A CATEGORICAL APPROACH TO TURAEV’S HOPF
GROUP-COALGEBRAS

S. CAENEPEEL AND M. DE LOMBAERDE

ABSTRACT. We show that Turaev’s group-coalgebras and Hopf group-coalgebras
are coalgebras and Hopf algebras in a symmetric monoidal category, which we
call the Turaev category. A similar result holds for group-algebras and Hopf
group-algebras. As an application, we give an alternative approach to Vire-
lizier’s version of the Fundamental Theorem for Hopf algebras. We introduce
Yetter-Drinfeld modules over Hopf group-coalgebras using the center construc-
tion.

INTRODUCTION

Group-coalgebras and Hopf group-coalgebras appeared in the work of Turaev [8]
on homotopy quantum field theories. In the case where the underlying group G is
trivial, we recover the classical coalgebras and Hopf algebras. A purely algebraic
study of Hopf group-coalgebras was initiated by Virelizier [9], and then continued by
Zunino [13, 14] and Wang [10, 11, 12]. It turns out that many of the classical results
in Hopf algebra theory can be generalized to the group coalgebra setting. Virelizier
gives a generalized version of the Fundamental Theorem for Hopf algebras, and
introduces G-integrals; Zunino introduces Yetter-Drinfeld modules, the Drinfeld
double, and a generalization of the center construction of a monoidal category;
Wang introduces Doi-Hopf modules, entwined modules and coalgebra Galois theory
for Hopf group-coalgebras, and he proves a version of Maschke’s Theorem.

In contrast with classical Hopf algebras, the definition of a Hopf group-coalgebra
is not selfdual. In fact, there exist the dual notions of group-algebra and Hopf
group-algebra. The dual of a group-coalgebra is a group-algebra, and the converse
property holds under some finiteness assumptions.

In this paper, we propose an alternative approach: we will introduce a symmetric
monoidal category 7y, called the Turaev category, and show that coalgebras (resp.
Hopf algebras) in 7, are precisely group-coalgebras (resp. Hopf group-coalgebras).
The objects of 7y, are k-vector spaces (or k-modules, if k is a commutative ring),
indexed by a set X. The morphisms are defined in such a way that we have a
strongly monoidal forgetful functor to the opposite of the category of sets. We can
define a second monoidal category Zj, called the Zunino category, with the same
objects, but differently defined morphisms, such that the algebras (resp. Hopf
algebras) in Zj are the group-algebras (resp. Hopf group-algebras). The forgetful
functor is now a strongly monoidal functor to the category of sets, and this will
explain the lack of selfduality in the definition of Hopf group-coalgebras.
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Some of the results of the above cited papers can now be viewed from the perspective
of symmetric monoidal categories. We will discuss two examples. In Section 3, we
will show that Virelizier’s Fundamental Theorem can be viewed as a special case
of Takeuchi’s version of the Fundamental Theorem in braided monoidal categories
[7]. In Section 4, we will compute the center of the category of modules over a Hopf
group-coalgebra, which will lead to the introduction of Yetter-Drinfeld modules.

1. PRELIMINARY RESULTS

1.1. Monoidal categories. Recall (see [2, 3, 4] that a monoidal category (or a
tensor category) consists of a triple C = (C, ®, I), where C is a category, ® : CxC —
C is a bifunctor, and [ is an object in C, together with natural isomorphisms

UV)oW2Ux (VW)

VelIz2V=IV

for all U, V,W € C, satisfying some appropriate coherence conditions. In all our
examples, the associativity constraint will be the obvious one, so we will identify
UeV)eWand U® (V@ W), and we will just write U @ V @ W. In a similar
way, we identify I @V, V and V ® I.
A braided monoidal category is a monoidal category together with a natural iso-
morphism ey, : VW — W®V called the braiding or commutativity constraint,
satisfying some appropriate coherence conditions. The category is called symmetric
if eyy,v is the inverse of 7y, for all V, W in C.
An algebra (or monoid) in a monoidal category C is a triple (4, m,n), with A an
objectinC,and m: A® A— Aandn: I — A morphisms in C such that

mo(A@m)=mo(m®A), mo(yoA)=mo(Aon) = A,

where A denotes the identity morphism of A.
The tensor product of two algebras A and B in a braided monoidal category is
again an algebra, with multiplication

Mmagp = (Mma®mp)o(A®cp.a®B).

If C is a (braided) monoidal category, then C°P is also a (braided) monoidal category,
with the same tensor product and unit, and with the original constraints replaced
by their inverses. A coalgebra in C is an algebra in C°P.

If (C,A,e) is a coalgebra, and A is an algebra, then Hom¢(C, A) is a semigroup,
with multiplication (the convolution) given by

frg=mo(f®g)oA
The unit for the convolution is n o €.
A bialgebra in a braided monoidal category C is a fivetuple H = (H, m,n, A, &) such
that (H,m,n,A) is an algebra and (H, A,¢) is a coalgebra, and such that n and m
are are coalgebra maps, or, equivalently, A and ¢ are algebra maps. If the identity
on H has an inverse S in Home(H, H), then H = (H, m,n, A, ¢, 5) is called a Hopf
algebra in C. S is called the antipode.

Example 1.1. Let k£ be a commutative ring, and consider the category M of
k-modules and k-linear maps. Then (M, ®, k) is a symmetric monoidal category.
An algebra in this category is a usual k-algebra. The same is true for a coalgebra,
a bialgebra and a Hopf algebra. A module over an algebra A is a usual A-module,
and the same is true for a comodule over a coalgebra.
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Example 1.2. Let Sets be the category of sets and functions; X xY is the cartesian
product of two sets X and Y; fix a singleton {+}. Then (Sets, x, {*}) is a symmetric
monoidal category. An algebra in Sets is a semigroup.

The following result is folklore, but we give details, as it will be useful in the sequel.

