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Abstract. Given an A-coring C with a fixed grouplike element, we can con-

struct a Morita context connecting the dual of the coring with the ring of
coinvariants of A. In this paper, we discuss the image of one of the two con-

necting maps, and show that it is contained in the rational part of the dual of

the coring, at least if the coring is locally projective. We apply our result to
entwined modules, and this leads to the introduction of factorizable entwined

modules.

1. INTRODUCTION

During the past decades, several variations of the notion of Hopf module have been
proposed, with applications in various directions, for example relative Hopf modules
(in connection with Hopf Galois theory), Yetter-Drinfeld modules (in connection
with quantum groups), Long dimodules (in connection with the Brauer group). Doi
[11] and Koppinen [16] gave a unification of all these types of modules, nowadays
usually called Doi-Hopf modules, and their construction was generalized later by
Brzeziński and Majid [6], who introduced entwined modules. In a mathematical
review [19], Takeuchi observed that entwined modules and all their special cases
can be considered as comodules over a coring, a notion that goes back to Sweedler
[18]. This idea has been worked out by Brzeziński in [5], see also [15], [21], [22],
and it turned out that many interesting properties of Hopf modules and their gen-
eralizations can be at the same time generalized and reformulated more elegantly
using the language of corings. For example, Galois corings generalize Hopf Galois
extensions, and they can be introduced in such a way that the connection with
descent theory is clarified (see [22] or [7, Sec. 4.8]).
Hopf Galois extensions were first considered by Chase and Sweedler [10], and their
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work reveals that there is a close connection with Morita theory: to a comodule
algebra, they associate a Morita context that is strict in case the comodule algebra
in question is a Hopf Galois extension. This Morita context has been generalized by
Doi [12]. In [8] and, independently in [1], it was discussed how Doi’s Morita context
can be generalized to corings. Of course one then wants to investigate when this
context is strict. For one of the two connecting maps, there is no problem to find
necessary and sufficient conditions for its surjectivity (see [8]), but for the other
one, having values in the dual coring, a satisfactory answer can be given only in the
situation where the coring is finitely generated and projective over the groundring
A. In fact we will prove in this paper that surjectivity of this second map µ implies
that the coring C is finitely generated projective (Corollary 5.2). The aim of this
paper is to show that - under the condition that C is locally projective, the image
of the map µ is contained in the rational part of the dual of C (Proposition 5.1).
If C satisfies the Weak or Strong Structure Theorem, then µ is surjective onto the
rational part.
This paper is organized as follows. In Section 2, we recall some generalities about
corings, entwined modules and Doi-Hopf modules. In Section 3, we introduce a
relative version of local projectivity, and relate it to the so-called α-condition. In
Section 4, we discuss rationality properties of modules over a suitable subring R
of the dual of a coring; in case the coring is R-locally projective, we can introduce
the R-rational part of such a module. Sections 3 and 4 provide the necessary ma-
chinery to state and prove our main results in Section 5. We apply our results to
entwined modules in Section 6, and this leads us to the introduction of what we
called factorizable entwining structures. In Section 7, we prove that there is an
injective map between the two connecting modules in the Morita context, under
the condition that the coring C is co-Frobenius, which means that there exists a
∗C-linear map from C to its left dual.

2. PRELIMINARY RESULTS

Corings

Let A be a ring. Recall that an A-coring C is an A-bimodule together with two
A-bilinear maps ∆C : C → C ⊗A C, ∆C(c) = c(1) ⊗A c(2) and εC : C → A, such that

∆C(c(1))⊗A c(2) = c(1) ⊗A ∆(c(2)) and c(1)εC(c(2)) = εC(c(1))c(2) = c

for all c ∈ C. A right C-comodule M is a right A-module together with a map
ρr : M →M ⊗A C, ρr(m) = m[0] ⊗m[1] such that

ρr(m[0])⊗A m[1] = m[0] ⊗A ∆C(m[1])

and
m[0]εC(m[1]) = m

for all m ∈ M . ρr is called a right C-coaction on M . Left C-comodules are in-
troduced in a similar way. A right A-linear map f : M → N between two right
C-comodules is called right C-colinear if f preserves the coaction, that is

f(m[0])⊗A m[1] = f(m)[0] ⊗A f(m)[1]
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for all m ∈M . The category of right C-comodules and C-colinear maps is denoted
by MC .
The left dual ∗C = AHom(C, A) of a coring C is a ring with multiplication

(f#g)(c) = g(c(1)f(c(2)))

and unit εC . We have a ring homomorphism i : A → ∗C, i(a)(c) = εC(c)a. It is
easy to verify that

(i(a)#f)(c) = f(ca) and (f#i(a))(c) = f(c)a

for all a ∈ A, f ∈ ∗C and c ∈ C.
An element x ∈ C is called grouplike if

∆C(x) = x⊗A x and εC(x) = 1. (1)

The set of grouplike elements of C is denoted by G(C). Grouplike elements corre-
spond bijectively to right (or left) C-coactions on A:

G(C) ∼= {ρr : A→ A⊗A C ∼= C | ρr makes A into a right C-comodule}
∼= {ρ` : A→ C ⊗A A ∼= C | ρ` makes A into a left C-comodule}

The right and left coactions ρr and ρ` corresponding to x ∈ G(C) are given by the
formulas

ρr(a) = xa and ρ`(a) = ax

(where we identify C ⊗A A and C).
If G(C) 6= ∅, then i : A → ∗C is injective, since for every grouplike element x, the
map χ : ∗C → A, χ(f) = f(x) is a left inverse of i. In this case, εC is surjective,
with right inverse ρr (or ρ`).
For a right C-comodule M , we define the set of coinvariants as follows:

M coC = {m ∈M | ρ(m) = m⊗A x} = HomC(A,M).

B = AcoC = {b ∈ A | bx = xb} is a subring of A and it is easy to see that M coC is a
B-submodule of M . C is a right C-comodule (the coaction is the comultiplication),
and CcoC ∼= A as a right B-module: ρ` is a right B-linear map from A to CcoC , with
inverse εC .
Recall that we have a functor F : MC → M∗C , F (M) = M with m · f =
m[0]f(m[1]). For every M ∈M∗C , we define

M
∗C = {m ∈M | m · f = mf(x), for all f ∈ ∗C}.

In particular, A
∗C = B′ is a subring of A. Obviously M coC ⊂M

∗C .

A Morita context associated to a coring

Let (C, x) be a coring with a fixed grouplike element. Following [8], we define

Q = {q ∈ ∗C | c(1)q(c(2)) = q(c)x, for all c ∈ C} = CHom(C, A)

and
Q ⊂ Q′ = (∗C)

∗C .

Q is a (∗C, B)-bimodule, and A is a (B, ∗C)-bimodule, with right ∗C-action a↼f =
f(xa). Consider the bimodule maps

µ : Q⊗B A→ ∗C, µ(q ⊗B a) = q#a
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τ : A⊗∗C Q→ B, τ(a⊗∗C q) = a↼q = q(xa)
Then (B, ∗C, A,Q, τ, µ) is a Morita context. In a similar way, Q′ is a (∗C, B′)-
bimodule, A is a (B′, ∗C)-bimodule, and we can consider the maps

µ′ : Q′ ⊗B′ A→ ∗C and τ ′ : A⊗∗C Q
′ → B′

defined in the same way as µ and τ . Then (B′, ∗C, A,Q′, τ ′, µ′) is also a Morita
context, and it was shown in [8] that the two contexts coincide if C is finitely
generated projective as a left A-module. From [8] we also recall the following
result.

Theorem 2.1. With notation as above, the following statements are equivalent:
1. τ is surjective (and, a fortiori, bijective);
2. there exists Λ ∈ Q such that Λ(x) = 1;
3. for every right C-comodule M , the map

ωM : M ⊗∗C Q→M coC , ωM (m⊗∗C q) = m · q
is bijective.

Consider a right A-submodule R of ∗C that is closed under multiplication, and let
Q̃ = Q ∩ R. Then we have a Morita context (B,R, A, Q̃, µ̃, τ̃) with µ̃ and τ̃ the
obvious restrictions of the original maps µ and τ . It is possible that R has no unit.
For Morita contexts between rings without unit, see [3].

