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ABSTRACT. Let H be a Hopf algebra, and A, B be H-Galois extensions.
We investigate the category aME of relative Hopf bimodules, and the
Morita equivalences between A and B induced by them.

INTRODUCTION

This paper is a contribution to the representation theory of Hopf-Galois
extensions, as originated by Schneider in [18]. More specifically, we con-
sider the following questions. Let H be a Hopf algebra, and A, B right
H-comodule algebras. Moreover, assume that A and B are right faithfully
flat H-Galois extensions.

(1) If A and B are Morita equivalent, does it follow that A°H and B®H
are also Morita equivalent?

(2) Conversely, if A°H and B®H are Morita equivalent, when does it
follow that A and B are Morita equivalent?

These questions have been considered in [13] in the context of strongly group
graded algebras, the motivation coming from problems raised in the modu-
lar representation theory of finite groups. The results of the present paper
generalize the results of [13, Sections 2 and 3].

Given a right H-comodule algebra A, and a left H-comodule algebra B,
we consider (A ® B, H)-Hopf modules. These are at the same time left
A ® B-modules and right H-comodules, with a suitable compatibility con-
dition. There are various ways to look at these Hopf modules: they are
Doi-Hopf modules (see [10]) over a certain Doi-Hopf datum (with two pos-
sible descriptions of the underlying module coalgebra), and they can also
be viewed as comodules over a coring (see Section 3). The main result of
Section 2, and also the main tool used during the rest of the paper, is a
structure Theorem for (A ® B, H)-Hopf modules, stating that the category
of (A ® B, H)-Hopf modules is equivalent to the category of left modules
over the cotensor product Ay B, under the condition that A is a faithfully
flat H-Galois extension.
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The results from Section 2 can be applied to relative Hopf bimodules: let A
and B be right H-comodule algebras, and consider (A, B)-bimodules with a
right H-coaction, satisfying a certain compatibility condition. The category
of relative Hopf bimodules is then isomorphic to the category of (A® B°P, H )-
Hopf modules. In Section 4, we state the Structure Theorem for relative
Hopf bimodules, and we investigate the compatibility of the category equiv-
alence with the Hom and tensor functors.

In Section 5, we apply our results to discuss the two problems stated above.
We introduce the notion of H-Morita contexts, and we show that if two right
faithfully flat H-Galois extensions are connected by a (strict) H-Morita con-
text, then the algebras of coinvariants are also connected by a (strict) Morita
context. Our main result is the following converse result: if the algebras of
coinvariants are Morita equivalent, in such a way that the bimodule struc-
ture on one of the connecting modules can be extended to a left-action by
the cotensor product Ay BP, then A and B are H-Morita equivalent.

In Section 6, we show that the Morita equivalence coming from a strict
H-Morita context between two faithfully flat H-Galois extensions respects
the Miyashita-Ulbrich action. In Section 7, we investigate the behavior of
H-Morita equivalences with respect to Hopf subalgebras.

The category of relative Hopf modules and A-linear (not necessarily H-
colinear) modules is an H-colinear category. If two right H-comodule alge-
bras are H-Morita equivalent, then the induced equivalence between their
categories of relative Hopf modules is H-colinear. In Section 8, we study
the converse property: when does every H-colinear equivalence between two
categories of relative Hopf modules come from a strict H-Morita context.
This leads to a generalization of the Eilenberg-Watts Theorem (Proposi-
tion 8.3). The main result is Corollary 8.5, stating that every H-colinear
equivalence comes from a strict H-Morita context if the Hopf algebra H is
projective, and the H-comodule algebras A and B are H-Galois extensions
of their subalgebras of coinvariants.

For basic results on Hopf algebras, we refer the reader to [9] or [15]. For a
concise treatment of corings and their applications, we refer to [5].

1. PRELIMINARY RESULTS

Throughout this paper H is a Hopf algebra over a commutative ring k, with
bijective antipode S. We use the Sweedler notation for the comultiplication
on H: A(h) = h(;) ® hy). MM (respectively # M) is the category of right
(respectively left) H-comodules. For a right H-coaction p (respectively a
left H-coaction \) on a k-module M, we denote

p(m) =mp @mpy and  A(m) =mi_y ® myg).

The submodule of coinvariants M of a right (respectively left) H-como-
dule M consists of the elements m € M satisfying p(m) = m®1 (respectively
A(m) =1®m).

Let A be a right H-comodule algebra. 4M* and MIZ are the categories of
left and right relative Hopf modules. We have two pairs of adjoint functors
(F1 = A®geonr —, G1 = (—)COH) and (Fy = — ®yeon A, Gy = (—)COH)
between the categories 4con M and 4 M| and between M yeon and ME.
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The unit and counit of the adjunction (Fi,G1) are given by the formulas
mN: N — (A®geon N)H 0y y(n) =1@n;

ei,m: A® geon M M, ei,m(a ®m) =am.
The formulas for the unit and counit of (Fy, G2) are similar. Consider the
canonical maps

can: A®yeon A— A® H, can(a ® b) = aby) @ byy);
can’: A® geon A — A® H, can(a @ b) = ajb @ apy.-

It is well-known (see for example [12]) that can is an isomorphism if and
only if can’ is an isomorphism.

Theorem 1.1. Let A be a right H-comodule algebra. Consider the following
statements:
(1) (F2,G2) is a pair of inverse equivalences;
(2) (Fa,G2) is a pair of inverse equivalences and A € yecon M is flat;
(3) can is an isomorphism and A € jeon M is faithfully flat;
(4) (F1,G1) is a pair of inverse equivalences;
(5) (F1,G1) is a pair of inverse equivalences and A € M geon is flat;
(6) can’ is an isomorphism and A € M yeon is faithfully flat.

We have the following implications:
B)<—=(2)=(1); (6) <= (5) = (4).

If H is flat as a k-module, then (1) <= (2) and (4) <= (5).
If k is field then the siz conditions are equivalent.

If the first three conditions of Theorem 1.1 hold, then we call A a left
faithfully flat H-Galois extension; if the three other conditions hold, then
we call A a right faithfully flat H-Galois extension.

Proof. The equivalence of (2) and (3) is well-known. It is essentially [?,
Theorem 3.7], which is an improvement of [11, Theorem 2.11]. For the
equivalence of (5) and (6), we observe that A is a left H°°P-comodule, so, by
the left handed version of the equivalence (3) <= (2), (6) is equivalent to
flatness of A € M 4com and equivalence between the categories gcom M and
H g o ) M

The implications (2) = (1) and (5) = (4) are trivial.

If H is flat as a k-module, then Mﬁ’ is an abelian category and the forgetful
functor ./\/lg[ — My is exact. If Fh is an equivalence, then the functor
—® geort © M georr — M 4 is exact since it is the composition of the forgetful
functor and the equivalence Fy. This shows that A is flat as a left A%H-
module, and the implication (1) = (2) follows. (4) = (5) can be proved
in a similar way.

If £ is a field, then the equivalence of the six statements in the Theorem
follows from [17, Theorem IJ. O

Let M be a right H-comodule, and N a left H-comodule. The cotensor
product Mgy N is the k-module

MOgN = {Zmi@)ni EM®N | Zp(mﬂ@ni :ZmZ-@)\(ni)}.
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If H is cocommutative, then MOy N is also a right (or left) H-comodule.

Proposition 1.2. Let R be a k-algebra, and assume that P € Mp is flat.
Take M € RMHE and N € H M, and assume that we have a right H-coaction
on M that is left R-linear. Then the map

P& (MOyN) = (Por M)OuN, pe (Y mi@n) — Y (p@m)@n

(2

1s bijective.
2. A STRUCTURE THEOREM FOR (A ® B, H)-HOPF MODULES

Under our assumption on H, H ® HP is also a Hopf algebra, and H is a
left H ® HP-module coalgebra; the left H ® HP-action is given by

(k®1)-h=EkhS(]),
for all h,k,l € H.

We present an alternative description of H as a left H ® HP-module coal-
gebra. H @ HP € g e Mg, with right H-action induced by the comul-
tiplication on H, and k € g M via ¢, so we have the left H ® HP-module
(HRHP)@p k. (H® H®P)®p k is a coalgebra with comultiplication and
counit given by

A((h®@h) @ 1) = (ha) @ hy)) @1 1@ (hz) ® hiy)) @ L;
e((h@h)@p 1) =c(hh').
It is easy to show that (H ® HP) @y k is an H ® HP-module coalgebra.

Proposition 2.1. (H ® HP) @y k and H are isomorphic as H @ HP-
module coalgebras.