Lemma 1.3. Let X be a set. There exists a unique comultiplication A and counit
e on X making (X, A, €) a coalgebra in Sets. A and € are the following maps:

(1) A: X > XxX, A(x)=(z,2); e: X — {x}, e(x) =

A bialgebra (X, m,n, A, e) in Sets is of the following form: (X, m,n) is a semigroup,
and A and € are given by (1).
Finally, the category of Hopf algebras in Sets is isomorphic to the category of groups.

Proof. Let (X, A,e) be a coalgebra in Sets. Then ¢ is the unique map from X to

{*}. Take x € X, and assume that A(z) = (y,2) € X x X. Then

(z,%) = (y,€(2)) and (x,2) = (¢(y), 2)
hence x = y = z. Conversely, it is a straightforward to check that (X, A ¢) is a
coalgebra in Sets. If (X, m,n) is a semigroup, then the maps A and & are semigroup
maps, hence (X, m,n,A,¢) is a bialgebra in Sets.
Let X be a set (hence a coalgebra), and G a semi-group (hence an algebra). The
convolution on Map(X, @) is then just pointwise multiplation: for f,g: X — G,
we have

(fxg)(x) = f(z)g(x)
The unit element of the convolution is noe: X — G, mapping every z € X to the
unit element 1 of G.
Now let (X,m,n,A,¢e,s) be a Hopf algebra in Sets. Then s« X = X xs =noe,
hence for all x € X: o

(mo (s, X) 0 A)(@) = (mo (X,s) 0 A)(z) = 1
or

s(z)x =xs(x) =1
so s(x) = 271, and X is a group. Conversely, if X is a group, then we can give it
a bialgebra structure, and s(z) = 7! is an antipode. ([l

Let C and D be monoidal categories. A functor F' : C — D is together with
a natural transformation uyw : F(V) ® F(W) — F(V ® W) and a morphism
v: J — F(I) compatible with the constraints, is called a monoidal functor. If u
and v isomorphisms, then we call the monoidal functor strong. A monoidal functor
sends algebras to algebras, and a strong monoidal functor also sends coalgebras to
coalgebras. A braided monoidal functor between two braided monoidal categories
is a monoidal functor which is compatible with the braidings, i.e.

uw,v o cpvy,rw) = Flev,w) o uy,w

for all V, W € C. A braided strong monoidal functor sends bialgebras to bialgebras
and Hopf algebras to Hopf algebras.

A strong monoidal functor sends algebras, coalgebras, bialgebras and Hopf alge-
bras to algebras, coalgebras, bialgebras and Hopf algebras. An example of a strong
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monoidal functor is the functor F : Sets — My sending a set X to the free k-
module with basis X. F sends a group G (a Hopf algebra in Sets) to the group
algebra kG, which is a Hopf algebra in Mj.

If A is an algebra in C, then a right A-module M is an object M € C together with
a morphism ¢ : M ® A — M such that
bo(b®A)=po(A@u) and bo(Men) =M

A morphism f between two right A-modules M and N is called right A-linear if
Yo (f®A)= fow. The category of right A-modules is denoted by C4.
The category of comodules C¢ over a coalgebra C is defined in a dual fashion. If H
is a bialgebra in a braided monoidal category C, a (right) Hopf module is an object
M e C together with¢: M@ H— M and p: M — M ® H such that

(2) porh=(Y@pu)otyo(p®A)

1.2. G-coalgebras and Hopf G-coalgebras. From [8], we recall the following
definitions.

Definition 1.4. Let G be a group, and k a commutative ring. A G-coalgebra is a
family of k-modules C' = (Cy)4ecc indexed by the group G, together with a family
of linear maps

A= (Agn: Cgn— Cy®Ch)gnec

and a linear map € : (7 — k such that the following conditions hold, for all
g,h, k € G:

(3) (Agh ® Ck) o Agn ik = (Cg ® Ap k) © Ag i,

(4) (Cg@e)oNg1=Cg=(e®Cy)oAyy,
In [9], the following Sweedler-type notation for comultiplication is introduced: for
¢ € Cgp, we write
Agn(€) = c1,9) ® C,)-
For ¢ € Cypr, we will write, using the coassociativity,

(Agn ® Ck) o Agni)(c) = ((Cg ® Api) 0 Ag ni)(€) = c(1,9) ® C(a,n) ® C(3,8)-

Definition 1.5. We use the notation from Definition 1.4. A semi-Hopf G-coalgebra
is a family of k-algebras H = (Hg)seq indexed by the group G, together with
families of linear maps A and ¢ such that H is a G-coalgebra, and such that ¢ and
Ay are algebra maps.

A Hopf G-coalgebra is a semi-Hopf G-coalgebra together with a family of maps

S={Sy: Hy-» — H, | g G}
such that
(5) fg © (Sg @ Hg) o Agos g =ngoe=pgo(Hy®Sg)0Ag-1 g,
for all g € G, where p4 and 7, are the multiplication and counit maps on H,.

Observe that a G-coalgebra and a semi-Hopf G-coalgebra can also be defined in the
case where G is just a monoid.
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1.3. G-algebras and Hopf G-algebras. The definition of G-coalgebra and Hopf
G-coalgebra can be dualized. This was already remarked in [8]; a formal definition
has been presented in [13].

Definition 1.6. Let G be a group. A G-algebra consists of a set of k-modules
A = (Ay)gec together with maps

fgh: Ag @A, — Aghandn: k— Ay

such that

(6) Pghk © (fg,n @ Ag) = pignk © (Ag @ pin,k)
and

(7) fg1 0 (Ag@m) = Ag = p1 g0 (N® Ay)

Definition 1.7. Let G be a group. A G-algebra H = (H)4ec is called a semi-Hopf
G-algebra if every H, is a k-coalgebra in such a way that g, and 7 are k-coalgebra
maps.

