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ABSTRACT. We introduce group corings, and study functors between
categories of comodules over group corings, and the relationship to
graded modules over graded rings. Galois group corings are defined,
and a Structure Theorem for the G-comodules over a Galois group cor-
ing is given. We study (graded) Morita contexts associated to a group
coring. Our theory is applied to group corings associated to a comodule
algebra over a Hopf group coalgebra.

INTRODUCTION

Group coalgebras and Hopf group coalgebras were introduced by Turaev
[15]. A systematic algebraic study of these new structures has been carried
out in recent papers by Virelizier, Zunino, and the third author (see for
example [16, 17, 18, 19, 21, 22]). Many results from classical Hopf algebra
theory can be generalized to Hopf group coalgebras; this has been explained
in a paper by the first author and De Lombaerde [6], where it was shown
that Hopf group coalgebras are in fact Hopf algebras in a suitable symmetric
monoidal category.

In [20], the third author investigated how Hopf-Galois theory can be devel-
oped in the framework of Hopf group coalgebras. A definition of Hopf-Galois
extension was presented; the requirement is that a set of canonical maps,
indexed by the elements of the underlying group, has to be bijective. One
aspect in the present theory that is not satisfactory is the lack of an appro-
priate Structure Theorem: an important result in Hopf-Galois theory states
that the category of relative Hopf modules over a faithfully flat Hopf-Galois
extension is equivalent to the category of modules over the coinvariants. So
far, no such result is known in the framework of Hopf group coalgebras.
Corings were introduced by Sweedler [14], and were revived recently by
Brzezinski [3]. One of the important observations is that coring theory pro-
vides an elegant approach to descent theory and Hopf-Galois theory (see
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[3, 4, 5]). The aim of this paper is to develop Galois theory for group cor-
ings, and to apply it to Hopf group coalgebras.

A G-A-coring (or group coring) consists of a set of A-bimodules indexed by
a group G, together with a counit map, and a set of diagonal maps indexed
by G x G, with appropriate axioms (see Section 1). A first remarkable ob-
servation is the fact that we can introduce two different types of comodules
over a group coring C. C-comodules consist of a single A-module, with a
set of structure maps indexed by G, while G-C-comodules consist of a set of
A-modules indexed by G, together with structure maps indexed by G x G.
We have a pair of adjoint functors between the two categories of comodules
(see Proposition 1.1). This remarkable fact can be explained by duality ar-
guments. Dualizing the definition of a G-A-coring, we obtain G-A-rings; in
the coalgebra case, this was observed in [21]. In contrast to G-corings, G-
rings are a well-known concept: in fact there is a categorical correspondence
between G-A-rings and G-graded A-rings. The graded ring corresponding
to a G-ring is the so-called “packed form” of the G-ring, in the terminology
of [21]. We don’t have a similar correspondence between group corings and
graded corings, unless the group G in question is finite. This indicates that
duality properties for module categories over graded rings have to be studied
from the point of view of group corings, rather than graded corings.

Over a graded ring, one can study ordinary modules and graded modules,
and there exists an adjoint pair between the two categories. We also have
functors from the categories of C-comodules (resp. G-C-comodules) to mod-
ules (resp. graded modules) over the dual graded ring of C. All these
functors appear in a commutative diagram of functors (see Proposition 4.5).
The functor between the category of G-C-comodules and graded modules is
an equivalence if every C, (or equivalently, every homogeneous part of the
dual graded ring) is finitely generated and projective as an A-module (see
Proposition 4.4). These properties of (co)module categories are studied in
Sections 1, 3 and 4.

An important class of group corings, called cofree group corings, is investi-
gated in Section 2. Basically, these are corings for which all the underlying
bimodules are isomorphic. A cofree coring is - up to isomorphism - de-
termined by Ce, its part of degree e; its left dual is the group ring *C.[G]
over the left dual of C. (Proposition 4.6). The category of G-C-comodules is
equivalent to the category of comodules over C. (Theorem 2.2). This is an
analog of the well-known fact that, for a group ring R[G], the category of
graded R[G]-modules is equivalent to the category of R-modules.

In Section 5, we introduce the notion of grouplike family of a group coring.
Grouplike families correspond bijectively to C-comodule structures on A.
Fixing a grouplike family, we can introduce the coinvariant subring 7" of A.
We have two pairs of adjoint functors, one connecting modules over the coin-
variants to right C-comodules (Proposition 5.3), and another one connecting
modules over the coinvariants to right G-C-comodules (Proposition 5.4). It
can be established when the latter adjoint pair, denoted (F7, G7), is a pair
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of inverse equivalences. Given a group coring C with a fixed grouplike fam-
ily, we can define a canonical morphism of group corings between the cofree
coring built on the Sweedler canonical coring and the coring C. If F% is
an equivalence, then this canonical morphism is an isomorphism (Proposi-
tion 5.7). In this case, we call our group coring a Galois group coring. This
is equivalent to C being cofree, and C, being a Galois coring. The Structure
Theorem 5.12 is our main result. Basically, if C is Galois, and A is faithfully
flat over the coinvariants, then F» is an equivalence.

Morita theory plays an important role in this theory. To a group coring with
a fixed grouplike family, we can associate several Morita contexts. Two of
them are classical Morita contexts, and have been studied in a special sit-
uation (see Section 10) in [20]. But the natural Morita contexts are in fact
graded Morita contexts. In Section 6, we give some generalities on graded
Morita contexts; in Sections 7 and 8, we discuss the Morita contexts and
their relationship.

In some situations, the Galois property of a group coring can be charac-
terized by the graded Morita contexts associated to it. We study this in
Section 9. In the final Section 10, we briefly discuss the situation where C is
a group coring A ® H associated to a right H-comodule algebra A, where H
is a Hopf group coalgebra, as introduced in [15]. We show that this group
coring is Galois if and only if A is an H-Galois extension in the sense of [20].
This entails a Structure Theorem for relative group Hopf modules; we also
describe the dual of the group coring A ® H.

Throughout this paper, we will adopt the following notational conventions.
For an object M in a category, M will also denote the identity morphism
on M.

Let G be a group and M a (right) A-module. We will often need collections
of A-modules isomorphic to M and indexed by G. We will consider these
modules as isomorphic, but distinct. Let M x {a} be the module with index
. We then have isomorphisms

po o M — M x {a}, pa(m)=(m,a).

We can then write M x {a} = po(M). u can be considered as a dummy
variable, we will also use the symbols v,v,.... We will identify M and
M x {e} using fie.

1. GROUP CORINGS AND COMODULES

Let G be a group, and A a ring with unit. The unit element of G will be
denoted by e. A G-group A-coring (or shortly a G-A-coring) C is a family
(Ca)aeq of A-bimodules together with a family of bimodule maps

Appg: Cap—=Ca®aCg; e: Co— A,
such that
(1) (Aa,ﬁ XA C’y) © Aa,@,w = (Ca XA AB,'y) o Aa,,@v
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and
(2) (Ca®ae)oNge=Cq=(e®aCqo)0Acq,
for all a, 3,7 € G. We use the following Sweedler-type notation for the
comultiplication maps A, g:
Ao p(€) = ¢1,a) 4 2,85
for all ¢ € Cop. Then (2) takes the form

(3) c1,m)€(c2e)) = ¢ = (c1,e))c2,0)-

(1) justifies the following notation:

((Aa,5®4Cy)0Anp4)(c) = ((Ca®aDpy)000 5y)(C) = C1,0)®AC(2,8PAC(3 )5

for all ¢ € Copy. If C is a G-A-coring, then C = C. is an A-coring, with
comultiplication A, . and counit e.

A morphism between two G-A-corings C and D consists of a family of A-
bimodule maps (fa)acc, fa : Ca — Dq such that

(foc XA fﬁ) OAa,ﬁ = Aa,ﬁofaﬁ and Eofe =E&.

If A is a commutative ring, and ac = ca, for all @ € G, a € A and ¢ € C,,
then C is called a G-coalgebra, cf. [15].

Over a group coring, we can define two different types of comodules. A right
C-comodule is a right A-module M together with a family of right A-linear
maps (pa)acG, Po: M — M @4 C,, such that

(4) (M ®4 Aag) o pap = (pa ®aCg)opgs
and
(5) (M ®a¢)ope = M.

We use the following Sweedler-type notation:
pa(m) = mjq] XA mM1,q]-
(4) justifies the notation
(M @4 Aqp) o pag)(m) = ((pa ®aCp) 0 pg)(m) = mpg) @4 M[1,4) ®a M5,

and (5) is equivalent to mpje(myi ) = m, for all m € M.
A morphism of right C-comodules is a right A-linear map f : M — N
satisfying the condition

(6) (f®ACa)opa:paofa
for all @ € G. ME will be our notation for the category of right C-comodules.

A right G-C-comodule M is a family of right A-modules (M, )qcq, together
with a family of right A-linear maps

Pag i Mag — My ®4Cg
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such that

(7) (Ma ®A A,@,’Y) C Pa,By = (pa,ﬁ XA C’y) O Pas,y
and

(8) (Ma XA 5) O Pa,e = Ma

for all a, 8,y € G. We now use the following Sweedler-type notation:
Pa,5(m) =M .a] @4 Mg,
for m € M. (7) justifies the notation
(Mo ®4 Agy) © pa,sy)(m) = ((pa,s ©a Cy) © papy)(m)
= Mf0,a] DA M1 DA Mf2,9],
for m € Myp,. (8) implies that myg qe(mye) = m, for all m € M,. A
morphism between two right G-C-comodules M and N is a family of right
A-linear maps fo : M, — N, such that
(fa ®4Cp) © pa,g = Pa,s© fap.
The category of right G-C-comodules will be denoted by M&<.
Proposition 1.1. We have a pair of adjoint functors (F1,G1) between the

categories M€ and ME. Moreover, if G is a finite group, then (Fy,G1) is
a Frobenius pair of functors, i.e. Fy is also a right adjoint of G.