Proof. Define
f: (HHPY@uyk —H, f(h@h)®y1)=hS(h);
g: H— (H® H*?)®@p k, g(h) = (h®1)®y 1.
f is well-defined since for all h,h/,l € H
F((h@ W)l @y 1) = bl S(H1zy) = hS(W)e(l) = F((h® B) @ (1)),
fis H ® H°P-linear since for all h,h/, k, k' € H
f((kh@K'hYogl) = khS(K'R) = (kok')-(hS(K')) = (koK) f((hoh ) @u1).
f is a coalgebra map since for all h,h/ € H
(f @ )0 A)(h@ W) @1 1) = hyS(hla)) © hyS(H)) = AGBS(H)),
and
(eof((h@h )y 1) =c(hS(H)) =c(hh).
It is obvious that f o g = H. Finally for all h,k € H
(go N((h®k)®m 1) = g(hS(k))
= (hS(k)®@1) @y 1= (hS(kn)) ®1) @u (k)
= (hS(ka))ke) @ kE)) @ul=(h®k) @y 1.
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Let A be a right H-comodule algebra, and B a left H-comodule algebra.
Then A® B is a right H ® HP-comodule algebra, with coaction

pla®b) = aj ® by ® ap) @ by

Then (H ® H®P?, A® B, H) is a left-right Doi-Hopf datum (see [7] or [10]
for details), and we can consider the category agpM(H @ H®P)H of Doi-
Hopf modules. The objects of this category are k-modules M with a left
A ® B-action and a right H-coaction such that

p((a®b)m) = (ajg) @ byo))mp) ® apymp)S(bi-1)),

foralla € A, b € B and m € M. The objects of 4opM(H @ HP)H are
called (A ® B, H)-Hopf modules. It is well-known and easily verified that
A® B € pgpM(H @ HP)H | with coaction defined by

pla®b) = aj ® b @ apyS(bj_1))-
Lemma 2.2. With notation as above, we have that (A ® B)*°H = AOyB.
Proof. Take z =Y, a; ® b; € (A® B)®°H. Then

D ai®@bi®1 =3 aip® b @ aipyS(bi1))-

Apply A to the second tensor factor. Then switch the second and fourth
tensor factor, and multiply the third and fourth tensor factor. It follows
that

Z a;i @bijg) ®@bij_1) = Z aifo) @ bjo) @ ;1) S (bij—2))bi—1) = Z aijo) @ bi @ ajp),
and then z € Ay B. The converse inclusion is proved in a similar way. [
Recall (see for example [10]) that we have a pair of adjoint functors (F, G):
F: an,8M — aepM(H @ HP)? | F(N) = (A® B) 40,5 N;
G: agpM(H ® HP) — ;0 M, G(M) = M.
The unit and counit of the adjunction are the following:
v N— (A® B)®ao,s N7, ny(n) =14 ® 13 ® n;

ev: (A® B)®@ag, M7 — M, epf(a®@b@m) = (a®b)m.

Proposition 2.3. Assume that H is flat as a k-algebra. Let A be a right
H-comodule algebra, and B a left H-comodule algebra. We have a right
H-colinear map

f: A®AcoH (ADHB) = Fl(ADHB) — A®B, f(a®(z ai®bi)) = Zaai®b¢.

If A is a right faithfully flat H-Galois extension, then f is an isomorphism.
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Proof. f is right H-colinear since

p(fla® (O aioh) = agaig @ big @ apaiyS(bi-1)

7

= > 4@ @ bifg ® apbi_gS(bif_1))
= ) ae @b @apy
= (feH)(pla® (Z a; @ b;))).

On A ®4eon A and A ® H, we consider the following right H-coactions:
pla®b) =a®bpg @by ; pla®h)=a® hy) @ hey).

Then can : A ® 4com A — A® H is right H-colinear, so we can consider the
map candgB : (A® geon A)OygB — (A® H)OyB. If A is a right faithfully
flat H-Galois extension, then candg B is bijective, and applying Proposi-
tion 1.2, we see that f is the composition of the following isomorphisms:

A@AcoH (ADHB) = (A & geoH A)DHB
~ (A H)OgB= A® (HOygB) =2 A® B.

The following structure theorem is the main result of this section.

Theorem 2.4. Let A be a right H-comodule algebra, and B a left H-
comodule algebra. If A is a right faithfully flat H-Galois extension, then
(F,G) is a pair of inverse equivalences between the categories so,pM and
AgpM(H @ HP)H.

Proof. Take N € am,,pM. We have a well-defined algebra map A®H —
AOg B, sending a to a ® 1, and N is a left A°°“-module, by restriction of
scalars. Consider the isomorphism

anN — f®ADHBN Fl(N) :A®ACOH N%JA@ACQH (ADHB) ®A|:|HBN
— F(N):(A®B)®ADHBN

It is easy to see that ay(a®n) = (a®1)® a0, pn, and ay is right H-colinear
since

(an @ H)((ag) @ n) @ apy) = ((agg) ® 1) @®ag,5n) @ apy = p((a® 1) @ n).
It follows that a restricts to an isomorphism
P s (A @ georr N)©F — ((A® B) @40, 8 N)©¥.
It is then easily seen that
nv = o o .
71,N is an isomorphism by Theorem 1.1, and it follows that 7y is an isomor-
phism.

Take M € agpM(H @ HP)H. Then M is a left A-module, by restriction
of scalars, and a relative Hopf module since

plam) = p((a ® 1)m) = (ajg ®@ 1)mp) ® apymS(1) = apymig) @ ajmy).
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It is then easy to see that

EM O OpfcoH = E1 M-

It follows from Theorem 1.1 that €1/ is an isomorphism, and this implies
that )7 is an isomorphism. O

3. CONNECTION TO COMODULES OVER CORINGS

Let A be a ring. Recall that an A-coring C is a comonoid in the monoidal
category g4M 4. For a detailed discussion of the theory of corings and co-
modules, we refer to [5]. One of the results is that we can associate a coring
to a Doi-Hopf datum, and that the category of Doi-Hopf modules is isomor-
phic to the category of comodules over this coring.

Let us describe the A ® B-coring C associated to the left-right Doi-Hopf
datum (H ® HP, A® B, H) that we have discussed in the previous section.
We have that C = H ® A ® B, with left and right A ® B-action given by

(@ @V)(h®a®b)(a" @b") = ayhS(b_y)) @ ajgaa” @ by bb".
The comultiplication and counit are given by the formulas
Ah®@a®b) = (h2 ®1a®1p) ®ags (h() ®a®b);

e(h®a®b)=ec(h)a®b.
The category M of left C-comodules is isomorphic to 4 M (H @ H®P)H

A Galois theory for corings can be developed (see [4, 6]). Let = be a grouplike
element of a coring C, and let

A®C = {a € A | ax = za}.

Then we have an adjoint pair of functors between scoc M and ¢ M. If this
adjoint pair is a pair of inverse equivalences, then the map

can: A®pcoc A—C, can(a®b)=azb

is an isomorphism of corings (see [6, Proposition 3.1]). If, in addition, A
is flat as a right A°°“-module, then it also follows that A is faithfully flat
as a right A°“-module (see [6, Proposition 3.8, 2) = 1)]). We will apply
this to the coringC = H® AR B. 17 ® 14 ® 15 is a grouplike element of
H ® A ® B, and the associated pair of adjoint functors is precisely (F,G).
It can be easily verified that the corresponding canonical map is precisely
the map

can: (A® B)®an,p (A®B) - H® A® B,
(1) can((a ® b) ® (a' & b/)) = a[l]S(b[fl}) & a[o]a/ & b[o]b/
Proposition 3.1. Let A be a right H-comodule algebra, and B a left H -
comodule algebra. Assume that A is a right faithfully flat H-Galois exten-

sion. Then can is an isomorphism. Furthermore, AR B is faithfully flat as
a right A B-module.

Proof. Tt follows from Theorem 2.4 that (F,G) is a pair of inverse equiva-
lences, hence can is an isomorphism.
We will now show that A® B is flat as a right Al B-module. Assume that
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N — N’ is a monomorphism of left AClg B-modules. Using Proposition 2.3
and the fact that A is flat as a right A°°“-module, we find that

(A@B)ADHBNEA@)AcoH N — A ® georr = (A®B)ADHBN,

is injective. As explained above, it then follows from [6, Proposition 3.§]
and Lemma 2.2 that A ® B is faithfully flat as a right Ay B-module. [

4. APPLICATION TO HOPF BIMODULES

Now let A and B be right H-comodule algebras. A two-sided relative Hopf
module is a k-module with a left A-action, a right B-action, and a right
H-coaction, such that

plamb) = ajoymio)bjg) ® apymp by,

foralla € A, b€ Band m € M. A./\/lg is the category of two-sided rel-
ative Hopf modules with k-module maps that are A-linear, B-linear and
H-colinear.

B°P is a left H-comodule algebra, with left coaction A given by A(b) =
Sil(bm) ® by We can then apply the above results to A and B°. In
particular, A ® B°P is a right H ® HP-comodule algebra.

Lemma 4.1. Let A and B be right H-comodule algebras. Then the Doi-
Hopf modules category agpor M(H @ H®P)H is isomorphic to the category
of two-sided relative Hopf modules A./\/lg.

Proof. 1t is well-known that sgpor.M is isomorphic to the category of bi-
modules 4 M p. The isomorphism respects the compatibility of the action
and coaction. O

A ® B is a two-sided Hopf module, with coaction p(a ® b) = ajg ® bjg) @
apjbpy- Farthermore (A ® BoP)°ll — A, B°P. Applying Theorem 2.4, we
obtain the following Structure Theorem for two-sided Hopf modules.

Theorem 4.2. Let H be a Hopf algebra over the commutative ring k, with
bijective antipode, and consider two right H-comodule algebras A and B.
We have a pair of adjoint functors (F = A® B ® s0,, go» —, G = (—)°H)
between the categories s, oo M and A./\/lg. If A is a right faithfully flat
H-Galois extension, then (F,G) is a pair of inverse equivalences.

