YETTER-DRINFELD CATEGORIES FOR QUASI-HOPF
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ABSTRACT. We show that all possible categories of Yetter-Drinfeld modules
over a quasi-Hopf algebra H are isomorphic. We prove also that the category
gnyd of finite dimensional left Yetter-Drinfeld modules is rigid and then we

compute explicitly the canonical isomorphisms in gnyd. Finally, we show
that certain duals of Hp, the braided Hopf algebra introduced in [6, 7], are
isomorphic as braided Hopf algebras if H is a finite dimensional triangular
quasi-Hopf algebra.

INTRODUCTION

Let H be a Hopf algebra with a bijective antipode. We can introduce left, right,
left-right and right-left Yetter-Drinfeld modules over H, and it is well-known (see
[2, 17]) that the corresponding categories g)}D, yDg, YD and #YDy are
isomorphic. These categories are also isomorphic to the center of the monoidal
category g M of left H-modules, and, if H is finite dimensional, to the category
p()yM of left modules over the Drinfeld double D(H). It is also known that the
category of finite dimensional Yetter-Drinfeld modules is rigid, that is, we have left
and right duality in this category.

In [10], Dijkgraaf, Pasquier and Roche introduced the so-called ”twisted double”
of a finite group, which is a Hopf algebra-type object D“(G) associated to a pair
(G,w), where G is a finite group and w is a normalized 3-cocycle on G; this object
is not a Hopf algebra, but a quasi-Hopf algebra in the sense of Drinfeld [11]. The
construction is similar to the quantum double, so it appears natural to try to
define the quantum double of an arbitrary finite dimensional quasi-Hopf algebra,
generalizing the Drinfeld double for Hopf algebras, and then to show that D“(G)
is such a quantum double. This has been done first by Majid in [15]; he first
computed the center of the monoidal category g M of left H-modules over the
quasi-Hopf algebra H (we will denote this center by gyD and call its objects left
Yetter-Drinfeld modules over H). Then he defined the quantum double D(H) by
an implicit Tannaka-Krein reconstruction procedure, in such a way that p(g)M =
HYyD. An explicit construction of the quantum double (as a so-called “diagonal
crossed product”) has been given afterwards by Hausser and Nill in [12, 13]. They
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identified the category of left modules over their quantum double with the category
gZZE YD (we will denote this category by n YD and call its objects left-right Yetter-
Drinfeld modules over H). Now the question arises whether gyD o~ HyDH .

The first aim of this paper is to show that, indeed, the categories g)}D and gy YD
(and also two other categories YD and # YDy which we will introduce) are iso-
morphic, even in the situation where H is not finite dimensional. In an earlier
version of this paper, a computational proof of this result was given, which was
much more complicated than the corresponding proof for Yetter-Drinfeld modules
over coassociative Hopf algebras. Viewing the categories of Yetter-Drinfeld modules
as (left or right) centers of corresponding categories of modules, a more transparent
approach is possible, and this is what we will do in Section 2. This approach was
suggested to us by the referee.

In Section 3, we show that the category gnyd of finite dimensional (left) Yetter-
Drinfeld modules is rigid; the left and right duals are constructed explicitly. In
an arbitrary rigid braided monoidal category C, we have canonical isomorphisms
M= M** and (MQN)* =2 M*®N*. In Section 4, we compute these isomorphisms

. fi c e . . .
in the case C = YD 4 If we then specialize to finite dimensional left modules over
a quasitriangular quasi-Hopf algebra, we recover some results from [8].

Let B be a braided Hopf algebra, that is a Hopf algebra in gnyd. Then B* and
*B are also braided Hopf algebras. In Section 5, we study the special case where
B = Hy, the braided Hopf algebra introduced in [6, 7]. In particular, we prove
that *Hy and H{ are isomorphic braided Hopf algebras if H is a finite dimensional
triangular quasi-Hopf algebra. They are also isomorphic to the coopposite of the
braided Hopf algebra H* introduced in [3].

1. PRELIMINARY RESULTS

1.1. Quasi-Hopf algebras. We work over a commutative field k. All algebras,

linear spaces etc. will be over k; unadorned ® means ®j,. Following Drinfeld [11],

a quasi-bialgebra is a fourtuple (H, A, e, ®) where H is an associative algebra with

unit, ® is an invertible element in HQ HQH,and A: H - H®QH ande: H — k

are algebra homomorphisms satisfying the identities

(1.1) (id ® A)(A(h)) = ®(A @ id)(A(h)D 1,

(1.2) (id®e)(A(h)) =h, (e®id)(A(h)) = h,

for all h € H. ® has to be a normalized 3-cocycle, in the sense that

(1.3) (1®P)(id A®id)(P)(P®1) = (id®id® A)(DP)(A ®id ® id)(P),

(1.4) (i[dee®id)(P) =1 1.

The map A is called the coproduct or the comultiplication, € the counit and ®

the reassociator. As for Hopf algebras [19] we denote A(h) = hy ® he (summation

understood), but since A is only quasi-coassociative we adopt the further convention
(A @id)(A(h) = ha,1) © h1,2) @ he,  (id @ A)(A(h)) = k1 ® hz,1) © h(2,2),

for all h € H. We will denote the tensor components of ® by capital letters, and
the ones of ®~! by small letters, namely

P=X'oX’X’=T'0T?’T =VieVigV3i=...
dloplor2erd=t'et2et =1 oe’=-..
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H is called a quasi-Hopf algebra if, moreover, there exists an anti-automorphism S
of the algebra H and elements «, 3 € H such that, for all h € H:

(1.5) S(h1)ahs =e(h)a  and  h18S(hs) = e(h)5,
(1.6) X188(X%aXx?=1 and S(z')ax?pS(z®) =1.

Note that, in Drinfeld’s original definition, the antipode of a quasi-Hopf algebra is
required to be bijective. The axioms for a quasi-Hopf algebra imply that e(a)e(8) =
1, so, by rescaling « and 3, we may assume without loss of generality that e(a) =
g(f) =1 and € 05 = . The identities (1.2-1.4) also imply that

(1.7) (e®id®id)(®) = (id®id®e)(P) = 1® 1.

Together with a quasi-Hopf algebra H = (H, A, e, ®, S, «, 3) we also have HOP HP
and H°P°°P ags quasi-Hopf algebras, where ”op” means opposite multiplication and
”cop” means opposite comultiplication. The quasi-Hopf structures are obtained by
pUtting (I)op = <D717 CI)cop = (@71)3217 (I)op,cop = (I)321a Sop = Scop = (Sop,cop)i1 =
S, Qop = S_l(ﬁ)a Pop = S_l(a)a Qcop = S_l(a)v Beop = S_l(ﬂ)v Qop,cop =
and Bop,cop = Q.

Recall that the definition of a quasi-Hopf algebra is ” twist covariant” in the following
sense. An invertible element F' € H ® H is called a gauge transformation or twist if
(e®id)(F) = (id®e)(F) = 1. If H is a quasi-Hopf algebraand F = F'1®@F? € HoH
is a gauge transformation with inverse F~! = G' ® G?, then we can define a new
quasi-Hopf algebra Hp by keeping the multiplication, unit, counit and antipode of
H and replacing the comultiplication, reassociator and the elements « and 3 by

(1.8) Ap(h) = FA(R)F™,
(1.9) Pp=(1®F)(ido A)(F)®Aid)(F Y)Y (F'®1),
(1.10) arp = S(GYHaG?, Br = F'B3S(F?).

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism.
For a quasi-Hopf algebra, we have the following statement: there exists a gauge
transformation f € H ® H such that

(1.11) FASM)fr = (S® S)(A°P(h)), forall he H,

where A°P(h) = hg ® hy. The element f can be computed explicitly. First set
Al A2 A A = (@ 1)(A®id®id)(®1),
B'@B*’®B*®B*=(A®id®id)(®)(®"' ®1).

Then define 7,5 € H ® H by

(1.12) v =8(A%aA®® S(AY)aA* and § = B'3S(B*) ® B*3S(B?).
Then f and f~! are given by the formulae:

(1.13) o= (S@8)(A%()yA@?8S(2?)),

(1.14) 71 = A(S(zY)ax?)s(S ® S)(AP(x?)).

Moreover, f = f! ® f? and g = ¢* ® ¢2 satisfy the relations

(1.15) FA(@) =5, AB) =6

and (see [5])

(1.16) 9'S(g%a) = B, S(BF)f* = a.
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Furthermore the corresponding twisted reassociator (see (1.9)) is given by
(1.17) Pr=(S®S®9)(X*®X*eX").

In a Hopf algebra H, we obviously have the identity h1 ® hoS(hs) = h ® 1, for all
h € H. We will need the generalization of this formula to the quasi-Hopf algebra
setting. Following [12] and [13], we define

(1.18) pr=p' @p? =2 @ 22BS(x?),

(1.19) qr —q1®q2—X1®S_1(04X3)X2,

(1.20) pr p ®p* = X257 X'P) © X°,

(1.21) =7 @ = S(aHaz® @ 23

For all h € H, we then have:

(1.22) A(h)pall © S(ha)] = palh © 1,

(1.23) [1® S (he)]qrA(hy) = (h® 1)qr,

(1.24) [S(h1) ® qrA(he) = (1@ h)az,

and

(1.25) Alg )pr1® S(¢?)) =1®1,

(1.26) [S(") @ e A(P?) =

(1.27) A(G)plS~(q 1)@1] :1@1
(A ®@idy)(pr) (PR © idy)

(1.28) = (id® A)(A(a')pr)(1 ®@ ¢ S(2®) ® g°S(2?)),

where f = f! ® f? is the twist defined in (1.13) with its inverse f~! = ¢! ® ¢?
defined in (1.14).

