projective left H-module, and so we get a sequence in M,

coevy

0—k —» Homp(k,V & V*) —+ k — 0,

with ¢ and v k-linear morphisms satisfying Im(¢) C Ker(v). Now, if ¢ : k —
Hompy(k,V ® V*) is a k-linear map such that v¢p = Idy and 6 := v then
6% = 0, hence Hompy (k,V ® V*) = Im(0) @ Ker(f). Taking into account that
Im(f) = Im(v)) = k and that Ker(d) = Ker(v) 2 Im(¢) = k it follows that
dimy (Hompg (k,V @ V*)) > 2. Thus 1 = dimg(Endg(V)) = dimg(Hompg (k,V ®
V*)) > 2, a contradiction. O

Remark 4.2. Some arguments in the preceding proof have also been used in [13] in
the context of fusion categories.

Using Schur’s Lemma and Theorem 4.1, we immediately obtain the following result.

Corollary 4.3. Let H be a semisimple involutory quasi-Hopf algebra over an alge-
braically closed field of characteristic p > 0. Then p does not divide the dimension
of any finite dimensional simple H-module.

We will now focus attention to the case where H is not semisimple. Let V and W
be two left H-modules. Then Homy (V, W) is a left H-module, with structure given
by the formula (h - ¥)(v) = hq - ¥ (S(he) - v), for all h € H, ¢ € Homy(V, W) and
v € V. Furthermore, if V' is finite dimensional then Homy (V,W) = W @ V* as left
H-modules. To see this take {v;} a basis in V with dual basis {v*} and
define

i=1,n i=1,n

& Homy (V, W) 3 x +— Zx(vi)@)vi EWRV™.
i=1
Then £ is a left H-linear isomorphism with
ELWRVF 3w — (v v (v)w) € Homg(V, W).
(The verification of all these details is left to the reader.) In particular, if V is a
finite dimensional left H-module then Endg (V) := Homg(V,V) =2 V ® V*, as left
H-modules.
In order to simplify the proof of Theorem 4.5, we first need the following result.
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Proposition 4.4. Let H be a finite dimensional quasi-Hopf algebra and P, Q finite
dimensional projective left H-modules. Then:
(i) P* = Homy(P, k) is a projective left H-module;
(ii) P®Q is a projective left H-module, where the H-module structure of P®Q
1s defined by the comultiplication A of H;
(ii) Endg(P) is a projective left H-module.

Proof. (i) Note that, if V' is a left H-module then V*, the linear dual space of V, is
a left H-module via the H-action (h-v*)(v) = v*(S(h)-v), for all v* € V*, h € H
andv e V.

Since P is finite dimensional it follows that P is a finitely generated projective
left H-module. Therefore, there exists n € N and a left H-module P’ such that
P @ P = H™ as left H-modules. Thus

(H"™)* = Homy(H", k) = Homy (P & P’ k)
= Homy (P, k) ® Homy (P’ k) = P* & P,

as left H-modules. Now, H is finite dimensional, so from the proof of [18, Theorem
4.3] we know that the map

H>hw— (K — XRWS(h)) € H

is bijective. Here A is a non-zero left cointegral on H, we refer to [18] for the
definition of a left cointegral. Replacing H by H°P“°P we get that H = H* as left
H-modules.

Then we obtain that H™ = (H*)™ = (H™)* = P* & P'*, as left H-modules, so P*
is a projective left H-module.

(ii) We follow the same line as above. There exist n, m € N and two left H-modules
P’ and @’ such that P® P’ = H"™ and Q ® Q' = H™, as left H-modules. We then
have

(HoH'™ =H"@H" = (P Q)& (PoQ) e (P oQ) e (P 8q),
as left H-modules. It now suffices to show that H ® H, with the diagonal H-action,
is free as a left H-module. To this end, we will show that the map

p: Ho H— H®H, u(h@h')=q¢*hh, @ S~H(G'h))h,

is a left H-linear isomorphism. Here we denoted by .H ® .H and .H ® H the k-
vector space H ® H, respectively with the diagonal left H-action, and left H-action
given by left multiplication. ¢r = ¢' ® ¢° is the element defined in (1.20). For all
h,h',h" € H we have that

PO - (R ) = (AR & BER) = PNy oy @ 5@ B
C20 pr@hy @ STU G, = W u(h @ I),
proving that p is left H-linear. It is easy check that the map
p i HoH— H® H, p ' (h@h) =hp'h @ hop?

is the inverse of ;1. More precisely, (1.23) and (1.28) imply that u~! o u = id, while
(1.24) and (1.27) imply that o pu~! = id, we leave the verification of the details to
the reader.