Proof. Take M = (My)aeq € MEE, and define

P (M) =M. =M.
acG
The coaction maps po : M — M ® 4 C, are defined as follows: for m € Mg,

let
9) Pa(m) =My ga-1] @A M[1,q)-
Otherwise stated, po = @geg Pga—1,a- Let us show that (4,5) hold. For all
m € M., we compute that

((pa ®4 Cp) 0 pg)(m) = (pa @4 Cp)(Mmpp H5-1) ©a M1 g))

M08~ 1a~1] ©AM[1,0] ©AMY2,6)
= (M ®aAqp) o pag)(m);

(M ®a¢) o pe)(m) =mpe(my¢) = m.

For a morphism f: M — N in MEE, we simply define
F (i) = @ Ja-
acG

Let us now define G1. For M € MC, let G1(M)y = po (M), where we use
the notation introduced at the end of the introduction. The coaction maps
Pag Hap(M) = po(M) ®4 Cg are defined by

(10) Pag(Hap(m)) = pa(mig) @4 M1 g,
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for all m € M. The formulas (7,8) hold since

(Mo ®4 Agy) © pa,py) (Hapy(m))
= (Mo ®4 Agy)(palmp)) ®amp gy)
= pa(my)) ®amp g ®amp,
= Pa,s(Has(mp])) ®amp
= ((pa,8 ®4Cy) © pagy) (Hapy(m));
(Mo ®4€) 0 pae)(tia(m))
(Mo @4 €)(pa(mp)) ®amye)
= pa(mp)e(me) = pa(mge(me)) = ta(m).
On the morphisms, G is defined as follows: for f: M — N in MS, we put

Gl(f) = (Va ofo N;l)aEG'
Take M € M%C and N € ME, and consider the map
¢ : Hom&(F (M), N) — Hom%<(M,G1(N))
defined as follows. For f: @, cq Mo — N, let
V(fla =vao foia: My — G1(N)a = va(N),

where iy : M, — P acq Mo is the canonical injection. Now consider the
map

¢ : Hom“E(M,G1(N)) — Hom&(F| (M), N),
defined as follows: for g = (ga)aca : M — G1(N), let
$(9)(m) = > (2" © ga 0 pa)(m),
aclG

where now p, : P acc Mo — M, is the canonical projection. Straightfor-
ward computations show that ¢ and ¢ are well-defined. They are inverses,
since

S((f))(m) = (i ovao foigopa)(m)=f(_ (iaopa)(m)) = f(m),
acG aeG
for all m € @, Ma, and
Y(d(g))a(m) = (va © ¢(g) 0ia)(m)
= Z(Va © V[;l ©gsoppo ia)(m) = (Va0 Vgl 0 ga)(m) = ga(m),
peG

for all @« € G and m € M,. It is easy to show that i and ¢ define nat-
ural transformations. Let us describe the unit 77 and the counit €1 of the
adjunction. For M € M%€, we have

mass = ppoig: Mg — ps(EP Ma);
aeG
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for N € MC, we have

€1,N = ZM;lOpai @Ma(N)_)N

aceG aeG

To prove the final statement, let us assume that G is finite. Take M € MEE€
and N € ME, and consider the map

@ : Hom“C(G1(N), M) — HomE(N, F|(M)),
defined by
P(g)(n) = Z(za © ga © ta)(n) € EB M,

aceG aceG

for all morphisms g = (ga)acc : G1(N) — M in M€, Now consider the
map

U : HomS(N, Fy(M)) — Hom%€(G1(N), M),
defined by
\I](f)oc :paOfOM;1 :Na(N) — M,

for all right C-colinear maps f : N — @ .o Ma. One can check that ® and
U are well-defined. Let us check that ® and ¥ are mutually inverse:

S(U(f))(n) = Y (ia © ¥(f)a© ta)(n)

aceG

= D (iaopaofopug'opa)(n) =7 (iaopa)(f(n)) = f(n),

aeG aeG
for all n € N, and, for all a € G,
U(®(g))a =Ppa 0 P(g) 0 tg' =D (paoigogsoppo iy
BeG
= GO fla © iy = G-

Let us finally describe the unit v and the counit {; of this adjunction. For
N € ME, we have

VIN= Y a0t N = @D pa(N);
acCG acG
for M € MYE, we have

Gus =ppopg' s ps(EP Ma) — Mp.
aeG
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2. COFREE GROUP CORINGS

Definition 2.1. A G-A-coring C is called cofree if there exist A-bimodule
isomorphisms v, : C =C, — C, such that

(11) Aa,8(Vap(c)) = valcq)) ®a va(ce),
for all ¢ € C.
From (2) and (11), it follows that

(€070 ") (Yap () (1,0))Vas(C) 2,8 = V8(c),

for all ¢ € C. This can be restated as follows: for all ¢ € 7,3(C) = Cag, we
have

(12) (e ova ) ca)ees = (V8 0 1as)(0)-
In a similar way, we obtain the formula
(13) cray (€075 )(Cp) = (Va0 155)(C)-

A cofree group coring C is defined up to isomorphism by C.. We will write

Q == Ce<G>

Theorem 2.2. If C is a cofree group coring, then the categories M and
MEE are equivalent.

Proof. We define a functor Fy : M — MY as follows: F5(N)q = va(N)
is an isomorphic copy of IV; the coaction maps are

Pa6 ¢ Vap(N) = va(N) ®475(Ce), Pa,sWap(n)) = va(njg) ®avs(n[)-

We also have a functor Gy : MEE — MC Go(M) = M,, with coaction
pee = p. It is then clear that Go(Fo(N)) = N, for all N € M%. For
M € MEE, we have that

Fy(Ga(M)) = (va(Me))ace-
It is clear that the map

Yo i My — Va(Me)a @a(m) = Voe(m[(],e])g(’)/c:l(m[l,a]))

is right A-linear. ¢ = (¢a)acq is a morphism in MEE since

((pa @4 Cg) © pa,p)(m) = Pa(mMa)) ®a mp g

= va(mpg)(e075") (M) ®ampg

2 valmpa) ©4 (8 0 128 (M1 ag)

= Va(mio,e]) ®a 7 <m[1 e(e0705) (mp, aﬂ]))
= Va(mpog) ®a78(mpe) (€ 0 725) (M2,0)

= PasVas(Mpe))(E 0 7a5) (Mi1ag)
= (Pa,3 0 Pap)(m),



GROUP CORINGS 9
for all m € M,g. Next we define

Vo i Va(Me) = Ma, Ya(va(m)) = mjq(eo 7;}1)(m[1,a*1})-
For all m € M, we compute
(Yo © 0a)(m) = Pa(va(m Mo e]) (f_l(m[l,a])))
= mpa(e0, ) mpa-1)(E 07y ) (mpy)
= mpaleort) (m[l,a—l](E o %71)(771[2,@]))
13 _ _
Z e 0971 ((amr 09 mpr )
= mpe(myg) =m.
For all m € M., we have
(0 © Ya) (Va(m)) = ¢a (Moo (e 0 132 ) (M1 0m))
= va(mpe)(e o7 ") (mpa))(E 0, ) (mpa-1))

( (

= Va (m[0,6]>(€ ° Vo ) (m[l al (8 o 7;—11)(m[2,oﬁ1])>
( (
( (

(13)
=" va(mpe)(Eors" 0va 0. ) (mp )
= ValMe €M1 ] )) = va(m).
This shows that 1, is inverse to ¢4, and our result follows. ([

3. GRADED CORINGS AND COMODULES

Let C be an A-coring, C is called a G-graded A-coring if there exists a
direct sum decomposition C = @ Ca as A-bimodules such that A(C,) C
DpsecCap—1 ®aCp and e(Ca) =0 if o # e.

If A is a commutative ring, and ac = ca, for all « € A and ¢ € C, then C is
called a G-graded coalgebra, cf. [12].

To a G-graded A-coring, we can associate a G-A-coring C = (Cy)acc- The
counit is the restriction of € to Ce, and A, g is the composition

A
Cap— EP Capy1 ®a Cy—5Ca ®4 Cs,
veG

where p is the obvious projection.

Let (M, p) be a right C-comodule. For each a € G, we consider the map
(M ®apa)op: M — M®yCa,

where p, : C — C, is the projection. Then M is a right C-comodule, and
we obtain a functor M€ — ME.
(M, p) is called a G-graded right C-comodule if we have a decomposition
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M = @ cq Mo as right A-modules, such that

p(My) C @Magq XA Cﬂ.
BeG

Now consider the maps

Pag: MagL @ Maﬁ,yfl ®A CA/LMQ ®4 Ca.
yeG
Then M = (M,)aec is a right G-C-comodule, and we have a functor from
the category of graded C-comodules to M€,

If G is finite, then there is a one-to-one correspondence between graded
corings and group corings: if C is a group coring, then @, Cs is a graded
coring. In this situation the two functors between (G-graded) C-comodules
and (G-)C-comodules are isomorphisms of categories.

4. GRADED RINGS AND MODULES

Let A be aring and R = @, Ra a G-graded ring. Suppose that we have
a ring morphism i : A — R.. Then we call R a G-graded A-ring. Every
R, is then an A-bimodule, via restriction of scalars, and the decomposition
of R is a decomposition of A-bimodules. The category of G-graded right
R-modules will be denoted by M.
Let C be a G-A-coring. For every a € G, Ry = *C,—1 = sAHom(C,-1, A) is
an A-bimodule, with

(a-f-5)(e) = flcalb
for all f € Ry, a,b€ A and ¢ € C,-1.
Take fo € Ra, gg € Rg and define f,#g3 € R, as the composition

Ag1 o1 Cs-1Qafa

Clapy-t —= Cg1®4Com1 " — Cp1-5A,
that is,
(fa#9p)(c) = ga(ca 1) falcia1))),
for all ¢ € C(aﬁ)fl. This defines maps mq g : Ro ®4 Rg — Rap, which make

R =@ ¢ Ra into a G-graded A-ring. Let us show that the multiplication
is associative: take hy € R, and ¢ € C(,3,)-1. We then compute that

((fa#tgp)#hy)(c) = hy(cq 1) (fa#t9p) (c(2,(ap)-1)))
= hy(cay198(c 1) falc@a))) = (fa#t(gs#thy))(c).