1.2. Quasitriangular quasi-Hopf algebras. A quasi-Hopf algebra H is quasi-
triangular if there exists an element R € H ® H such that

(1.29) (A®id)(R) = ®319R13P55R03,

(1.30) (id® A)(R) = ®oy RizPaizRi® ",
(1.31) A°°’(h)R = RA(h), forall h € H,

(1.32) (e®id)(R) = (id®e)(R)=1.

Here we use the following notation. If o is a permutation of {1,2,3}, we set
D5(1)0(2)0(3) = X WgxoT@g X071(3), and R;; means R acting non-trivially
in the i** and j** positions of H ® H @ H.

In [5] it is shown that R is invertible. The inverse of R is given by

(1.33) R = X1BS(Y2R'2' X?)aY323 X3 @ Y R?2? X3,

Furthermore, the element

(1.34) u = S(R*p*)aR'p

(with pr = p! ® p? defined as in (1.18)) satisfies S?(u) = u, is invertible in H, and
(1.35) u™t = XTR*p*S(S(X?R'pHaX?),

(1.36) e(u) =1 and S%(h) = uhu™!,
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for all h € H. Consequently the antipode S is bijective, so, as in the Hopf algebra
case, the assumptions about invertibility of R and bijectivity of S can be dropped.
Moreover, the R-matrix R = R! ® R? satisfies the identities (see [1], [13], [5]):

(1.37) JaRf™' = (S @ S)(R),
(1.38) S(R?)aR! = S(a)u,

where f = f1 ® f? is the twist defined in (1.13), and fo; = f? ® f!. In addition, a
second formula for the inverse of R is

(1.39) R™' = @X*RYp' © XSTH@ X R*p?),
where pp = p! @ p? and q, = ¢' ® ¢* are the elements defined by (1.18) and (1.21).

Finally, recall that a quasi-Hopf algebra (H, R) is called triangular if R~ = Ry,
where Ro1 = R2 @ R'.

1.3. Monoidal categories. If V' is an object of a category C, then the identity
morphism V' — V will also be denoted by V. The identity functor C — C will be
denoted by C.

A monoidal category C = (C,®,1,a,l,r) consists of a category C, a functor ® :
C x C — C, called the tensor product, an object I € C called the unit object, and
natural isomorphisms a : ® o (® xC) — ® o (C x ®) (the associativity constraint),
l: ®o(IxC)— C (the left unit constraint) and r : ® o (C x I) — C (the right
unit constraint). a has to satisfy the pentagon axiom, and [ and r have to satisfy
the triangle axiom. We refer to [14, XI.2] for a detailed discussion. In the sequel,
we will identify V @ I 2 1 =2 I ® V using Iy and 7y, for any object V' € C.

A monoidal functor between two monoidal categories C and D is a triple (F, ¢q, p2),
where F': C — D is a functor, ¢o : I — F(I) is an isomorphism, and ¢2(U, V) :
FU)® F(V) — F(U®YV) is a family of natural isomorphisms in D. ¢y and ¢2
have to satisfy certain properties, see for example [14, XI.4].

If H is a quasi-bialgebra, then the categories g M and My are monoidal categories.
The associativity constraint on gM is the following: for U,V,W € g M, ay,v,w :
UeV)oW -U® (VeW) is given by

(1.40) apvw(u@v)@w) =X ue (X? ve X3 w).
On My, the associativity constraint is given by the formula
(1.41) apvw(u@v)@w)=u-2'® W -2 @w-z%).

Let V € C. V* € C is called a left dual of V, if the functor — ® V* is the right dual
of —® V. This is equivalent to the existence of morphisms evy : V*®V — I and
coev: I — V ® V* such that

(142) (V X evv) oay,yxy o (COGVV X V) =V,
(1.43) (evy @ V*)oay. yy. o (VF @ coevy) = V™.

*V € Cis called aright dual of V' if —®*V is the left dual of —®V'. This is equivalent
to the existence of morphisms ev{, : V ® *V — I and coev{, : I — *V ® V such
that

(1.44) (eviy ® V) o ay iy o (V@ coevy) =V,
(1.45) (*V ®@evy)oasy,y-v o (coevy, @ V*) = V™.

C is called a rigid monoidal category if every object of C has a left and right dual.
The category M of finite dimensional modules over a quasi-Hopf algebra H is
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rigid. For V€ gM, V* = Hom(V, k), with left H-action (h - ¢,v) = (¢, S(h)v).
The evaluation and coevaluation are given by

(1.46) evy(p®@v) = ¢(a-v), coevy(l)=3-v; @',

where {v;}; is a basis in V with dual basis {v'};. The right dual *V of V is the
same dual vector space now equipped with the left H-module structure given by
(h-p,v) = (p,S~(h)v), and with

(1.47) eviy (v ® ) = (ST (a) - v), coevi (1) =v"® STL(B) - v;.

The switch functor 7 : CxC — CxC is defined by 7(V, W) = (W, V). A prebraiding
on a monoidal category is a natural transformation ¢: ® — ® o 7, satisfying the
hexagon axioms (see for example [14, XIII.1]). A prebraiding c is called a braiding
if it is a natural isomorphism. Let (H, R) be a quasitriangular quasi-bialgebra. We
then have the following prebraiding ¢ on g M (see [14] or [16]):

(1.48) cvv(u®@v)=R* v® R' - u,

which is a braiding if H is a quasi-Hopf algebra.

1.4. Braided Hopf algebras. Let C be a braided monoidal category. We can
define algebras, coalgebras, bialgebras and Hopf algebras, extending the classical
definitions from [19] in the obvious way.

Thus, a bialgebra in C is (B, m,n, A, e) where B is an object in C and the morphism
m : B ® B — B gives a multiplication that is associative up to the isomorphism
a. Similarly for the coassociativity of the comultiplication A : B — B ® B. The
identity in the algebra B is expressed as usual by 1 : I — B such that mo(n®id) =
mo (id®n) = id. The counit axiom is (e ®id) oA = (id®e)oA = id. In addition, A
is required to be an algebra morphism where B ® B has the multiplication mpgp,
defined as the composition

(1.49)

(BoB)®(BoB) —“~ BeBoBeB) 22+ Bse(BeB)oB)
222l Be(BeoB)eB) %t Be(Be(BeB)
2. (B®B)®BeB) % B®B.

A Hopf algebra B is a bialgebra with a morphism S : B — B in C (the antipode)
satisfying the usual axioms mo (S ®id)o A=noe=mo (id® S) o A.

For a braided monoidal category C, let C™ be equal to C as a monoidal category,
with the mirror-reversed braiding éy,ny = C;[}M. For a Hopf algebra B € C with
bijective antipode, we define B°P, BP and B°P°°P by

(1.50) Mmpop = Mp O CE,’IB, Apgo» = Ap, Sgo» = Sgl,
(1.51) M pBecop = Mp, ABcop = Cg’lB e} AB, SBcop = Sgl’
(1.52) M Bop,cop = M PpB O CB)B7 ABop,cop = Cng o AB’ SBop,cop = SB7

and the other structure morphisms remain the same as for B. It is well-known (see
for example [2, 20]) that B°P and BP are Hopf algebras in C'*, and that B°P-<°P
is a Hopf algebra in C.
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1.5. Monoidal categories and the center construction. Let C be a monoidal
category. Following [15], the weak left center W,;(C) is the category with the fol-
lowing objects and morphisms. An object is a couple (V,sy,_), with V' € C and
sy—: V®— — —®V anatural transformation, satisfying the following condition,
for all X,Y € C:

(1.53) (X®syy)oax,vyo(syx ®Y) =ax,y,v oSyxey °©av,x,y,

and such that sy ; is the composition of the natural isomorphisms V ® [ = V =
I®V. A morphism between (V,sy,_) and (V/,sy/,_) consists of 9 : V — V' inC
such that

(X®’19) 0S8y, x =Sy’ x O (19®X)

Wi (C) is a prebraided monoidal category. The tensor product is
(V, SV,—) ® (V’, SV/,—) = (V & V/, 5V®V’,—)

with

(1.54) svev,x =ax,v,v o (sy,x ®V')o a(/)lxy, o(V®sy x)oavy x,
and the unit is (I, I). The prebraiding ¢ on W;(C) is given by

(1.55) cvvr = sy (Visy—) @ (Vi sy 2) = (V, sy ) @ (V,sy,-).