Definition 1.8. Let G be a group. A Hopf G-algebra is a semi-Hopf G-algebra
H = (H)geq together with maps S, : Hy — Hy-1 such that

(8) Hg=190 (S @ Hg)oAg = pig g1 0(Hyg®Sg)0Ag =noe,
Note that w-algebras and semi-Hopf G-algebras can be defined in the situation
where G is only a semigroup.

2. THE TURAEV AND ZUNINO CATEGORIES

In Definition 1.4, we fix a group G. The central idea is to replace G by a variable
set.

2.1. The Turaev category.

Definition 2.1. Let k& be a commutative ring. A Turaev k-module is a couple
M = (X, M), where X is a set, and M = (M,).ex is a family of k-modules
indexed by X. A morphism between two T-modules (X, M) and (Y, N) is a couple
@ = (f,9), where f : Y — X is a function, and ¢ = (¢, : My — Ny)yey
is a family of linear maps indexed by Y. The composition of ¢ : M — N and
Y: N — P = (Z,P) is defined as follows: B

%Of = (f ©g, (wz o @g(z))zEZ)
The category of Turaev k-modules is denoted by 7.

We will use the following notation for the composition of morphisms:

M £ N 2 p
(9) x <L v £ 7z

Pg(z) Pz
Mgy — Ny — I

The category of T-modules is a symmetric monoidal category. The tensor product
of (X, M) and (Y, N) is given by

(X, M) 0y (K M) = (X XY, (Mac ® Ny)(z,y)eXxY)a
and the unit object is ({*},%). The symmetry
T = (t»T) : (X xY, (Mr & Ny)(m,y)eXxY) - (Y x X, (Ny & MI)(y,x)EYXX)
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is defined as follows: ¢ : ¥ x X — X xY is the switch map, and 7y(, ») : Mz ®@N, —
Ny ® Mx is also the switch map. We have two strong monoidal functors

F': My — T, F'(M) = ({x}, M)
and

F: T, — Sets®®, F(X,M)=X

Proposition 2.2. If (G,C) is a coalgebra in Ty, then G is a monoid and C is a
G-coalgebra. Conversely, if C is a G-coalgebra, then (G,C) is a coalgebra in Ty.

Proof. Let C = (C = (G,C),A = (m,A),e = (i,¢)) be a coalgebra in 7;,. Then
F(C) = (G,m,1) is a coalgebra in Sets°?, hence a monoid. The counit and comul-
tiplication are

c =k c eL:Ye.
(10) G ~ {x} and G - GxG
C1 = Cie) — k Cyh = Cm(g,n) 3 Cy ® Ch
We have A Con
c 2 cec (E% CoC®C
G S~ axa ®’Z‘ GxGx@
Conre 2% Cy@Chi,  —" Cy®CLeCy
and A ARC
¢ = CeC 5 CeCeC
G - GxG oo GxGxG
Conre % Cop®Cl, 5" Cy®CL 0y
hence A is coassociative if and only if (3) holds, for all g, h, k € G. In a similar way
c = cec 22 oC
G & GxG <G
Ay g E®Cg

Cg — ®Cg — Cg

and consequently (¢ ® C) o A = C if and only if the second equality in (4) holds,
for all g € G. In a similar way, (C ® ) o A = C if and only if the first equality in
(4) holds. Hence C' is a G-coalgebra.

Conversely, given a G-coalgebra C, we define a coalgebra structure on (G,C) by
(10). O

Proposition 2.3. An algebra (X, A) in Ty, consists of a set X and a family of
k-algebras A = (Ay)zex indexed by X. A map (f,¢) in Ty, between two algebras
(X, A) and (Y, B) is an algebra map if and only if every vy : Afy) — By is a
k-algebra map.

Proof. Take an algebra A = ((X,A),pu = (8, 1), = (e,n)) in 7. Then F(A) is an
algebra in Sets°P, hence a coalgebra in Sets. It follows from Lemma 1.3 that X is
an arbitray set, and that 0(z) = (z,z) and e(z) = *. The multiplication and unit
are morphisms

Agd = A E 5 A
XxX <& X and{x} << X
A, @A, 2= A, oo A,
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Let us compute

A®u Iz
ADA®A =5 A®A & A
XxXxX = XxX Sox
A, ® A, @A, 228 A, @A, L5 A,

In a similar way, we compute p o (A® p), and it follows that u is associative if and
only if every pu, is associative.

We also have A
A4 % Aea B2
X ;<_ XxXx < x
A, =B A w4, HoA

hence po (A®n) = A if and only if p, o (Az ® ;) = A, for every 2 € X. The
same is true for the left unit property, and our result follows. The final statement
is straightforward, and is left to the reader. ([l

Proposition 2.4. If (G, H) is a bialgebra in Ty, then G is a monoid and H is a
semi-Hopf G-coalgebra. Conversely, if H is a semi-Hopf G-coalgebra, then (G, H)
is a bialgebra in Tj.

Proof. Let (G, H) be a bialgebra in 7. We know from Propositions 2.2 and 2.3
that G is a monoid, H is a G-coalgebra, and every H, is a k-algebra. It follows
from the final statement in Proposition 2.4 that € and A are algebra maps if and
only if € and Ay, are k-algebra maps, for all g,h € G. (]

Proposition 2.5. If (G, H) is a Hopf algebra in Ty, then G is a group and H is a
Hopf G-coalgebra. Conversely, if H is a Hopf G-coalgebra, then (G, H) is a Hopf
algebra in Ty

Proof. Let H = (G, H) be a Hopf algebra in 7. Then F(H) = G is a Hopf algebra
in Sets®?, and also in Sets, since the definition of a Hopf algebra in a category is
selfdual. Thus G is a group. Let s : G — G, s(g) = ¢!, and consider a map

S=(s,85): H— H in 7. We compute the convolution S x H.
S®H I3

H = HoH T2 HoH — H
G 7 GxG e GxG e G
H " Hy®H, =’ HyoH, % H,
We also compute ;
H — k — H
G & [x} & G
H = t = H,
So Sx H =nog if and only if
fg© (Sg @ Hg) o Ag—1 g =mgoe
In a similar way, H * S = 7o ¢ if and only if
fg o (Hg ® Sg) 0 Ag-1 g =g 0k,
and our result follows, in view of (5) O

The next result will turn out to be important when we discuss the Fundamental
Theorem for Hopf G-coalgebras. But let us first recall that the category Sets has
coequalizers (see e.g. [4, p. 65]). For two maps f,g : Y — X, one considers
the smallest equivalence relation ~ on X containing {(f(y),g9(y)) | y € Y}. The



8 S. CAENEPEEL AND M. DE LOMBAERDE

coequalizer of f and g is the natural surjection z — X = X/ ~. The class in X
represented by x € X will be denoted by T; observe that f~1(%) = g~ (7).