Remark 4.3. Assume that A (resp. B) is a right (resp. left) faithfully flat
H-Galois extension. The proof of Theorem 2.4 shows that via appropriate
transport of structure, the functors

(A@BOP) & AO0Bor —, A®AcoH —, — Qpeon B : ACBor M — AMg

are naturally isomorphic equivalences of categories. It follows immediately
that we may define the functors

- ®ACOH — BDAOPM X AMC - BMC7

— @ georr —: BMa X ga0cee M — pMc.
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Proposition 4.4. Let A, B,C be right H-comodule algebras. If M € A./\/lg
and N € B/\/lg, then M ®p N € A/\/lg. If A and B are right faithfully flat
H-Galois extensions, then the map

fi M @peon N©H — (M @p N)°, f(m@n)=men,
is an isomorphism. Consequently M°! @ pgeon N©H s a left AOyCOP-

module.

Proof. 1t is clear that M ®p N is an (A, C')-bimodule. A right H-coaction
on M ®p N is defined as follows:

p(m ®p n) = mjo) ®p njo) & Myny)-
It is easy to show that p is well-defined, and that this coaction makes M ®p
N € AMg.
By restriction of scalars, M € sMH and N € gM¥H. Tt follows from
Theorem 1.1 that
e1ar: A®peon MOH — M and )y : B ®@peor N7 - N

are isomorphisms. Let g be the composition of the maps

El,M ®BCDH NCOH . A ®ACOH MCOH ®BCOH NCOH — M ®BCOH NCOH
and

M®pein: M®@pgeon N 2 M ®p B@gonr N — M @p N.
g is bijective, and is given by the formula

gla@m®n) =am®pgn,
for a € A, m € MH and n € N°H. It is clear that g is left H-linear. g
is also right H-colinear, since g(ag ® m ® n) ® ap) = agm @ n @ apy) =
plam ®p n), and it follows that g is an isomorphism in 4 M, and, by
Theorem 1.1 that
gCOH : (A ®ACOH MCOH ®BCOH NCOH)COH — (M ®B N)COH

is an isomorphism. The map f is an isomorphism since it is the composition
of g°H and the isomorphism

”717MCOH®BCOH NcoH MCOH ®BcoH NCOH — (A ®AcoH MCOH ®BCOH NCOH)COH.
Finally, the left ACyC°P-action on (M ®p N)®°H can be transported using
f to M°H @ peonr NH, O

In the sequel, we will use the adjoint pair of functors (F,G), with unit 7
and counit € introduced after Lemma 2.2, in the cases where the algebras
involved are respectively A and B°P, A and C°P and B and C°P. If A and
B are right faithfully flat H-Galois extensions, then these three adjunctions
are pairs of inverse equivalences, by Theorem 4.2. We will use the same
notation (F,G) and (1, ) for the three adjunctions, no confusion will arise
from this.

Take My € a0, perM and Ny € po,, cor M, and denote

M = (A® B°®) ® a0, » M € AME
N = (B X COp) ®B|:|Hcfop Nl € BMg
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Using Theorem 4.2 and Proposition 4.4, we find isomorphisms
M ®@pgeon N1 = Meot & geoH NeoH o (M ®p N)COH € A0y coe M.

Transporting structure, we find that M ® gcor N1 € 40, cor M, and we have
a functor

- ®BCOH — ADHBOPM X BDHCopM — ADHCOPM-

Corollary 4.5. Let A, B,C be right H-comodule algebras, and assume that
A and B are right faithfully flat H-Galois extensions. Take My € sy, por M
and N1 € oy, coe M. With notation as above, we have that My ® geonr N1 €
AQ,coe M, and we have an isomorphism

h: (A®CP) ®ao,coe (M1 @peorr N1) = M ®@p N
m AMg. This isomorphism is natural in My and N.

For later use, we observe that the naturality of A means the following. Let
p1: My — M and v1 : Ny — N{ be morphisms in respectively 0, por M
and po,coeM, and let p = F(p1), v = F(v1). Then py ®peon vy is a
morphism in 4o, cor M, and the following diagram commutes

F(ui®
(2) F(Ml ®BCOH Nl) (ul Vl) F(M{ ®BCOH N{)

| |

Mg N ne M @g N’

From now on, let H be a projective Hopf algebra (this condition is always
fulfilled if % is a field); let A be a right H-comodule algebra, and M, N €
AMH  Then the map

v: sHom(M,N)® H — jJHom(M,N @ H), v(f @ h)(m) = f(m)® h

is injective (see for example [3, Prop. 11.4.2, p. AIL75]). A direct compu-
tation shows that the map p: sHom(M,N) — sHom(M, N ® H) defined
by
A (m) = fmp))io) ® S~ (mpy) f (myo)) g

is left A-linear. Let 4HOM(M, N) be the k-submodule of 4Hom(M, N)
consisting of the maps f for which 5(f) factorizes through sHom(M, N),
or, equivalently, for which there exists fjg ® f1 € AHom(M, N) ® H such
that

(3) fioy(m) @ fry = fmyg) o) ® S~ (myy)) f(mig) -

for all m € M. It follows from the injectivity of v that fjo) ® f[1) is unique if
it exists. sAHOM(M, N) is called the rational part of 4JHom(M, N). If H is
finitely generated and projective, then v is bijective, and 4HOM (M, N) =
aHom (M, N). We have a map

p=v_top: sHOM(M, N) — sHom(M,N) @ H, p(f) = fio) © fp-

Proposition 4.6. Let H be a projective Hopf algebra, A a right H-comodule
algebra, and M, N € 4 M. Then (AHOM(M, N), p) is a right H-comodule.
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Proof. N ® H € 4M*" under the diagonal coaction. We know that five of
the six faces of the following diagram, namely all faces except the top one,
commute.

AHOM(M,N) AHom(M,N)®H
\ PRH
(voH)o(id®A
C AHom(M,N)®H AHom(M,N®H)®RH
B
AHom(M,N) P AHom(M,N®H) v
\ 0 \
AHom(M,N®A)
AHom(M,N)®H) AHom(M,N® HQH)

This implies that the top face also commutes; this means that, for all f €
AHOM(M, N),

(v @ H)(fio) @ A(fn))) = o fio) @ fruy
and therefore fjo) @ fj1) € AHOM(M, N) ® H. We then also have that

(v @ H)(fiog @ A(fy) = (v @ H)(p(flo) @ fry)s

and, since ¥ ® H is injective,

fiop @ A(fpy) = p(fio) @ fu)-

We therefore have shown that p: 4HOM(M,N) — 4HOM(M,N) ® H is a
coassociative map. Finally, it follows immediately from (3) that e(fj1)) fjo) =
f, for all f e ,HOM(M,N).

An alternative description of s\HOM(M, N) is the following: 4Hom(M, N)
is a left H*-module, with action (see [9, 6.5] in the case where k is a field):
(h* - f)(m) = (n*, 874 (mp)).f (mpe)) ) f (mpop ) o)-

AHOM(M, N) is then the subspace of 4Hom(M, N) consisting of left A-
linear f : M — N for which there exists a (unique) fio®f1] € AHom (M, N)®
H such that

(h* - £)(m) = (B, fr) fioy (m)-

Proposition 4.7. Let A be a right H-comodule algebra, with H a projective
Hopf algebra, and M,N € sMH . If M is finitely generated projective as
a left A-module, then .AHOM(M, N) coincides with sAHom(M,N). For f €
AHOM(M, N), we have

(4) p(f) = me - F(mage)) o] ® S (map)) f (mago)) g

where Y, m; ®am is a finite dual basis of M € s M.

Proof. We used the following notation: for m* € 4Hom(M, A), and n € N,
m*-n € 4Hom(M, N) is defined by
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For every m € M, we have that m = ), m!(m)m;, hence
(5) Zm m)jo]Mifo] @ My (M) M-

We then compute that
f(mp) ® 571( m) f(mpo)
(5) .
= Z F(mi (m)gymigo) o) © S~ (mi (m)ymay) f (mi (m) gymago)

= Zm m) o1 (Mo o] ® S~ () S~ (my (m) gy )m (m) y f (mage) )
= Zm mjo)) o] @ S~ (map) (mago)) g

= Zmz’ [ (migo)) o1 (m) @ S (i) £ (mige)) g,

and (4) follows from (3). O

Proposition 4.8. Let H be a projective Hopf algebra, and A, B,C right
H-comodule algebras. If M € s ME and N € 4ME, then

AHOM(M, N) € gpME.
We have a map
B: AHOM(M, N)®°? — ,.opHom(M®@H NeoH),

If A is a right faithfully flat H-Galois extension, then (3 is an isomorphism
of left BLC°P-modules.

Proof. We consider the following (B, C')-bimodule structure on 4Hom (M, N):

(b f - c)m) = fmb)e.
It is clear that b - f - ¢ is then left A-linear. Take f € 4HOM(M,N);
in order to show that b- f-c¢ € sHOM(M,N), it suffices to show that
bio) - fio] - co] ® bpyfujepy satisfies (3). This can be seen as follows: for all
m € M, we have
(broj - fio) - c1o)) (m) ® by fryepy

= o (mbyo))ero) ® by fnyeny

= J((mbyo) o)) (o) @ by S~ ((mbgo)) ) f ((mbyo))jon) pye

= fmpbo) e @ bz S~ (b)) S (mpa) f (migbrop ey

= f(mgb)pjcio) @ S~ (mp)) f(mo)b) e

= (Fmgb)e) g @ 57" (mp) (f(mppb)e)

= (b~ f-O)(mp)i @S (mu) (- f - ) (mp)),
as needed. This shows also that p(b- f - c) = bjo) - fio] - ¢jo) @ bj1) €1}, hence
that sHOM(M, N) € pME.
Now take f € 4JHOM(M, N)°H. Then p(f) = Jiop @ fpaps so

fm) @1 = f(m)g ® S~ (mpy) f(mpe) ),
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for all m € M. If m € M then it follows that f(m)® 1 = p(f(m)), so
f(m) € N°H, Thus f restricts to a map 3(f) = ff . M«H — NeoH,
Using the fact that f is left A-linear, we see that the diagram

A® coH
A ®ACOH MCOH f A ®ACOH NCOH

EI,AI\L \Lgl,N
!