The left center Z;(C) is the full subcategory of W;(C) consisting of objects (V, sy,_)
with sy, a natural isomorphism. Z;(C) is a braided monoidal category. Z;(C)™

will be our notation for the monoidal category Z;(C), together with the inverse
braiding ¢ given by ¢y,y/ = c‘_/,l’v = 5‘_,,1‘,

The weak right center W,.(C) and the right center Z,(C) are introduced in a similar
way. An object is a couple (V,t_ ), where V.€Candit_y: —Q@V -V ®—is
a family of natural transformations (resp. natural isomorphisms) such that t_ ; is

the natural isomorphism and
(1.56) ay'xy otxeyy oayxyy = (txyv @Y)oaxly,y o (X @tyy),
for all X, Y € C. A morphism between (V,¢_ ) and (V',{_ /) consistsof ¥ : V —
V' in C such that
(19 X X) o tX,V =tx,yr o (X (24 19),
for all X € C. W,(C) is prebraided monoidal and Z,.(C) is braided monoidal. The
unit is (I, I) and the tensor product is now
Vit_v)o(Vitov)=VeV t_vev)
with
(1.57) tx vev = a\_/,l\/’,X o(Ve® tX,V’) oay,x,v’ © (tX,V ® V’) o a‘)_(,l\/,V/'
The braiding d is given by
(1.58) dvyr =ty (Vitiev) @ (Vitov) = (Vit_v)® (Vit_y).
Z,(C)™ is the monoidal category Z,.(C) with the inverse braiding d given by dy. v+ =
—1 —1
dV’,V =ty v
For details in the case where C is a strict monoidal category, we refer to [14, Theorem

XII1.4.2]. The results remain valid in the case of an arbitrary monoidal category,
since every monoidal category is equivalent to a strict one.
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Proposition 1.1. Let C be a monoidal category. Then we have a braided isomor-
phism of braided monoidal categories F : Z;(C) — Z.(C)™, given by

F(V,sy.-) = (V,sy1) and F(9) = 0.
Proof. The proof is straightforward. Let us show that F' preserves the braiding.
Applying F' to the braiding map
cvyr=syy : Visy_)@ (V' sy ) — (Visy )@ (V,sy_),
we find
F(syyv/) =syy : (V, s‘_,l_) ® (V', 8‘7/17_) — (V' s‘_,,l_) ® (V, 5‘71_)

Write t_ v = 8‘7/17, t_yr = s(,,l _. With notation as above, we find

7 -1
dvyv: =ty y =svv,
as needed. O

Let C = (C,®,1,a,l,r) be a monoidal category. Then we have a second monoidal
structure on C, defined as follows:

C=(C®=worLanl)
with 7: CxC —CxC, 7(V,W)=(W,V) and @ defined by ay,w,x = a)_(,lw,v-
If ¢ is a (pre)braiding on C, then ¢, given by ¢y, = cw,v is a (pre)braiding on C.
The following result is then completely obvious.

Proposition 1.2. Let C be a monoidal category. Then

Wi(C) 2 W,.(C) ; W,(C) = W,(C),

as prebraided monoidal categories, and

2(C)= 2.(C) 5 2:(C) = 2(C)
as braided monoidal categories.

Proposition 1.3. Let C be a rigid monoidal category. Then the weak left (resp.
right) center of C coincides with the left (resp. right) center of C, and is a rigid
braided monoidal category.

Proof. For details in the case where C is strict, we refer to [18, Lemma 7.2 and 7.3,
Cor. 7.4]. The general case then follows from the fact that every monoidal category
is equivalent to a strict one. For later use, we mention that for (V,s) € Z(C),
(V,sy,—)* = (V*, sy« _), with sy« x given by the following composition:

syex: Veex (TN e o vy 9 (V@ V)
LEXVeVL  yrg (X @ (Ve V)
V*@ayy,
vy V'R (XeV)e V)
V*Q (s QV*
(1.59) VIOV V) 2 (VeX)eV)
VOWxvi g (Ve (X V)
vxev  (yrg V) e (X @ V)
evy RXQV™ X ® v
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2. YETTER-DRINFELD MODULES OVER A QUASI-HOPF ALGEBRA

From [15], we recall the notion of left Yetter-Drinfeld module over a quasi-bialgebra.
We also introduce right, left-right and right-left Yetter-Drinfeld modules. The aim
of this Section is to study the relations between these four types of modules.

Definition 2.1. Let H be a quasi-bialgebra, with reassociator ®. A left Yetter-
Drinfeld module is a left H-module M together with a k-linear map (called the left
H-coaction)

Av: M —H®M, )\M(m) = m(—1) ® M)
such that the following conditions hold, for all h € H and m € M:
Xtm1) @ (X - m(g) (- X? ® (X* - mg))(0)
(2.1) = X'V m) 1), Y2 X2 (Y m) 1), Y2 @ X3 (Y- m)o),
(2.2) €(m(,1))m(0) =1m,
(23) hlm(_l) ® ho - mo) = (h1 : m)(_l)hQ X (hl . m)(o).

The category of left Yetter-Drinfeld modules and k-linear maps that preserve the
H-action and H-coaction is denoted by #YD.

Let H be a Hopf algebra. If M is a left H-module and an H-comodule then (2.3)
is equivalent to

(h : m)(_l) ® (h . m)(o) = hlﬂ”L(_l)S(hg) ® ho - m(o),
for all h € H and m € M. For quasi-Hopf algebras we have the following result.

Lemma 2.2. Let H be a quasi-Hopf algebra, M € yM, and A\: M — H® M a
k-linear map satisfying (2.1-2.2). Then (2.3) is equivalent to

(2.4) (h-m)—1)® (h-m) ) = [¢"ha)1(p" - m)(—1)p*S(¢°ha) @ [q" P2 - (p" - ™) (o),

for all h € H, m € M, where pr = p* @ p* and qr = q* @ ¢* are the elements
defined in (1.18-1.19).

Proof. Suppose that (2.3) holds. For any h € H and m € M we compute that
(h-m)—1) ® (h-m)
U250 (gip'h-m)(1)a3p°S (@) @ (a1p*h - m) (o)
122 ([¢"ha)1p" -m) 1 lg h1]2p*S(¢*h2) @ ([¢" ha]ip" - m) (o)
CD g bt m) S (@Phe) ® g )z - (01 m) o).
Conversely, assume that (2.4) holds; in particular we have that
(2.5) M(m) = g1 (p - m)(-1)p*S(6*) @ gz - (p' - m) o), ¥V m e M.
We then compute, for all h € H and m € M:
(h1-m)—1yh2 @ (h1 - m) (o)

CH g ha it m) 1P S(@®ha.2)he @ [¢ ha e - (PF - m) o)
25 higi(p' - m)(—1yp*S(4?) ® hag) - (p" - m) o)

(2;5) hlm(,l) ® h2 “My(0)-
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From [15], if H is a quasi-bialgebra then the category of left Yetter-Drinfeld modules
is isomorphic to the weak left center of the monoidal category C =: g M,

Wi(aM) =2 2yD.

The prebraided monoidal structure on W;(zM) induces a prebraided monoidal
structure on gyD. This structure is such that the forgetful functor gyD — gM
is monoidal. The coaction on the tensor product M ® N of two Yetter-Drinfeld
modules M and N is given by

puen(m@n) = X' (@'Y m) (Y2 n)yY?
(2.6) ®RX2. (xlyl . m)(o) ® X323 (Y2 -n)(o),
and the braiding is given by
(2.7) CM,N(TI’L@TZ) =m(—1) N & M.
Moreover, if H is a quasi-Hopf algebra then W,(gM) = Z;(gM) = HYD, and the

inverse of the braiding is given by (see [6]):

(2.8) cpfy(n@m)=GgGXx>- (p'-m)oy @ STHG X (p" - m)—1yp*S(BX?) - n

where pp = p! ® p? and q;, = ¢' ® ¢* are the elements defined by (1.18) and (1.21),
respectively.

We also introduce left-right, right-left and right Yetter-Drinfeld modules. More
explicitly:

Definition 2.3. Let H be a quasi-bialgebra, with reassociator .
1) A left-right Yetter-Drinfeld module is a left H-module M together with a k-linear
map (called the right H-coaction)

Av s M — M ®H, py(m) =my ®m
such that the following conditions hold, for all h € H and m € M:
(@ - m()(0) ® (2% - mo)) oy’ @ &’mq)
(2.9) =z (¥° -m)o) ®@2*(y° - m)a)yy' @2y m)ay,y7
(2.10) e(mey)mey = m,
(2.11) hi - m() ® hamyy = (ha - m) ) ® (ha - m))h1.

The category of left-right Yetter-Drinfeld modules is denoted by zYD*.
2) A right-left Yetter-Drinfeld module is a right H-module M together with a k-
linear map (called the left H-coaction)

Av: M —- H®M, )\M(m) = m(—1) ® Mg
such that the following conditions hold, for all h € H and m € M:
m-na' @2 (m) - 2%) (1) @ (mo) - 2%) (o)
(2.12) =y*(m-y) et @y’ (m-y) 2" @ (m-yh) ) - 2,
(2.13) E(m(,l))m(o) =m,
(214) m(_l)hl X m(g) hoy = hg(m . hl)(—l) X (m . hl)(o)-

The category of right-left Yetter-Drinfeld modules is denoted by 7Y Dy.
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3) A right Yetter-Drinfeld module is a right H-module M together with a k-linear
map (called the right H-coaction)

Av: M — M®H, pM(m) = m(g) @ Mm(1)
such that the following conditions hold, for all h € H and m € M:
(m(o) - X)(0) @ X' (mq) - X*) (1) ® mp) X
(215) = (m . YS)(O) . Xl ® Yl(m ' YS)(1)1X2 (24 Y2(m : YB)(1)2X37
(2.16) €(m(1))m(0) =m,
(217) m(o) . hl ® m(l)hg = (m . hz)(o) ® hl(m . hg)(l).
The category of right Yetter-Drinfeld modules is denoted by JJDZ.