Proposition 2.6. The category 7;, has equalizers and coequalizers.

Proof. Take two morphisms in 7:

M 2N M LN
X @L Y and X <wi %
Mf(y) — Ny Mg(y) — Ny

Take T € X, and put
Mz = {(m,) € H M, | Vy e fﬁl(f) = gil(f) : ‘Py(mf(y)> = wy(mg(y))}
TET

Set M = (X, M = (Mz);cx)- We claim that the equalizer of % and ¥ is

M — M
X — X
Mj — Mw

where Mz — M, is the restriction to Mz of the projection erf M, — M,.
Consider a morphism 7 : P — M in Tj such that p o =9 o 7. Thus

P = M 2N P = uM 5 N
Z <L() X % Y and Z % X <¢i %
Tf(y Tg(y ;
Putwy — My — Ny Py — Mgy — Ny

We now define a morphism 7 : P — M. The map
h: X — Z, h(z) = h(z)

is well-defined. Take Z € X. For all 2/ € 7, we have that h(z') = h(x), and we
have a map 7w, : P, — M,. Now define

P = M
z & X
Prz — M,

as follows: we know that PE(E) = Py (1), and we define

7. (p) = (m/ (p))

Suppose that z = f(y) and 2’ = g(y'). Then

' Ex

@y (1) (P) = Yy (e (),

hence m,(p) € M, as needed.
Let us now prove that 7; has coequalizers. Let

U={ueY | f(u) =g}
For uw € U, we have maps

Pus Yu = Myu)y = Mg(u) — N
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We now put P, = Coker (¢, — ¥y), en P = (Z, (Py)uev)-

N — P
Y — U
M) = Mgy — Pu
is a morphism in Zj, and is the coequalizer of ¢ and . ([

2.2. The Zunino category. Let k be a commutative ring. The objects of the
Zunino category Zj are the same as the objects of 7j: a set X together with a
family of k-modules (M, ),cx indexed by X. A morphism between M = (X, M =
(My)zex) and N = (T, N = (Ny)yey) consists of amap f: X — Y and a family
of k-module homomorphisms ¢, : M, — Ny). We use the following notation:
o= (f.¢): M~ N, or

M = N
x Ly

The category Zj is a symmetric monoidal category; the tensor product and unit
object are the same as the ones on 7;. We also have strong monoidal functors
F'o My — Zi, FI(M) = ({x}, M)
F: Z;, — Sets, F(X,M)=X
The proof of the following results is similar to the corresponding proof of Proposi-
tions 2.2, 2.3, 2.4 and 2.5. We leave the details to the reader.

Proposition 2.7. Assume that (G, A) is an algebra in Z,. Then G is a monoid,
and A is a G-algebra, in the sense of Definition 1.6. Conversely, if A is a G-algebra,
then (G, A) is an algebra in Zj.

Proposition 2.8. A coalgebra in Zi consists of a family of coalgebras C,, indexed
by a set X.

Proposition 2.9. Assume that (G, H) is a bialgebra in Zy,. Then G is a monoid,
and H is a semi-Hopf G-algebra, in the sense of Definition 1.7. Conversely, if H
is a semi-Hopf G-algebra, then (G, H) is a bialgebra in Zy,.

Proposition 2.10. Assume that (G, H) is a Hopf algebra in Zi. Then G is a
group, and H is a Hopf G-algebra, in the sense of Definition 1.8. Conversely, if H
is a Hopf G-algebra, then (G, H) is a Hopf algebra in Z.

Let k be a commutative ring. We have braided monoidal contravariant functors
2Ty — Zpand *: Z, — T
For M = (X, (My)zex) € Tk, we let
M" = (X7 (M;)w€X>
A similar definition holds for M = (X, (M,)zex) € Zk. Let us illustrate that the
functors are monoidal: for M, N € 7;, we have the following morphism in Zj:
M ®N* — (M®N)

X xY — X xY
M;ON; — (M ®N,)

Consequently, if C' is a coalgebra in 7, then C* is an algebra in Z, (in fact the
duality functor is a covariant functor from 7,”" to Zj, hence it sends algebras to
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algebras, see Section 1.1).

We call M = (X, (M,)zex) € Ty, (resp. in Zy) finite if M, is finitely generated and
projective as a k-module. If M and N are finite, then M7 @ Ny = (M, ® N,)*,
for every x € X and y € Y. Hence the duality functor induces a strong monoidal
functor between the full subcategories ’Z;f and Z,{ consisting of finite objects, and
the two duality functors establish a pair of inverse equivalences.

Thus the dual of a finite algebra in Zj is a coalgebra in 7, and the dual of a finite
bialgebra or Hopf algebra in 7 (resp. Zj) is a bialgebra or Hopf algebra in Z
(resp. 7). These facts are known (see [11, 13]).

Proposition 2.11. The category Zy, has equalizers and coequalizers.