Galois corings

Let (C, x) be an A-coring with a fixed grouplike element. Let

B = AcoC = {b ∈ A | bx = xb}.
We have a pair of adjoint functors (F,G) between the categories MB and MC ,
namely, for N ∈MB and M ∈MC ,

F (N) = N ⊗B A and G(M) = M coC .

The unit and counit of the adjunction are

ηN : N → (N ⊗B A)coC , ηN (n) = n⊗B 1

εM : M coC ⊗B A→M, εM (m⊗B a) = ma

We say that (C, x) satisfies the Weak Structure Theorem if εM is an isomorphism
for all M ∈ MC , that is, G = •coC is a fully faithful functor. (C, x) satisfies the
Strong Structure Theorem if, in addition, all ηN are isomorphisms, or F is fully
faithful, and therefore (F,G) is an equivalence of categories.
The canonical coring associated to i : B → A is D = A⊗B A, with structure maps

∆D : A⊗B A→ (A⊗B A)⊗A (A⊗B A) ∼= A⊗B A⊗B A and εD : A⊗B A→ A

given by
∆D(a⊗B b) = (a⊗B 1)⊗A (1⊗B b) = a⊗B 1⊗B b

εD(a⊗B b) = ab

1⊗B 1 is a grouplike element. If A is faithfully flat as a B-module, then (D, 1⊗B 1)
satisfies the Strong Structure Theorem. We have a canonical coring morphism

can : D → C; can(a⊗B b) = axb
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We say that (C, x) is a Galois coring if can is an isomorphism of corings. In this
situation, we obviously have an isomorphism between the categories MC and MD,
and if (D, 1⊗B 1) satisfies the Strong, resp. Weak Structure Theorem (for example
if A/B is faithfully flat, resp. A/B is flat), then (C, x) also satisfies the Strong
resp. Weak Structure Theorem. If (C, x) satisfies the Weak Structure Theorem,
then (C, x) is Galois (see [8, Proposition 1.1]).

Entwined modules

Let k be a commutative ring, A a k-algebra, C a k-coalgebra, and ψ : C⊗A→ A⊗C
a k-linear map satisfying the following four conditions:

(ab)ψ ⊗ cψ = aψbΨ ⊗ cψΨ (2)

(1A)ψ ⊗ cψ = 1A ⊗ c (3)

aψ ⊗∆C(cψ) = aψΨ ⊗ cΨ(1) ⊗ cψ(2) (4)

εC(cψ)aψ = εC(c)a (5)

Here we used the sigma notation

ψ(c⊗ a) = aψ ⊗ cψ = aΨ ⊗ cΨ

We then call (A,C, ψ) a (right-right) entwining structure. To an entwining structure
(A,C, ψ), we can associate an A-coring C = A⊗ C. The structure maps are given
by the formulas

a′(b⊗ c)a = a′baψ ⊗ cψ

∆C(a⊗ c) = (a⊗ c(1))⊗A (1⊗ c(2))
εC(a⊗ c) = aεC(c)

An entwined module M is a k-module together with a right A-action and a right
C-coaction, in such a way that

ρr(ma) = m[0]aψ ⊗mψ
[1]

for all m ∈M and a ∈ A. The category M(ψ)CA of entwined modules and A-linear
C-colinear maps is isomorphic to the category of right C-comodules.

Doi-Hopf modules

Let H be a Hopf algebra, A a right H-comodule algebra, and C a right H-module
coalgebra. We call (H,A,C) a right-right Doi-Hopf structure. We associate an
entwining structure (A,C, ψ) to (H,A,C) as follows, with ψ defined by ψ(c⊗ a) =
a[0] ⊗ ca[1]. The corresponding entwined modules are called Doi-Hopf modules.
They have to satisfy the compatibility relation

ρ(ma) = m[0]a[0] ⊗m[1]a[1]

for all m ∈M and a ∈ A.
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Factorization structures and the smash product

Let A and S be k-algebras, and R : S ⊗A→ A⊗ S a k-linear map. We will write

R(s⊗ a) = aR ⊗ sR = ar ⊗ sr

(summation understood). A#RS will be the k-module A⊗ S, with multiplication

(a#s)(b#t) = abR#sRt (6)

It is straightforward to verify that this multiplication is associative with unit 1A#1S
if and only if

R(s⊗ 1A) = 1A ⊗ s (7)
R(1S ⊗ a) = a⊗ 1S (8)
R(st⊗ a) = aRr ⊗ srtR (9)
R(s⊗ ab) = aRbr ⊗ sRr (10)

for all a, b ∈ A and s, t ∈ S. We then call (A,S,R) a factorization structure, and
A#RS the smash product of A and S.

3. R-LOCALLY PROJECTIVE MODULES

Let A be a ring and P a left A-module. Then ∗P = AHom(P,A) is a right A-
module, with action given by (f · a)(p) = f(p)a, for f ∈ ∗P , p ∈ P and a ∈ A.
Let R be an abelian group, and ϕ : R → ∗P a morphism of abelian groups. For
M ∈MA, we consider the map

ξM,R : M ⊗A P → HomZ(R,M), ξM,R(m⊗A p)(r) = m · ϕ(r)(p)

Since we will only be interested in R as acting on P , it will be no restriction to
assume that ϕ is injective, and consider R as a subgroup of ∗P .
IfR is a right A-submodule of ∗P , then Im (ξM,R) ⊂ HomA(R,M) and ξM,R factors
as the composition of a map

ξ′M,R : M ⊗A P → HomA(R,M)

followed by the natural inclusion HomA(R,M) ⊂ HomZ(R,M).

Definition 3.1. Let R be an additive subgroup of ∗P . We say that P satisfies
the α-condition for R iff ξM,R is injective for all M ∈ MA. If P satisfies the
α-condition for ∗P we just say that P satisfies the α-condition.

More specifically, the α-condition for R is equivalent to the following statement: if∑
imif(pi) = 0 for all f ∈ R, then

∑
imi ⊗A pi = 0.

If S is an abelian subgroup of R, then obviously

ker ξM,R ⊂ ker ξM,S , Im ξM,S ⊂ Im ξM,R

and the α-condition for S implies the α-condition for R.

Example 3.2 (extension of scalars). Let B → A be a ringmorphism, and Q ∈
BM. Then P = A⊗B Q ∈ AM, and we have a morphism of right B-modules

γ : ∗Q = BHom(Q,B) → ∗P = AHom(P,A), γ(f)(a⊗B q) = af(q)
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If Q satisfies the α-condition for ∗Q, then P also satisfies the α-condition for ∗Q
(since M ⊗A P ∼= M ⊗B Q for every right A-module M), and therefore P satisfies
the α-condition for ∗P as well.

Recall that the finite topology on ∗P is the topology generated by the basis of open
sets

O(f, p1, . . . , pn) = {g ∈ ∗P | g(pi) = f(pi), 1 ≤ i ≤ n}
where f ∈ ∗P and p1, . . . , pn ∈ P .
A subset R ⊂ ∗P is dense with respect to this topology if and only if for every
f ∈ ∗P and p1, . . . , pn ∈ P , we can find a g ∈ R such that g(pi) = f(pi), for
1 ≤ i ≤ n.
Let N be a subset of P . {(ei, fi) | i ∈ I} ⊂ P × ∗P is called a dual basis of N if

#{i | e∗i (n) 6= 0} <∞ and n =
∑
i

fi(n)ei

for every n ∈ N . P is called locally projective if every finite subset (or every
finitely generated submodule) of P has a dual basis, and it is well-known that this
is equivalent to P having the α-condition for ∗P . If P is finitely generated as
an A-module, or if A is left perfect, then local projectivity of P is equivalent to
projectivity. We refer to [21] for a survey of known results, and to [14] and [23] for
the proofs. In the sequel we will need the following generalization of some results
of [14] and [23]; we recover the results of [14] and [23] if we take R = ∗P .