£ € R, is a unit for the multiplication; i : A — R, i(a)(c) = &(c)a is a ring
homomorphism, since
(i(a)#i(b))(c) = i(b)(c1,e)ila)(cze))) = i(b)(c(1,e)E(c2,e))a)
= i(b)(ca) = e(ca)b = e(c)ab = i(ab)(c).
We conclude that R = @ ., Ra is a G-graded A-ring, called the (left) dual
(graded) ring of the group coring C. We will also write *C = R.
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Suppose we are given a morphism f = (fa)aca : C — D of G-A-corings, its
left dual is defined as the G-graded A-ring morphism

*i:@*fa—l 2*2:R/—>*Q:R, *i(zgo‘> =Zanfa—1‘
aceG acG aceG

For every a € G, R}, = Homu(R,,A) is an A-bimodule, with structure
maps

(a-h-b)(f) = ah(bf),
for all a,b € A, f € R, and h € R},. We have an A-bimodule map
ta: Comr = Ry, ta(c)(f) = f(0).

If C,-1 is finitely generated and projective as a left A-module, then ¢, is an
isomorphism of A-bimodules. Since

R* = Homu(R, A) = HomA(EB Ra,A) ~ [ Re =[] Ris.
aeG aceG aceG
the ¢, define an A-bimodule map
Hba—lgbi HCa—> HR;,lg *.
acG aceG acG

We say that a group A-coring C is left homogeneously finite if every C, is
finitely generated and projective as a left A-module. In this case ¢ is an
isomorphism.

Proposition 4.1. Let C be a G-A-coring, with left dual graded ring R. We
have a functor F3: ME€ — Mg, which is an isomorphism of categories if
C is left homogeneously finite.

Proof. Take M = (My)acc € MEE. The maps
wa,ﬁ My ®a Rﬁ - Maﬂa ¢a,ﬁ(m XA f) =m:- f = m[O,a,@]f(m[l,ﬁ—l})a
are well-defined, since
Va,8(ma ®a f) =mpap f(mp p-11a)
= mpapgla- f)(mpg-1)) =as(maa-f).
Y, is right A-linear:
Vas(M®a f-a) =mgag(f a)(mpg-1)
= m,apf(Mmpg-1))a=Yas(m®a f)a.
We also compute that
m - =Pac(m®ac) =mpqelmpe) =m;
if g € Ry, then we have
m - (f#9) = mpo,apy ([#9)(M1,3v)-1]) = M(0,0879(M1 11 f (M2,5-1)))
= (mpagflmpgy)-g=(m-f) g
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This shows that P, o Mo = F3(M) is a G-graded R-module. For a mor-
phism f: M — N in MEE, we define F3(f) = @Docq fo- O

Before we prove the second part of Proposition 4.1, we state and prove two
Lemmas.

Lemma 4.2. Let A be a ring, and M, P € AM wzth M finitely generated
and projective, with finite dual basis f(a) @4 mle ( finite sum is implicitly
understood). Then

Zfz ®APp; = Zgj ®aqjin "M @ P

if and only if
Zfl( Zg] QJ)
for allm e M.

Proof. One direction is obvious. Conversely, we have

Zfi®Apz Zf ") ®a4pi
= Zf ®a fi(m )pi:Zf(“)ééAg-( @)g;

= Zf ®AQJ ZQJ XA qj-

O

Lemma 4.3. Let C be a left homogeneously finite G-A-coring. Let f(%) @4
A% € R, -1 ®4 Cq be the finite dual basis of Co as a left A-module. Then

(14) f(ﬁv) ®4 Ag(c (c (ﬁv> f #f 4 B R4 RGN

Proof. For all ¢ € Cg,, we have

(FO# O (e)e®) @4 ) = f(ﬁ)(c mf(“f)( e B) @ 4 )
— C(l,ﬂ)f( )( Clary)) ®A ) = cp) ®Af7 (c( ﬁ))c(v)
= ca,8) ®acey) = Bpylo)
— Aﬁﬁ(f(ﬁv)(c)c(ﬂv)) — f(BV)(c)Agﬂ(c(m)).
(614) now follows after we apply Lemma 4.2, with M = Cg, and P = Cg ®é
-

Proof (of the second part of Proposition 4.1). Assume that every C, is finitely
generated and projective as a left A-module. Let M be a G-graded right
R-module, and consider the maps

Pa,p - Maﬂ - Ma XA Cﬁ, pa7ﬁ(m) =m- f(/B) QA C(ﬁ)
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These maps make (My)qcq into an object of M&E. We first verify the
coassociativity conditions:

(Mo ®4 Agy) 0 pa,gy)(m) = (Ma ®a Agy)(m - f B7) @ 4 D)
= m- O @4 Ag,(c® YW (FO# D) @4 D @4 )
= (m-fD) fO @4 c® @y
= (Pag®aC)(m- f®4cM) = ((pap®4Cy) 0 papy)(m).

The counit property can be verified as follows:
(Mo ®a) 0 pae)(m) =m- fe(d)) =m-c=m.

We have a functor Gz : M% — MEE. On the objects, it is defined by
G3(M) =M = (My)aec- For a graded R-module map f: M — N, we let
G3(f)a: M, — Ny be the restriction of f to M,,.
We are done if we can show that F35 and G5 are inverses. First take a graded
R-module M. Then (I3 0 G3)(M) = @, cq Ma = M, with right R-action
coinciding with the original right R-action, since

Ya,5(m @4 f) = mgag fmp ) = (m- ) f(e? )y =m-f.

Take M € MYE. Then (Gs o0 F3)(M) = G3(Ppeq Ma) = (Ma)aca = M.
The coaction maps p,g on (Gs o F3)(M) coincide with the coaction maps
Pa,p o0 M, since

pap(m) =m- [P @4 B =mp o fP(mpyg) @a P
= mipo.a) O [P 0)e? = mpg.0) ©4mp1.5 = pap(m),
for all m € M,g. O

Proposition 4.4. Let C be a G-A-coring, with left dual graded ring R. We
have a functor Fy : MS — Mg. Fy is an equivalence of categories if C is
left homogeneously finite, and G is a finite group.

Proof. Let (M, (pa)acc) € ME. For each a € G, the map

Yo: M®&a Ry — M, Yo(m®a f)=mpf(mpa1))-
is well-defined, since
Ya(ma @a f) =mp f(mpqa-1a) =mpg(a- f)(mpa1y) =alm@aa- f).
e is Tight A-linear since
Ya(m®a f-a) =mp)(f - a)(mpa-11) = mp)f(mpa-1))a = Ya(m @4 fa.
We define a right R-action on M as follows:

mf = Zwa(m®A fa)v

aeG
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forallm € M and f =) fa € @Dpeq Ra- This makes M into a right
R-module, since m - & = mpe(m; ) = m and

(m - f)-g=(mpf(mpa-1))) - g=mpeg(mpg-11f(mpgqe-1))
= mo(f#9)(mp,ap)-11) = m - (f#9),

for all f € R, and g € Rg. We let Fy(M) = M with the above action; if
f: M — N is a morphism in MC, then f is also right R-linear, and we
define Fy(f) = f.

If G is finite and every C, is finitely generated and projective as a left
A-module, then C = @, c;Co is a (G-graded) A-coring, that is finitely
generated and projective as a left A-module. The left dual of the coring C
is precisely the ring R, and ME = M€ = Mp. O

Let R be a G-graded ring. It is well-known (see for example [13, Theorem
2.5.1]) that we have a pair of adjoint functors (F5, G5) between the categories
Mg and Mp. F3 is the functor forgetting the G-grading; G5 is defined as
follows: G5(M) = B, cq ta(M), with right R-action

fa(M)r = pag(mr),
for allm € M and r € Rg.

Proposition 4.5. Let C be a G-A-coring, with left dual G-A-ring R. Then
we have the following commutative diagram of functors.

F3 a
MG’Q MR

" “ & ch

ME Mg

Fy

Proposition 4.6. The left dual of a cofree G-A-coring C is the group ring
R.[G].

Proof. For every o € GG, we have A-bimodule isomorphisms
Yo-1: Ce = Cy-1,
Vo1 : "Cyp-1 = Ry — *Ce = R,
and

Oa = (*'Yafl)il = *('Y_l ) i Re — Rq.

a1

We then have the following property, for f € R, and ¢ € Ce:

() (a-1(0)) = COLW) (a1 (0) = £ (34 (a1 () ) = 1),
Using the formula

Agfl,crl(v(aﬁ)fl (c)) = 75*1(0(1)) ®A %rl(C(Q)),
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we compute, for all ¢ € C. and f, g € R, that
(0al ) #5(9) Capy 1 (€)) = 75(9) (351 (1))l F) (a1 (c2))))

= 053(9) (75—1(0(1))f(0(2))> = o3(9) (75—1(0(1)f(0(2))))
= glcq)flew))) = (f#9)(c) = oap(f#9)(Vap)-1(c)).

The map ¢ : R.[G] — R, ¢(ruqa) = 04(r) is a bijection. It follows from the
above computations that it preserves the multiplication, so it is an isomor-
phism of rings. It is clear that it preserves the grading. (]

5. GALOIS GROUP CORINGS

Let C = (Ca)aca be a G-A-coring. A family 2 = (Za)aca € [laeq Ca is
called grouplike if A, g(zq3) = To ®4 x5 and e(z.) = 1, for all o, 8 € G.
Proposition 5.1. There is a bijective correspondence between
e grouplike families of C;
e right C-comodule structures on A.
Proof. Let x be grouplike; the maps
Pa: A= ARpCo = Cq, pala) =1®4 zqa,
make A into an object of ME. Conversely, let (A, (pa)acg) € ME, and let
ZTo = pa(la). Then py(a) = xqa. (zq)aca is grouplike since
Ao p(rap) = (A®a Aap) © pap)(la) = ((pa ©4Cs) 0 pp)(14)
= (pa XA Cﬁ)(lA XA x@) =ZTq Q4 Ta;
e(re) = ((A®ac)ope)(la) = 1a.
O

Example 5.2. Let C be a cofree group coring, and take a grouplike element
x € G(Ce). Then (va(z))acc is a grouplike family, since A, g(vag(x)) =
Ya(z) @4 y3(2) and e(7e(z)) = 1.
Let (C,z) be a G-A-coring with a fixed grouplike family. For M € MS, we
define

ME = {m e M | po(m) =m®4 xa, Yo € G}.
Then

T =A% ={aecA|aty = zqa, Yo € G}

is a subring of A. If B — T is a morphism of rings, then we have, for all
m € M€ and b € B that

Pa(mb) =m @4 2,0 =m R4 bxy = mbR4 x4,
so mb e ME. Tt follows that M€ € Mp.