As in [15] the above definition of Yetter-Drinfeld modules was given using the center
construction. More precisely:

Theorem 2.4. Let H be a quasi-bialgebra. Then we have the following isomor-
phisms of categories:
Wr(aM) = gYD? ; W (Mu) = YDj 5 Wi(Mp) = "YDy.
If H is a quasi-Hopf algebra, then these three weak centers are equal to the centers.
Proof. (sketch) Take (M,t_ pr) € Wy.(g M), and consider ppr = (ng @ M) oty ar -
M — M ® H, that is,
prm(m) = my @ meyy =ty p(l @m).
pm determines t_ s completely: for x € X € g M, consider the map
f: H=>X, f(h)=h-x
in g M. The naturality of {_ » entails that
(M® f)otum =txmo(f®M),
and therefore
(218) tX’M(LL' ®m) = tX,M((f X M)(l ®m)) = M(0) X f(m(l)) = m(0) & m(y) - .
In particular, m = tx ar(1 ® m) = mgy ® mq1y - Iy = €(m(1))m(o), so (2.10) holds.
If we evaluate (1.56), with X =Y = H, at 1 ® 1 ® m, we find (2.9). Finally,
h-tgym(1®@m)=tgn(ht @ hy-m) = (ha-m)ey ® (ha -m)a)h,
and
h-tgm(l®@m)=h-(mq ®mu)) = hi-m@e) & ham,
proving (2.11), and we have shown that (M, pys) is a left-right Yetter-Drinfeld
module.
Conversely, if (M, par) is a left-right Yetter-Drinfeld module, (M, t_ ), with t_ u

given by (2.18), is an object of W,(gM). If H has an antipode, then t_ 5; is
invertible; the inverse is given by

(2.19) ty(m@n) = qiz' S(¢®a®(5* - m)@yp') - n @ gz2° - (5 - m) o)
where qr = ¢' ® ¢*> and p;, = p' @ p? are the elements defined by (1.19) and (1.20),
respectively.

The proof of the other two isomorphisms can be done in a similar way, we leave the
details to the reader. (]
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The prebraided monoidal structure on W, (gM) induces a monoidal structure
on gYDH. This structure is such that the forgetful functor aYD? — g M is
monoidal. Using (1.40) and (1.57), we find that the coaction on the tensor product
M ® N of two left-right Yetter-Drinfeld modules M and N is given by:

pPrgN (men) = AP, G (y2 'm)(0)®x2 . (X3y3 1) (0)
(2.20) @z (X3 - n) )y X2 (¥ - m)myy',

for all m € M, n € N. We have already observed that the functor forgetting the
coaction is monoidal, so

(2.21) h-(m®n)="h;-m® hy-n.

The braiding ¢ can easily be deduced from (1.58) and (2.18): ¢ps n : MON — NQM
is given by

(2.22) cMwN(m®n) = N)®N(1) - M,

for m € M and n € N. In the case when H is a quasi-Hopf algebra, the inverse of
the braiding is given by

(2.23) oy (nom) = grat S(¢2® (% - n)(yp') - m @ g3a® - (57 - n)(0).-

nY D ™ is the category with monoidal structure (2.20-2.21) and the mirror reversed
braiding ¢y n = c;\,’lM.

For completeness’ sake, let us also describe the prebraided monoidal structure on

ypg and #YDy. For M,N € yDg, the coaction on M ® N is given by the
formula

pman)=(m-X?)q 2'Y'® (n- X% - Y?
®X1(m . XQ)(l)aSQ(n : Xg.rg)(l)yg,
and the H-action is
(m®mn)-h=m-h; ®n- hs.
The braiding is the following;:
dMJv(m ®n) = Ny @ M - n1).
Now take M, N € #YDy. The coaction on M @ N is the following:
Am@n) =2%(n - 2%) ) X*(m - 2" X) -y’
® (m-z' X)) - y* @ (n-2%)) - X9,
and the H-action is
(m®mn)-h=m-h; @n- hs.
The braiding is given by
W, N(Mm@n) =n-mq) ®mq.

Remark 2.5. Let H be a quasi-bialgebra. If C = g M, one can easily check that

C = peor M. Then, by Proposition 1.2, we have W;(C) = W,.(C), that is .., YD =

aYDH as prebraided monoidal categories; in an earlier version of this paper, we
used this as a definition for left-right Yetter-Drinfeld modules in terms of left Yetter-
Drinfeld modules.

Let H be a quasi-bialgebra. We have that H°P°°P is also a quasi-bialgebra.
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Proposition 2.6. We have an isomorphism of monoidal categories
F: gopcosM — My,
given by F(M) = M as a k-module, with right H-action m -h = h-m.
Proof. Tt is well-known and obvious that F' is an isomorphism of categories. So we

only need to show that it preserves the monoidal structure. Let us first describe
the monoidal structure on gop,cop M. The left H°P°°P-action on N @ M is

h-(n®@m)=hy -n®hy -m.
The associativity constraint apyay: (PON)@M — P® (N® M) is
apnyu((p@n)@m)=X>p® (X? - ne X' m).

Now we describe the monoidal structure on gop.cooM. We have MQN = N @ M.
For m € M, n € N, we write

mn=n®m e MAN =N & M.
Then
(2.24) h - (m®n) = hy - m®hs - n.
The associativity constraint
auNp=apy,y: (MBN)EP=P® (N@M)— Ma(N®P)=(PRN)® M
is given by
(2.25) AN p(Mmen)®p) = 2! - me(2? - n@z* - p).
It is then clear from (2.24-2.25) that F' preserves the monoidal structure. g

An immediate consequence of Proposition 1.2, Theorem 2.4 and Proposition 2.6 is
then the following.

Proposition 2.7. Let H be a quasi-bialgebra. Then we have the following isomor-
phisms of prebraided monoidal categories, induced by the functor F from Proposi-
tion 2.6:

YDE = e YD and YDy 2 gopcon YD

Proof. We have the following isomorphisms of categories:

yDg >~ WT‘(MH) = WT(HOD,COPM) = WZ(HUPxCODM) = Zzg,zzgyp

Combining Proposition 1.1 and Theorem 2.4, we find the following result.

Theorem 2.8. Let H be a quasi-Hopf algebra. Then we have an isomorphism of
braided monoidal categories

F: gyD"™ — Hyp,
defined as follows. For M € yYDH, F(M) = M as a left H-module; the left
H -coaction is given by
(2.26)  An(m) = m(_1) @ m(g) = qiz' S(¢*x*(p* - m)1yp') @ ga2 - (5* - m) 0y,

for all m € M, where qr = ¢' ® ¢* and p;, = p* ® p* are the elements defined by
(1.19) and (1.20), and prr(m) = moy @ myy is the right coaction of H on M. The
functor F' sends a morphism to itself.
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Proof. F is nothing else then the composition of the isomorphisms
aYDH" S Z, (4 M)® = Zi(aM) — BYD.

For M € y YD m, we compute that the corresponding left Yetter-Drinfeld module
structure Ap; on M is the following:

Av(m) = tl_j,’lM(m@)l):EMVH(m@)l):cI},lM(m@l)
= qz'S(¢*2* (B -m)yp') © ga? - (% - m) o),
as needed. O

In the same way, we have the following result.

Theorem 2.9. Let H be a quasi-Hopf algebra. Then the categories YDE and
HYyDW are isomorphic as braided monoidal categories.

We now recall some generalities about quasi-bialgebras. Let H be a quasi-bialgebra,
and F=F'®F% € H® H a twist with inverse §~! = ! ® 2. Then we have an
isomorphism of monoidal categories

II : HM—>H3M

II(M) = M, with the same left H-action. If H is a quasi-Hopf algebra, then we
can consider the Drinfeld twist f defined in (1.13). The antipode S : H°P°P —
Hy is a quasi-Hopf algebra isomorphism, and therefore the monoidal categories
movcor M and g, M are isomorphic. We have seen in Proposition 2.6 that gop.cop M
is isomorphic to Mpy as a monoidal category. We conclude that the monoidal
categories g M and My are isomorphic. Using Proposition 1.2 and Theorem 2.4,
we find braided monoidal isomorphisms

BYD =~ Z(gM) = Z,(Mpg) = Z,(My) = YDH

and

HYD" = 2, (g M) = Z,(My) = Z/(My) = TYDy.
We summarize our results as follows:

Theorem 2.10. Let H be a quasi-Hopf algebra. Then we have the following iso-
morphisms of braided monoidal categories:

The isomorphisms gyD &~ yDZ and HJ)DH >~ HYDy can be described explicitely.
Let us compute the functor gyD — yDE.