(iii) If P is finite dimensional, then Endy(P) = P ® P* as left H-modules. (iii) is
now an immediate application of (i) and (ii). O
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We are now able to prove the second important result of this Section.

Theorem 4.5. Let H be a finite dimensional involutory quasi-Hopf algebra over a
field of characteristic p > 0. If H is not semisimple, then p divides the dimension
of any finite dimensional projective H-module.

Proof. Let P be a finite dimensional projective left H-module and suppose that p
does not divide dimy(P). If a : P — P** is the isomorphism in 5 M7? defined in
the proof of Theorem 4.1, specialized for V' = P, then Trp(a) = dimg(P) # 0 in k,
and so coevp : k — P ® P* is a split monomorphism. Hence, k is isomorphic to a
direct summand of P ® P* which is a projective left H-module by Proposition 4.4.
It follows that k is a projective left H-module.

Now, since ¢ is left H-linear and surjective, we obtain that there exists an H-linear
map ¥ : k — H such that € o d = idy. Then t = J(1;) is a left integral in H since

ht = h9(1y) = O(h - 1) = e(h)9(1x) = e(h)t,

for all h € H. Moreover, (t) = e(9(1x)) = 1k, so by the Maschke-type Theorem
proved in [28] we obtain that H is semisimple, a contradiction. |

5. INVOLUTORY DUAL QUASI-HOPF ALGEBRAS WITH NON-ZERO INTEGRALS

Let H be a finite dimensional quasi-Hopf algebra over a field of characteristic p > 0.
It was proved in [8] that

Tr (h — BS(a)S?*(h)S(B)ar) = e(r)A(S~(a)B),

where r is a non-zero right integral in H (this means a left integral in H°P) and
A is a non-zero left cointegral on H such that A(S(r)) = 1. In particular, if H is
involutory it follows from Lemma 2.2 that S(a)S?(h)S(8)a = h, and

dimy (H) = Tr(idg) = e(r)A\(S7(a) ).

Thus a finite dimensional involutory quasi-Hopf algebra is both semisimple and
cosemisimple if and only if dimy(H) # 0 in k. We recall from [18, 8] that H is
called cosemisimple if there is a left cointegral on H such that A(S~™!(a)B) # 0.
Consequently, we obtain that a finite dimensional involutory quasi-Hopf algebra
over a field of characteristic zero is always semisimple and cosemisimple.

By duality, we obtain that a finite dimensional involutory dual quasi-Hopf algebra
over a field of characteristic zero is both semisimple and cosemisimple. The aim of
this Section is to study the infinite dimenensional case. In fact, we will prove that
an involutory co-Frobenius dual quasi-Hopf algebra over a field of characteristic
zero is cosemisimple. Our approach is based on the methods developed in [10].
Throughout this Section, A will be a dual quasi-Hopf algebra. Following [27], a
dual quasi-bialgebra A is a coassociative coalgebra A with comultiplication A and
counit € together with coalgebra morphisms m4 : A® A — A (the multiplication;
we write ma(a ® b) = ab) and 14 : k — A (the unit; we write n4(1) = 1), and an
invertible element ¢ € (A® A® A)* (the reassociator), such that for all a,b,¢,d € A
the following relations hold (summation understood):

(5.1) a1(bier)p(az, ba, c2) = w(ag, by, c1)(azbs)ca,

) la =al = a,

) @(a1,by, crdr)p(azby, ca,d2) = p(by,c1,d1)p(a1, baca, da)p(az, bz, c3),
) v(a,1,b) = e(a)e(b).
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A is called a dual quasi-Hopf algebra if, moreover, there exist an anti-morphism S
of the coalgebra A and elements «, 3 € H* such that, for all a € A:

(5.5)  Slar)a(az)as = afa)l, a18(az)S(as) = B(a)l,

(5.6)  @(a1f(az),S(as), alas)as) = ¢~ (S(a1), a(az)as, B(as)S(as)) = e(a).