Proposition 3.3. Let P be a left A-module, R ⊂ ∗P an additive subgroup and S =
RA the right A-submodule of ∗P generated by R. Then the following statements
are equivalent :

(i) P satisfies the α-condition for R;
(i)’ P satisfies the α-condition for S;
(ii) ξM,R is injective for every cyclic right A-module M ;
(ii)’ ξM,S is injective for every cyclic right A-module M ;
(iii) For every p ∈ P , we have p ∈ R(p)P ;
(iii)’ For every p ∈ P , we have p ∈ S(p)P ;
(iv) Every finitely generated submodule N of P has a dual basis contained in P×R;
(iv)’ Every finitely generated submodule N of P has a dual basis contained in P×S;
(v) P satisfies the α-condition and S is dense with respect to the finite topology.

If P satisfies any of these equivalent conditions, then we say that P is R-locally
projective as a left A-module.

Proof. (i) ⇒ (i)′, (i)′ ⇒ (ii)′, (i) ⇒ (ii) and (ii) ⇒ (ii)′ are trivial.
(ii)′ ⇒ (iii)′.

S(p) = {f(p) | f ∈ S} = {
∑
i

fi(p)ai | fi ∈ R, ai ∈ A}

is a right ideal of A, and A/S(p) is a cyclic right A-module. For all f ∈ S, 1f(p) = 0
in A/S(p), hence 1⊗A p = p = 0 in A/S(p)⊗A P ∼= P/S(p)P , and p ∈ S(p)P .
(iii)′ ⇒ (iii) We know that p =

∑
i si(p)ei, with si ∈ S and ei ∈ P . Since S is

generated byR, we can write si =
∑
ji
rjiaji and we find p =

∑
i

∑
ji

(rjiaji)(p)ei =∑
i

∑
ji
rji(p)ajiei and so p ∈ R(p)P .
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(iii) ⇒ (iv) We prove by induction on k that every finite set {n1, · · · , nk} has a finite
dual basis. If k = 1, this follows immediately form (iii). Now suppose we have a
dual basis {(ei, ri) | i ∈ I} for n1, . . . , nk−1, and consider then nk−

∑
i ri(nk)ei ∈ P

and take a dual basis {(e′j , r′j) | j ∈ J} for this element. An easy calculation shows
that {(e′j , r′j) | j ∈ J}∪{(ei−

∑
j r

′
j(ei)e

′
j , ri) | i ∈ I} is a dual basis for {n1, · · · , nk}.

(iv) ⇒ (iv)′ is trivial.
(iv)′ ⇒ (iv) is similar to (iii)′ ⇒ (iii).
(iv) ⇒ (i) Let M be a right A-module, take

∑
imi ⊗A pi ∈ M ⊗A P and suppose

that
∑
imif(pi) = 0 for all f ∈ R. From (iv) we know we kan find a dual basis

{ej , rj} for the elements pi.∑
i

mi ⊗A pi =
∑
i,j

mi ⊗A rj(pi)ej =
∑
i,j

mirj(pi)⊗A ej = 0

(i) ⇒ (v). It follows from the comments following Definition 3.1 that P satisfies
the α-condition. For every f ∈ ∗P and p1, . . . , pn ∈ P , we have to find g ∈ S
such that f(pi) = g(pi). From (iv)’, we know that {p1, · · · , pn} has a dual basis
{(ej , sj) | j ∈ J} ⊂ P × S. We find

f(pi) = f(
∑
j

sj(pi)ej) =
∑
j

sj(pi)f(ej) =
∑
j

(sjf(ej))(pi)

and our statement follows since
∑
j sjf(ej) ∈ S.

(v) ⇒ (iv)′ The α-condition for P , gives us a dual basis {(ei, fi) | i ∈ I} ⊂ P × ∗P
for N . Since S is dense in ∗P , we can find elements si ∈ S, such that fi and si
have the same action on N . Then {(ei, si) | i ∈ I} ⊂ P × S is the dual basis that
we are looking for.

Remark 3.4. Note that the equivalent conditions of Proposition 3.3 do not imply
that R is dense in the finite topology. If one takes P = A⊗B Q as in Example 3.2,
then ∗Q is never dense in the finite topology on ∗P if B → A is a proper ring
extension.

Now let P = C be an A-coring, and fix x ∈ G(C).

Definition 3.5. For M ∈M∗C and R ⊂ ∗C, we define

MR = {m ∈M | m · f = mf(x), for all f ∈ R}

Proposition 3.6. If C is R-locally projective over A, then MR = M coC for every
M ∈MC, and (∗C)R = Q.

Proof. We have already seen that M coC ⊂ M
∗C . The same argument shows that

M coC ⊂ MR. Conversely, take m ∈ MR, and write ρ(m) =
∑n
j=1mj ⊗A cj . Take

a dual basis {(ei, fi) | i ∈ I} ⊂ C ×R of {c1, · · · , cn, x}. Then

ρ(m) =
∑
i,j

mj ⊗A fi(cj)ei =
∑
i,j

mjfi(cj)⊗A ei

=
∑
i

mfi(x)⊗A ei =
∑
i

m⊗A fi(x)ei = m⊗A x
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and m ∈M coC .
We still have to show that (∗C)R ⊂ Q. If q ∈ (∗C)R, then q#f = qf(x), for all
f ∈ R. Take c ∈ C and a dual basis {(ei, fi) | i ∈ I} ⊂ C ×R for c(1)q(c(2)) and x.
Then we find

c(1)q(c(2)) = fi(c(1)q(c(2)))ei
= q(c)fi(x)ei = q(c)x

and it follows that q ∈ Q.

Corollary 3.7. Let C be an A-coring. If C is locally projective as a left A-module,
then M

∗C = M coC for every M ∈ MC. In particular, B = B′. We also have
Q = Q′, and the two Morita contexts of Section 2 coincide.

Local units and local projectivity

Definition 3.8. Let A be a ring without unit, M ∈ MA, and consider subsets
R ⊂ A and N ⊂M . We say that a ∈ A can be multiplicatively approximated from
the right by R on N , if for every finite subset {n1, · · · , nk} ⊂ N , there exists r ∈ R
such that ni · a = ni · r, for all i ∈ {1, · · · , k}.
If every a ∈ A can be multiplicatively approximated by R on N , then we say R is
a right multiplicative approximation of A on N .

If A has a unit, then R has right local units if and only if 1A can be multiplicatively
approximated from the right by R on R. Furthermore, we have the following result.

Proposition 3.9. Let A be a ring with unit, and consider an additive subset R ⊆
A. Then the following assertions are equivalent:

(i) R is a multiplicative approximation from the right of A on R;
(ii) R is a right ideal of A and has right local units.

If these conditions hold, then R is a multiplicative approximation of A on every
right A-module M satisfying MR = M .

Proof. (i) ⇒ (ii) For every finite set of elements {r1, · · · , rn} ⊂ R ⊂ A and a ∈ A,
we have an element r ∈ R such that ria = rir ∈ R. This means R is a right ideal,
and taking a = 1 we find that R has right local units.
(ii) ⇒ (i) R has right local units, so for all r1, · · · , rn ∈ R, we can find e ∈ R such
that rie = ri. For every a ∈ A, we then have riea = ria, and ea ∈ R, since R is a
right ideal. The proof of the final statement is similar.

These approximation properties have the same flavour as the density properties that
we encountered when we discussed R-relative local projectivity. So the question
arises wether they are related. To be able to define a finite topology, first remark
that the rings we used before now need to be duals of modules. So it is very
natural to look at duals of corings, since they have both a finite topology and a
ring structure.

Proposition 3.10. Let C be an A-coring, and R ⊂ ∗C a subring.
1. If R is dense in the finite topology on ∗C, then R is a multiplicative approxi-

mation of ∗C from the right on every C-comodule (regarded as a ∗C-module).
In particular, MR = M for every M ∈MC.
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2. If R is a right ideal in ∗C and has right local units, and CR = C,then R is
dense in the finite topology.

Proof. 1) TakeM ∈MC . For everym ∈M and f ∈ ∗C, we havem·f = m[0]f(m[1]).
Now, by the denseness of R, there exists a g ∈ R such that f(m[1]) = g(m[1]), and
so m · f = m · g.
2) By Proposition 3.9, R is a multiplicative approximation of ∗C on C. Hence for
every finite {c1, · · · , cn} ⊂ C, and f ∈ ∗C, there exists g ∈ R such that ci(1)f(ci(2)) =
ci · f = ci · g = ci(1)g(ci(2)), for all i. Applying εC to both sides, we find that
f(ci) = g(ci) for all i, which means exactly that R is dense in the finite topology
on ∗C.