Proposition 5.3. With notation as above, we have a pair of adjoint functors
(Fs = —®@p A,Gg = (—)°C) between the categories Mp and ME.
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Proof. Let N € Mpg. On N ®p A, we consider the following coaction maps:
Po: N A—-NRpAR4sCy = NRpCa, pa(n®pa)=n®pz.a.

It is straightforward to show that this makes N ®p A into an object of ME.
Take N € Mp and M € ME. We have an isomorphism

¢: HomE(N ®@p A, M) — Homp(N, ME),
given by

o(f)(n) = f(n@p 1a) ; ¢~ (9)(n ®p a) = g(n)a.
U

We also have a pair of adjoint functors between Mp and MSE. For M &
MEE we define

M€ = {(ma)aca € [[ Ma | pas(mag) = ma @4z, VYo, 8 € G}.
aeG
Then M€ € Mp: if (ma)acq € M€ and b € B, then
paﬁ(magb) =Maq XA l’gb = Mg XA bxg =Mmab R4 3.

In Proposition 5.4, we use the functors GG; and Fg defined in Propositions
1.1 and 5.3.

Proposition 5.4. With notation as above, we have a pair of adjoint functors
(Fr = Gy 0 Fg, G7 = (—)C) between the categories Mp and MEE.

Proof. Observe first that F7(N) = (o (N ®@p A))aca, with coaction maps
Pa,B : ,uaﬁ(N ®B A) — ,ua(N ®B A) ®A Cﬁ given by the formula

Pa,8(Has(n @5 a)) = pa(n @5 14) ®4 20
Take N € Mp, M € MSE. We define a map
¢ : Hom“E(F;(N), M) — Homp(N, M)
as follows. For a morphism f = (fa)aca from Fr(N) to M in MYE let

d)(i)(n) = (foz(:ua(n B 1A)))a€G'
Then ¢(f)(n) € M€, since

Pa.8(fap(tap(n @5 14))) = (fa @4 Cs)(pa,p(tas(n @5 14)))
(fa ®4Cs)(Ha(n @B 14) ®4 x5)
= fa(pa(n ®@p1a)) ®4 zp.
We then define
¢+ Homp(N, M®€) — Hom%€(F;(N), M)

as follows: for g : N — M€ C [locc Mo and n € N, we write g(n) =
(9(n)a)acc. Then we put

V(9)a(pta(n ®p a)) = g(n)aa.
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Let us show that t(g) is a morphism in M€,

((¢(g)a ®A Cﬁ) © pa,ﬁ) (:uocﬁ(n ®p a))
= (¥(9)a ®aCp)(ta(n ®p 1a) ®a z5a) = g(n)a @4 x50
= pa,3(9(n)apa) = (a8 © V(9)as)(Hap(n @B a)).
We can easily show that 1 is inverse to ¢. First, (1) 0 ¢)(f) = f, since (¢ o
ﬁb)(i) (ta(n®@pa)) = fa(pa(n®pla))a = fa(ﬂa(n@)B La)a) = fa(pa(n®p

a)).
Secondly, (¢ 0 4)(g) = g, since (¢ 0 ¥)(g)(n) = (¥(9)a(ta(n @5 14)))acc =
(9(n)a)acc = g(n). a

Remark 5.5. If G is a finite group we can obtain (F», G'7) as the composition
of the two pairs of adjoint functors (G, F1) and (F, Gg) (see Propositions
1.1 and 5.3): (Fy = Gy 0 Fg,G7 = Gg o F1). Indeed, let us show that, for

M e MYE,
(Goo F(M) = (@D M)

aceG
equals MC: m = (mg)acq is in (Boeq Ma)C if and only if pg(m) =
m ®a xg, for all 3 € G, if and only if,

Zﬂ’ux[Oaﬂ 1]®Ama ﬁ] Zm‘)‘@Axﬁ_Zmﬁl(X)Axﬁ’
a€eG aceG acG

for all g € G; this is equivalent to
paﬁqﬁ(ma) = maﬂfl XA €3,
Or pa.p(Mag) = Ma ®4 xg, for all a, € G, ie. m € Mo,

Our next goal is to investigate when (F7, G7) is a pair of inverse equivalences.
To this end, we will need the unit and counit of this adjunction. We first
describe the unit n7:
C
mN: N = (pa(N @B A))ace 1.8 10) = (fa(n ®p14))aca-
The counit e7 is the following:
eraa i Ha(MC®p A) = My, e7.m0(a((mp)pec ®p a)) = maa.

We will proceed as in [5]. Let D, = A ®p A be the Sweedler canonical
coring associated to the ring morphism B — A. Recall from [3, 4, 14] that
its comultiplication and counit are given by the formulas

Ala®pb) =(a®p14a) @4 (la®@pb); c(a®pb) =ab.

Let D = (A ®p A)(G) be the cofree group coring built on the Sweedler
canonical coring.

Lemma 5.6. We have a morphism of G-A-corings can : D — C given by

cany (ta(a @p b)) = azxyb.
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Proof.
((cang ®4 cang) o A, 3)(Hap(a @p D))
= (cany ®4 cang)(ta(a ®p 14) ®a ps(la @p b))
= arq @4 x8b = Ay glazesb) = (Agp o cangg)(pasla ®p b));
g(canc(a ®@p b)) = e(axeb) = ab=c(a ®@p b).
O

Proposition 5.7. With notation as in Proposition 5.4 and Lemma 5.6, we
have the following properties.

(1) If F7 is fully faithful, theni: B — T is an isomorphism;
(2) if G7 is fully faithful, then can: D — C is an isomorphism.

Proof. 1) Let A= G1(A) = (pta(A))aca, with
Po,p(tap(a)) = pa(la) ®a zsa.
Then (fta(aa))aca € AC if and only if
Pop(Hap(@ap)) = pa(la) @4 Tp0as = pa(aa) @4 Tp,
or
(15) TBGag = Aa g,
for all o, B € G. We have an injective map
fr T =A% = A, f(a) = (4a(a) acc-

Indeed, if a € A®C, then az, = 240, for all o € G, and then (15) holds. If
F7 is fully faithful, then 77 is a natural isomorphism. In particular, n7 p :
B — A®C is an isomorphism. We have that

17.8(b) = (pa(b14))acc = ((1a 09)(b))acc = (f ©1)(b).

From the fact that 77 g is surjective, it follows that f is surjective, so f is
an isomorphism. Since 17, g = f o1, it follows that ¢ is an isomorphism.

2) C € MYE, with coaction maps A, g. We have an isomorphism

[ A— QCOQ, f(a) = (axa)a€G~
f(a) € C%°€ since
Aaﬂ(axag) =aTy XA xs3.
The inverse g of f is defined as follows:
9((Ca)aeG) = E(Ce)'

It is clear that (go f)(a) = a. For ¢ = (Ca)ace € C™C, we have A, s(cag) =
Ca ®A g, and, in particular, A, g(cg) = ce ®a zg. It follows from (3) that
cg = (ce)x3. Then we compute that

(fog)e) = fle(ee)) = (e(ce)ta)aca = ¢
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If G is fully faithful, then e7 is a natural isomorphism. In particular,

€7C,a - Ma(gcog XB A) = Cou 57,Q,a(ﬂa<§ ®B a)) = Ca,

is an isomorphism. Now we compute that can, equals the composition

na(Awp ALY (¢ o A)TESC,,

Indeed,

(e7c.a © (Ha(f ®B A)))(ala @B b))
= ercalta((azg)seq ®p b)) = axab = cany (pa(a @p b)).
O

Recall (see e.g. [3, 4, 5]) that an A-coring with fixed grouplike element
(Ce, xe) is called a Galois coring if the map

can: A ® geoce A — Ce, can(a ® ygeoc. b) = awed

is an isomorphism of corings. Proposition 5.7 suggests the following defini-
tion.

Definition 5.8. Let (C,z) be a G-A-coring with a fixed grouplike family.
We say that (C, z) is Galois if

can: D = (A® geoc A)(G) — C
is an isomorphism of group corings.

If (C,z) is a G-A-coring with a fixed grouplike family, then it is clear that
A€ c A%Ce. We will now show that this inclusion is an equality if C is
cofree. If C = C.(G) is a cofree G-A-coring, and z a grouplike family of C
such that z, = va(ze), for all @ € G, then we will say that (C, z) is a cofree
group coring with a fixed grouplike family.

Lemma 5.9. Let (C, z) be a cofree group coring with a fized grouplike family.
Then AC = AcoCe

Proof. If a € A°Ce, then ax. = xca, hence for all & € G, we have that

aZo = Yo (xe) = Yalaxe) = Yo(zea) = Yo(xe)a = xqa,
and it follows that a € A€, O

Proposition 5.10. For a G-A-coring with a fixed grouplike family (C,x),
the following statements are equivalent:
(1) (C,z) is a Galois group coring;
(2) (C,x) is a cofree group coring with a fized grouplike family, and
(Ce,ze) is a Galois coring.

Proof. 1) = 2). C is cofree, since can : D — C is an isomorphism, and
D is cofree. The isomorphisms v, : C. — C, are obtained as follows:
Yo = Calgy, O i o cang L. In particular, y,(7¢) = cang (o (1l ® geoc 1)) = Zq,
and it follows from Lemma 5.9 that AC = A°Ce From the fact that can is
an isomorphism, it follows that cane : A ® geoce A — Ce, cane(a ® b) = axeb
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is an isomorphism.
2) = 1). It follows from Lemma 5.9 that A°C = A°Ce. The maps can, :

Ha(A R geoc A) — Co = 7a(Ce) are given by
cang (pa(a @ b)) = arab = ava(ze)b = Ya(azed) = (Yo © cane)(a @ b),

SO can, = Y, © can, is an isomorphism. U

Let (Ce,xc) be an A-coring with fixed grouplike element, and let i : B —
A°Ce be a ring morphism. Recall from [3] or [5, Sec. 1] that we have a pair
of adjoint functors (Fy = — ®@p A,Gg = (—)°C) between Mp and MCe.
Then the following statements are equivalent (cf. [5, Prop. 3.1 and 3.8]):
(1) B = A%Cc, (Ce, ) is Galois, and A is faithfully flat as a left B-
module;
(2) (Fs,Gs) is a pair of inverse equivalences, and A is flat as a left B-
module.