It follows from the axioms that S(1) = 1 and «a(1)3(1) = 1, so we can assume that
a(l) = (1) = 1. Moreover (5.3) and (5.4) imply

(5.7) ©(1,a,b) = p(a,b,1) = e(a)e(d), ¥V a,b € A.

Note that, if A is a dual quasi-bialgebra then A*, the linear dual space of A, is an
algebra with multiplication given by the convolution and unit €.
We call a dual quasi-Hopf algebra A involutory if

(5.8) S%(a) = B(S(a1))alas)azB(as)(S(as)), V a € A.

The proof of the following result is formally dual to the proof of Lemma 2.2 and
Proposition 2.4, and is left to the reader.

Proposition 5.1. Let A be an involutory dual quasi-Hopf algebra. Then (80 S)a
is convolution invertible with (30 S)a)™! = B(a o S). In particular, the square of
the antipode is coinner, so the antipode S is bijective.

Moreover, the elements « and 3 are convolution invertible and for all a € A the
following relations hold:

S(az)a (az)a; = a ()l and azB ' (az)S(a1) = B (a)l.

Let A be a dual quasi-Hopf algebra. The connection between integrals and the
ideal A*3% was given in [3]. A*™* is our notation for the left rational part of A*,
and coincides with the right rational part of A*, see [3]. Also recall that a left
integral on A is an element T' € A* such that a*T = a*(1)T, for all a* € A*, and
that fl is the standard notation for the space of left integrals on A. Finally, note
that A*at =£ 0 if and only if fl # 0, if and only if A is a left or right co-Frobenius
coalgebra. In this case dimy([;) =1 (see [3]).

Now let 0: A® A — A* be defined by o(a®b)(c) = ¢(c,a,b), for all a,b,c € A. o
is convolution invertible, with inverse given by o~!(a ® b)(c) = ¢~ 1(c, a,b), for all
a,b,c € A. Now define 0% : [,®@A — A* by

0" (T @ a) = 0(S(as) ® a(ag)ar)(T ~ as)o ™" (S(as) ® B(S(a2))S5?(a1)),

for all T € [, and a € A. The right A-action «— on A* is given by (a* «— a)(b) =
(a*,bS(a)), for all a* € A* and a,b € A. It is proved in [3, Proposition 4.2] that 6*
is a well-defined isomorphism of right A-comodules.

Assume that S is bijective, and define the elements pg,qr € (A ® A)* by

(5.9)  pr(a,b) = ¢ (a,b1,5(b3))B(b2), ar(a,b) = ¢(a,bz, S~ (br))a(S"(b2)).
Then the map 6* can be written in the following form:
0" (T @ a)(b) = qr(b1, S(a3))T (b25(az))pr(bs, S(a1)),

for all a,b € Aand T € [,.
Let A be a co-Frobenius dual quasi-Hopf algebra with non-zero left integral T'. For
every a* € A*3t there exists a € A such that

(5.10) a*(b) = wr(b, S(a)),
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for all b € A. The map wr : A® A — k is defined by the fomrula
(5.11) wr(b, a) = qr(by, a1)T (b2a2)pr(bs, as),

for all a,b € A. The next two Lemmas will be crucial in the sequel.

Lemma 5.2. Let A be an involutory dual quasi-Hopf algebra, and T o left integral
on A. The map wr satisfies the following formula, for all a € A:

(5.12) wr(az, S(a1)) = T(1)B(S(a1))alaz).
Proof. For all a,b € A, we have
(5.13) qr(a1, S(b2))B(bs)T (a2S(b1)) = T(aS(b)).