We have a monoidal isomorphism IT: g M — g, M; II(M) = M with the same
left H-action. Denote the tensor product on g, M by ®f. For M,N € yM, the
isomorphism v : (M ® N) — II(M) @7 II(N) is given by

p(men)=f'-meal 2 n

This isomorphism induces an isomorphism between the two left centers, hence be-
tween the categories YD and g;yn Take (M, sp,—) € Zi(gM) and (M, s& _)
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the corresponding object in Z;(z, M), and let A and M be the associated coactions.
We then have the following commutative diagram

SM,H

M®H HoM

v G
55\21{
Mol H =5 He! M
and we compute that
)‘f(m) = S{W,H(m®f 1) = 1/)((5M,H(91 ~m®92)) = fl(g1 'm)(—1)92 ®f f2(91 M) (0)-

The quasi-Hopf algebra isomorphism S~ : H; — H°P°°P induces an isomorphism
of monoidal categories

HfM — HOPVCOPM = MH
The image of M is M as a k-vector space, with right H-action given by m - h =
S(h) - m. Take (M, SL,—) € Zi(u, M) and the corresponding object (M,t_ as) €

Z,.(Mpy). Using similar arguments as above we can compute the right H-coaction
pon M:

pr(m) = f2-(g" - m)o)y @ S~ (f'(g" - m)(_1))g”).

We conclude that the braided isomorphism K : gyD — yDg is defined as follows:
K(M) = M, with

m - h=S(h)-m,
pu(m) = f2- (gt - m)) ® ST (fH(g" - m)(—1)9?).
The inverse functor K ~! can be computed in a similar way: K~1(M) = M with
h-m=m-S~(h),
A(m) = g*S((m- ST )2 @ (m- S )y - S7Hg?)-

For completeness’ sake, we also give the formulas for the braided monoidal isomor-
phism G : HYDy — g YD?. G(M) = M with

h-m=m-S"(h),

pr(m) =gt - (f*-m) o) ® g*S((f* - m)1))f".
Conversely, G™1(M) = M with

m-h=S(h) -m,

Ma(m) = S7H(f (g - m)ayg") @ f1 - (9 - m)(0).-

fd
3. THE RIGID BRAIDED CATEGORY ¥y D

It is well-known that the category of finite dimensional Yetter-Drinfeld modules
over a coassociative Hopf algebra with invertible antipode is rigid. By Proposi-
tion 1.3 and since g M9 is rigid the same result holds for the category of finite
dimensional Yetter-Drinfeld modules over a quasi-Hopf algebra. We will give the
explicit formulas in this Section. We first need a lemma.
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Lemma 3.1. Let H be a quasi-Hopf algebra and pr = pPrep?, o =9¢ =0
Q? and f = f1 ® f? the elements defined by (1.18), (1.21) and (1.13), respectively.
Then the following relations hold:

(3.1) (' X'®@EX? 03X =5")q e ® ¢Pay @2,
S(PH3'PIS(Q?)1 ® Q'@*p3S(Q?%)2 = f.

Proof. The equality (3.1) follows easily from (1.3), (1.5) and the definition of ¢,.
In order to prove (3.2), we denote by § = §' ® §2 the element defined in (1.12), and
then compute that

S(P")dpiS(Q%): ® Q'¢*p35(Q%)2
(118) S(zM)q 22 518(Q%x%)1 ® Q' Px2B25(Q%x?)o

(1‘11;1‘15) S 1)q x%(S S(Q2x2)f1 ®qu 33552 (lel)ﬂ

(x
(x
(1'12’23’1'5) S(ztat)azaly ﬁS(QQnyS’XB)fl ®Q1z3x2y2XlﬁS( 2eyiXx?) 2
G2 S(ah)aa?BS(Q3X7%) 1 0 Q' X1 BS(QTXP) S

WL S(Q3) ! 2 QNSNS

(157) fl ® f2 _ f’

as needed, and this finishes the proof. a

Theorem 3.2. Let H be a quasi-Hopf algebra. Then gnyd 18 a braided monoidal
rigid category. For a finite dimensional left Yetter-Drinfeld module M with basis
(im);—17 and corresponding dual basis (“m),_1, the left and right duals M* and
*M are equal to Hom(M, k) as a vector space, with the following H-action and
H -coaction:

- For M*:
(3.3) (h-m*)(m) =m*(S(h)-m),
Anr- (M) = mi_y) @ mg)
(3.4) = (m*, f*-(g" - im)0))S (f'(g" - im)(—1yg®) ® 'm
- For*M

(3.6) = ("m, 5~ (f )'(571(92)~¢m)<0)>915((5*1(92)'im)(—l))f2®im,

for allh € H, m* € M*, *m € *M and m € M. Here f = f' ® f? is the twist
defined by (1.13), with inverse f~! = g' @ ¢2.

Proof. The left H-action on M* viewed as an element of g)}D is the same as the
left H-action on M* viewed as an element of ;M. We compute the left H-coaction,
using (1.59). By (2.8) in Z;(gM) = EYD we have

syx (V@) =qGX* (ph - x)) @ STHI X (P! 2) ()P’ S(B X)) v
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for all V, X € yM, z € X and v € V. Now, if we denote by P' ® P? another copy
of pr and by Q' ® Q? another copy of ¢;, we then find

Am*) = sae g (m* © 1) = (' 2" - m*, aa®Y' G X* - (0208 -im) )

AV BXOSTH (@ X (p P 288 am) P )y 2P @ YRy T

WSL18 (e GYIEX? - (5 PAS(QRY) o) )
GEYEXOS (X (¢ PES(GRY) - am) ) P&

GL2D QY - (yip' P2S(Q3Y) - m) )

Q3v2y*s (@ (vl P S(Q3Y?) - im) _yyup?)y' Pr @ 'm
(1.2522.3) (m*, QlquQx%2,2)pg ] (gls(ng?;xS) _im) (0)>

QY25 (@ alyyph - (9" S(Q3Y %) - sm) _, g*S(a?) )alp' @ 'm
(1.24;1.11) (m*, qugpg A (S(QQ)lgl . im) (0)>

S7H@nd - (S(@*)1g - im) ) S(Q%)20®)p' @ 'm

@232, 2 (9" - im) (0)>571<f1 (9" 'im)(ﬂ)gz) ®m,

as claimed. The structure on *M can be computed in a similar way, we leave the
details to the reader. (]

fd
4. THE CANONICAL ISOMORPHISMS IN gyD

If C is a braided rigid category then, for any two objects M, N € C, there exist two
canonical isomorphisms in C: M = M** and (M ® N)* =2 M*® N*. In this section
our goal is to compute explicitly the above isomorphisms in the particular case
C = gny'd'. Then we will specialize them for the category of finite dimensional
modules over a quasitriangular quasi-Hopf algebra.

Let C be a rigid monoidal category and M, N objects of C. If v : M — N is
a morphism in C, following [14] we can define the transposes of v as being the
compositions; the left and right unit constraints are treated as the identity.

(4.1)

UF . N* N*®coev s N* ® (M@M*) N*@(y@idlw*) N* ® (N® M*)
—1 «
N*,N,M* (N* ®N) ® M* evN QM M,
and
(42) T A VICAEN M®M)®*N CMene™N (*M&N)®*N
ax NN KN *M@(N(X)*N) M®ev'y v

Since the functors —®V and —®*(V*) are left duals of — @ V*, they are naturally
isomorphic, so we have an isomorphism 6y, : V = *(V*), and this isomorphism is
natural in M. In the same way, we have a natural isomorphism 6}, : V = (*V)*.
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Let us describe 0, and its invers explicitly, we refer to [16] for details.

M®coevs pr
JE—"

M ,* M, (* M)* (M®*M)®(*M)* eviy ®(" M) (*M)*7
(1.4 O (ray IS () e (M @ M)

@ ppy* MM ((*M)* ® *M) ® M evs pr QM M.

We also have a natural isomorphism ©,; : M* — *M. this can be described as
follows, see [2] for details.

(4.5)
O : M* M7 Geoeviy M*@ (*M ® M) S ey (M*@*M)® M

ey x @M (*M®M*) @M ax N M* M M (M* ® M)

*MQev s *M,
(4.6)
O, *M coevm Qidsng (M®M*)®*M M MM M (M*®*M)

M®cy «
— 8 Mo (Mo M)

evi @M* M*.
Thus the functors (—)* and *(—) are naturally isomorphic, and we conclude that

AL %, M*
— >

(M ®*M)® M*

We will apply these results in the particular case where C = gnyd.
1) The maps v* and *v coincide with the usual transposed map of v. Indeed, by
(4.1) and (1.6), we have that

vi(n*) = (2'-n* ax?B-v(in))x-in

= (n*,S(xHax?BS(x3) - v(in))'n =n* o,

where (;n);,_17 is a basis of N and (in)izft its dual basis. A similar computation
shows that *v(*n) = *n o v for any *n € *N.
2) Tt is not hard to see that the map 6, defined by (4.3) is given by
(4.7) Opr(m) = (“m,m)*'m
for all m € M, where, if (;m),_7; is a basis of M with dual basis (im)i:L—n in M*,
then **m is the image of ;m under the canonical map M — M**. Moreover, the
morphism 6, is defined by the same formula (4.7) as 0p;. A straightforward but
tedious computation proves that the morphism ©y; : M* — *M defined by (4.5)
is given by

On(m*) = (m*, S(p")f* - (g" - jm)(0))

(4.8) ('m, 8(¢*)S~H(a" ST (S (g" - jm)(—1yg”)p?) - am)'m,
for all m* € M*. The inverse map ©}; : *M — M* is given by (see (4.6))
(4.9) Oy (Fm) = (*m,V? - jmo))Pm, BS(V' jm_y)) - ym)'m,

for any *m € *M, where
(4.10) V=VeV?=S8"1fp") oS (fph).
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Therefore, we obtain the following result.