M N

commutes. If A is right faithfully flat H-Galois, then we define the inverse
of B as follows:

BN g)=e1no(A®g)oe -
O

Combining Proposition 4.8 with Theorem 4.2, we obtain the following result.

Corollary 4.9. Let A, B,C be right H-comodule algebras, and assume that
A and B are right faithfully flat H-Galois extensions. Let My € amqgo» M
and N1 € a0ce» M, and consider

M = (A® B°) @amper My € AME,

Then

acor Hom(M, Ny) = sHOM(M, N)°! € prcon M
and

AHOM(M, N) = (B ® C) ®prcer acon Hom(My, N1).

Proposition 4.10. Let A, B, C be right H-comodule algebras, and consider
M e A./\/lg, N € A./\/lg. Then the evaluation map

¢: M@p AHOM(M,N) — N, o(m®@p f) = f(m)
is a morphism in AMg.
If A and B are right faithfully flat H-Galois extensions, then the evaluation

map
MCOH ®BCOH AcoH HOHI(MCOH, NCOH) — NCOH

is left A COP-linear.
Proof. We first show that ¢ is right H-colinear.
(p@ H)(p(m® f)) = (¢ @ H)(mjg) @B flo) @ mpuyfu))
= fioy(mpoy) ® mpyfy
= f(myo) ) ® mi S~ (mpy) f(mp)
p(f(m)) = p(p(m @5 f)).
@ is left A-linear and right C-linear since
plam @ f-c) = (f - c)(am) = flam)c = af(m)c = ap(m @p f)c.

The composition

—~
=

coH
M @ orr yeon Hom(M©H  Nool)y MEZEP oo @ HOM(M, N)<oH

coH
L, (M @5 AHOM(M, N))oH 25 NeoH
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is the required evaluation map. If A is right faithfully flat H-Galois, then
0 is an isomorphism of BzC°P-modules, by Proposition 4.8, and then
Mt @ 3 is an isomorphism of AOyC°P-modules, by Corollary 4.5. If
B is right faithfully flat H-Galois, then f is an isomorphism of AUy C°P-
modules, by Proposition 4.4. ¢ is a morphism in A./\/lg , hence @ is left
AOp COP-linear, since (—)%° is a functor from A/\/lg to amy cor M. O

Proposition 4.11. Let A be a right H-comodule algebra, and M € 4 MH .
Then AEND(M)°P is a right H-comodule algebra.

Proof. Applying Proposition 4.8 (with M = N, B = C' = k), we see that
AEND(M) is a right H-comodule. We have to show the compatibility rela-
tion

(6) p(go f) = g ° flo) @ frygn:

for all f,g € 4END(M). To this end, it suffices to show that the right hand
side of (6) satisfies (3). Indeed, for all m € M, we have

fop)(m) @ frygp

= g0 (F(myg) o) ® S~ (mp) f(mie) ygpy

L g(Fmg)) @ 5 omuﬁomwp (fmio)) g (f (i)
)
(

(9[0

= g(f(my ))[0]®S Hmp)g (£ (mpo)
(g0 /) (mpo))io) @ S~ (mp)) (g o f)(mpe)p)-

O

Proposition 4.12. Let A, B be right H-comodule algebras, and consider
M € AME. Then the map

v : B — 4END(M), ¥(b)(m)=mb

is a morphism in B/\/lg.
If A is a right faithfully flat H-Galois extension, then the map

peoll . geol . END(M)©H 2 ,conEnd (M)
1s left By B°P-linear.
Proof. We first show that ¢ is right H-colinear and well-defined. Indeed,
P(b)o) ® Y (b) g = (b)) @ by,
since
D (b) (mgp) o) @ S~ (my))(b) (myg) )y
= (md) @ S (mp) (mig)b)
= mpgbp) ® S (mp)mpbyy
= mbjg ® by = (b)) (m) @ byy).-
1) is left and right B-linear since
BB )(m) = mb'by’ = (¥ -6 - ") (8)) (m),

for all b,b',0" € B and m € M. The second statement then follows immedi-
ately from Corollary 4.9. (]
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Remark 4.13. The map 1 in Proposition 4.12 is also a morphism of right
H-comodule algebras between B and 4END(M )P.

Proposition 4.14. Let A, B, C be right H-comodule algebras, and consider
M € A./\/lg, N e A./\/lg. Then the map

p: AHOM(M,A) ®4 N — s.HOM(M, N), u(f @n)(m)= f(m)n
s a morphism in B./\/lg. If A is a right faithfully flat H-Galois extension,
then the map
pt s conHom(M©H | A @ ycon NH 2= (J,HOM(M, A) @ 4 N )<
— eon Hom(MH Ny = \HOM(M, N)<°H
is left BOyC°P-linear.

Proof. In order to prove that pu is right H-colinear, we have to show that

p(u(f ®@n)) = u(flo) ® n)) ® frynp-
It suffices to compute that

1(fio) ® npop)(m) @ f[1]”[1]@f(m[o])[o]n[0] ® S mpy) f(mpe) pynpy
(f(mp)n) g @ S~ (mpu)) (f (mpe)n)p
= (u(f @n)(mg))g ® S~ (mp) (u(f © n)(mg)) -
Finally, p is left B-linear and right C-linear, since

(u(b-  ©ne))(m) = f(mb)ne = p(f @ n)(mb)e = (b- p(f ® n) - )(m).
O

5. MORITA EQUIVALENCES

In this section, we study Morita equivalences induced by two-sided relative
Hopf modules.

Definition 5.1. Let A and B be right H-comodule algebras. An H-Morita
context connecting A and B is a Morita context (A, B, M, N, «, ) such that
M € AMg, N € B/\/lf{, a: M®g N — A is a morphism in A/\/lg and
B: N®a M — B is a morphism in BMg.

A morphism between two H-Morita contexts (A, B, M, N, «, 3) and (A’, B,
M’ N' o/, 3") is defined in the obvious way: it consists of a fourtuple (k, A,
wu,v), where Kk : A — A’ and A\ : B — B’ are H-comodule algebra maps,
p: M — M'is a morphism in 4M% and v: N — N’ is a morphism in
pMH such that koa = o’ o (u®@v) and Ao = ' o (v® p). Morita’ (A, B)
will be the subcategory of the category of H-Morita contexts, consisting of
H-Morita contexts connecting A and B, and morphisms with the identity
of A and B as the underlying algebra maps.

Proposition 5.2. Let (A, B, M, N, «, [3) be a strict H-Morita context. Then
we have a pair of inverse equivalences (M @p —, N ® 4 —) between the cate-
gories aMH and g MH .
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Proof. Let P € gM*H. Then M ®p P € 4M™, with right H-action

p(m ®@p p) = mp @B pjo] @ M1)Pp]-
The rest of the proof is straightforward. O

We will now give an H-comodule version of [1, Prop. 4.2.1].

Example 5.3. Let A be a right H-comodule algebra, and M € 4M*. Then
B = 4END(M)P is also a right H-module algebra, by Proposition 4.11.
Then M € AMZE, with right B-action given by m - f = f(m), for all f € B
and m € M. Indeed, (m- f)-g=m-(go f), and

myo] - fio] @ mp)fuy = fo](mpo)) © myy) fiy
3
© Fmp)io ® mg S~ (mpy) £ (myo)) g
= p(f(m)) = p(m- f).

It follows from Proposition 4.8 that N = 4HOM(M, A) € gpMH, and from
Proposition 4.10 that the map

a: Mg N — A, a(m®n) =n(a)
is a morphism in AMIZ . It follows from Proposition 4.14 that the map
B: N®as M — ,END(M), B(n®@m)(x)=n(x)m

is a morphism in pMI. Straightforward computations then show that
(A, B,M,N,«,3) is an H-Morita context. We call it the H-Morita con-
text associated to M € 4 MH.

Proposition 5.4. The H-Morita context associated to M € 4 MH is strict
if and only if M is a progenerator as a left A-module.

Proof. If the Morita context is strict, then M is a left A-progenerator by [1,
Theorem I11.3.5]. Conversely, if M is a left A-progenerator, then M € 4 M
is finitely generated and projective, hence 4Hom(M, X) = 4HOM(M, X),
for all X € oM™, If we forget the H-comodule structure in the H-Morita
context, then we obtain the Morita context associated to M € 4 M, as in
[1, Prop. I1.4.1]. By [1, Prop. I1.4.4], this Morita context is strict. O

Proposition 5.5. Let (A, B, M, N, «, 3) be a strict H-Morita context. Then
M is a left A-progenerator, and the H-Morita context is isomorphic to the
H-Morita context associated to M € 4 M.