Lemma 5.11. Let (C,z) be a cofree G-A-coring with a fized grouplike fam-
ily. Let i : B — A®C 22 ACe pe g ring morphism. Then Fy = Fy o Fy and
G7 =2 Gg o Go. Here (Fy,G3) are defined as in Theorem 2.2, and (Fr,G7)
as in Proposition 5.4.

Proof. For N € Mp, we calculate easily that
(Fy 0 F3)(N) = Fo(N ®@p A) = (va(N @5 A))aca;
with coaction maps
Pap(Vap(n®@p a)) =va(n®@p 1a) ®a vp(xea) = vo(n @p 14) ®a zsa.

We then see that (Fyo Fg)(N) = F;7(N). From the uniqueness of the adjoint
functor, it then follows that G7 &£ Gg o Gs. O

Theorem 5.12. Let (C,z) be a G-A-coring with a fized grouplike family,
and i : B — A%C a ring morphism. Then the following assertions are
equivalent.
(1) B = A€, (C,z) is a Galois group coring, and A is faithfully flat as
a left B-module;
(2) (F7,G7) is a pair of inverse equivalences between the categories Mp
and MEE and A is flat as a left B-module.

Proof. 1) = 2). It follows from Proposition 5.10 that C is cofree, and z, =
Yo(xe), and (Ce, ) is a Galois coring. We deduce from Lemma 5.9 that
B =2 AC = ACe Tt follows from Theorem 2.2 that F; is an equivalence,
and from the observations preceding Lemma 5.11 that Fy is an equivalence.
Consequently Fr =2 F5 o Fy is an equivalence.

2) = 1). It follows from Proposition 5.7 that B = A°C and that (C,z) is
a Galois group coring. From Proposition 5.10, it follows that C is cofree,
ZTo, = Ya(Ze). Then it follows from Theorem 2.2 that Fj is an equivalence.

From Lemma 5.11, it follows that F7 & F5 o Fy is an equivalence, hence Fg
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is an equivalence. It follows from the observations preceding Lemma 5.11
that A is faithfully flat as a left B-module. O

6. GRADED MORITA CONTEXTS

Let R be a G-graded ring, and M, N € M%. A right R-linear map f: M —
N is called homogeneous of degree o if f(M,) C Nyq, for all & € G. The
additive group of all right R-module maps M — N of degree o is denoted
by HOMg(M, N),, and we let

HOMg (M, N) = @5 HOMg(M, N),.
oceG

Let S and R be G-graded rings. A G-graded Morita context connecting S
and R is a Morita context (S, R, P, @, ¢,v) with the following additional
structure: P and () are graded bimodules, and the maps p: PRQrQ — S
and ¥ : Q®g P — R are homogeneous of degree e. Graded Morita contexts
have been studied in [2, 9, 11].

It is well-known (see [1, Sec. I1.4]) that we can associate a Morita context
to a module. This construction can be generalized to the graded case as
follows. Let P be a G-graded right R-module. Then S = ENDg(P) is a
G-graded ring, and @ = HOMpg(P, R) € R./\/lg, with structure

(16) (r-q-s)(p) =rq(s(p)),

forallr € R, s € S, ¢ € Q and p € P. The connecting maps are the
following

¢: POrQ — S, o(p@rq)(p") = pa(p');

Y: Q®s P — R, ¥(q®sp) = q(p).
Straightforward computations then show that (S, R, P, Q, p, 1) is a graded
Morita context.

Example 6.1. Let M, = (Se, Re, Pe, Qe, ¥e, ) be a Morita context, and
consider the group rings S = S¢[G] and R = R.[G|. Then P = P.[G]| =
EBJEG'PGUU S SM}G{ and Q = QC[G] = @JEG’QeUJ S RMga with

(suq)(pur)(ru,) = sprugrp, and (ruq)(qur)(su,) = r¢sterp,
for all o,7,p € G, r € Re, s € Se, p € P., ¢ € Q.. We have well-defined
maps
¢: PORrQ — S, ¢(pus @R qur) = 0e(p R, Q)Uor;

Vi Q®s P — R, Y(qus ®s pur) = 1e(q ®s, p)uor-
Then M.[G] = (S, R, P,Q, ¢,v) is a graded Morita context.
Let P € Mg be a graded R-module, where R = R.[G] is a group ring.
By the Structure Theorem for graded modules over strongly graded rings,
P = P.[G]. Let M, be the Morita context associated to the right R.-module
P.. Tt is then straightforward to verify that M,[G] is the graded Morita
context associated to P.
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7. MORITA CONTEXTS ASSOCIATED TO A GROUP CORING

Let (C,z) be a G-A-coring with a fixed grouplike family. We have seen in
Proposition 5.1 that A € M. The map

Xt R= A X(f) = falwa)
aceG

is a right grouplike character (see [10, Sec. 2[; the terminology was intro-
duced in [7]). This means that x satisfies the following properties:

(1) x is right A-linear;

(2) x(x(f) - 9) = x(f#9);

(3) x(e) =1a.
Verification of these properties is left to the reader; using the right grouplike
character x or Proposition 4.4, we find that A € Mg, with structure a—f =
f(xzg-1a), for f € Rg. We have already considered the subring 7" = A€ of
A. T is a subring of

T =A% ={aec A| fo-1(aza) = fo-1(z0a), Ya € G,¥fy-1 € Ry-1}.

If C is left homogeneously finite, then T'=T": if a € T”, then we find, using
the same notation as in Lemma 4.3, that

so a € T. From [10, Prop. 2.2], it follows that we have a Morita context
M = (T',R, A, O, 7', i'). Recall that

O'=RE={qe R | ¢#f=q-x(f), Vf € R}.

This means that ¢ = > . qa € O" if and only if go# f = qag - f(2g-1), for
all , 8 € G and f € Rg, or, equivalently, for all ¢ € C(4g)-1,

fle,p-1)dal(ca-1))) = (qa#f)(c)
= (qap - f(xp-1))(c) = qap(c) f(x5-1) = f(gap(c)Tg-1).

We conclude that

0 = {geR| f(C(l,ﬁfl)Qa(C(z,afl))) = f(QQB(C)xB*1)7

Ya,B8 € G, f € R/j, cE C(aﬁ)fl}.
The connecting maps are the following:
7 AR O =T, 7(a®gq) = Z Go(To-10);
aceG
ul: OI(§§>T/A—>R7 u’(q@T/a) =gq-a.

Now consider

O={q€ R|cqug19lcoa1)) =qap(c)rg-1, Va,B € G, c € Cap)-1}-
It is clear that O C O’, and that O = O’ if C is left homogeneously finite.
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Proposition 7.1. We have a Morita context M = (T, R, A, O, T, ), with T
and p defined by

7T: AQrO =T, T(a®Rrq) = an a-10)
acG
w: OrA— R, plg®@ra)=q-a.
If C is left homogeneously finite, then the Morita contexts M and M’ are
isomorphic.

Proof. We will show that O is a left ideal of R. All the other verifications
are straightforward. Take o, 3,7 € G, ¢ € O and f € R,. f#q € O since
we have, for all ¢ € C(,qg)-1
c,o-1) (f#da) (2, (o)1) = €1y 8alca1) F(E@4-1)))
= qaplcq,ep—1S(cr1)))Ts-1 = (f#dap)(c)zg-1.

8. GRADED MORITA CONTEXTS ASSOCIATED TO A GROUP CORING

Let (C, z) be a G-A-coring with a fixed grouplike family. Then A € MC (see
Proposition 5.1). From Proposition 1.1, it follows that G1(A) = (o (A))aca €
MEE with coaction maps

b Has(A) = el A) ©4.C, pop(1ap(®@) = fra(la) 4 250

From Proposition 4.1, we then obtain that

A{G} = F3G1(A) = @ pa(A) € MG,
aceG
The right R-action is defined by the following formula, for f € Rg:
(17) pa(a) - f = pap(f(zg-10)).

We will compute the graded Morita context associated to the graded right
R-module A{G}. Consider the rings

S' = {b = (ba)CMGG € H A | f(ba,@xﬁfl) = f(l'ﬁflba)a Va,B€G, f€ Rﬁ}v

aeG

S={b=(ba)acc € [[ 4| baszg-1 = 25-1ba, Yo, 8 € G}.
acG
Clearly S ¢ ', and S = S" if C is left homogeneously finite. Observe that
we have ring monomorphisms
i: T— S, i(b)=)aecg, i': T'— 5", i'(b) = (b)acq-
On S and S’, we have the following right G-action:

(18) b7 = (baa)a€G~

Indeed, if b € S, then b” € S, since bya5T3-1 = T3-1bga, for all a, 8 € G. In
the same way, S’ C §’.
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Lemma 8.1. With notation as above, we have that S¢ =T and S8'¢ =T'.

Proof. Using the monomorphism i, we find immediately that 7 c S¢. If
b € SY, then for all o € G, we have that (bya)acc = (ba)aca, hence b, = be,
and b = i(be). O

Now we consider the twisted group rings G * S = @, uaS and G * 5’ =
PB.cc uaS’, with multiplication

Uabuge = tapb’c.

Proposition 8.2. We have a graded ring isomorphism = : ENDgr(A{G}) —
Gx*S'.

Proof. For every o € G, we have an additive bijection Z, : ENDr(A{G}), —
ugS', E5(h) = ugb, with

(19) ba = (Hga © P o ha)(1a)-
h is completely determined by b, since
(20) h(:uoé(a)) = h(/J/oc(lA))a = /J/Joa(boa)a = me(baa)’

for all @ € A. Since h is right R-linear, we have, for all 3 € G and f € Rg
that

h(a(14) - F) = h(pap(F@g-1) 2 toas(f (bag 1)

equals

h(ta(14)) - | = toalba) - [ = poas(f(x5-1ba)),

so it follows that f(boszs-1) = f(25-1ba), for all o, 8 € G and f € Rg-1.
This means that b € S'.