Proposition 4.1. Let H be a quasi-Hopf algebra and M, N € gnyd. Then
Ty = 0'1\_/11 0Op+ 1 M*™ — M is an isomorphism of Yetter-Drinfeld modules.
FEaxplicitly, "T'pr is given by

(4.11) "Tar(m™) = (m**,'m)q'S2((S*(p") - im){_1))p*S%(@®) - (S2(p") - im)]y
for all m** € M™**, where

(4.12) F=FoF =54 @S¢,

and where, in general, if § = F' @ F* is a twist on H and M € £LYD then we
denote

A (m) =mf | @mfy =F (@' m)1)8° @ F - (&' m)q),
where ® = B! @ B2 =F 1.
The inverse of "T'as is given by ’T‘Xj = @X/[l* o 0, that is,
(4.13) Ty (m) = ('m, S((p' - m)—1yp®)ec- (p* - m) () m.

Similarly, Ty = 9;41 o @:134 : M — M provides an isomorphism of Yetter-
Drinfeld modules. Explicitly, we have that

(4.14) 'Tar(*m) = (“m, 'm)V'g' S((S™H(V2¢?) -im)(—1))a- (S7H(V2g?) - im) o),
for all **m € **M. The inverse of Ty is given by
(4.15) Ty (m) = ('m, S72(¢" (0 - m)(—1yp*)d® - (p* - m) (g)) "
Proof. Straightforward, we leave the details to the reader. O
Now, we will focus on the second isomorphism. Let C be a rigid braided monoidal
category and M, N € C. By [2] there exist natural isomorphisms
oyun: M*@N* — (M®N)*
oun: TM*N —-*(M®N).
In fact, oy v = PN.m oc§£7M*, where ¢y, 1 N* @ M* — (M ® N)* is the
composition
Pnu =evN @ (MO N)* o (N* @ (evy ® N)) @ (M @ N)*
o N*®ay) yyn®(MON)* o an- - men @ (M@ N)*
(4.16) ° a§£®M*,M®N,(M®N)* o N"@M* ® coevimgn
with inverse
7\/71%4 = (evmen @ N*) @ M* o a(A14®N)*,M®N,N* ® M*
o (M@N)* ®ay yy-) @M o (M®N)" & (Mecoevy)) ® M*
(4.17) o a(Ab@N)*’M’M* o (M ® N)*® coevyy.
In a similar way, we can define *¢y s : *N @ *M — *(M ® N) and its inverse
*qbl}’lM; then we put *op,n = *dn,m 0 c:]%,’*M.
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Proposition 4.2. Let H be a quasi-Hopf algebra and M, N € gnyd. Consider
{im},_15 and {*m},_1 be dual bases in M and M*, and {in}—1z and {Jn}j:ft

i=1,s

dual bases in N and N*. Then the map o} @ M*®@ N* — (M @ N)* defined by
oy n(m" @n*)(m®mn)
(4.18) = (m*, PHXSTH @ X P n)np®) - m)(n”, FLEX? (01 n)(o)

is an isomorphism of Yetter-Drinfeld modules. Here pr = p* ®p? and g1 = §* ® §>
are the elements defined in (1.18) and (1.21). The inverse of o3, v is given by

(4.19) orn(m) = (u (g" - jn)cng® - im @ (9" - jn) ) 'm @ In.
In a similar way, the map *op N *M @ *N — *(M @ N) defined by

o n('m @ n)(m@n) = ("m, S‘l(f2q1(m1]515_1(f1) . n)(,l)xzﬁf) -m)
(4.20) ("n, SN (&’p3)g” - (¢ " STH(fY) - 1) (o))

is an isomorphism of Yetter-Drinfeld modules; qr = ¢* ® ¢* and pr, = p' ® p* are
the elements defined in (1.19) and (1.20). The inverse of *op N is given by

(4.21) o3/ v W) = (1, (ST - i) (—ySTHG") - im @ (S7H) - jn) o) 'm @ In.

Proof. We will show that o}, y = gbj‘v’Mocx,l*’M*, where ¢} s is given by (4.16). We
first calculate ¢} ;. As before, we write gp = ¢'®¢? and pr = p' ®p® = P'@ P?,
and then compute for all n* € N*, m* € M*, m € M and n € N that:
Onm(n” @m*)(m@n)
W19 5 Xy )aa (X358 () - m)

(n*, S(X'y1)az® (XPy2BS(y%))2 - 1)
12 m”, Sy (7 BS ()1 - >< Syi)y ( 5(93))2 0
AL e, 118 (pY)1g™y o] - m)(n”, f ( 297773 - n)
U1 e, (S ap)y - m) (0, (S (ph)ap®) -n>
(LIBL6) s £y n* £2 ).
Using (4.17) or by a direct computation it is easy to see that
(4.22) ar() = (gt m® g m)ne'm
for all p € (M ® N)*. Also, it is not hard to see that (1.9) and (1.17) imply that
(4.23) q'91 ® S(¢%g3)9”* = S(X°) f @ S(X'BS(X?) f?).

The same relations and (1.16) imply that
(4.24) S fHF @ S )F? fF = qv.
Using (4.23), the axioms of a quasi-Hopf algebra, again (1.9) and (1.17), and finally
(1.26) we obtain the following relation:

¢'[9"S(@EX?) )l ® S(¢*lg" S(@ X?) f]2)9*S(' X 1) @ S(¢X°) f!
(4.25) = f?F2? @ S(F%2®) @ f a2t
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Let f=F'® F? = F' @ F? and pp = P' ® P? be other copies of f and pr. For
m* e M*, n* € N*, me M and n € N we calculate:

(¢Nn © Cz:rl*,M* )(m* ®@n*)(m @ n)
(2.8;3.4) (m*,~1X15_1(F1(g15’(~2X2)f2~ )(_1)9) S( 2X3)f >
n*, S F? - (9" (G X?) f* - n) o))
m*, S~ 1(F1f1F(21 23 (P' - n) 1) P?S(F?2®)p* f1 Fla' - m)
n*, S(p")F*f5 F, 22)% (P! “n)(0))
(q

(
(2.4,4.25) <
(
N (O IF@ HH(PY ) ) PPS(F2a)) Flat)
{ )(0)
(m”
(n*

n* Fzri 5 (P -n))

gxf‘s—l(q X' (P n)1)P?)-m)
n F1 GX? (P n)o)
oy,n(m* @n")(men).

(1.24,1.3)

(4.18)

Obviously, the inverse of o}, y is ‘7?\4_11\/ = CN* M+ O q&’jv_zb. By (4.22) it follows
that 0}'@;11\, is defined by the formula given in (4.19). The assertion concerning the
morphism *o7,n can be proved in a similar way. We only notice that

“onm(n @ *m)(m@n) = (*m, S7H(f?) - m){"n, SH(f) - )
forall *me*M,* ne*N,me M andn € N. O

Let (H,R) be a quasitriangular quasi-Hopf algebra. Then we have a monoidal
fuctor F: g M — HYD which acts as the identity on objects and morphisms. For
M e gM,F(M)= M as a left H-module, and with left H-coaction given by

(4.26) Au(m)=R*®R'-m

for all m € M. Moreover, this functor sends algebras, coalgebras, bialgebras etc.
in M to the corresponding objects in £Y D (see [6, Proposition 2.4]).

Corollary 4.3. (8, Lemma 3.2]). Let H be a quasitriangular quasi-Hopf algebra
and M a finite dimensional left H-module. Then M = M** and M = **M as
H-modules.

Proof. We have seen above that M can be viewed as an object in YD, so M = M**
and M = **M as Yetter-Drinfeld modules, cf. Proposition 4.1. Thus, M = M**
and M = **M as H-modules. We will write down explicitly these isomorphisms.
We have that "I"p; : M** — M is given by

"Tar(m™) = (m**, 'm)u”" - m,
with inverse
Ty (m) = (myu-m)*im,
for all m** € M** and m € M, which is equivalent to "T'};'(m)(p) = ¢(u - m) for
all ¢ € M* and m € M. In this way we recover the isomorphism ¢ : M — M**
given in [8].
Similarly, ‘T'p; @ **M — M is given by

T(**m) = (*m, 'm)u - ;m
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for all **m € ** M, with inverse

Ty (m) = (m,u™t - m)*im

for all m € M. O

Remark 4.4. The element u plays a central role in the theory of quasitriangular
Hopf algebras. It is therefore natural to try to generalize its properties to the
quasi-Hopf algebra setting. The major problem in [5] was to find the inverse of
the element u defined in [1]. Now, if we forget the definitions of u and v~! in the
quasi-Hopf case, combining Corollary 4.3 with the similar result in the Hopf case
we will obtain in a natural way the definitions for v and its inverse u~!.
Corollary 4.5. ([8, Lemma 3.3]). Let (H, R) be a quasitriangular quasi-Hopf alge-
bra and M, N two finite dimensional left H-modules. Then M* @ N* = (M ® N)*
and *M @ *N = *(M ® N) as H-modules.