Corollary 3.11. If R ⊂ ∗C is a C-comodule and an ideal, then R is dense in the
finite topology if and only if R has local units and C is unitary as an R-module.

For later use, we give the following generalization of a well-known property of Morita
contexts, illustrating the connection between local units and local projectivity.

Proposition 3.12. Let A be a ring with left local units, and (A,B, P,Q, f, g) a
Morita context. If f : P ⊗B Q→ A is surjective, then P is locally projective as a
left B-module. If A has right local units, then Q ∈MA is locally projective.

Proof. Take e ∈ A such that p = ep, and
∑
i pi ⊗B qi ∈ f−1{e}. Then

p = ep =
∑
i

(pi ⊗B qi)p =
∑
i

pig(qi ⊗A p)

and we have a dual basis {(pi, g(qi ⊗A −)) | i ∈ I}.

4. R-RATIONAL MODULES

Let C be an A-coring, andR a subring (without unit) of ∗C. C isR-locally projective
if and only if

ξM,R : M ⊗A C → HomZ(R,M), ξM,R(m⊗A c)(r) = m · r(c)
is injective for all M ∈MA.
Let T be the subring of ∗C generated by A andR. Then T is the Z-module generated
by elements of the form a1#r1#a2#r2# · · ·#rn#an+1 with ai ∈ A and ri ∈ R.
Note that T has a unit, and that S = RA ⊂ T . For every M ∈MT , we define

δM,R : M → HomZ(R,M), δM,R(m)(f) = m · f
If R is also a right A-module, then Im (δM,R) ⊂ HomA(R,M).

Definition 4.1. M ∈ MT is called R-rational if δM,R(M) ⊂ ξM,R(M ⊗A C), or,
equivalently, if for every m ∈M , there exist finitely many mi ∈M and ci ∈ C such
that m · f =

∑
imif(ci), for all f ∈ R. RMR will be the full subcategory of MT

consisting of R-faithful R-rational T -modules.

Proposition 4.2. Assume that R is a subring of ∗C, such that C is R-locally pro-
jective. Then we have the following properties:

1. every cyclic submodule of an R-rational module M is finitely generated as an
A-module;
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2. the direct sum of a family of R-rational modules is again rational;
3. any quotient of a rational R-module is rational;
4. any submodule of a rational R-module is rational.

Proof. The proof of the first three statements is similar to the proof of [13, Theorem
2.2.6]. For the proof of part 4, take n ∈ N and f ∈ R. Then we know that
n · f = nif(ci), with ni ∈M and ci ∈ C. We have to show that we can find n′j ∈ N
and c′j ∈ C with the same property. By Proposition 3.3, there exists a dual basis
{(ej , rj) | j ∈ J} ⊂ C ×R for the ci. We easily compute that

n · f = nif(ci) = nif(rj(ci)ej) = nirj(ci)f(ej) = n · rjf(ej)

using the fact that M is R-rational. Since N is an R-module, we know that
n · rj ∈ N . Now just take n′j = n · rj and c′j = ej .

Let R be a ring and S and T two subrings of R. Observe that ST ⊂ TS if and only
if for all s ∈ S and t ∈ T , we can find si ∈ S and ti ∈ T such that st =

∑
i tisi in

R. We present several examples below.

Examples 4.3. 1. Let (H,A,C) be a right-right Doi-Hopf structure over a com-
mutative ring k. As we have seen, C = A ⊗ C is an A-coring. C∗ is a subring of
∗C ∼= Hom(C,A), and AC∗ ⊂ C∗A, since

(i(a)#f)(b⊗ c) = f((b⊗ c)a) = ba[0]f(ca[1])
= bf(ca[1])a[0] = ((a[1]⇀f)#i(a[0]))(b⊗ c)

Recall that the left H-action on C∗ is given by (h⇀f)(b ⊗ c) = bf(ch). It follows
that i(a)#f = (a[1]⇀f)#i(a[0]), and A#C∗ ⊂ C∗#A, as needed. We will see in
Section 5 that the same property does not hold for entwining structures, leading to
the introduction of factorizable entwining structures.
2. Let S and T be two k-algebras, k is a commutative ring, and (T, S,R) a factor-
ization structure.

iT : T → T#S, iT (t) = t#1S and iS : S → T#S, iS(s) = 1T#s

are algebra maps, and ST ⊂ TS since

s · t = (1#s)(t#1) = tR#sR = (tR#1)(1#sR) = tR · sR ∈ TS
for all s ∈ S and t ∈ T .

Remark 4.4. Example 1 has been our motivation to work with subrings R ⊂ ∗C
that are not necessarily right A-modules, as is usually done in the literature. In
the setting of Example 1, we can consider #(C,A)-rational modules, as well as
C∗-modules (see [12]), and C∗ is not a right A-module.

Let M ∈ MA, and recall that an A-module is subgenerated by M if it is isomor-
phic to a subobject of a quotient of a direct sum of copies of M . σ[M ], the full
subcategory of MA consisting of modules subgenerated by M is the smallest full
Grothendieck subcategory of MA containing M (see [20]).

Lemma 4.5. Let R be a subring (without unit) of ∗C, T the subring of ∗C generated
by R and A, and S = RA. Then the following assertions are equivalent:

1. AR ⊂ RA;
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2. S is a ring and a left A-module, and T = A+ S;
3. S is T -bimodule;
4. S is a left A-module.

In this case:
1. RMS = RMR;
2. HomZ(S,M) ∈MT , for all M ∈MT ;
3. ξM,S ∈MT for all M ∈MT .

Proof. 1) ⇒ 2). Take a generator g = a1#r2# · · ·#rn#an+1 of T as a Z-module.
If n = 0, then g = a ∈ A. If n > 1, then it follows from AR ⊂ RA that g ∈ S, hence
T = A+S. S is closed under multiplication since S2 = RARA ⊂ R2A2 ⊂ RA = S.
S is a left A-module since AS = ARA ⊂ RA2 = S.
2) ⇒ 3). S is a ring, so it is an S-bimodule. It is a right A-module, and, by 2), a
left A-module. Since T = A+ S, S is a T -bimodule.
3) ⇒ 4) is trivial.
4) ⇒ 1). If S is a left A-module, then AR ⊂ AS ⊂ S = RA.
1) R ⊂ S, so S-rationality implies R-rationality. Conversely, if M is R-rational,
then for all m ∈M and

∑
i fi#ai ∈ S, we have

m ·
∑
i

fi#ai =
∑
i

(m · fi)ai =
∑
i

(m[0]fi(m[1]))ai = m[0](
∑
i

fi#ai)(m[1])

and it follows that M is S-rational. It is easy to see that M is R-faithful if and M
is S-faithful.
2) Take ϕ ∈ HomZ(S,M), f ∈ S and g ∈ T . Then g#f ∈ S, and we define ϕ · g by
(ϕ · g)(f) = ϕ(g#f).
3) ξM,S : M ⊗A C → HomZ(S,M) is right T -linear since

ξM,S((m⊗A c) · g)(s) = ξM,S(m⊗A c(1)g(c(2)))(s) = m · s(c(1)g(c(2)))

= m · (g#s)(c) = ξM,S(m⊗A c)(g#s) =
((
ξM,S(m⊗A c)

)
· g

)
(s)

Corollary 4.6. Let C be an A-coring, and R a subring of ∗C. If AR ⊂ RA
and C is R-locally projective, then MC is a subcategory of σ[CS ] and σ[CS ] is full
subcategory of RMR.

Proof. Take M ∈MC . Then there exists a nonempty set I such that M is isomor-
phic as a C-comodule (and a fortiori as an S-module) to a subobject of a direct
sum C(I) of copies of C, and therefore M ∈ σ[CS ].
It is clear that C is an R-rational S-module, and it follows from Proposition 4.2
that every M ∈ σ[CS ] is an R-rational S-module.

Proposition 4.7. Let C be an A-coring, R a subring of ∗C, and M ∈ RMR. If
C is R-locally projective and AR ⊂ RA, then δM,R defines a right C-comodule
structure on M .