Proof. M is aleft A-progenerator by [1, Theorem I11.3.5]. Then 4End(M) =
AEND(M), and by [1, Theorem I1.3.4], ¢ : B — 4END(M)°P, ¢(b)(m) =
mb is an isomorphism of k-algebras. It is an isomorphism of H-comodule
algebras, by Remark 4.13. It follows from [1, Theorem 3.4] that

¢: N — 2HOM(M,A) = 4Hom(M, A), ¢(n)(m)=a(men)

is an isomorphism of (B, A)-bimodules. We verify that ¢ is H-colinear. For
every n € N, we have to show that

(7) p(n)) @ npy = @(n)o @ e(n)y-
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Using the right H-colinearity of «, we find
a(my) @p n)g @ S~ (mp))a(myg) ©p 1)y
= a(mg ®p i) ® S~ (mg)mpynp) = a(m @p njg) @ npy,
and (7) follows from (3). From classical Morita theory (see [1]), we know

that (A, 1, M, ¢) is an isomorphism of Morita contexts; since 1) and ¢ are
H-colinear, it follows that is an isomorphism of H-Morita contexts. U

Definition 5.6. Assume that A and B are right faithfully flat H-Galois
extensions of A% and B<H. A Oy-Morita context between A®H and
Bt is a Morita context (A®H B M Ny, aq,31) such that My (resp.
Ny) is a left Ay B°P-module (resp. BO g A°P-module) and

o a1 : My ®peon N1 — AH g left AQy A°P-linear,

o 31 : Ni®geom My — B g left BOy B°P-linear.

A morphism between two (p-Morita contexts connecting A°°H and B<H
is a morphism between Morita contexts of the form (A“H B 1 1),
where 1 is left A0y BOP-linear and vy is left B[y A°P-linear. The cate-
gory of Oy-Morita contexts connecting A°°H and BH will be denoted by
Morita# (AcH | Beotly,

Theorem 5.7. Let A and B be right faithfully flat H-Galois extensions of
A®H gnd B Then the categories Morita'’ (A, B) and Morita# (A%

Bt are equivalent. The equivalence functors send strict contexts to strict
contexts.

Proof. Let (A, B, M, N, «,[3) be an H-Morita context. It follows from The-
orem 4.2 that MH ¢ AOy Bee M, and Neoll ¢ B0 Acp M. It follows from
Proposition 4.4 that we have a left AlJgy A°P-linear map

] = acoH o f . MCOH ®BcoH NcoH N (M Q5 N)COH N ACOH,
and a left By B°P-linear isomorphism
61 — ﬁcoH o f . NcoH ®AcoH McoH _ (N ®4 M)COH N BcoH'

From the description of f in Proposition 4.4, it follows that we have a
commutative diagram of isomorphisms

MCOH ® geolt NCOH ® peott McoH o (M ®B N)COH ® pcolr MCOH

| |

MCOH ®BCOH (N R4 M)coH (M QB N ®4 M)COH

Now a®4 M = M ®@p 3 implies (a®4 M)®°? = (M @5 )°H, and it follows
that
Oé]_ ®ACOH MCOH == MCOH ®BCOH ,8

In a similar way, we have that
51 ®BCOH NCOH — NCOH ®ACDH o

and it follows that (A BeoH preofl NeoH o) 3)) is a Morita context.
If (A, B, M,N,a,f) is strict, then (A®H Bt Mol NeoHl ) 31) is also
strict.
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Conversely, let (A B<H My Ny, a1, 31) be a Og-Morita context. Then
M = F(M;) = (A® B®) @a0,p» M1 € aME and N = F(Ny) =
(B ® AP) ®pp,a00 N1 € M. Also observe that 4 & F(A®H) =
(A ® A°P) ®@amy, 400 AT and B & F(B*H) = (B @ B°P) @pn,, gor B,
We define o : M ®@g N — Aand 6: N®4 M — N by the commutativity
of the following two diagrams, where the isomorphisms h are defined as in
Corollary 4.5.

F(a
(8) F(M; ®geon Ny) G F(AcH)
g N
M ®p N = A
F
(9) F(N1 ®pgeon M) ﬂ F(BCOH)
) 5
B
N g M B

It is clear that o € A/\/lg and § € BME. We claim that (A, B, M, N, «a, 3)
is an H-Morita context. To this end, consider the following diagram

M®S
M ®B N ®A M M ®B B
h—1 -1
F(M;1®3
F(M1 ®BcoH Nl ®AcoH Ml) (M 1) F(Ml ®BcoH BCOH)
F(a1®N-
F(Ml ®BCOH Nl ®ACOH Ml) (041 1) F(ACOH ®([Z40H Nl)
h h
MopN@aM eal A®aM

The top square and the bottom square commute by the definition of o and
B, and because of the naturality of h (see (2)). The square in the middle
commutes because (A, B«H M, Ny, a1, 31) is a Morita context. So the
whole diagram commutes. The composition of the left vertical morphisms
is the identity of M ® g N ® 4 M, and the composition of the right vertical
morphisms is the natural isomorphism M ®p B = A ®4 M. So it follows
that the diagram

Mg
M ®p N ®@a M M ®p B
la@M \L%
AR M = M

commutes. The commutativity of the second diagram in the definition of a
Morita context is proved in a similar way. (]
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Recall that M € 4 M is a progenerator if and only if A and M are mutually
direct summands of finite direct sums of copies of the other. Now let M €
AMH If this property holds in the category 4M?* | then we call M an H-
progenerator.

Corollary 5.8. Assume that A and B are right faithfully flat H-Galois
extensions. If (A, B, M, N, «, [3) is a strict H-Morita context, then M is an
H -progenerator.

Proof. Let (A" Bt M Ny, a1, 31) be the corresponding strict (g-Morita
context, as in Theorem 5.7. It follows from classical Morita theory that M;
is a left A°°H_progenerator. The claim then follows from the equivalence
A ® georr — between the categories qcom M and g4 M. O

Theorem 5.9. Assume that A and B are right faithfully flat H-Galois
extensions, and let (AT BH M Ni,ai,B1) be a strict Morita context.
If My has a left AQgB°P-module structure, then there is a unique left
BOg A°P-module structure on Ny such that (A BH M Ny, a1, 1) is
a strict O -Morita context.

Proof. We know that M = A ® 4eon My € 4MX. We have seen in Propo-
sition 4.12 that we have a morphism 1 : B — 4END(M) in pM¥ and a
left BOy B-linear map ¢ . B — JEND(M)®°H = ,uEnd(M©H),
see also Corollary 4.9. ¢°°H is an isomorphism, because the Morita context
is strict. Since B is right faithfully flat H-Galois, it follows that 1) is an
isomorphism in BMg . Since M is a progenerator as a left A°°H-module,
M is a progenerator as a left A-module. Let N = 4HOM(M,A). Then
NeoH = onHom(My, AH) as left BOy A°P-modules (see Corollary 4.9);
scor Hom(My, A°H) and N; are canonically isomorphic as (B¢H-AcH).
bimodules, since the Morita context is strict. Using this isomorphism, the
left BOgy A°P-module structure can be transported to Ni. The H-Morita
context (A, B, M, N) associated to M is strict by Proposition 5.4. The cor-
responding (y-Morita context from Theorem 5.7 is canonically isomorphic
to (A BH My Ny, a1, (). This proves the claim. O

We end this Section with the following result.

Theorem 5.10. Let A be a (right) faithfully flat Galois extension of AH.
Assume that M € s MM is a progenerator as a left A-module. Then B =
AEND(M)P is a (right) faithfully flat H-Galois extension of B if and
only if M is an H-progenerator.

Proof. The H-Morita context (A, B, M,N = s\HOM(M, A), «, 3) from Ex-
ample 5.3 is strict by Proposition 5.4.

If B is a faithfully flat H-Galois extension, then M is an H-progenerator by
Corollary 5.8.

Conversely, let M be an H-progenerator. M € 4 M (see Example 5.3),
hence My = M°H € ,con Mpgeorr. From the fact that the categories 4 M
and jqcom M are equivalent, it follows that M is a left A°°_progenerator.
From Proposition 4.8, we know that B = ,..xEnd(M;)°P and that
Neoll = .y Hom (M, BH). The Morita context

(AH peofl >~y End(M;)°P, My, georn Hom(M;, B©°H), a1, 31)
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associated to My € yeon M is strict, S0 My @ georr — @ geor M — 4eon M is a
category equivalence. A® geom — : geor M — 4 MH is an equivalence since A
is a right faithfully flat H-Galois extension, and M ®@pg—: gMT — 4 MH is
also an equivalence (see Proposition 5.2). Using the fact that A® ycom M; =
M (A is a right faithfully flat Galois extension), we see easily that the
following diagram of functors commutes;

M1®BCOH_

BcoH BCOHM
B®BCOH - \L lA®AcoH -
Mep—
pMH pMH

Three of the four functors in the diagram are equivalences, hence the fourth
one, B ®peon — 18 also an equivalence (see the observations following Corol-
lary 7.2). Mj, A and M are right faithfully flat over BH  A“H and B
respectively, hence it follows that B is right faithfully flat over B°°#. Thus
condition (5) of Theorem 1.1 is fulfilled, and it follows that B is a right
faithfully flat H-Galois extension. O

6. APPLICATION TO THE MIYASHITA-ULBRICH ACTION

Let A be a right faithfully flat right H-Galois extension, and consider the
map

ya=can to(na @ H): H — A® geonr A.