Proof. We regard M, N as objects in g))Dfd via the functor F defined in (4.26).
Thus, by Proposition 4.2, we obtain that M* ® N* =2 (M ® N)* and *M ® *N =
*(M ® N) as Yetter-Drinfeld modules, so they are isomorphic also as H-modules.
Moreover, (1.39) implies that the isomorphism o}, x : M* ® N* — (M ® N)*
defined in (4.18) is given by

i (m* @n)(men) = (m*, f7R -m)(n", f'R -n)

for all m* € M*, n* € N*, m € M, n € N, where R~ := R ®§2 is the inverse
of the R-matrix R. Note that it is just the isomorphism pips, v defined in [8]. Also,
(1.33) implies that the isomorphism *op n @ *M @ *N — *(M ® N) defined by
(4.20) is given by

Yo n(m@*n)(me@n) = ("m, S*I(f2E2) -m)(*n, Sil(flﬁl) -n),
for all *m e *M, *ne€ *N, m € M and n € N. Finally, it is not hard to see that

orrn() = (n,R?g* - im @ R'g" - n)'m®7n

for all p € (M ® N)*, and

*U]T/II’N(V) (4.20;4.26) <U, RQs—l(gl) ~im®RIS_1(92) ~jn>im®jn

O30 (1, STHRG?) -im @ STHR'GY) - ym)'m @ In

for any v € *(M ® N), completing the proof. |

Remark 4.6. Continuing the ideas of Remark 4.4, we notice that the above Corollary
suggests the two formulae (1.33) and (1.39) for the inverse of the R-matrix R, and,
also, the formula (1.37). All these formulae where first proved by Hauser and
Nill [13] in the case that (H, R) is a finite dimensional quasitriangular quasi-Hopf
algebra. They also used the bijectivity of the antipode.
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5. APPLICATIONS

Let B be a Hopf algebra in a braided rigid category C. Then B* and *B are also
Hopf algebras in C, see [2, 20]. The structure maps on B* are the following ones:

(5.1) mp- : B*®B* 222 (B B)* 2k B,
. o* L

(5.2) Ap-: B* 5% (B® B)* 2% B* @ B*,

(53) SB* = SE, up* = E*B, Ep*x = U*B

The structure maps on the left dual can be obtained in a similar way.

We can consider algebras, coalgebras, bialgebras and Hopf algebras in the braided
category £YD. More precisely, an algebra in YD is an object B € #YD with
the additional structure:

- B is a left H-module algebra, i.e. B has a multiplication and a unit 1p
satisfying the conditions:

(ab)e = (X'-a)[(X?-b)(X? ¢,
h-(ab) = (h1-a)(hs-b),
(54) h - 1B = E(h)lB,

for all a,b,c € B and h € H.
- B is a quasi-comodule algebra, that is, the multiplication m and the unit
n of B intertwine the H-coaction Ag. By (2.6), this means:

)\B(bb/) = Xl(l‘lyl . b)(_l)JZZ(Yz . b/)(_l)Ys
(5.5) ® [X2- (@'Y -b)g)[X %2 (V2 8)(),
for all b,b' € B, and
(5.6) Ap(lg) =1g ®1p.
A coalgebra in £YD is an object B with

- B is a left H-module coalgebra, i.e. B has a comultiplication Az : B —
B ® B (we will denote A(b) = b; ® b2) and a usual counit €5 such that:
(5.7) X by ® X2 b @ X2 by = b1 @b1) @ baa),
(5.8) Ap(h-b) =hy-by @ hy by, ep(h-b)=e(h)ep(b),
for all h € H, b € B, where we adopt for the quasi-coassociativity of Apg
the same notations as in the Section 1.
- B is a quasi-comodule coalgebra, i.e. the comultiplication Ay and the

counit £z intertwine the H-coaction Ap. Explicitly, for all b € B we must
have that:

b1y @ o), ® boy, = X (@'Y - b1)_pya® (Y2 ba) ()Y’ @
(5.9) X2 (2'Y b)) ® X2 (Y2 ba) o),
and

(510) §B(b(0))b(_1) =§B(b)1.
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An object B € YD is a bialgebra if it is an algebra and a coalgebra in £y D such
that A is an algebra morphism, i.e. Ag(l1p) =15 ® 1p and, by (1.49) and (2.7),
for all b, b’ € B we have that:

Ap(b) =[y' X" by][y?Y (&' X2 - by) )2 XT - ]
(5.11) Y2 (@' X% ba) (o] [y3Y 22 X3 - V).

Finally, a bialgebra B in #YD is a Hopf algebra if there exists a morphism S :
B — B in BYD such that S(b1)by = b1S(ba) = g5(b)1 for all b € B; we then say
that B is a bralded Hopf algebra.

If B e gyD is a Hopf algebra then B* and *B become Hopf algebras in £YD.
We will compute the structure maps.

Proposition 5.1. Let H be a quasi-Hopf algebra and B a finite dimensional Hopf
algebra in BYD. Then B* is a Hopf algebra in LY D with the following structure
maps:

(@2 b*)(b) = (a*, FPHEXSHG X (p' - b2)(—1yp?) - b1)
(5.12) (0", f 'Gx?-(p' -bz)(o)>
(5.13) Ap-(b") = < (gt - 50) -9 - bl (g" - 3b) (o)) D@ 7b
(5.14) Sp-(b*) = b oS, uB*(l)ng, ep-(0°) = b*(1p),

for all a*,b* € B* and b € B, where {;b},_15 is a basis in B with dual basis
{ib}i:ﬁ in B*. Similarly, *B is a Hopf algebra in LY D with the following structure
maps:

(‘a5 b)) = <*a75‘1(f2q1(x1ﬁ15‘1(f) ba)(1)2*5) - by)

(5.15) (b, S~ @R - (55 - b)o)
(516)  Ap() = (b[(S7HeD) - b)) (gl> BS(g?) - b)) b &b
(517)  S.p(*D) = “bos, u*Bu)fsB? e-5(*b) = *b(1p),

for all *a,”b€ *B and b € B.

Proof. Follows easily by computing the morphisms in (5.1-5.3), using (4.18-4.21);
the details are left to the reader. (]

Let H be a Hopf algebra. It is well-known that H becomes an algebra in the
monoidal category YD, with Yetter-Drinfeld structure given by

hh' = hih'S(ha), Ah)=h; @ hs
for all h, k' € H. Moreover, H is quantum commutative as an algebra in YD (see

for example [9]). Now, let H be a quasi-Hopf algebra. In [7] a new multiplication
o on H is introduced, given by the formula

(5.18) hoh' = X'hS(2' X*)ax? X30'S (23 X3)

Let Hy be equal to H as a vector space, with multiplication o. Then Hj is a left
H-module algebra with unit § and left H-action given by

(5.19) hoh' = bl S(hsy),

for all h,h' € H. It was also shown in [6] that Hy is an algebra in the category
HYD, with H-coaction given by

(5.20)  Ag(h) = h_1) @ hio) = X' Y'hig' S(*Y3)Y? ® XY, hag?S(X3¢' YY),
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where f~! = ¢! ® ¢ and q = qr = ¢* ® ¢? are the elements defined by (1.14) and
(1.19). In addition, in [4] it was shown that Hj is actually quantum commutative
as an algebra in gyD.

If (H, R) is quasitriangular, then H, is a Hopf algebra with bijective antipode in
M, with the additional structure (see [6]):

é(h) = hl® hg
(5.21) =2 ' X' hig'S(2* R*y* X3) @ 2 R v y* X2 hog? S (v2 X3),
(5.22) e(h) = e(h),
(5.23) S(h) = X*R*p*S(¢"(X?R'p* > h)S(¢*) X?),

forall h € H, where R = R'®@ R? and f~! = g'®¢?, pr = p' ®p? and qr = ¢' ® ¢
are the elements defined by (1.14), (1.18) and (1.19). If we consider the left H-
coaction

(5.24) A, (h) = R* ® R* > h,

induced by (4.26), then Hy becomes a Hopf algebra in YD, with bijective an-
tipode. From now on, we will refer to Hy as a Hopf algebra in gy M, and, via the
monoidal functor F: g M — ZYD, in BYD, with structure maps (5.18), (5.19)
and (5.21-5.24).