Proof. From the R-rationality of M and the fact that C is R-locally projective,
it follows that, for any m ∈ M , there exists a unique

∑
imi ⊗A ci ∈ M ⊗A C

such that m · f =
∑
imif(ci), for every f ∈ R. So we have a well-defined map
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δM : M → M ⊗A C, δM (m) =
∑
imi ⊗A ci, which is equal to δM,R if we regard

the injection ξM,R as an inclusion. Let us use the notation

δM (m) = m[0] ⊗A m[1]

We will show that δM defines a C-comodule structure on M . First, δM is right
A-linear. Since AR ⊂ RA, there exist ak and fk such that i(a)#f =

∑
k fk#i(ak),

hence

(ma) · f = m · (i(a)#f) = m · (
∑
k

fk#i(ak))

=
∑
k

(m · fk)ak =
∑
k

(m[0] · fk(m[1]))ak

=
∑
k

m[0] · (fk(m[1])ak) =
∑
k

m[0] · (fk#i(ak))(m[1])

= m[0] · (i(a)#f)(m[1]) = m[0] · f(m[1]a)

for all f ∈ R, m ∈M and a ∈ A, so δM (ma) = m[0] ⊗A m[1]a = δM (m)a.
Let us next show the mixed coassociativity. For all m ∈M , we have to show that

ym = (I ⊗A ∆C)δM (m)− (δM ⊗A I)δM (m) = 0

For all f, g ∈ R, we have

m · (f#g) = m[0](f#g)(m[1])
= m[0]g((m[1])(1)f((m[1])(2)))
= (I ⊗A g) ◦ (I ⊗A I ⊗A f)(m[0] ⊗A (m[1])(1) ⊗A (m[1])(2))
= (I ⊗A g) ◦ (I ⊗A I ⊗A f)(I ⊗A ∆C)δM (m)

= (m · f) · g = (m[0] · f(m[1])) · g
= (m[0])[0]g((m[0])[1]f(m[1]))
= (I ⊗A g) ◦ (I ⊗A I ⊗A f)((m[0])[0] ⊗A (m[0])[1] ⊗A m[1])
= (I ⊗A g) ◦ (I ⊗A I ⊗A f)(δM ⊗A I)δM (m)

where we used the right A-linearity of δM,R. It follows that

(I ⊗A g)((I ⊗A I ⊗A f)(ym)) = 0

for all f, g ∈ R. Using the α-property for M , we find

(I ⊗A I ⊗A f)(ym) = 0

and, using the α-property for M ⊗A C, we find that ym = 0, as needed.
Finally, for every f ∈ R, we have, using the mixed coassociativity,

(m−m[0]εC(m[1])) · f = m · f −m[0]f(m[1]εC(m[2]))
= m · f −m[0]f(m[1]) = m · f −m · f = 0

From the fact that M is faithful as a right R-module, we then deduce that m =
m[0]εC(m[1]).

It was proved in [21] that MC = σ[C∗C ] if and only if ∗C is locally projective as an
A-module. We will now generalize this result.
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Proposition 4.8. Let C be an A-coring and R a subring of ∗C. If C is R-locally
projective and AR ⊂ RA, then the categories RMR, RMS , σ[CS ] and MC are
isomorphic full subcategories of MS .

Proof. Suppose first C is R-locally projective. We define a functor F : RMR →
MC as follows: F (M) = M as a right A-module, with C-comodule structure as in
Proposition 4.7; for f : M → N in RMR, we put F (f) = f .
Let us first prove that f is right C-colinear, as needed. Take m ∈ M , then
δM (f(m)) = f(m)[0]⊗Af(m)[1], if and only if f(m)·g = f(m)[0]g(f(m)[1]) for every
g ∈ R. But f(m) · g = f(m · g) = f(m[0]g(m[1])) = f(m[0])g(m[1]), since f is right
R-linear and right A-linear. Using the α-condition, we find f(m)[0] ⊗A f(m)[1] =
f(m[0])⊗A m[1].
Finally, it is easy to see that F (M) = M if M ∈MC .

Definition 4.9. Assume that C is R-locally projective, and let M be a right R-
module. We define the R-rational part of M as

MR-rat = δ−1
M,R(ξM,R(M ⊗A C))

The rational part of M is by definition the ∗C-rational part: Mrat = M
∗C-rat.

Observe that m ∈ MR-rat if and only if there exist mi ∈ M and ci ∈ C such that
m · f =

∑
imi · f(ci) for all f ∈ R. M is R-rational if and only if MR-rat = M .

Obviously MR ⊂ MR-rat. If R ⊂ R′ ⊂ ∗C, then MR′ ⊂ MR. If M ∈ MC and C
is R-locally projective, then MR′

= MR = M coC .

Proposition 4.10. Let R ⊂ ∗C be a subring, assume that C is R-locally projective,
and take M ∈M∗C.

1. Let R′ be another subring of ∗C. If R ⊂ R′, then C is also R′-locally projec-
tive, and

MR′-rat ⊂MR-rat and (∗C)R
′-rat = (∗C)R-rat

If M is R′-rational, then M is also R-rational. ∗C is R′-rational if and only
if ∗C is R-rational.

2. Fix a grouplike element x ∈ C, and assume that

εM,R : MR ⊗B A→M, εM,R(m⊗ a) = ma

is surjective. If AR ⊂ RA, then M is R-rational.

3. MR-rat is a right R-submodule of M . If AR ⊂ RA, then it is a right
T -module, and consequently it is the biggest T -submodule of M that is R-
rational. MR-rat is then also a C-comodule.

Proof. 1) The first statement is obvious. Take g ∈ (∗C)R-rat. Then there exist
gj ∈ ∗C and cj ∈ C such that g#h =

∑
j gj#i(h(cj)), for all h ∈ R. Now (g#h)(c) =

h(c(1)g(c(2))) and
∑
j(gj#i(h(cj)))(c) =

∑
j gj(c)h(cj) =

∑
j h(gj(c)cj), so it fol-

lows that
h
(
c(1)g(c(2))−

∑
j

gj(c)cj
)

= 0
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for all h ∈ R. C satisfies the α-property for R, so we have a dual basis {(ei, ri) | i ∈
I} ⊂ C ×R, and we find that

c(1)g(c(2))−
∑
j

gj(c)cj =
∑
i∈I

ri

(
c(1)g(c(2))−

∑
j

h(gj(c)cj)
)
ei = 0

Applying f ∈ R′, it follows that g#f =
∑
j gj#f(cj) hence g ∈ (∗C)R′-rat.

2) Take m ∈ M and f ∈ R. There exist mk ∈ MR and ak ∈ A such that
m =

∑
kmkak. For any k, we can find akl ∈ A and fkl ∈ R such that ak#f =∑

l fkl#akl. Now

m · f =
∑
k

(mkak) · f =
∑
k

mk · (ak#f) =
∑
k,l

mk · (fkl#akl)

=
∑
k,l

(
mk · fkl

)
akl =

∑
k,l

(
mkfkl(x)

)
akl =

∑
k,l

mk(fkl(x)akl)

=
∑
k,l

mk((fkl#akl)(x)) =
∑
k

mk((ak#f)(x))

and it follows that m ∈MR-rat.
3) For m ∈ MR-rat, there exists a unique m[0] ⊗A m[1] ∈ M ⊗A C such that
m · f = m[0]f(m[1]), for all f ∈ R. For all f, g ∈ R, we then have

(m · f) · g = m · (f#g) = m[0](f#g)(m[1]) = m[0]g(m[1](1)f((m[1](2)))

and this means that m · f ∈ MR-rat, as needed. If AR ⊂ RA, then the same
argument as in the first part of the proof of Proposition 4.7 shows that (ma) · f =
m[0]f(m[1]a), for all f ∈ R, hence ma ∈ MR-rat if m ∈ MR-rat and a ∈ A. It
follows from Proposition 4.8 that MR-rat is a right C-comodule.

5. THE IMAGE OF µ AND µ′

Let (C, x) be a coring with a fixed grouplike element. We have seen in Section 2
how we can associate Morita contexts (B, ∗C, A,Q, τ, µ) and (B′, ∗C, A,Q′, τ ′, µ′)
to (C, x). We will now apply the rationality results obtained above, to discuss the
image of µ and µ′.