Following [16], we use the notation
h) =Y 1i(h) ® georr i (h).
i
v4(h) is then characterized by the property

Zl [0]®7‘1( )[1]=l®h.

The following properties are then easy to prove (see [18, 3.4]): for all h, h/ €
H and a € A, we have

(10) va(h) € (A ® peorr A)AT
(11) Ya(h)) ® hegy = Z li(h) @ gcorr Ti(h) o) @ 13 ()13
(12) va(h(2)) Zl )jo) ® acort Ti(h) @ Li(R)py;

(13) > Li(h)ri(h) = e(h)1a;
(14) > apli(ap) ® riap) =1® g

)

(15) Zz h) @ geort 75(h)1i (R).
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Combining (11) and (12), we find

Zl )jo] @ acort Ti(h) o) @ Li(h) 1) @ ri(R) [

(12)
= D lilh) @acor ilhz)) @ S(hay) © il
(11)

(16) = D li(h) @acor Tilh(z2) @ S(ha)) @ h).

%

Let M be an (A, A)-bimodule. On M4 we can define a right H-action
called the Miyashita-Ulbrich action. This was introduced in [11], and we
follow here the description given in [16]. It is given by the formula

m—h = Zl )ymri(h

It follows from (10) and (15) that we have a well-defined right H-action. In
particular, for X, Y € My, Hom(X,Y) € 4M 4, with left and right A-action
given by

(a-f-a)(z) = f(za)d.
It is easy to see that
Hom(X, V)" = Hom yeon (X, Y),
and the Miyashita-Ulbrich action is then given by (see [18, Cor. 3.5])
(f—h)(z Z f(ls(
Lemma 6.1. Let A and B be right faithfully flat right H-Galois extensions.
For all b € B, we have that
z:=5(S" (b)) ® b € A® geon (AO BP).
Proof. We have
Zl b)) @ acorr (ST (b)) o) @ (ST (b)) ) @ by

(11) _ _
=" (S (b)) © S™ (b)) @ bpgy-

hence x € (A ® geor A)OgBP = A ® geonr (A0 BOP). O

Now we assume that (A, B, M, N, «,f3) is a strict H-Morita context con-
necting the right faithfully flat H-Galois extensions A and B. For X € My,
we have the isomorphism

X®ae1,Mm

SO: X®ACOHMCOH2X®AA®ACOHMCOH X®AM7

given by
O(T @ georr M) = T @4 M.

We have that X ® 4 M € Mp, and its right B-action can be transported to
X @ georr MH . We compute this action in our next Lemma.
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Lemma 6.2. The transported right B-action on X @ yeon MH is given by
the formula

(17)  (z ®pcom m) - b= Z li(S7 (b)) @ acorr (1i(S" (b)) @ bjop)m.

Proof. Observe first that the action (17) is well-defined, since M®©H ¢
A0Bor M, and by Lemma 6.1. For the sake of simplicity, we introduce the
following notation: for ZZ a; @ b; € Ady B and m € MeH , we write

(2

We have to show that ¢ is right H-linear. Indeed,

o((x @ pgcorr m) - b) = Z 2l (S (b)) ®a ri(S™ (byy))ymby

=3 el )ra(S™ () @4 g

13 _
=2 er(S 1(6[1})) ®4 mbjg) = T ®4 mb.

O

Consider the setting of Theorem 5.10: (A, B, M, N, a, 3) is a strict H-Morita
context connecting the right faithfully flat H-Galois extensions A and B,
and (AH peoll ppeoll NeoH o 31) is the corresponding Morita context
connecting A and BH. For X,Y € My, we have an isomorphism

(18) ¢ : HomAcoH (X, Y) — HochoH (X ®AcoH MCOH, Y ®ACOH MCOH),
given by ¢(f) = f® georn M°H . Tt follows from Lemma 6.2 that Hom (X ® 4con
MH Y @ geon M°H) is a (B, B)-bimodule, and we can consider the Miya-

shita-Ulbrich action on Hom geor (X @ geor M©H Y @ georr M©H).

Proposition 6.3. With notation as above, the map ¢ from (18) preserves
the Miyashita-Ulbrich action.

Proof. We will use the notation

’YB(h) - Z k](h) ®BCOH qj(h) S B ®BCOH B
J

We have to show that

O(f)=h = ¢(f<h),
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for all right A°H-linear f: X — Y and h € H. For x € X and m € M®H,
we compute

(&(f)=h)(x @ peorr m) Z¢ & @ geort M)k (h)) q;(h)
= Z[f [ﬂfli(S_l(kj(h)[l]))} ® gcort Ti(S_l(kj(h)[l]))mkj(h)m]}qj(h)
i
= > Flal(S B (W))W (S ™ (g (h)y))

®A60Hrp(5’1( 3 (R)p))ri (S~ (ks () py)ymkj (R4 (R o)
ST Flati (ST S () (S (hgay)

,4,p
® gcorp(S ™ (hg)))ri(STH(S (h(y)))mk; (h2))as ()

N Halih ) (S ™ () @ aeon (57 i)l L
(*:> Z F@li(hay))lp(S™ () rp(S ™ (he2))ri(h(1)) @ pcon m

(2) Zf l’l ®ACOH m

(f’—h)( ) ® geort M= ($(f+=h)) (@ & georr M).
The equality (x) can be justified as follows. From Lemma 6.1, we deduce
that, for all 4:

Zl )) & peor 14 @ geolr Tz(S 1(kj(h)[1])) & kj(h)[o}

and
Z 1a ® geort Lp(S™H(gj(R)pay)) @ acorr (S~ H(a5(h))) @ g5(h) o)

lie in (A ® peori A) @ geon (A0 BP).  Consequently (A @ georr A) @ geor
(AOg B°P) also contains

Zl 1) @acort Lp(S~ (g5 (R)))
rp(S™ g (M) ri(S™ (ki (R) 1)) @ ke (h) g5 (R

(18019) > i) @acor (S (hzy)) @ pcort (S (h2)))ri(hr)) @ 15
=: Z’p® 13.
This means that
(A ® geort A® geor pa)(Z)@1p=2® 1y ®1p,
hence
Z € (A® peort A®@ yeort A)°H 2 A® yeort A @ peort AP,
since A/AH is faihfully flat. O
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7. HOPF SUBALGEBRAS

Throughout this Section, H is a Hopf algebra with bijective antipode over
a field k, and K is a Hopf subalgebra of H. We assume that the antipode of
K is bijective, and that H is (right) faithfully flat as a left K-module. Let
Kt =Ker (e). It is well-known, and easy to prove (see [20, Sec. 1]) that

H=H/HK" >~ H®kk

is a left H-module coalgebra, with operations

h-l= H, Aﬁ(ﬁ) = E(l) & 5(2), €ﬁ(h) =e(h).

The class in H represented by h € H is denoted by h. 1 is a grouplike element
of H, and we consider coinvariants with respect to this element. A right H-
comodule M is also a right H-comodule, by corestriction of coscalars:

prr(m) = mio] & myy).
The H-coinvariants of M € M*H are then

Mcoﬁ - {m€M|m[0}®mm:m®T}
= {meM|pm)e MoK}~ MIK.

If Ais aright H-comodule algebra, then AcoH ig 5 right K-comodule algebra,
and (Acoﬁ)coK — ACOH'

Proposition 7.1. ([18, Remark 1.8]) Let H, K and A be as above, and as-
sume that A is a faithfully flat H-Galois extension. Then A is right faithfully
flat as a right A" -module, and

can: A®, ox A—A® H, can(a®b) = abp) ® 5[1]

is bijective. The functors (A ® ,com —, (—)C"ﬁ) form a pair of inverse equiv-

alences between the categories ,..zM and AM(H)H.

We also have an adjoint pair of functors (Fy = A ® ,eom —, G4 = (=)ol =
—Op K) between the categories AcoﬁMK and 4MP™. This can be seen
directly, but it is also a consequence of a more general result: we apply
[8, Theorem 1.3] to the inclusion morphism between the Doi-Hopf data
(K, AH K)and (H, A, H).

Take N € ACOFMK. Forgetting the K-coaction, we find that N € ,..5 M.
Then it is easy to see that the counit map ny : N — (A ® ot IV cofl g
morphism in ACOﬁMK , and coincides with the counit map from the adjunc-
tion (Fy,G4). Since ny is an isomorphism, the unit maps of the adjunction
(F4, G4) are isomorphisms. In the same way, we can conclude that the counit
maps are isomorphisms, and we conclude

Corollary 7.2. Let H, K and A be as above, and assume that A is a
faithfully flat H-Galois extension. Then the adjoint pair of functors (Fy =

AR yoom — G4 = (f)wﬁ >~ —[Oy K) establishes a pair of inverse equivalences
between the categories ACOFMK and s MM,
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Before stating our next corollary, we recall some elementary facts from cat-
egory theory. If (Fj,G1) and (F»,Ga) are pairs of adjoint functors, re-
spectively between categories C and D, and between D and &, then (F =
Fy0F1,G = G10Gy) is a pair of adjoint functors between C and £. If two of
these three pairs are inverse equivalences, then the third one is also a pair
of inverse equivalences. This follows from the following formulas, which give
the relations between the units and counits of the three adjunctions: for all
C e€C and D € D, we have

nc = G1(a,r(cy) ©m,c 5 €8 = 2,8 © Fa(e1,65(m))-

This can be applied to the following situation. Assume that we are in the
setting of Proposition 7.1 and Corollary 7.2. We have adjunctions

o (F} = A® peonr —, Gy = (—)°) between georn M and 4 M™;

o (F3= A0 @ con —, Gy = (—)°K) between 4eon M and Aeom M

o (Fy = A®  eom — Gy = (—)°H ~ _OyK) between the categories
ACOﬁMK and g4 MH .