If H is finite dimensional, then H{ is also a Hopf algebra in Y D. By Theorem 3.2
and (1.37), Hy is a Yetter-Drinfeld module via

(5.25) (h = @)(1') = p(S(h) > 1)
(5.26) Az (@) =R°®@R' — ¢

for all p € H* and h,h’ € H. The structure of H{ as a Hopf algebra in YD is
given by:

(5.27) (poW)(h) = (g, "R > hi)(W, f'R > ho),

(5.28) lys = &

(5.29) Apz(p) = (p,(R*g*vie)o(R'g > je))e®e,

(5.30) emg(p) = »(B),

(5.31) Suz(p) = oS,

for all h € H and ¢, U € H*, where R~! = R ®§2, {ie}i—17 is a basis of H and

{ie}izﬁ the corresponding dual basis of H*. The left dual *Hy of Hj is also a
Hopf algebra in ££YD. First, by Theorem 3.2 and (1.37), *Hj is a Yetter-Drinfeld

module via

(5.32) (h = @) (') = (S~ (h) > 1)

(5.33) My (p) =RP@R' = ¢

for all p € H* and h,h’ € H. Then the structure of *Hy as a Hopf algebra in YD
is given by the formulae

(5.34) (e30) (1) = (. ST (PR ) > hi) (W, ST (F R ) o ho),

(5.35) lep, =€,
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(5.36) Aspy (@) = (0, [STHR?¢?) b se] o [STHR'g") b je]) e @ e,
(5.37) e, (p) = p(B),
(5.38) Semy(p) = oS,

for all ¢ € H* and h,h’ € H. From (4.5) we know that Op, : H{ — *Hj is an
isomorphism of Yetter-Drinfeld modules. In this particular case, O, is given by

Omy(p) W22 (o S(p") fPR'g" b je)
(e, 5(¢*)S Hq" ST R?*g*)p?) > ie) e
3D (0, S(R'pY) b je) (e, S~ (q' R2p*S?(¢%)) b se) e

(1;35) (, S W u Hpe)e=ut =

for all ¢ € H;. Since S%(u) = u it is easy to see that @;Ii (p) = u — ¢ for all
@ € *Hy.

Proposition 5.2. Let (H, R) be a triangular quasi-Hopf algebra. With notation as
above, O, : Hj — *Hy is a braided Hopf algebra isomorphism.

Proof. 1t is well known that in a symmetric monoidal category C the canonical
isomorphism O g, where B is a Hopf algebra in C, provides a braided Hopf algebra
isomorphism between B* and *B. Since (H, R) is triangular, the category 5 M
is symmetric, and this finishes the proof. [l

Remark 5.3. If (H, R) is not triangular then Oy, is, in general, not an algebra or
a coalgebra morphism. Indeed, if (H, R) is an arbitrary quasitriangular quasi-Hopf
algebra then computations similar to the ones presented above show that

O, (TR’ = 9)o(P°R' = W) = O, ()50 11, (),
(A*HO@HO)(SD) = Ro1R >~ (@Ho ® ®H0)(AH6‘ (90))

for any o, ¥ € Hf, where 7' ® 72 is another copy of R~! and we extend the action
of H on *Hy to an action of H ® H on *Hy ® *Hy.

Let H be a quasi-Hopf algebra. Then H* is an (H, H)-bimodule, by
(h — @,y =@(h'h), {(p+ h,h)=p(hh).

The convolution (W, h) = ¢(h1)y(ha), h € H, is a multiplication on H*; it is not
associative, but only quasi-associative:
(5.39)

(pr)e = (X' = o = ah)[(X? = ¢ = 2®)(X* = £ =), Vo,9,6€ H".

In addition, for all h € H and ¢,v € H* we have that

(5.40)  h— (p¢) = (b1 = ¢)(he = ¢) and (@) = h = (p = h1) (¢ < ha).
By [3], if H is a finite dimensional quasitriangular quasi-Hopf algebra then on the
dual of H there exists another structure of Hopf algebra in £Y D, denoted by H*.
The structure of H* as a Yetter-Drinfeld module is given by the formulae

(541) h(p = h Awésil(hg),

(5.42) \ir(¢) = RE@R-g,
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for all h € H, p € H*. The structure of H* as a Hopf algebra in YD is given by:
ol = (' X' = p— ST (fA3Y3R X?))

(5.43) (2?Y'R2X? — U — S1(fladY2R2XY)),
(5.44) Ap-(p) = Xip' = @2 = S7H(Xp") @ X2 = o1 == S7H(X7),
(5.45) en-(p) = ¢(SH(a)),
Su+(¢) = Q'¢' R?*z* - [p' P*S(Q?)
(5.46) ~ 5 (p) = S(PR'T Pt ST (),

for all o, ¥ € H*, where Q! ® Q? is another copy of gz and g_l(go) = oS! for
any ¢ € H*. The unit element is €.

Proposition 5.4. Let (H, R) be a finite dimensional triangular quasi-Hopf algebra.
Then *Hy and H*°? are isomorphic as braided Hopf algebras.

Proof. Since (H, R) is triangular it follows that c;,}M = cpm,n, 80 H*P is a Hopf
algebra in #YD. On the other hand, both *Hy and H*“°" are Hopf algebras in
HYD as images, through the functor F defined by (4.26), of corresponding objects
in g M. Therefore, it suffices to prove that * Hy and H*“°? are isomorphic as Hopf
algebras in g M. To this end we claim that u: *Hg — H*P given by

ue)=g' = ¢ = 5"1g%
is a Hopf algebra isomorphism in g M. In fact, p is H-linear since
plh =) (') = (p,S7 (h)> (S~ (g*)W'g"))
D (i, 57 (hag® )W hag")
G (), S~ ()W ha) = (h- () (H)

for all ¢ € H* and h,h’ € H. It is also an algebra morphism in g M since

(o) (h)
(5.34,5.21,1.11) < (f2 )DxleSfl(FZQSGZ)hw%Gl

S(?R%PX3)) (W, 57 (/'R )2 R b y' X

ST (F'giG! )hzg 2S(y*X7))

AII9LID (o S PR b o' STHF? X g%)h X1 gl 1, GLG
S(@®Ry*)(¥, ‘1(f1F1) SRloy!

STHF X29 GQ)h2X29(12 G G2S( %)

LOLITLY (o G- 1(PR) b2 S~ Y(F2X?g?)h X1y g}
G'S(@2R))(W, ST (F'R ) > STHF X2 gl )
G3G2S(27R1)haX5y°gls 1)GIG S (23 RY))

(1.11,127,1.31) (0,5~ (f2 )|>x15*1(F2X3g2)h1X11y1RQg%GQS(I2)>
(T, S (f'R') > 57 (F X?y* R (91 G S(2?))2G?)
haX3y° Ry (91 G'S(2°)):1GY)
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(1.92.17) (go,S*l(f2E2) I>S*1(F2X3x3 SGz)h Xllle2
PgiGN) (W, SR o ST F X2y Ryebg G ha X3y Rialgi G7)
(111 twice) (o, 5*1(F2X3x3RQg Y XLy R2x2ng )

(0, S~ YRR > S~ (F* X236 ha X142 G1)
(1.3(21.3) ((p,Sfl(F2x§’X3R2Y292)h1x1Y1g1>
(0, S~ (R'Y?) > S (Flad X2G?)hoz? X1 G

(1.11, R;:Rm) (u(cp),Sfl(szgX?’Rle)hllel)
(u(0), S™H(F 2} X R3Y, ) hoa® X T RTYY)

649 (u(p) o (W) (h)
for all o, ¥ € H*, h € H, and pu(l-p,) = p(e) = € = lg«cor. It remains to show

that p is a coalgebra morphism and a bijection. To this end, we calculate for any
pe HH":

(1 ® W) Ay = (0, (STHR?G?) > se) o (STH(RYg') > je))
G' — e S—l(GQ) ®G' —~Je— 51 (G?)

(5.18,1.37) <Lp URZS (g b S~ (G2)ieGS (2! X2)an? X3
[R'S™ (g )>5 H(G?);eGS(2°X3)) e ® e
(13) (p, X R2 Hg3G?)iegi G1S (' X? R3)ar?
[X “1g*) > S7H(G?);eGS (%)) e e
(L30.L37.L3) () “1(y2r262G2) ey 9" S (2" R2X ) aa?
[RIXZS71(y*rlgiGl) > S7H(G?);eG]S(2%)) e @ e
(1'92'17) <np (y27“2X3 ey Xgl G1S (2! R?)axr?
[R'S~1(y*r' X2g3G?) > S~ ( 2)-eG1]S( Miexle

(1.37,1.31,1.11) (0,8 (R2X3 2),eR2X2g1G2S(z} )z
ST (R2X29 1,2) GQGQ) eR X1g(11 1) GiG'S(z%))e®’e
(1'9’1f7’1'1) (0, S~ (REX3g 2)46R2X2xdg(2 Q)GQG o
S~ (RIX;ax? g(2 1)G2G )JjeRiXix'giG'S(z?)) e e
(0, STHR2X3g%) e R2X 223 S~ (R X322 B)
jeRI X1zt Ye® e
(I8N (), S7H(XP)ie X251 (X3p?) je X pt)
R*.‘"e@R' e
oy -
Gt RE=Re) opl (A (1)) = Apgeeor (1(9))
as needed. Obviously ey = €. It is easy to see that u is bijective with inverse
P ) = L= = ST
for any ¢ € H*. Thus, the proof is complete. (|

(1.16,1.5)

Corollary 5.5. If (H, R) is a finite dimensional triangular quasi-Hopf algebra then
H§ = *Hy = H*P as braided Hopf algebras.
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