Proposition 5.1. Let (C, x) be a coring with a fixed grouplike element, and assume
that C is locally projective as a left A-module. Then we have the following properties:

1. (∗C)rat is a two-sided ideal of ∗C;
2. (∗C)rat has local units if and only if (∗C)rat is dense in ∗C, with respect to the

finite topology;
3. Imµ′ ⊆ (∗C)rat and ((∗C)rat)coC = Q.

Proof. 1) We have already seen in Proposition 4.10 that (∗C)rat is a right ideal. Let
us show that it is also a left ideal. For f ∈ (∗C)rat and g, h ∈ ∗C, we have

(g#f)#h = g#(f#h) = g#(f[0]#h(f[1])) = (g#f[0])#h(f[1])

It follows that (g#f)[0] ⊗A (g#f)[1] = g#f[0] ⊗A f[1], and g#f ∈ (∗C)rat.
2) follows from Corollary 3.11.
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3) We have to show that q#a ∈ (∗C)rat, for all q ∈ Q′ and a ∈ A. For every f ∈ ∗C,
we compute

(q#a#f)(c) = f(c(1)q(c(2))a) = f(q(c)xa) = q(c)f(xa)

This proves that (q#a)[0] ⊗A (q#a)[1] = q ⊗A xa and q#a ∈ (∗C)rat.
((∗C)rat)coC = Q, because f ∈ ((∗C)rat)coC if and only if

f#g = f[0]#g(f[1]) = f#g(x)

for all g ∈ ∗C, if and only if f ∈ Q.

Corollary 5.2. Assume that C is locally projective as a left A-module. If µ′ :
Q′ ⊗B A → ∗C is surjective, then C is finitely generated and projective as a left
A-module.

Proof. If µ′ is surjective, then it follows from Proposition 5.1 that ∗C = (∗C)rat.
Put ρ(ε) =

∑
i fi ⊗A ci ∈ ∗C ⊗A C. This means that ε#f = f =

∑
i fi#f(ci), for

all f ∈ ∗C. Every right ∗C-module M is rational: for all m ∈ M , we have that
m · f =

∑
i(m · fi)f(ci), and this means that ρ(m) =

∑
im · fi⊗A ci. In particular,

for M = C, we find, for all c ∈ C:

ρ(c) = c(1) ⊗A c(2) =
∑
i

c · fi ⊗A ci =
∑
i

c(1)fi(c(2))⊗A ci

Applying ε to the first factor, we find

c = ε(c(1))c(2) =
∑
i

ε(c(1)fi(c(2)))ci

=
∑
i

ε(c(1))fi(c(2))ci =
∑
i

fi(ε(c(1))c(2))ci =
∑
i

fi(c)ci

and it follows that {(ci, fi) | i = 1, · · · , n} is a finite dual basis of C.

We can now prove the main result of this paper.

Theorem 5.3. Let C be locally projective as a left A-module, and assume that τ ′ :
A⊗∗C Q

′ → B′ is surjective. For any M ∈MC, we consider the map

ΩM : M ⊗∗C (∗C)rat →M, ΩM (m⊗∗C f) = m[0]f(m[1])

The following statements are equivalent:

1. (C, x) satisfies the Strong Structure Theorem;
2. (C, x) satisfies the Weak Structure Theorem;
3. µ : Q⊗B A→ (∗C)rat and ΩM are bijective, for all M ∈MC;
4. µ : Q⊗B A→ (∗C)rat and ΩM are surjective, for all M ∈MC.

Proof. We know from Corollary 3.7 that B = B′, Q = Q′, µ = µ′ and τ = τ ′. For
every M ∈ MC , we have M coC = M

∗C , and we have the following commutative
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diagram

M ⊗∗C Q⊗B A
ωM ⊗B IA- M coC ⊗B A

M ⊗∗C (∗C)rat

IM ⊗∗C µ

? ΩM - M

εM

?

(11)

ωM is defined as in Theorem 2.1, and is an isomorphism because τ is surjective.
1) ⇒ 2) is trivial.
2) ⇒ 3). Take M = (∗C)rat. Then M coC = Q, and

εM = µ : M coC ⊗B A ∼= Q⊗B A→M = (∗C)rat

is an isomorphism. ΩM is an isomorphism because all the other maps in the com-
mutative diagram (11) are isomorphisms.
3) ⇒ 4) is trivial.
4) ⇒ 1). It follows immediately from the commutative diagram (11) that every εM
is surjective. For every right C-comodule P , we have a commutative diagram

P coC ⊗B A⊗∗C
εP ⊗ IQ- P ⊗∗C Q

P coC ⊗B B

I ⊗B τ

? ∼= - P coC

ωP

?

τ and ωP are isomorphisms, so εP ⊗ IQ is an isomorphism.
Now take P = Ker εM ∈MC . Then

P coC ∼= P ⊗∗C Q = Ker (εM )⊗∗C Q ∼= Ker (εM ⊗∗C IQ) = 0

Here we used the fact that Q is finitely generated and projective as a left ∗C-module,
and this follows from the fact that τ is surjective, and using the Morita Theorems.
Now εP : 0 = P coC⊗BA→ P is surjective, so P = Ker εM = 0, and εM is injective.
Finally it follows from [8, Prop. 2.5] that the unit maps ηN are isomorphisms, for
all N ∈MB .

Proposition 5.4. If A is flat as left B-module, then (C, x) is Galois if and only if
it satisfies the Weak Structure Theorem.

Proof. The Weak Structure Theorem means that εM : M coC ⊗B A → M is an
isomorphism for all M ∈MC . If M = C, then M coC ∼= A and εM is the cannonical
map. Conversely, if (C, x) is Galois, we have to show that εM is an isomorphism
for all M ∈MC . We have isomorphisms

M ∼= M�CC ∼= M�C(A⊗B A) ∼= (M�CA)⊗B A = M coC ⊗B A

The flatness of A implies that the cotensor product is associative. The composition
of these isomorphisms is the inverse of εM .
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Corollary 5.5. With notation and assumptions as in Theorem 5.3, assume that
(∗C)rat has local units (which is the case if (∗C)rat is dense in the finite topology).
Then the four equivalent statements of Theorem 5.3 are equivalent to (C, x) being
Galois. In this situation, A and Q are locally projective as a left, resp. a right
B-module.

Proof. The local projectivity of A and Q follows from Proposition 3.12. Since
locally projectivity implies flatness (see [14]), the other statement follows from
Proposition 5.4.

Remark 5.6. If (∗C)rat has local units, then ΩM is surjective for every M ∈ MC ,
and this condition can then be dropped in Corollary 5.5. In this case, we can
restrict the Morita context to (∗C)rat. The unital (∗C)rat-modules are precisely the
C-comodules: if M = M ⊗(∗C)rat (∗C)rat, then M is a C-comodule since (∗C)rat is a
C-comodule, and since (∗C)rat has local units, it is dense in the finite topology, so
we can approximate εC and find that all C-comodules are unital as (∗C)rat-modules.
Furthermore, the tensor product over ∗C coincides with the tensor product over
(∗C)rat, which is easy to see if one uses Proposition 3.10. We will use this restricted
context in Section 7.

6. FACTORIZABLE ENTWINING STRUCTURES

Let k be a commutative ring, and consider a right-right entwining structure (A,C, ψ).
We call (A,C, ψ) factorizable if there exists a map α : A→ A⊗End(C) such that
ψ factorizes as follows:

ψ = (IA ⊗ θ) ◦ (α⊗ IC) ◦ τ :

C ⊗A
τ- A⊗ C

α⊗IC- A⊗ End(C)⊗ C
IA⊗θ- A⊗ C

where τ : C ⊗ A → A ⊗ C is the switch map, and θ : End(C) ⊗ C → C is
the evaluation map. Using the notation α(a) = aα ⊗ λα (summation implicitely
understood), this means that ψ(c⊗ a) = aα ⊗ λα(c). We will say that (A,C, ψ) is
completely factorizable if ψ has an inverse ϕ, and (A,C, ψ) and (A,C, ϕ) are both
factorizable.