The inverse of =, is defined as follows: given b € S, E;l(ugb) = h is defined
by (20). The proof is finished if we can show that

(1]

==, : ENDR(A{G}) —» G« S
oceG

preserves the multiplication and the unit. Take h € ENDgr(A{G}),, k €

ENDRr(A{G}),, and let E,(h) = usb and Z;(k) = u;c. Then ko h €
END(A{G})ro, and Zrq(k 0 h) = urod, with
do = (frga ko hopia)(14) = (frga 0k © figa © tiga © h o f1a)(14)

= (Nr_ala 0k o pga)(ba) = (Ur_ala 0k o piga)(1a)ba = coaba-

This proves that d = ¢°b, and Z,,(k o h) = ursc”b = (urc)(ugb). Finally,
Ec(A{G}) = ueb, with b, = (,u,;1 o A{G} o ) (14) = 14. O
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Our next aim is to describe HOMg(A{G}, R). Consider

Q =1{q¢= (qa)acc € H Ra | cag1yqa(c@a-1y) = Gap(c)zg1,
aeG

\V/Oé, ﬁ S G, xS C(ag)—1};
Q = {Q = (ga)acc € H R | f(C(17371)qa<c(27a71))> = f(qaﬁ(c)g;ﬁ,l),

acCG
Ya,8€ G, c€ C(aﬁ)fl, fe Rﬂ}.

It is clear that Q@ C Q" and that Q = Q' if C is left homogeneously finite.
Lemma 8.3. If f € R, and g € Q (resp. Q'), then f-q = (f#¢y-14)acc €
Q (resp. Q')

Proof. We will prove the first statement; the proof of the second one is
similar. For all ¢ € C(,g)-1, we have

ca,-1)(f#e-10)(c2.a-1)) = 1,818 1a(C2a-14) f(C(37-1)))
= q’y—laﬁ(c(l,ﬁ—la—l'y)f(C(Q,'y_l)))xﬁ_l = (f#q’y—laﬁ)(c)xﬁ_l.

O

Lemma 8.4. If ¢ € Q (resp. Q') and b € S (resp. S'), then q-b =
(QQ : ba)aEG € Q (resp. Q/)

Proof. The first statement is easily verified by the following computations:
c,8-1(da * ba)(c2,0-1)) = ¢1,8-1)9a(C2,0a-1))ba = Gap(c)T3-1ba
= 4ap(c)baprg—1 = (qap - bap)(c)Ts-1.

Lemma 8.5.

QG = P wa(Q) € kMG, s and Q'G = P wa(Q') € RME.s

aeG aeG

with bimodule structures defined as follows, for all f € Ry, ¢ € Q (resp. Q')
andb e S (resp. S’):

(21) frwalq) = wpalf - 9);

(22) walq) - urb = war(g - b7 ).
Proposition 8.6. We have an isomorphism of graded bimodules
U : HOMg(A{G},R) — Q'G.
Proof. We have an additive bijection
U, : HOMR(A{G}, R)o — wo(Q"), To(p) = wo(q),

with go = ©(ty-14(14)). g determines ¢ completely since
(23) p(pa(a)) = (Ha(14)) - @ = goa - a-
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Take 8 € G and f € Rg. Since ¢ is right R-linear, we have that

Plttg-10(14) ) = P(to-105f (@5-1)) s - flagr)
equals

P(Ho-10(14))Ff = qa#tf-
We then have, for all ¢ € C(,g)-1 that
fap(c)rs-1) = qap(c) f(w5-1) = (gt f)(c) = flca g-1)qa(C2,a-1)));

and it follows that ¢ € Q. For ¢ € @', ¥ (w,(q)) = ¢ is defined by (23).
We now have an additive bijection

v =PV, : HOMg(A{G},R) - Q'G.
oelG

VU is left R-linear: take f € Rg, ¢ € HOMg(A{G}, R)s, and put ¥, (p) =
Wy (q). Then

Uo7 ) = (- ) tr15m1010)),

= wpo(F#a510) _ = Fwo(@) = - Volo).

Finally, ¥ transports the right ENDR(A{G})—action on HOMgr(A{G}, R)
to the right G * S’-action on Q'G: take h € ENDg(A{G}),, and write
E;(h) = u;b. Then
(90 ° h)(urflafla(lA)) = 90(/1’0*104(67'*10*104)) =qa br-15-14,
hence
\IIO'T(SO o h) - wO’T(g : Q(UT)il) = Wo(ﬂ) ' uTb = \IIU(SO) ' E’T(h)
O

Theorem 8.7. Consider the graded Morita context (ENDr(A{G}), R, A{G},
HOMRg(A{G}, R), ¢,v) associated to the graded R-module A{G}. Using the
isomorphisms = and W from Propositions 8.2 and 8.6, we find an isomorphic
graded Morita context GM' = (GxS", R, A{G},Q'G,w', V), with connecting
maps w' and V' given by the formulas

o' A{GYRrQ'G — G5,
o (11a(0) B 0o (@) = oo (G0 (@(op)10))
V' Q'G®gws A{G} — R,
V' (weq @ pa(a)) = Goa - a.
Proof. We have to show that the following two diagrams commute

¢

geG’

A{G} ®r HOMR(A{G}, R) ENDR(A{G})
(24) A{G}mwl ia
A{G} ®r Q'G ~ Gx S




GROUP CORINGS 27

HOMRg(A{G}, R) ®enDr(a{c)) A{G} R
(25) qj@A{G}i -
Q/G KRGS’ A{G} v R

For all a, 3,0 € G, a,b € A, p € HOMg(A{G}, R),, we have

D1a(a) 1 ©)(115(0)) = pa(a) - 0(15(1) Z b (115 (5)) (2 (o-10)).
50 (20 ¢)(a(a) ®r ¢) = Uaeb, with
b5 = l1ags(@(1a(a@) O ©)(15(14)) = @(1s(14)) (2(ep)-10)-
Now 110 (a)@rY (¢) = pia(a)@rws(q), With g5 = p(ps-15(14)), s0 W' (pa(a)® R
U(p)) = ugoc, with
8 = 4op(T(op-10) = ©(ps(1a))(T(op)-1a) = bs.

This proves the commutativity of (24). (25) also commutes: let ¢, =
¢(tto-14(14)). Then

(v o (¥ @ A{G})) (¢ @ pa(a)) = V' (wo(q) ® pala)) = goa - @
= ppa(la)) -a = o(pa(a)) = (e @ pa(a)).
O
Theorem 8.8. Let (C,x) be a G-A-coring with a fixed grouplike family. We

have a second graded Morita context GM = (G xS, R, A{G}, QG,w,v), with
connecting maps w and v given by the formulas

w: A{G} ®@r QG — G % S,
@ (11a(a) O wo (1)) = oo (4:6(7(55)10))

v: QG ®gss A{G} — R,
V(wffg@ /J’a(a)) = qoa " Q.

If C is left homogeneously finite, then the Morita contexts GM' and GM are
isomorphic.

BeG’

Let (Ce, ze) be an A-coring with a fixed grouplike element. Recall also from
[10] that we have two Morita contexts

Me = (Te, Re, A, Qe, e, the) and M, = (T¢, Re, A, Q¢ e, ¥e),
where (see [10])
Qe ={q € Re ="Cc | cryq(cr)) = q(c)ze, Ve € Ce};
Qe ={a € Re ="Cc | f(cyalc(r))) = fla(c)ze), Ve € Ce and f € Re};
T. = A% ={a € A | axe = zca};
T = Afte = {a € A| f(ax.) = f(zea), Vf € R.};
pe: A®R, Qe — Te, pe(a ®r, q) = q(zea);
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Ye: Qe ®TEA_)R67 Ql)e(Q®Te (I) =(q-a.

¢, and 1, are defined in a similar way. There is a morphism from M, to

M, which is an isomorphism if C. is finitely generated and projective as a

left A-module.

Proposition 8.9. Let (C,z) be a cofree group coring with a fized grouplike
family. Then we have an isomorphism of G-graded R-modules

v A{G} — A|G], ¥ (pa(a)) = au,.
Consequently the graded Morita context GM' is isomorphic to ML[G].

Proof. We have to show that ¢ is right R-linear. Take f € R. = *C.,
os(f) = fus € Rz = Reug (see Proposition 4.6). Then

a(a) - 05(1) = tap(o5(f)(@s-10)) = Hap((f 0751 )(@s-1a))
= tas(F(( 4 075-1) (@)a)) = pras(f (xca)),

hence
Hpala)os(f)) = f(@ea)uap = (a—[)uap = (ata)-(fug) = ¥(pala))-os(f).
The second statement then follows from Example 6.1. (]

Our next aim is to show that the graded Morita contexts GM and M,[G]
are also isomorphic.

Proposition 8.10. Let (C,z) be a cofree group coring with a fized group-
like family. Then i : T — S and i : T' — S’ are isomorphisms, and
ENDR(A{G}) 2 G xS (resp. G S) is isomorphic as a graded ring to the
group ring T'[G] (resp. T|G]).

Proof. Tt suffices to show that ¢ and i’ are surjective. First take b € S. Then
we have for o, 8 € G that

’Yﬁ*l(baﬁxe) = baﬁ’Yﬁfl (ze) = ’Yﬂ*l(xe)ba = ’Yﬂ*l(xeba)-

Applying ¢ o 75}1 to both sides, we find that b,3 = b,, hence b, = b, for
all « € G, and b = i(b). In a similar way, we find for b € S, a, 8 € G and
[ € Rg ="Cg-1 that f(y3-1(bapre)) = f(75-1(2eba)). Taking f=co fyﬁ__ll,
we find that b = i/(b.). O

We have that T C T, and 7" C T.. As follows from Lemma 5.9, these inclu-
sions are equalities if (C,z) is a cofree group coring with a fixed grouplike
family.