Proof. Take two morphisms in Zj:
%]

M £ N M = N
x L v amdx L v
M, =% N M, =5 Ny

Let Z =Ker (f,g9) ={z € X | f(z) = g(x)}, and, for each x € Z, P, = Ker (¢, —
). Then the equalizer of p and ¢ is

P — M
7z S X
P, = M,

Let Y = Coker (f,g). Take 7 € Y and ¥’ € J. We have a map
, : n if y=y
by Ny = TL o, ={ 6 3 050

Y€y

On l_INy7 we consider the smallest equivalence relation ~ containing
YEY

{((is) © 22)(m), lig(e 0 ¥2)m)) | w € F72(5) = g7 (7), m € M},

and we define

Y€y
The coequalizer of ¢ and 1) is
N — N
Yy — Y
N, 2% Ny

where p,, is the composition of i, and the canonical projection

1IN = TN/~

yey yey
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3. THE FUNDAMENTAL THEOREM

It is known, see e.g. [7, Theorem 3.4] that the Fundamental Theorem of Hopf mod-
ules, as stated in Sweedler’s book [6], can be formulated in any braided monoidal
category with equalizers. If the category has coequalizers, then we have a second
version of the Fundamental Theorem, since a Hopf algebra is also a Hopf algebra in
the opposite category. Since Zj and 7j have equalizers and coequalizers, we have
two versions of the Fundamental Theorem in both categories. The aim of this Sec-
tion is to make this explicit, and to derive Virelizier’s version of the Fundamental
Theorem from it (see [9, Theorem 2.7]). First we look at what is happening in the
category of sets.

3.1. Hopf modules in the category of sets. Let G be a set, and consider the
corresponding coalgebra (G, 0, e) in Sets. Let (X, p) be a right G-comodule. It is
easy to show that p(z) = (z, f(z)), with f : X — G an arbitrary map. Thus a
right G-comodule consists of a set X together with a map f: X — G.

Now take a semigroup G, that is, an algebra in Sets. A right G-module is a right
G-set X, this is a set X together with a right G-action such that z1 = z and
(xg)h = x(gh), for all x € X and g,h € G.

A semigroup G is also a bialgebra in Sets, so we can consider right Hopf modules
over G. These are right G-sets X together with a map f: X — G satisfying

(11) flzg) = f(z)g
forall x € X and g € G.

Let X be a right G-Hopf module. The coinvariants X% of X are defined as the
equalizer of (X, f) and (X,n), that is

X0 —{re X | flz)=1}
The Fundamental Theorem then takes the following form.
Theorem 3.1. Let G be a group, and X be a right G-Hopf module. Then the map
p: XY %G — X, p(z,9) =g
is bijective.
Proof. This is a special case of [7, Theorem 3.4], but it can also be verified directly.
The inverse of ¢ is given by

¢~ (z) = (zf(x)7 f(2))
(Il
A group G is also a Hopf algebra in Sets°®. Let X be a G-Hopf module, and
consider X, the coequalizer of
X x G*UX and X x GX9x

In X¢g, x and xg are identified, which means that X consists of the orbits under
the G-action. The orbit containing x will be denoted by Z. The second version of
the Fundamental Theorem is now the following.

Theorem 3.2. Let G be a group, and X be a right G-Hopf module. Then the map
Y X = X xG, ¢(x) = (7, f(v))

is bijective.
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Proof. Again a special case of [7, Theorem 3.4]; but we can also verify directly that
¥~ is given by
(T, 9) = xf(2) Mg
([

3.2. Modules, comodules and Hopf modules in 7;. . Let C = (G,C) be a
coalgebra in 7;,. We can consider the category 7€ of right C-comodules and right
C-colinear maps. An object M = (X, M) € T< consists of a right G-set X and a
set of k-modules indexed by X, together with a coaction

prM—-MxC

in 7 such that

(Mee)op=Mand (p@A)op=(p&C)op

Explicitely,
M £ MecC
X — X x G
M,, 2% M,®C,
satisfies

(My®¢€)o Pz = My and (pw,y ® Cp) o Pxg,h = (M ® Ag,h) O Pxz,gh

Note that our definition is more general than the one in [9], where G is a group,
and X =G.

Example 3.3. Let X be a right G-set, and M a k-module. Let p, : M — M ® C,
be maps such that

(pg @ Cp)opr = (M ®Agp)opgn and (M @¢) o p; = M.

Then ({*}, M) is a right C-comodule. For all z € X, let M, = M as a k-module,
and M = (X, (My)zex) € Ty. Define p: M — M ® C as follows:

Prg=Pg: Mpg=M — M, ®Cy =M ® C,.
Then M is a right C-comodule.

Now let A = (Y, A) be an algebra in 7. A right A-module M = (X, M) consists
of a set of modules M, indexed by the set X, and a map f: X — Y such that M,
is a right Ay ,)-module.

If H is a bialgebra in 7, then we can consider (right) Hopf modules. Let M =
(X, M) be such a Hopf module. Then M is a right H-module and a right H-
comodule, as above. The map f: X — G has to be right G-linear, and (2) has to
be satisfied, explicitely

(Vo 0 My) o (Mg ®ty, f(2) ® Mg) © (Pa,g @ Df(z),g) = Pa,g © Vg

for all x € X and g € G. Here ¢, : M, ® Hy ) — M, is the right H,)-action on
My, and tg 2y 1 Hy @ Hpp) — Hyppy @ Hy is the switch map.
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3.3. The Fundamental Theorem in the category 7. Let H be a Hopf algebra
in 7, and consider a right Hopf module M. The module of coinvariants M col ¢
by definition the equalizer of p and M ® 7. M © can be described as follows:

M = (X, (Mz)zex)
with
Mcoﬂ o o —
o ={(my) € H My | py,g(Mazg) =mg @ 1,4, for all y € T and g € G}

YET
Theorem 3.4. (Fundamental Theorem) Let H be a Hopf algebra in Ty, and
M a Hopf module. Then we have an isomorphism of Hopf modules