Examples 6.1. 1) Let H be a bialgebra, (H,A,C) a left-right Doi-Hopf structure.
The corresponding entwining structure (A,C, ψ) is factorizable: Take α(a) = a[0]⊗
ma[1] , where mh : C → C, mh(c) = ch, for all c ∈ C.
2) Assume that A is finitely generated projective. We know from [17] that (A,C, ψ)
is induced by a Doi-Hopf structure over a bialgebra, so (A,C, ψ) is factorizable. This
can also be seen directly: let {(ei, e∗i ) | i = 1, · · · , n} be a finite dual basis of A,
and define

α(a) =
∑
i

ei ⊗ 〈e∗i , aψ〉•ψ

3) Now assume that C is finitely generated projective, and let {(ci, c∗i ) | i =
1, · · · , n} be a finite dual basis of C. Then (A,C, ψ) is factorizable: if we take
α(a) = aψ ⊗ cψi c

∗
i , then we easily compute that

aα ⊗ λα(c) = aψ ⊗ cψi 〈c
∗
i , c〉 = aψ ⊗ cψ
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Factorizable entwining structures are close to Doi-Hopf structures: the philosophy
is that the bialgebra H is replaced by the algebra End(C). Of course this is just
philosophy, since there are no bialgebra structures on End(C) with the composition
as multiplication. We will see that factorizable entwining structures are more gen-
eral then Doi-Hopf structures, and also that there exist non-factorizable entwining
structures. Our examples are inspired by the examples given in [17]. Let (A,C, ψ)
be an entwining structure over a field k. Recall from [17] that we can construct the
following endomorphisms of A, for every c ∈ C and c∗ ∈ C∗:

Tc,c∗ : A→ A, Tc,c∗(a) = 〈c∗, cψ〉aψ
If (A,C, ψ) originates from a Doi-Koppinen structure (A,C,H), then Tc,c∗(a) =
c∗(a[1]c)a[0], and we see that every H-subcomodule of A is Tc,c∗ -invariant. Since
we are working over a field, every a ∈ A is contained in a finite dimensional H-
subcomodule of A, so every a ∈ A is contained in a finite dimensional Tc,c∗ -invariant
subspace of A. This property will be used in the examples in the sequel.
In a similar way, if (A,C, ψ) originates from an alternative Doi-Hopf datum, then
every c ∈ C lies in a finite dimensional Ta,a∗ -invariant subspace of C. Here Ta,a∗ is
defined by Ta,a∗(c) = a∗(aψ)cψ, for every a ∈ A, a∗ ∈ A∗ and c ∈ C. Remark that
α(a) =

∑
i ei ⊗ Ta,e∗i in Example 6.1 2).

We will now give an example of a factorizable entwining structure that does not
originate from a Doi-Hopf datum.

Example 6.2. Let A = k〈(Xi)i∈I1〉 be the free algebra with a family of generators
indexed by I1 = N or I1 = Z.
Let C be the k-module with free basis {1, t}∪{ti | i ∈ I2}, where I2 = N or I2 = Z.
We put a coalgebra structure on k by making 1 grouplike and t and ti primitive.
We now define the entwining map ψ. For every a ∈ A and c ∈ C we define
ψ(a⊗ 1) = a⊗ 1 and ψ(1⊗ c) = 1⊗ c. Furthermore we define

ψ(Xi1 · · ·Xin ⊗ t) = Xi1+1 · · ·Xin+1 ⊗ t

ψ(Xi1 · · ·Xin ⊗ tj) = Xi1+1 · · ·Xin+1 ⊗ tj+n

and extend ψ linearly. A straightforward computation shows that (A,C, ψ) is an
entwining structure. Let us show that (A,C, ψ) is factorizable. By linearity, it
suffices to define α on elements of the form a = Xi1 · · ·Xin ⊗ c. Write c = c̃+ c̄t+∑
i citi with c̃, c̄, ci ∈ k. Then we have

ψ(a⊗ c) = a+ c̃+Xi1+1 · · ·Xin+1 ⊗ (c̄t+
∑
j

cjtj+n)

= a⊗ λa1(c) +Xi1+1 · · ·Xin+1 ⊗ λa2(c)

where λa1 , λ
a
2 : C → C are defined by

λa1(1) = 1, λa1(t) = 0, λa1(ti) = 0

λa2(1) = 0, λa1(t) = t, λa1(ti) = ti+1

so we find that α(a) = a⊗ λa1 +Xi1+1 · · ·Xin+1 ⊗ λa2 and (A,C, ψ) is factorizable.
Let us show that there is no Doi-Hopf structure inducing (A,C, ψ). Take c∗ ∈ C∗
such that 〈c∗, t〉 = 1 (this is possible since we work over a field). Then Tc∗,t(Xi) =
Xi+1, so every Tc∗,t-invariant subspace that contains X0 is infinite dimensional.
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In a similar way, we find that (A,C, ψ) does not originate from an alternative Doi-
Hopf datum: take a∗ ∈ A∗ such that a∗(X1) = 1; then we find that Ta∗,X0(ti) =
ti+1, so every Ta∗,X0-invariant subspace containing t0 is infinite dimensional.
If I1 = I2 = Z, then ψ is bijective, and ϕ = ψ−1 has the same properties as ψ, so
we find a completely factorizable entwining structure that cannot be derived from
an (alternative) Doi-Hopf structure.
Remark that we could also have taken

ψ(Xi1 · · ·Xin ⊗ tj) = Xi1+1 · · ·Xin+1 ⊗ tj+
P

k ik

Adapting Example 6.2, we can give an example of an entwining structure that is
not factorizable.

Example 6.3. Example 6.2 Let A and C be as in Example 6.2, and let ψ : A⊗C →
A⊗ C be defined by

ψ(Xi1 · · ·Xin ⊗ tj) = Xi1+j · · ·Xin+j ⊗ tj+n

Consider the k-linear map p : C → k, given by p(1) = p(t) = p(ti) = 1. If (A,C, ψ)
is factorizable, then for all a ∈ A, the set

Aa = {(IA ⊗ p)ψ(a⊗ c) | c ∈ C}
is contained in a finite dimensional subspace of A. This is not the case, since AX1

contains X2, X3, · · · . Hence (A,C, ψ) is not factorizable.

Let (A,C, ψ) be a right-right entwining structure, and C = A⊗C the associated A-
coring. The left dual ring is ∗C = AHom(A⊗C,A) ∼= #(C,A), with multiplication

(f#g)(c) = f(c(2))ψg(c
ψ
(1))

A and (C∗)op are then subalgebras of #(C,A), via the algebra monomorphisms
i : A→ #(C,A) and j : (C∗)op → #(C,A) given by

i(a)(c) = ε(c)a and j(c∗)(a) = 〈c∗, c〉1A
and we easily compute that

(j(c∗)#i(a))(c) = 〈c∗, c〉a
for all a ∈ A, c ∈ C and c∗ ∈ C∗.

Proposition 6.4. If (A,C, ψ) is a factorizable entwining structure, then

i(A)j((C∗)op) ⊂ j((C∗)op)i(A)

and consequently i(A)j((C∗)op) is a subalgebra of #(C,A).

Proof. For all a ∈ A, c ∈ C and c∗ ∈ C∗, we have

(i(a)#j(c∗))(c) = i(a)(c(2))ψj(c∗)(c
ψ
(1)) = ε(c(2))aψ〈c∗, cψ(1)〉1A

= 〈c∗, cψ〉aψ = 〈c∗ ◦ λα, c〉aα =
(
j(c∗ ◦ λα)#j(aα)

)
(c)

hence
i(a)#j(c∗) = j(c∗ ◦ λα)#j(aα) ∈ j((C∗)op)#i(A)

as needed.
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If C∗ is C-locally projective as a k-module (e.g. C∗ is projective and C is dense in
C∗∗, this is for example the case when k is a field), then j⊗i : (C∗)op⊗A→ #(C,A)
is injective, and we obtain

Corollary 6.5. Let (A,C, ψ) be a factorizable entwining structure, and assume
that C∗ is C-locally projective as a k-module. Then we have a factorization structure
((C∗)op, A,R), with R : A⊗(C∗)op → (C∗)op⊗A given by R(a⊗c∗) = c∗ ◦λα⊗aα,
and j ⊗ i : (C∗)op#RA→ #(C,A) is an algebra monomorphism.
If (A,C, ψ) is a completely factorizable entwining structure, then R is bijective.