It is clear that F; = Fyo F3 and G; = Gz o Gy4. (F1,G1) and (Fy,Gy)
are pairs of inverse equivalences, by Theorem 1.1 and Corollary 7.2. Hence
(F3,G3) is also a pair of inverse equivalences, and using Theorem 1.1, we
obtain the following result.

Corollary 7.3. Let H, K and A be as above, and assume that A is a

faithfully flat H-Galois extension. Then A®H s g right faithfully flat K-
Galois extension.

Theorem 7.4. Let H and K be as before: K C H are Hopf algebras with
invertible antipode over a field k, and H is faithfully flat as a left K-module.
Let A and B be (right) faithfully flat right H-Galois extensions, connected
by a strict H-Morita context (A, B, M, N, «, 3).

(1) A and B°H are connected by a strict K-Morita context, with
connecting modules M and N ;

(2) we have a pair of inverse equivalences (M ®p —, N ®4 —) between
the categories pM(H)® and 4 M(H)H;

(3) the following diagram of categories and functors commutes to within
natural equivalences of functors:

N®A7

AM(H)T

M®p—
A®ACOI:I— (_)cof{ B®BCOH— (_)coH

co H _
N ®ACOH7

qeon M pgeoa M

co H _
M ®BCOH_
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Proof. 1) We have the following commutative diagram of inclusions

ACOFDK<BOP)COF C ACOﬁ ® (BOp)COﬁ
ci ic
Al BOP < A® BoP

By Theorem 5.7, we have a strict Jy-Morita context (ACOH , BeoH ppeofl
Nt oy B1). By restriction of scalars, A is a left AceH [T K(BOP)COF—module.
Then we can apply Theorems 5.7 and 5.9, with H replaced by K, and
taking into account that A and B are right faithfully flat K-Galois
extensions, by Corollary 7.3. We find that A®H and BH are connected by
a strict K-Morita context. The first connecting module is

Acoﬁ ®ACOH MCOH = FgGl(M) = G4F4F3G1(M)
> G4F\Gi(M) = Gy(M) = M.

In a similar way, we find that the second connecting module is N cofl

2) The proof is an easy adaption of the proof of Proposition 5.2.

3) BH is a right K-comodule algebra, and, by corestriction of coscalars,
a right H-comodule algebra, so we can consider the categories ACOﬁMgCOF
and AMgcoﬁ- It is then easy to see that the inverse equivalent functors of
Corollary 7.2 also define a pair of inverse equivalences between these two

categories of relative Hopf bimodules. Now M € A./\/lgcoﬁ, so M 2 A® yeom

MeoH a5 right BH_modules. Tt follows that we have, for all P € g,z M,

A® oot M @ peiit P = M ® ot P = M ®p B ® oot P.
In a similar way, we can show that
B & et N7 ® 0ot Q2N ©4 AD 4o Q,
for all Q ..M. Finally, take U € 4M(H)™. Then
(N @A U)F = (N o4 A ® pooit greoH yeoll
> (B® g NT @ g U )T o Nl @ [0l

and, in a similar way, for V € gM(H)H,

(M ®B V)COF ~ MCOF ®Bcoﬁ VCOF.
(]

Finally recall that if the algebras A and B are Morita equivalent, then there
is a Morita equivalence between A ® A°P? and B ® B°P sending A to B. In
particular, this implies that the centers of A and B are isomorphic. In our
context this generalizes as follows.

Corollary 7.5. Assume that (A, B, M, N, a, 3) is a strict H-Morita context.
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(1) Let K and L be Hopf subalgebras of H with bijective antipodes, and
assume that HQ H is faithfully flat as a right K®QL-module. Then the
categories Aco H/HK+ MACO /Lt and Beo H/HK+ MBCO H/HL+ QT€ equiv-
alent.

(2) There is an isomorphism

CA(ACOH) ~ CB(BCOH)

of left H-module right H-comodule algebras, where C4(A“H) de-
notes the centralizer in A of A,

Proof. 1) The objects MQN € A®Aop/\/lg§gop and NQM € B®Bong§ﬂp
induce a Morita equivalence between A®Q A°P and B®B°P. Now the assertion
follows from Theorem 7.4, where we replace H by H@ H, K by K® L, A
by A® A°P and B by B ® B°P.
2) Note that

Ca(A®H) = End yeo g gon (A)

as H-module H-comodule algebras. Since under the equivalence of 1) (where
we take K = k and L = H), A corresponds to B, the statement follows from
Proposition 6.3. U

8. H-COLINEAR EQUIVALENCES

Let H be a projective Hopf algebra, and A a right H-comodule algebra.
Let 4 M be the category with relative Hopf modules as modules; the set
of morphisms between two objects M and N is sAHOM(M, N). aMH s a
right H-colinear category in the following sense: 4HOM(M, N) is a right
H-comodule (see Proposition 4.6); the map

©: M® sHOM(M,N) — N, p(m® f) = f(m)

is right H-colinear (take B = C = k in Proposition 4.10); if N is a third
object in 4 M then the composition

v : AHOM(L,M)® sHOM(M,N) — sAHOM(L,N), ¥(f®g) =go f
is right H-colinear. The following result is then obvious.

Proposition 8.1. Let H be a projective Hopf algebra. Let (A, B, M, N, «, [3)
be a strict H-Morita context connecting the right H-comodule algebras A and
B. Then the functors M @ — and N ® 4 — induce a pair of inverse right
H -colinear equivalences between sMT and 4 MM

The functors F' = M ®p — and G = N ®4 — are right H-colinear in the
following sense: for V,W € gM*H the map

F: gHOM(V,W) — 4HOM(M ®5 V,M @5 W), F(f) = M @5 f

is right H-colinear.

In this Section, we investigate when the converse of Proposition 8.1 holds:
suppose that we have a pair of inverse right H-colinear equivalences between
MM and 4 M™ . Is this equivalence induced by a strict H-Morita context?
To this end, we will give an H-colinear version of the Eilenberg-Watts The-
orem.
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Proposition 8.2. Let A and B be H-comodule algebras, and T : s M™ —
MM an H-colinear functor. Then N = T(A) € A./\/lg, and we have a
natural transformation ¢ : F = N®4 — — T, such that ¥4 : N ®q A —
T(A) = N is the natural isomorphism.

Proof. In the sequel, V and W will be objects in 4M™. The fact that T is
right H-colinear means that

(19) T(fio) ® fry = p(T(f)),
for f € AHOM(V, W). We claim that the map
py: V— 4HOM(A, V), py(v)(a) =av
Is well-defined and right H-colinear. To this end, it suffices to show that
(20) e(v)jg ® @(v)p) = $(vyg) ® vpy,
for all v € V. For all a € A, we have
(SOV(U)(Q[O])) [0] ® S_l(a[l]) (@V(U)(a[()])) 1]
ajovio) ® S (ag)aqy vy
= av) ® vy = v (v )(a) @ vy,
and (20) follows using (3). ¢y satisfies the following property:
(21) pv(av) = v (v) o pa(a),
for all a € A and v € V. Indeed,
pv(av)(c) = cav = gy (v)(ca) = (pv(v) © pa(a))(c).
On N = T(A) € gpM*H we define a right A-action as follows:
na = T(pa(a))(n),
for all « € A and n € N. This makes N an object of BM’X, since
(2
n(ac) = T(pa(ac))(n) ="T(pa(a) o palc ))( )
= (T(pa(a)) o T(pa(c)))(n) =
(bn)a = T(pa(a))(bn) = bT'(pa(a))(n) = b(na)
nojap] $ rajan = T(p(aj))(n) ® npjaq

o T'(p(a)o) (no)) @ npye(a)y)

=" T(p(a))p(nj) @ nuT(e(a))n)

D 7p(a)) (mo))) @ S () T (@) (i)
= T(p(a))(n) ]®T( (a))(n)) = p(na),

for all a,ce A,be Bandn €

For every v € V, py(v) : A — V is left A-linear, hence T'(¢v (v)) : T(A) =
N — T(V) is left B-linear. By (19,20), we also have that

(22) T(pv (vg)) @ vy = p(T(pv(v))).

Now we define

Yy N@aV —=TV), yv(n®@av) =T (pv(v))(n).
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1y is well-defined since

Yy (n®aav) = T(@V(av))(”)(g)(T(tpv(U)) o T(pv(a)))(n)

= T(pv(v))(na) =y (n®av).
1y is right H-colinear, since
Yy (nyg 2a vi) @ npyvpg = T(ev (vp)) (nge]) @ npyop
=" T(ev(v)j)(np) ® T (v (v))u

= (T(ev(@)(ng)) g ® n[z]S_l(n[u)(T(wv(v))(n[o}))[l]
p(T(ev (v)(n)) = p(thy (n ®av)).
Yy is left B-linear, since

Yy (bn ®av) = T(pv(v))(bm) = (T (pv (v))(m)) = by (n ®4 v).