MEeH = M
Xa x G (bi X
Mz®@ Hyppy —3 M,

with ¢(x) = (T, f(x)) and ¢z 4(((my)yez) @ hy(a)) = Malif(a)-

Proof. This is a direct consequence of Theorem 3.2. Let us give the explicit formula
for Q_l. First observe that the two compositions below coincide:

P
ML Mol 2% MeoH 2o M — MoH
MRH

Thus we have a map R : M — ML, According to the proof of Proposition 2.6,
R can be described explicitely as follows:

M A et
X < Xa
M:cf(m)71 E} MEOE

with () = 2 f(x)~". For 2’/ € T, we consider m € M/ (-1 = My p(z)-1, and
Par, f(a)-1 () = Mo o) @ ML f(ar)-1]
Then
Ra(m) = (myo,01S o) (M1 1) 11) e x
and QA is the composition (R ® H) o p, that is

ML Mgl
X £ Xa x G
¢71
Mgy —% Mo H,
with
e '@, g9) =af(z)" g
and

-1
bz (M) = (m10,21S 5@y (M1 f2)11)) prex @ MY2,g]
0

Remark 3.5. Let us consider the particular situation where X =G and f: G — G
is the identity map. In this situation, a version of the Fundamental Theorem
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appears in [9], so let us compare this to our Theorem 3.4. X¢g = {€}, the G-action
on G has only one orbit, and

M = {(mg) € T My | pgn(mgn) =mg ® 1y, for all g, h € G}
geG

Virelizier then considers the image of the projection on the g-component and calls
this M;"ﬂ. Then he takes M°Z to be the product of all the M;Oﬂ. He then defines
the tensor product in a different way (see [9, 2.6]), namely

(M & H), = Mg & H,
while we have

(Mt @ H)y = M @ H,
We will show next that these two tensor products are isomorphic, so that Virelizier’s

Fundamental Theorem is a special case of Theorem 3.4 (and a fortiori of [7, Theorem
3.4]).

Proposition 3.6. Let k be a field. With notation as in Remark 3.5, we have that
Mgoﬂ o~ M%Oﬂ,
in other words, the projection py : M%Oﬁ — M;Oﬂ 18 injective.
Proof. Take (mp)neq € M. ;Oﬁ. We have to show that the full string is completely
determined by one single entry m,. This can be seen as follows.
Prp-1g(Mg) =mp @ 1p-15 € Mp @ Hp-1g

Since k is a field, the subspace of Hj-1, spanned by 1;-1, has a complement in
Hj 14, so we have a projection p : Hp,-1, — k, mapping 1;-1, to 1. Applying p to
the second tensor factor, we see that

my, = (Mp, ®p)(ph,h*19(mg))'

4. YETTER-DRINFELD MODULES AND THE CENTER CONSTRUCTION

The center of a monoidal category was introduced independently by Joyal and
Street [?], Majid [5] and Drinfeld (unpublished). The weak left center Wi(C) of
a monoidal category C is the category with the following objects and morphisms.
An object is a couple (V,s), with V € Cand s : V® — — — ® V a natural
transformation between functors C — C, satisfying the following condition, for all
X, Y ecC:

(12) (X®sy)o(sx ®Y) =sxev,

and such that s; is the composition of the natural isomorphisms VI =V 2 IQV.
A morphism between (V,s) and (V’,s") consists of f: V — V' in C such that

(X® flosx =syo(f®X)
Wi (C) is a prebraided monoidal category. The unit is (I, ), and the tensor product
is
(Vs)@ (V',s') = (Ve V', u)
with
(13) ux =sx @V oV ®sy
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The prebraiding ¢ on W;(C) is given by

(14) cvyr=sy: (Vis)@ (Vs — (V') (V,s).

The left center Z;(C) is the full subcategory of W;(C) consisting of objects (V,s)
with s a natural isomorphism. Z;(C) is a braided monoidal category. For detail in
the case where C is a strict monoidal category, we refer to [3, Theorem XIII.4.2].

The results remain valid in the case of an arbitrary monoidal category, since every
monoidal category is equivalent to a strict one.

Let H be a Hopf group-coalgebra. Yetter-Drinfeld modules over H have been
studied in [13, 14, 10]. The aim of this Section is to recover (a generalized version)
of Yetter-Drinfeld modules using the centre construction. This result is inspired
by the classical result that, for a Hopf algebra H, the centre of the category of
H-modules is isomorphic to the category of Yetter-Drinfeld modules. First we need
some set theory. The following definition goes back to Whitehead.

Definition 4.1. Let G be a monoid. A right crossed G-set is a right G-set V'
together with a map v : V — G such that

gr(v-g) = v(v)g,
for all g € G and v € V. A morphism between two right crossed G-sets (V,v) and

(W,w) is a morphism of G-sets f: V — W such that v = wo f. The category of
right crossed G-sets will be denoted by X§.

The category S¢ of right G-sets is a monoidal category. The tensor product of two
G-sets X and Y is the cartesian product, with the diagonal action. The unit is {*}
with the trivial G-action * - g = *. The following result is probably well-known.

Proposition 4.2. Let G be a monoid. The left weak center W, (Sq) is isomorphic
to the category of right crossed G-sets Xg. If G is a group, then Xg s also
isomorphic to the center.

Proof. (sketch) Let (Vs) € Wi(Sg), and consider s¢ : V x G — G x V, and write

SG(U> 1) = (V(U)7 f(’l)))7
withv: V-G, f: V-V.
Take a right G-set X, and consider the morphism of G-sets ¢ : G — X, p(g) = zg.
From the naturality of s, it follows that
sx o (Vip) = (e, V)osqg.
Applying this to (v, 1), we see that sx (v, z) = (av(v), f(v)). We then that
(,0) = su(v, %) = (x - v(v), f(v) = (*, f(v)),
so it follows that f = V is the identity map on V. We conclude that s is completely
determined by v:

(15) sx(,z) = (x-v(v),v).
Using the fact that sg is right G-linear, we find

(v(v)g,v-g) =sc(v,1)-1=sc(v-g,9) = (gv(v-g),v-g),
so f(v)g = gv(v - g), proving that (V,v) is a right crossed G-set.