Proposition 8.11. Let (C,z) be a cofree group coring with a fized grouplike
family. Then Q = Q. and Q" = Q.. Consequently Homgp(A{G}, R) =
QelG].
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Proof. We recall from Proposition 4.6 that R = @ ¢ 0a(Re), with o, (f) =
fo 7;,11, for all f € Re. Now take ¢ = (04(qa))acc € [[ocq Ra- Then for
all a, 0 € G and c € C,

Y8-1(c1)) (Ga © 7311 © Ya-1)(¢2)) = (dap © Ygp)-1 © V(ag)-1)(€) 751 (Te),
or
Yg-1(c1))qalc(2)) = qap(c)ya-1(Te),
or
c)4alc2)) = qap(c)e.
Taking a = 8 = e, we find that ¢. € Q.. Applying € to both sides, we find

that ¢o(c) = gag(c), and go = ge, for all @ € G. These arguments show that
the map

Ji Qe — Q, j(q) = (0a(q))acc

is a well-defined isomorphism. In a similar way, we prove that Q' = Q.. O

Theorem 8.12. Let (C,z) be a cofree group coring with a fized grouplike
family. Then the graded Morita contexts GM and M. |G| are isomorphic.

Proof. Let © : T[G] — G = S be the isomorphism from Proposition 8.10.
We will first show that the diagram

A{G} ®p QG Y GxS
19®j1Gi )
A[G) ®p, ) Qe[G] —= T.[G] = T[G]

commutes. For a,0 € G, a € A and ¢q € Q, we have

(@owo (I 'G))(1ala) ®ws(g))
= (©op)(auq @ getis) = O(¢e(ca)Uac)
= Uao (Qe(xea))ﬁeG = Uao ((CIG 0 7(_0’13)—1 ° ’Y(aﬁ)*l)(xea))ﬁeG
Uao (QUB(w(aﬂ)*la)),geG = W(Ma(a) ® WU(Q))-
Let ¢ : R.|G|] — R, ¢(fun) = fo 7;,11 be the isomorphism from Proposi-
tion 4.6. We will show that the diagram

QG ®c.s A{G} —~ R
j1G®19l T¢>
Q.[G) @1, 107 AIG] —~ R.[G]

commutes. Take a,0 € G, ¢ € Q and a € A. We have seen in Proposi-
tion 8.11 that g, = ge © fy;_ll, or

(26) e = 4o © Yo-1-
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We have to show that
(potpo(i7'G®V))(wolg) ® pala)) = (¢ 0 P)(qetic ® aua)

= #((ge - a)Uga) = ge-ao '7(;}1)71

and
V(Wo(ﬂ) ® /"a(a)) = (qoa " Q
are equal in Ryo = *C(gq)-1. FOr Y(5q)-1(c) € C(gq)-1, We compute that
(26)
(QUoz : a)(’Y(a'a)_l(C)) = (qo'a © 7(0&)—1)(C)a = qe(c)a
= (ge-a)(¢) = (g - a0 Vg 1) (Yoa)-1(c);

as needed. This finishes our proof. O

9. GALOIS GROUP CORINGS AND GRADED MORITA CONTEXTS

Let us call a G-A-coring C = (Cqo)acc a left homogeneous progenerator if
every C, is a left A-progenerator. We will now apply the Morita theory
developed in the previous Section to find some equivalent properties for a
left homogeneous progenerator group coring to be Galois. Recall from [5]
the following Theorem.

Theorem 9.1. Let (Ce,ze) be an A-coring with a fixed grouplike element,
and assume that C. is a left A-progenerator. We take a subring B of T, =
AcCe = {a € A | ar. = wea}, and consider the map

can,: D' = A®p A — C., can’(a ®p b) = azxbd.
Then the following statements are equivalent:

(1) e canl is an isomorphism of corings;

e A is faithfully flat as a left B-module.
(2) e *canl is an isomorphism of rings;

e A is a left B-progenerator.
(3) e B=T;

o the Morita context M, = (Te, Re, A, Qe Pe, e) is strict.
(4) e B=T;

[ ]

(Fg, Gs) is an equivalence of categories.

Here M, is the Morita context introduced in the light of Proposition 8.9,
and (Fg, Gg) the adjoint pair of functors considered before Lemma 5.11. In
the next Theorem we use the graded Morita context GM of Theorem 8.8,
and the adjoint pair of functors (F7, G7) of Proposition 5.4.

Theorem 9.2. Let (C,x) be a left homogeneous progenerator G-A-coring
with a fized grouplike family. We take a subring B of T = A®C C T,, and
constder the map

can’ : D' = (A®@p A)(G) — C, canl(ia(a ®@p b)) = azyb.
Then the following statements are equivalent:

(1) e can’ is an isomorphism of group corings;
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e A is faithfully flat as a left B-module.
(2) e *can’ is an isomorphism of graded rings;
e A is a left B-progenerator.
(3) eB=T=S;
e the graded Morita context GM = (G x S, R, A{G},QG,w,v) is
strict.
(4) e B=T;
e (Fr7,G7) is an equivalence of categories.

Proof. 1) = 2). Obviously *can’ is an isomorphism if can’ is an isomor-

phism. In particular, can/ is an isomorphism of corings, hence it follows
from Theorem 9.1 that A is a left B-progenerator.

2) = 1). Suppose that *can’ : *C = R — *D’ = R’ is an isomorphism. We
then have that the right dual (*can’)* : R™ — R*, (*can’)*(yp) = ¢ o *can’
is also an isomorphism. Since C and D’ are left homogeneously finite, this
map can be interpreted as the isomorphism

f=1"to (*can) HD'HHCQ,

aeG aeG

where we denoted respectively ¢ and ¢/ for the isomorphisms [],.s Ca = R*
and [[,cq Dy = R™ (see the beginning of Section 4). For all d = (da)aeca €
[I.cc D, we have that

F(d) = (o (can')* 0 /) (d) = (/' (d) o *cant)
= ((//(d) o *can)(F)cl®) ., = (/()(F o canl)c ) .,
(/) (cany (da))el ™)), = (canfy(da))aec,

e, f = [lyeqcan,. Now, since f = [],cocanl, is an isomorphism, it
follows that all can/, are isomorphisms. Indeed, (can’,)™' = p/, o f~! o, :
Co — D.,, where i, and p/, are the canonical injections and projections,
respectlvely So the inverse of can’ is given by (can’)™' = ((can)) Hacq.
Finally, since in particular *can/ is an isomorphism, Theorem 9.1 implies
that A is faithfully flat as a left B-module.

1) = 3). As in the proof of Proposition 5.10, C is a cofree group coring with
a fixed grouplike family, since can’ : D’ — C is an isomorphism, and D’ is
cofree. By Lemma 5.9 we then have that T" = T,. Hence it follows from
Theorem 9.1 and the fact that can, is an isomorphism that B = T and that
the Morita context M, is strict. It is easily verified that the graded Morita
context M, [G] then also is strict, and likewise GM, see Theorem 8.12. From
Proposition 8.10 we get T' = S.

4) = 1). By Proposition 5.7 can is an isomorphism, i.e. (C,z) is Galois.
Hence (see Proposition 5.10) (C,z) is a cofree group coring with a fixed
grouplike familie, and thus Lemma 5.9 implies that B = T = T,. Since
(F7 =2 Fyo Fy,G7 = GgoGy) and (Fy, G2) are equivalences (see Lemma 5.11
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and Theorem 2.2), it follows that also (Fg,Gg) is an equivalence of cate-
gories. Finally it follows from Theorem 9.1 that A is faithfully flat as a left
B-module.

3) = 4). Suppose that GM = (G * S, R, A{G}, QG,w,v) is a strict graded
Morita context. We then have a pair of inverse equivalences (f = — ®G«S
A{G}, G=-Q®g QG) between the categories M&, ¢ and M%. By Proposi-
tion 8.10 we have that G xS and T'[G] are isomorphic as graded rings. As a
consequence the categories ./\/lg* g and M%G} are isomorphic, and the latter
is in turn isomorphic with Mt by the Structure Theorem for graded modules
over strongly graded rings. Making use of the pair of functors (F3, G3) which
constitutes an isomorphism between M%¢ and M (see Proposition 4.1),

we have the following pair (E, 57) of inverse equivalences between Mt and

MEE:

ol ~ G ~ G F G Gs -~
I My = M7 = Méus = Mp F3 MEE G

For M € M~ we have that

Fr(M) = ((M[G] ®Gs A{G})a)aec € MO,

where we denote (M[G] ®cus A{G})a for the ath homogeneous component
of M[G] ®cxs A{G} € M&. The coaction maps of F:(M) are given by

Pap: (M[G] ®cis A{G}), 5 — (M[G] @cus A{G}),, @4 Cg,

5aﬂ< Z My Uy @GS Mv—laﬁ(av))

yeG

= Z MAly DG4S /’L’yflaﬁ(aﬁ) . f(ﬁ) @4 C(ﬁ)
veG

= Z m’Yu'y ®G*S My—la(f(ﬁ) (‘Tﬁa'Y)) ®A C(ﬂ)
yeG

We now claim that ﬁ = Fy. For M € M7 and @ € G, we consider the map
pra: (M[G] ®cus A{GY), — ta(M @1 A),
SOM,a( Z MUy RGeS urla(aq)) = lla ( Z My 7 a7>.
vEG v€EG
©M,q is well-defined, since

PM,a ( Z MAyUy - Ueb @axs /Ly—la(a’y)>
yeG

= SOM’Q( Z MAbetly @aes uvﬂa(av)) = lla ( Z m~be @1 a7>

veG yeG
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equals
QDM,Q( Z m'yu’y ®G*S ueb . /.L,Y—la((lfy))
yeG
= SOM,a( Z My Uy @GS Mry*la(b'\/*laav)>
veG
— SOM,a( Z MAyUy QGxS u771a(bea7)> = lla ( Z My @7 beaA,),
veG vEG

for all b = i(be) € S. Clearly @prq is right A-linear. Let us check that
onm = (Pr.a)acc : Fr(M) — F;(M) is a morphism in M%€:

(((IDM,Q XA Cﬂ) © ﬁa,ﬁ) ( Z m~Uy RGS Mv*laﬂ(a’y)>
yeG

= Z PM,x (’I?’LA{’LL,Y XS M'y*la(f(ﬁ) (335(17))) ®A )
veG

= Y talmy @1 [P (2ga,)) @4 P
veG

= Z fa(mey @7 14) D (250,) @4 P
veG

= Z fia(my @7 14) @4 f(ﬁ)(xﬁa,y)c(ﬁ)

yeG

= Z Mo (m'y QT 1A) XA TRAy = Pa,B (Maﬁ ( Z My QT av))
veG veG

= (pa,ﬁ ° @M,aﬁ) < Z MAyUy DGxS ,U"yfla,@(av)> :
yeG

Let us finally show that ¢/ is an isomorphism in M€, Tt suffices to check
that the inverse of py/  is given by

n n n
Pria (ua ( > mi@r az>) = Mille R Ha(ai) = D Mitlq Dss He(ai) *
i=1 =1 =1

(SDJT/Il,a °PMa) ( Z MUy OGS F‘v*a(“v))
yeG

Pria (“" ( DMy O “V» = D 1ythe BGes fa(as)
~eG veG

= Z MAyUe DGxS Nwwfla(aw) = Z MyUe @GS U’yl : /1,771(1(@7)
veG veG

= Z Meyle - Uyl @Gas :U“ﬁﬁloz(a’}’) = Z MUy @GS ﬂy*la(a’y);
veG veG
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n n
-1
(M © Para) (ua ( > mi@r az)) = ¥M,a ( > mitie ®gus ,Ua(ai)>
=1 =1

n n
= Y pta(mi @7 a;) = Moc(Zmi ®r ai)-
i=1

i=1

So we have shown that F7 and F; are naturally isomorphic. From the
uniqueness of the adjoint functor, it follows that also Gy = CT7 The fact
that (ﬁ, 6,7) is a pair of inverse equivalences implies that also (F7,G7) is a
pair of inverse equivalences, as needed. ([l

10. APPLICATION TO H-COMODULE ALGEBRAS

Let k be a commutative ring. Recall [15] that a Hopf G-coalgebra is a G-
coalgebra H = (Hy)acc with the following additional structure: every H,
is a k-algebra, such that A, g and € are algebra maps, and we have a family
of maps S, : H,-1 — H, such that

Soz(h(l,ofl))h(za) = h(l,a)Sa(h(zoﬁl)) = E(h)lHa,
for every h € H,. A right G-H-comodule algebra is a k-algebra A with a
right H-coaction p = (pa)acc such that
pa(ab) = ajgbp) ® ap1,a1bp1,a) and pa(la) =14 ® 15,,
for all a,b € A and « € G. This notion was introduced by the third author
in [17]. The proof of the following result is straightforward.

Proposition 10.1. Let H be a Hopf G-coalgebra, and A right G-H -comodule
algebra. Then C = A®Q H = (A® Hy)aca is a G-A-coring. The A-bimodule
structures are given by the formulas

a/(b X h)a = a/ba[o} & ha[l,a]a

for all a,a’,b € A, a € G, h € H,. The comultiplication and counit maps
are the following:

Anpg: A®Hog — (A®HA)®A(A®Hp), Agg(a®h) = (a®h(1,0))@4(La®h (2, p));
e=A®Re: AQH, — A.

z=(14® 1, )acc is a grouplike family of A ® H.

It is easy to see that, for a € A, a € A®C if and only if a ® 1, equals

(la®1p,)a = ag ® ap,q) = pala), for all @ € G. With notation as in [20],
this means that

AC = A" ={a e A| pala) =a®1p,, for all o € G}.

Let B — A®C be a ring morphism. We can then compute the morphism
can: (A®p A)(G) — A® H as follows: cang @ po(A®p A) — A® H, is
given by the formula

cang (fa(a ® b)) = a(la @ 1y, )b = abg @ by 4
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This proves the following result.

Proposition 10.2. Let A be a right comodule algebra over a Hopf G-
coalgebra H. Then (A® H,(14 ® 11, )acc) is a Galois G-A-coring if and
only if A is a G-H-Galois extension of A = A%, in the sense of [20, Def.
7.1].

Let H be a Hopf algebra, and H = (Ha)aeq @ set of isomorphic copies of
H, indexed by the group G. Let H. = H, and A, : H — H, the connecting
isomorphism. Then H is a Hopf G-coalgebra, with structure maps

Aas(Nap(h)) = Aal(hay) @ Ag(h2));
Sa(Aa=1(h)) = Aa(S(h)).
The counit is the counit of H, and every H, is a k-algebra. We call H =

H(G) the cofree Hopf G-coalgebra associated to H. Using Propositions 5.10
and 10.2, we obtain the following result:

Proposition 10.3. Let A be a right comodule algebra over a Hopf G-
coalgebra H. A is a G-H-Galois extension of A° if and only if H is a
cofree Hopf G-coalgebra and A is an H-Galois extension of A®He = A0,

A right relative (H, A)-Hopf module (in [20] termed a right G-(H, A)-Hopf

module) is a right A-module M, with the additional structure of right H-
comodule, such that the compatibility condition

pa(ma) = migjajp) ® mi1,a)[1,a]
holds for all m € M, a € A, a € G. M% will denote the category of right
relative (H, A)-Hopf modules.
In a similar way, a right relative group (H, A)-Hopf module is a family of

right A-modules (My)acq, with the additional structure (pq g)a,gec of right
G-H-comodule, with the compatibility relation

pap(ma) = mjp,aaj] @ M1,a)0[1,5);
for all o, 3 € G, m € M,g and a € A. The category of right relative group

(H, A)-Hopf modules is denoted by Mi’ﬂ. The proof of the following result
is straightforward, and is left to the reader.

Proposition 10.4. Let A be a right comodule algebra over a Hopf G-

coalgebra H. Then we have isomorphisms of categories M% >~ MA®H gnq
Mﬁ:ﬁ o~ MG,A@Q'

Let B — AY be a ring morphism. It follows from Propositions 5.4 and 10.4
that we have a pair of adjoint functors (Fr, G'7) between M p and /\/li’ﬂ. As
an application of Theorem 5.12; we obtain the following Structure Theorem
for relative group (H, A)-Hopf modules.

Proposition 10.5. Let A be a right comodule algebra over a Hopf G-
coalgebra H, and B — A° a ring morphism. Then the following assertions
are equivalent.
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(1) B= A%, A is a G-H-Galois extension of A°, and A is faithfully flat
as a left B-module;

(2) (F7,G7) is a pair of inverse equivalences and A is flat as a left B-
module.

Let us finally compute the left dual graded A-ring R of A ® H. We have an
isomorphism of k-modules

R =P sHom(A® H,-1,A) = P Hom(H,1, A).
aeG aeG

The multiplication (and the A-bimodule structure) on R can be transported
to @, cq Hom(H,-1,A). We obtain the following multiplication rule, for
f € Hom(H,1,A) = Ry, g € Hom(Hg-1,A) = Rg, h € Higp)1:

(27) (f#9)(h) = f(h@a—1)) 09 (ha,g-1f(hea-1))p,e-1)-

Before we investigate more carefully the situation where H is homogeneously
finite (that is, every H, is a finitely generated and projective k-module, we
make some general observations.

Let K be a (classical) Hopf algebra, and A a left K-module algebra. Then
we can form the smash product K°P# A, with multiplication rule

(28) (h#a)(k#b) = kqyh# (k) - a)b.

It is well-known that K°P#A is an A-ring.

We call K a graded Hopf algebra if K is a Hopf algebra and a G-graded
algebra such that A(K,) C K, ® K, and S(K,) C K,-1. This implies in
particular that every K, is a subcoalgebra of K. If K is a graded Hopf
algebra, and A is a left K-module algebra, then K°P#A is a graded A-ring.
In [21], a G-graded Hopf algebra is called a Hopf G-algebra in packed form.
The defining axioms of a Hopf G-algebra are formally dual to the defining
axioms of a Hopf G-coalgebra. A Hopf G-algebra is a family of k-coalgebras
K = (K, )acq together with k-coalgebra maps pq g: Ko ® Kg — Ko and
n: k — K. satisfying the obvious associativity and unit properties. We
also need antipode maps S, : K, — K,-1 such that

Pa—1.0(Salk)) @ k@) = ta,a-1(ka) ® Salke)) = n(e(k)),

for all k € K. It is straightforward to show that K = P ., K, is a graded
Hopf algebra. Conversely, if K is a graded Hopf algebra, then (K, )aeq i8
a Hopf G-algebra. Thus we have an isomorphism between the categories of
G-graded Hopf algebras and Hopf G-algebras.

If H is a homogeneously finite Hopf G-coalgebra, then K = (H_;)acq is
a Hopf G-algebra, and, consequently, K = @, H:_: is a G-graded Hopf
algebra.

If A is a right H-module algebra, then it is also a left K-module algebra,
with action h* - a = (h*, apy o-1))ao), for all h* € Ko = H_,.
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For every a € G,
AHom(A® H,-1,A) = Hom(H,-1,A) = H) 1 ®A
is the degree o component of K°P#A.

Theorem 10.6. Let H be a homogeneously finite Hopf G-coalgebra, and
A a right H-comodule algebra. Then R = @, cq AHom(A ® H,-1,A) is
isomorphic to K°P#A as a G-graded A-ring. Consequently, the categories
/\/li’g and /\/lf(op#A are isomorphic.

Proof. We have to show that the k-module isomorphisms
Aot H: 1 ®A— Hom(H,-1,A), M\a(h* ®a)(h) = (h*, h)a
transport the multiplication rule (28) to (27). Take o, 8 € G, h* € H*_,
k* € Hg,l, a,b € A, and write f = A\ (h* ® a), g = Ag(k* ® b). For
h € H,p)-1, we have
(f#9)(h) = (h*, hg,a-1))ag(ha s-1yap,5-1)
(h% b0} (K", Ry g1y p-1))a0)b
= (h", ha-1)) k(1) 1 p-1)) (K(2y ap,6-11)ajo b
(k: ) * h*, h )(k‘(g) ~a)b
= Aaglk{yy * K #(k(y - a)b)(h),
and we conclude that
Aa(h* @ a)#Ag(E* @ b) = A (R #a) (K" #D)),
as needed. O
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