This formula is the formal dual of the first equality in [3, Lemma 2.1, (2.3)].
Also, from (5.8) and Proposition 5.1 we have for all a € A that

(5.14) a = B(a1)a(S(az))S?(a3)B(S(as))a(as).
We then compute, for all a € A that
(5.14)

wr(az,S(a1)) =" PBlaz)a(S(az))wr (5% (as), S(a1))B(S(as))oag)

OV n(52(ag), S(as))Blas)a(S(as))T(S*(az) S (az))

- xpr(S2(as), S(a1))B(S(as))a(aro)

Y alS(as))T(5%(00)8(02)pn(S%(as), 5(a1)3(S as) alar)
2 Ta(S(a)pa(5*(as). S(ar)0 S<a4>2a< as)

T(1)e(S(a1))B(S(az))a(az) = T(1)5(S(ar))a(az),

as claimed, and this completes the proof. 0
Our next result is a generalization of [10, Lemma 1].

Lemma 5.3. Let H be an involutory dual quasi-Hopf algebra with a non-zero left
integral T and J a finite dimensional non-zero left A-subcomodule of A which is a
direct summand of A as a left A-comodule. Then dimy(J) = ¢T'(1), for some scalar
cek.

Proof. Let J' be a left A-subcomodule of A such that J @& J' = A, and define
a* € A* by a*(a+d') = ¢(a), for a € J and @’ € J'. Since J is finite dimensional
it follows that Ker(a*) contains a left A-subcomodule of A of finite codimension.
It then follows from [11, Corollary 2.2.16] that a* € A**#' and we have an element
a € A such that a*(b) = wr(b, S(a)), for all b € A.

For all b,c € A, we have the following formula (cf. [3, (4.16)])

qr(bz, S(c2))T(b3S(c1))br = qr(b1, S(c2))T(b25(c1))es,
Using this formula and the definition of wr we compute that
a* — b = a*(bg)bl = wT(bg, S(a))b1 = qR(bg, S(ag))T(ng(ag))pR(b4, S(al))bl
= qr(b1,5(a3))T(b25(az))pr(bs, S(a1))as = wr(b, S(a1))asz,

for all b € B. Now consider a basis {a;},
then write

=17 for J and {a@)} e a basis for J’ and

Zb ®a;+ Yy by @dy

A€EA
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for some elements b;, b} € A. We then have
a; = e((a;)2)(a;)1 = a*((a;)2)(a;)1 = a” — a; = wr(a;, S(a1))as
= > wr(a;, S(:)ai + > _ wr(a;, S(b)))d),
i=1 AEA
for any j € {1,--- ,n}, so
wT(aj, S(bl» = (52‘73‘ and (,UT(CLJ‘7 S(b//\)) = 0,
for all 4,5 € {1,--- ,n} and XA € A, where §; ; is the Kronecker’s symbol.

In a similar way, we compute for all A’ € A that

0= a*((ay)z2)(ay)1 = a* — a, = wr(dy,S(a1))az

wr(ay,, S(b;))a; + Z wr(dal,, S(by))a)
AEA

i=1
We find that wr(a),, S(b;)) = wr(ay,,SO,)) =0, foralli € {1,--- ,n} and A, \ €
A. Tt follows now that

dimg (J) =Y wr(a;, SB:) + > wr(dy, S(b))) = wr(az, S(ar)).
i=1

NE

AEA
From Lemma 5.2 we conclude that dimg(J) = T(1)5(S(a1))a(asz), so dimg(J) =
cT'(1) for ¢ = B(S(a1))a(az), as claimed. O

We can now prove the main result of this Section, generalizing [10, Theorem 2].
The remaining arguments are a purely coalgebraic flavour, and are identical to the
arguments in [10].

Theorem 5.4. Let A be an involutory dual quasi-Hopf algebra with non-zero inte-
gral over a field of characteristic zero. Then A is cosemisimple.

Proof. We have that A is an injective left A-comodule, so there exists an injective
envelope J of k1,4 such that J C A. Being injective, J is a direct summand of A.
Since A is co-Frobenius by [23, Theorem 3] we obtain that J is finite dimensional.
Applying Lemma 5.3 we deduce that T(1) # 0 and from [3, Theorem 4.10] we
conclude that A is cosemisimple. O
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