7. CO-FROBENIUS PROPERTIES

Let C be an A-coring with a fixed grouplike element, and consider the Morita
contexts indtroduced in Section 2. It was shown in [8] that the connecting modules
A and Q are isomorphic if the ring morphism A→ ∗C is Frobenius. In this Section,
we will present a weaker property under more general assumptions.
We call an A-coring C right co-Frobenius if there exists an injective right ∗C-linear
map j : C → ∗C.
If C is co-Frobenius and locally projective as a left A-module, then I = Im j ⊂
(∗C)rat.

Proposition 7.1. If C is co-Frobenius and locally projective as a left A-module,
then there exists an injective right B-linear map J : A→ Q.

Proof. By Proposition 5.1 we have to prove that the injection j : C → (∗C)rat
induces an injection J : A ∼= CcoC = HomC(A, C) → HomC(A, (∗C)rat) ∼= Q. For
every φ ∈ HomC(A, C), let J(φ) = j ◦ φ ∈ HomC(A, (∗C)rat). J is injective: if
J(φ) = j ◦ φ = 0, then φ = 0, since J is injective. If we view J as a map A → Q,
then J is given by J(a) = j(ax), which is obviously right B-linear.

Remark 7.2. If A is a (commutative) field and C is left and right co-Frobenius. It is
shown in [13, Prop. 5.5.3], that there exists a surjective (and a fortiori a bijective)
B-linear map J as above.

Let H be a co-Frobenius Hopf algebra, and A an H-comodule algebra. Then A⊗H
is an A-coring, with grouplike element 1A ⊗ 1H . In this case ∗C = #(H,A). In
[4] it is shown that Q ∼= A, if we restrict the Morita context from #(H,A) to
A#H∗rat. In Proposition 7.8, we will generalize this to completely factorizable
entwining structures.

Lemma 7.3. Let A and B be two algebras over a commutative ring k and R :
B⊗A→ A⊗B a factorization map. Then R is a (B,A)-bimodule morphism from
B ⊗A to A#RB.

Proof. We show that R is a left B-linear:

R(b′b⊗ a) = aR#(b′b)R = aRr#b′rbR = (1#b′)(aR#bR) = b′R(a⊗ b)

The right A-linearity of R can be handled in a similar way.

Let (A,C, ψ) be a factorizable (right, right) entwining structure over k. In Sec-
tion 6, we have seen that we have a smash product C∗op#RA and a ring morphism
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C∗op#RA → #(C,A). If C is locally projective as a k-module (e.g. k is a field),
then, by extension of scalars, A⊗ C is a C∗-locally projective left A-module.
Consider #(C,A) as a right #(C,A)-module. By Proposition 4.10, we have that

#(C,A)#(C,A)-rat = #(C,A)C
∗-rat

and we will denote this module by #(C,A)rat. (C∗op#RA)rat will be the C∗op-
rational part of C∗op#RA as a right C∗op-module.

Lemma 7.4. With notation as above, (C∗op#RA)rat is a twosided ideal of C∗op#RA
and a subring of #(C,A)rat.

Proof. It is obvious that (C∗op#RA)rat ⊂ #(C,A)rat.
Furthermore, since C∗op#RA is a right C∗op-module and a right A-module, and
since A#C∗op ⊂ C∗op#A, (C∗op#RA)rat is also a right C∗op and a right A-module,
by part 3) of Proposition 4.10, and we conclude that (C∗op#RA)rat is a right ideal
in C∗op#RA.
In order to prove that (C∗op#RA)rat is also a left ideal, take b#g ∈ C∗op#RA,
a#f ∈ (C∗op#RA)rat and h ∈ C∗. We compute

((b#g)(a#f))h = (b#g)((a#f)h) = (b#g)((ai#fi)h(ci)) = ((b#g)(ai#fi))h(ci)

and we find that (b#g)(a#f) ∈ (C∗op#RA)rat, as needed.

Corollary 7.5. The Morita context associated to the A-coring C = A⊗C can be
restricted to a Morita context

(B, (C∗op#RA)rat, A, Q̃, τ̃ , µ̃)

with Q̃ = Q ∩ (C∗op#RA)rat and τ̃ , µ̃ the ristricted maps.

Lemma 7.6. Let (A,C, ψ) be a completely factorizable entwining structure, and as-
sume that A is a free k-module (e.g. k is a field). Then

(C∗op#RA)rat ∼= (A⊗ C∗op)rat = A⊗ (C∗op)rat

and
(A⊗ (C∗op)rat)C

∗
= A⊗ ((C∗op)rat)C

∗

as (A,C∗op)-bimodules.

Proof. It follows from Lemma 7.3 that R is a morphism of (A,C∗op)-bimodules
and from Corollary 6.5, that R is bijective, hence (C∗op#RA)rat ∼= (A ⊗ C∗op)rat.
ObviouslyA⊗(C∗op)rat ⊂ (A⊗C∗op)rat. Choose a basis {ei}i∈I ofA. Then for every∑
i ai⊗fi ∈ (A⊗C∗op)rat, we can find fij ∈ C∗ such that

∑
i ai⊗fi =

∑
i,j∈I ej⊗fij ,

with only finitely many of the fij different from zero.
For every g ∈ C∗, we find

(
∑
i

ai ⊗ fi)g = (
∑
i

a′i ⊗ f ′i)g(ci) = (
∑
i,j

ej ⊗ f ′ij)g(ci) =
∑
i,j

ej ⊗ g(ci)f ′ij

We also have that (
∑
i ai ⊗ fi)g = (

∑
i,j ej ⊗ fij)g =

∑
i,j ej ⊗ gfij , and we find

that gfij =
∑
i g(ci)f

′
ij , since {ei}i∈I is a basis of A. It follows that fij ∈ (C∗op)rat

and (A⊗C∗op)rat ⊂ A⊗ (C∗op)rat. The final statement can be proved in a similar
way.
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Lemma 7.7. If (A,C, ψ) is a factorizable entwining structure over a field k, then
(ab)α ⊗ λα = aαbβ ⊗ λβ ◦ λα and 1α ⊗ λα = 1⊗ IC .

Let B̃ = {b ∈ A | α(b) = b ⊗ IC}. Then B̃ ⊆ B and in case of a factorizable
entwining structure arising form a H-comodule algebra A (i.e. a Doi-Koppinen
structure (A,H,H)), we have B̃ = B = {a ∈ A | a[0] ⊗ a[1] = a⊗ 1H}.

Proposition 7.8. Let (A,C, ψ) be a completely factorizable entwining structure,
where C is a left and right co-Frobenius coalgebra over a field k. With notation as
above, Q̃ ∼= A as right B̃-modules.

Proof. It follows from Propositions 3.6 and 5.1 thatQ = (#(C,A)rat)coC = (#(C,A)rat)C
∗
.

Applying Lemma 7.4, we find that

Q̃ = (#(C,A)rat)C
∗
∩ (C∗op#RA)rat = ((C∗op#RA)rat)C

∗

∼= (A⊗ (C∗op)rat)C
∗ ∼= A⊗ ((C∗op)rat)C

∗

f ∈ ((C∗op)rat)C
∗

if and only if gf = g(x)f for every g ∈ C∗. If C is left and right
co-Frobenius, then by (the dual version of) Remark 7.2, we find an isomorphism
k → ((C∗op)rat)C

∗
.

t = j(x) is a generator for ((C∗op)rat)C
∗
, so we find a bijective map ϕ : A → Q̃

given by ϕ(a) = t ◦ λα#aα. We finally have to show that ϕ is right B̃-linear:

ϕ(ab) = t ◦ λα#(ab)α = t ◦ λβ ◦ λα#aαbβ
= t ◦ IC ◦ λα#aαb = t ◦ λα#aαb
= (t ◦ λα#aα)b = ϕ(a)b

Remark 7.9. We can now transport the C∗-module structure from Q̃ to A. In the
case where C = H, this is done in [4] using the distinguished grouplike element.
Factorizability implies that (C∗op)rat#RA is an A-bimodule. This is a generaliza-
tion of the well-known fact that, for a Hopf algebra H, H∗rat is an H-bimodule.
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