Conversely, if (V,v) is a right crossed G-set, then we define (V, s) € W;(Sg) using
(15). O
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Let G be a set. As we have seen, there is a unique coalgebra structure on G in the
category of sets. We can then consider the category S¢ of right G-comodules. Its
objects are couples (X, f), with X a set, and f : X — G a map. A morphism
between (X, f) and (Y,g) isamap £ : X — Y such that go& = f. If G is a
monoid, then S is a monoidal category. The tensor product is

(X, f) x (Y,g9) = (X xY, fg),
with fg: X xY — G, (f9)(z,y) = f(x)g(y). The unit is ({x},4), with i(x) = 1.
For any set X, we can consider the right G-comodule X; = (M, 1), with1: X — G
the constant map taking value 1. Then for every X = (X, f) € 8¢, the map

p: X HXl X G, /J($) - (ZL‘,f(I’)),

is a morphism in S¢. This will be needed to prove the following result, which is
perhaps not so well-known as Proposition 4.2.

Proposition 4.3. Let G be a monoid. The left weak center Wi(S®) is isomorphic
to the category of right crossed G-sets Xg. If G is a group, then the weak center of
SC is isomorphic to the center.

Proof. Take ((V,v),s) € W;(S). Take a set X, and fix 2 € X. The map
g: {x} = X1, g(x) =2

is a morphism in S¢. From the naturality of s, it follows that the following diagram
is commutative

Vi 22N v

(V. 9) (9,V)

SX1

V x X1 X1 xV
and it follows that sx, (v,z) = (z,v).
G = (G, Q) is an object of S¢, hence we can consider sg: V x G — G x V; let us
denote

SG(va g) = (7(07 g)v v - g)a
for all v € G and g € G. Since ((V,v), s) € W;(SY), we have that

(X1,56) 0 (8x,,G) = 8x, %G+
implying that
SX, XG(U’ z, g) - (ZL’, PY((Uv 9)7 v - g)

From the naturality of s, we have the following commutative diagram

SX

VxX X xV

(V. p) (p,V)
VxXleMXlexV

Take (v,z) € V x M, and write sp(v,z) = (y,w). The commutativity of the
diagram implies that

(: [(y),w) = sxyxa(v, z, f(2)) = (2,7(v, f(2)), v f(2)).
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Looking at the first component, we see that y = x. In particular, taking M = G, it
follows that (v, g) = ¢g. Looking at the third component, we see that w = v - f(z),
and we conclude that

(16) sx(v,z) = (z,v - f(x)),
and, in particular,
SG('U,g) = (9711 . g)
s¢ is a morphism in S, hence Gv o s¢ = vG, and it follows that
v(v)g = gv(v-g),
for all g € G and v € V. From the fact that
saxc = (G,sv) o (sv,G),

we conclude that sgxa(v, (g,h)) = ((g,h),(v-g)-h). Sincem: GxG — G is a
morphism in S¢, we have the following commutative diagram from the naturality
of s:

VXGXGSG—XG»GXGXV

(V,m) (m, V)
V xG 5¢ GxV

and it follows that (v-g)-h =wv-(gh). Finally, the constant map 1: {*} — G isa
morphism in S, so we have a commutative diagram

V x {*} B {x} xV
;1) (1,V)

VxG S GxV
from which we deduce that v -1 = v. Thus we have shown that (V,v) is a right
crossed G-module.
Conversely, given a right crossed G-module (V,v), we define ((V,v),s) € W;(S%)
using (16). O

Now let H = (G, (Hgy)gec) be a semi-Hopf group coalgebra. In particular, this
means that G is a monoid.

Definition 4.4. A right-right H-Yetter-Drinfeld module consists of the following
data:
e An object M = (V,(My)vev) € T;
e aright H-comodule structure p: M — M ® H; in particular, V is a right
G-set;
e a right H-module structure ¢ : M ® H — M; this implies that we have a
map v: V — V x G making (V, f) € SY,
satisfying the following compatibility relations:

e V is a crossed right G-set;
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e forallveV,ge G, me M,y and h € Hy,(y.9) = Hy(v)g, we have

(A7) (Mh@w9) 10.) @ R19) (M2 9) (1.9 = M0 A0 w) © Mg h(2,g)-

The category of right-right Yetter-Drinfeld modules and H-linear H-colinear maps
. H
is denoted by yDE.

The category of right H-modules is a monoidal category. For P = (X, P),Q =
(Y,Q) € Ty, we have the following right H-action on P ® Q:

P
PoQeH —  P2Q
XxY xG PLES NS %

wl‘,
Pr © Qy @ Hp(a)g(y) — Pr @ Qy,
with
Yo,y (P ®q® h) = ph, @) @ qha gy,

for all p € Py, ¢ € Qp and h € Hy(y)4(,)- We can therefore consider the centre and
the weak centre of 7. The main result of this Section is now the following.

Theorem 4.5. Let H be a semi-Hopf group coalgebra. Then we have an isomor-
phism of categories

Wi (T) = YDy
If H is a Hopf group coalgebra, then the weak centre of Tu equals the centre.
Proof. Take (M,t) € W,(Tu). For every P = (X, P) € Ty, we have a morphism

PoM L MoP
XxV L VXX
Px®va(;c) o MU®P17
with sx(v,2) = (x,v - f(x)). Since the forgetful functor 7, — Sets°” is strongly
monoidal, it follows that (V,s) € W;(S%), so V is a right crossed G-module, by
Proposition 4.3. Look at tg, and consider the composition

p=tmo(neM),

namely

M 5 MoH
Vv — V@G
M,, 2% M, H,

We will use the following Sweedler-type notation:
Pu.g(11) = Mio,0] ® M1 g)-

step 1. t is completely determined by p.
For each x € X, we fix p, € P;, and consider the following morphism in 7g:

H =
a L
Pz

Hp@y —

U <
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with ¢, (h) = p.h, for all h € Hy(,y. From the naturality of ¢, it follows that the
following diagram is commutative:

ly

HoM — MeH

feVv Verf

lp

PoM — M®P.
In particular, we have a commutative diagram, for all v € V and =z € X:

Ui v, f (2)

Hp(o)y @ My.p(z)  —= "My © Hy(a)

Pz ® Mv~f(ac) M, ® ¢z

tpw,x

and it follows that
(18) tp v, (Pe @ M) = Mg ] ® PaM[1, f(a)]-

step 2. From the definition of the right center, it follows that the following diagram
commutes:

t

HoH®M 28 MoHoH

Hoty ty©H

HoM®H

It follows that we have the following commutative diagram, for all g,h € G and
veV:

o~

H®H,v,gh

Hg®Hh®Mv-(gh) — MU®HQ®Hh

Hy @ tH 09,0 tH g ® Hp
Hg ® Mv.g ® H;,
Evaluating this diagram at 1, ® 15, ® m, with m € M,,.(45), we find, using (18)
M0,0] @ Dg n(M1,gh)) = Pu,g(M[0,0]) @ M1 gh)s

S0 p is coassociative.
step 3. It follows from the definition of the left center that ¢, = M : k@M — M®k.
Using (18), we compute, for all m € M, that

M =ty (M) =mp., ®@1-mpy 1 =mpue(mpu),

and the counit property of p follows. Thus p defines a right H-comodule structure
on M.
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step 3. t H is right H-linear, hence the following diagram commutes:
HoM@H— H®M

ty©H ty
MoHoH— Mo®H

For all v € V and g € G, we have the following commutative diagram, keeping in
mind that gv(v - g) = v(v)g:

Hy®@ My.q ® ng(v-g)—’Hg ® My.4
tﬁ,v,g ® Hgl/(v'g) tﬁ,v,g
MU(X)Hg@HV(g)g —>MU®Hg

Evaluating this diagram at 1, @ m ® h, with m € M, 4, h € Hg,(,.4)), we find that
(17) holds. Hence it follows that M is a right-right Yetter-Drinfeld module.

Conversely, let M be a right-right Yetter-Drinfeld module. We define
t: — M —->M®—
using (18). Standard computations show that (M,t) € W,(7g). O

In a similar way, we can compute the right weak center of g7, and this is isomorphic

to the category of left-right Yetter-Drinfeld modules ﬂyzﬂ. Objects in ﬂyzﬂ are
Turaev k-modules M with a right H-comodule structure p: M — M ® H and a
left H-module structure ¢ : H ® M — M such that

WepoHR®reH)o(A®p) =Mep)o(peH)oro (Hy)o (A M).
Example 4.6. Let G be a group, fix g € G, and let V be the orbit of g under the
adjoint action h <k = k~'hk:

V={k"'gk| kecG}.
Let v: V ®G be the embedding of V into G. Then (V,v), with the adjoint action,
is a right crossed G-set. Assume that H is a crossed semi-Hopf G-coalgebra. Recall
from [8, 13, 14] that this means that H is a semi-Hopf G-coalgebra with a family
of algebra isomorphisms
¢k + Hi — Hppp1,

satisfying the following conditions (we omit the upper index if no confusion is
possible):

Pn 0 oK = Prn 5 @Y = H;

(0k ® k) © App = D=1 gpi—1 5 €0 oy = €.

We also assume that the following additional condition holds:
(19) ol = @b if hih™! = kik™1.

Take M € g, M. For each v = h='gh € V, let M, = M as a k-module, with left
H,-action a-m = ¢} (a)m, for all @ € H. This is well-defined, because of (19), and
M = (‘/7 (MU)UGV) € ET
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Assume now that we have a family of maps p; : M — M ® H;, indexed by | € G,
as in Example 3.3. Then we have the following right H-coaction on M:

Pok =Pk My-1,. =M - M, ® H, = M ® Hy,.
We use the Sweedler notation
pi(m) = myg) @ miy ).
With this action and coaction, M € ﬂyzﬂ if and only if
on(a@,n-1gn))mp) @ ag,nmy
= (eni(a@i-1p-1gny)m) 0 ® (eni(ag,i-1n-1gn1y)m) IRILERL
for all h,l € G and a € Hp-1,4y,;. Taking h = 1, we find
a(1,4))Mp0] @ A2,
(20) = (‘F’l(a(zl*lgl))m) [0] ® (‘pl(a(ll*lgl))m) (1,310

foralll € G and a € Hy.

Recall the definition of g-Yetter-Drinfeld module, introduced by Zunino in [14]. Let
H be a crossed Hopf G-coalgebra, and fix g € G and M € g, M. Assume that we
have maps p; as above. Then M is a g-Yetter-Drinfeld module if the following
compatibility conditions are satisfied, for all I € G and a € Hy;:

a(1,9)"M[0] © (2,1 [11]
(21) = (a@gm)o @ (a@gm)pgPa-1(ag,ge-1))-
Observe that the conditions (20) and (21) are not the same.

5. FURTHER GENERALIZATIONS

5.1. In the definition of the Turaev and Zunino categories, we can replace the
category of k-modules by any monoidal category C. The Turaev category 7¢ and
the Zunino category Z¢ will be symmetric (resp. braided) if C is symmetric (resp.
braided).

5.2. The category Sets can be replaced by any full subcategory of Sets containing
a singleton and closed under finite cartesian products, for example the category of
finite sets, or the category of countable sets.

5.3. (E. Villanueva) Take M = (X, (M,)zex) € Ti, and consider X as a topological
space with the discrete topology. M can then be viewed as a (pre)sheaf of k-modules
on X. Let S be the category with objects (X, F), with X a topological space, and
F a sheaf of k-modules on X. Then 7, is a full subcategory of Sy.
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