In order to show that i is a natural transformation, we first observe the
following property. For f: V — W in 4M¥ v €V and a € A, we have

ew (f(v))(a) = af(v) = flav) = f(ev(v)(a),
so ow (f(v)) = f o py(v). We can now show that the diagram

—
=

Yy

N®@asV T(V)
N®Afl lT(f)
Naaw —"  _1w)

commutes:

(T(f) o pw)(n@av) = (T(f) o T(pv(v)))(n)
= T(fopv(v))(n) =T(ew(f(v))(n) = Ywn @4 f(v))).
It follows that 1 is a natural transformation. Finally, it is easy to com-
pute that the map ¢4 : N®4 — T(A) = A is given by ¥a(n ® a) =
T(pa(a))(n) = na, as needed. O

We are now ready to prove the following generalization of the Eilenberg-
Watts Theorem (cf. [1, I1.2.3]).

Proposition 8.3. With notation and assumptions as in Proposition 8.2,
assume that A is a generator of AM™, and that T, viewed as a functor
aMHB — g MH | preserves cokernels and arbitrary coproducts. Then the
natural transformation v : F = N ®4 — — T from Proposition 8.2 is a
natural isomorphism.

Proof. Let I be an index set, and AJ) the coproduct of copies of A indexed
by I. Forie I, let r; : A — AU be the natural inclusion. Since 1 is a
natural transformation, we have a commutative diagram

Ya

F(A) T(A)
F(n)l iT(Ti)
YD)

F(AWD) T(AD)
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Let n; : T(A) — T(A)Y) be the natural inclusion. Then the diagram

GBieIF(Ti)\L i@ielT(W)
FAD) A0 a0y

also commutes. The vertical maps in the diagram are isomorphisms, since
F and T commute with direct sums. We have seen in Proposition 8.2 that
the top horizontal map is an isomorphim, so it follows that 1 ,u) is an
isomorphism.

Now take an arbitrary V € 4 M. Since A is a generator of ;, M we have
an exact sequence

AV T AD 2y 0

in 4MH . Since 1 is a natural transformation, and F' and G preserve coker-
nels, we have the following commutative diagram with exact rows in g M*H:

F(m F
FAD) —2 pany 9 vy 0
i%m J/%(I) lwv
T(m T
Ay — T pamy TPy 0

We know from above that 1 4, and 94 are isomorphisms, and it follows
from the 5 lemma that vy is also an isomorphism. U

Theorem 8.4. Let A and B be H-module algebras, and suppose that they
generate the categories AM*™ and M. If (T,U) is a pair of H-linear
inverse equivalences between the categories AMH and BMH, then there ex-
ists a strict H-Morita context (A, B, M, N,«a, 3) such that T = N ® 4 — and
U=2M®g—.

Proof. Since (T,U) is also a pair of inverse equivalences between 4 M and
pMH T and U preserve coproducts and cokernels. Applying Proposi-
tion 8.3, we find M € A/\/lg and N € BM}{{ such that T = N ®4 —
and U 2 M ®p —.

(T,U) is a pair of adjoint functors, and the unit n and the counit ¢ are natu-
ral isomorphisms. We define o = 7721 : M@ N — A. Then o € 4 MH . Let
us show that « is also right A-linear. For every ¢ € A, the map f.: A — A,
fe(a) = ac is left A-linear. Since 7 is a natural transformation, the diagram

nA

A M@p N ®aA
fcl lM®BN®Afc
A—" S MepN®4A

commutes. Evaluating the diagram at 14, we find that na(ac) = na(a)c.
We define 3 =eg: N®s M — B. Applying the above argument to the
adjunction (U,T) with unit e~! and counit n~!, we find that ep is right
B-linear.



BIMODULES OVER HOPF-GALOIS EXTENSIONS 31

Take W € pMH. For every w € W, we consider the left B-linear map
gw: B — W, gw(b) = bw. Since ¢ is a natural transformation, the diagram

N@aMegB °5 B
N®AM®ngl lgw
NosMeogW —2 W

commutes. Evaluating the diagram at n ® 4 m ®p 1, we see that ey =
ep®@p W.

From the properties of adjoint functors, we know that epy)oT(nyv) = T(V),
for all Ve oM™ . Taking V = A in this formula, we see that the diagram

N
N®A%N®AM®BN

|

N — B®pg N

\LgNsB@BN

R

commutes. This diagram is one of the two diagrams in the definition of a
Morita context. The commutativity of the other diagram follows in a similar
way. O

Corollary 8.5. Let H be a projective Hopf algebra, and assume that the
right H-comodule algebras A and B are H-Galois extensions of A and
BeoH | respectively. If (T,U) is a pair of H-colinear inverse equivalences
between the categories AMH and BMH, then there exists a strict H-Morita
context (A, B, M,N,«, 3) such that T 2 N ®4 — and U = M ®p —.

Proof. Tt is well-known that A°H is a generator of 4conr M; since (F1,G1) is a
pair of inverse equivalences (see Theorem 1.1), Fj(A®H) = A is a generator
of oM™ . In a similar way, B is a generator of gpM*, and we can apply
Theorem 8.4. U

REFERENCES

[1] H. Bass, Algebraic K-theory, Benjamin, New York, 1968.

[2] F. Borceux, “Handbook of categorical algebra 1”, Encyclopedia Math. Appl. 50,
Cambridge University Press, Cambridge, 1994.

[3] N. Bourbaki, Algébre, Hermann, Paris, 1970.

[4] T. Brzeziniski, The structure of corings. Induction functors, Maschke-type theorem,
and Frobenius and Galois properties, Algebr. Representat. Theory 5 (2002), 389-410.

[5] T. Brzezinski and R. Wisbauer, “Corings and comodules”, London Math. Soc. Lect.
Note Ser. 309, Cambridge University Press, Cambridge, 2003.

[6] S. Caenepeel, Galois corings from the descent theory point of view, Fields Inst. Comm.
43 (2004), 163-186.

[7] S. Caenepeel, G. Militaru and S. Zhu, “Frobenius and separable functors for general-
ized module categories and nonlinear equations”, Lect. Notes Math. 1787, Springer-
Verlag, Berlin, 2002.

[8] S. Caenepeel and §. Raianu, Induction functors for the Doi-Koppinen unified Hopf
modules, in “Abelian groups and Modules”, A. Facchini and C. Menini (Eds.), Kluwer
Academic Publishers, Dordrecht, 1995, p. 73-94.

[9] S. Discélescu, C. Nastasescu and §. Raianu, “Hopf Algebras. An Introduction”,
Monographs Textbooks Pure Appl. Math. 235, Marcel Dekker, New York, 2001.

[10] Y. Doi, Unifying Hopf modules, J. Algebra 153 (1992), 373-385.



32 S. CAENEPEEL, S. CRIVEI, A. MARCUS, AND M. TAKEUCHI

[11] Y. Doi and M. Takeuchi, Hopf-Galois extensions of algebras, the Miyashita-Ulbrich
action, and Azumaya algebras, J. Algebra 121 (1989), 488-516.

[12] Hopf algebras and Galois extensions of an algebra, Indiana Univ. Math. J. 30 (1981),
675—692.

[13] A. Marcus, Equivalences induced by graded bimodules, Comm. Algebra 26 (1998),
713-731.

[14] C. Menini and M. Zuccoli, Equivalence theorems and Hopf-Galois extensions, J. Al-
gebra 194 (1997), 245-274.

[15] S. Montgomery, “Hopf algebras and their actions on rings”, American Mathematical
Society, Providence, 1993.

[16] P. Schauenburg, Hopf bimodules over Hopf-Galois extensions, Miyashita-Ulbrich ac-
tions, and monoidal center constructions, Comm. Algebra 24 (1996), 143-163.

[17] H.-J. Schneider, Principal homogeneous spaces for arbitrary Hopf algebras, Israel J.
Math. 72 (1990), 167-195.

[18] H.-J. Schneider, Representation theory of Hopf Galois extensions, Israel J. Math. 72
(1990), 196-231.

[19] H.-J. Schneider, Hopf Galois extensions, crossed products, and Clifford theory,
Bergen, Jeffrey (ed.) et al., Advances in Hopf algebras. Conference, August 10-14,
1992, Chicago, IL, USA. New York, NY: Marcel Dekker. Lect. Notes Pure Appl.
Math. 158, 267-297 (1994).

[20] K.-H. Ulbrich, On modules induced or coinduced from Hopf subalgebras, Math.
Scand. 67 (1990), 177-182.

FAcuLTy OF ENGINEERING, VRIJE UNIVERSITEIT BRUSSEL, VUB, PLEINLAAN 2, B-1050
BRuUsSsELS, BELGIUM

E-mail address: scaenepe@vub.ac.be

URL: http://homepages.vub.ac.be/ scaenepe/

FAcuLTy OF MATHEMATICS AND COMPUTER SCIENCE, BABES-BOLYAT UNIVERSITY, STR.
MiHAIL KOGALNICEANU 1, RO-400084 CLUJ-NAPOCA, ROMANIA
E-mail address: crivei@math.ubbcluj.ro

FAacuLTy OF MATHEMATICS AND COMPUTER SCIENCE, BABES-BOLYAT UNIVERSITY, STR.
MiHAIL KOGALNICEANU 1, RO-400084 CLUJ-NAPOCA, ROMANIA
E-mail address: marcus@math.ubbcluj.ro

INSTITUTE OF MATHEMATICS, UNIVERSITY OF T'SUKUBA, TSUKUBA, IBARAKI 305, JAPAN
E-mail address: takeu@math.tsukuba.ac.jp



