MORITA THEORY FOR CORINGS AND CLEFT
ENTWINING STRUCTURES
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ABSTRACT. Using the theory of corings, we generalize and unify Morita
contexts introduced by Chase and Sweedler [8], Doi [12], and Cohen,
Fischman and Montgomery [11]. We discuss when the contexts are
strict. We apply our theory to corings arising from entwining structures,
and this leads us to the notion of cleft entwining structure.

INTRODUCTION

Let H be a Hopf algebra, A an H-comodule algebra, and B the subring of
coinvariants. Generalizing a construction due to Chase and Sweedler [8], Doi
[12] gave a Morita context, connecting B and #(H, A), and applied this to
the theory of Hopf Galois extensions. In particular, he introduces the notion
of cleft H-comodule algebra, and shows that a cleft H-comodule algebra is
an H-Galois extension.

A similar Morita context has been constructed by Cohen, Fischman and
Montgomery in [11]. They start from a finite dimensional Hopf algebra H
over a field (or a Frobenius Hopf algebra over a commutative ring, see [10]),
an H-module algebra, and give a Morita context connecting the smash prod-
uct A# H and the ring of invariants.

For a finite dimensional Hopf algebra H, a left H-module algebra is the same
as a right H*-comodule algebra, so it seems obvious that both contexts then
coincide. That this is the case has been pointed out by Beattie, Dascalescu
and Raianu [3]. However, it is not just a straightforward application of du-
ality principles, since the connecting bimodules are different in both cases,
and since the Cohen-Fischman-Montgomery structure relies heavily on the
fact that a finite dimensional Hopf algebra is Frobenius (the actions on the
connecting bimodules are defined using the distinguished grouplike).

In this paper, we will generalize both contexts. The advantages of our ap-
proach are the following: first, all computations become straightforward and
elementary; secondly, the duality relation between the two contexts and the
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connecting bimodules becomes clear, and the réle of Frobenius type argu-
ments is made clear; in third place, our theory can be applied in some other
particular situations, for examples to generalized smash products, and to
categories of entwined modules; finally, in the infinite dimensional case, it is
clarified why Doi’s Morita context is never strict.

Our approach is based on a key observation made by Takeuchi [17], that
entwined modules, and, in particular, many kinds of modules such as rela-
tive Hopf modules, Yetter-Drinfeld modules, Doi-Hopf modules etc, can be
viewed as comodules over a certain coring. Takeuchi’s observation has lead
to a revived interest in the theory of corings, which goes back to Sweedler
[16]. It became clear that corings provide a unifying and simplifying frame-
work to various topics, such as Galois theory, descent theory, Frobenius
functors and Maschke type Theorems (see [5], [13], [18]). Following this
philosophy, we can generalize Doi’s results, and associate a Morita context
to a coring C with a fixed grouplike element x over a ring A (Section 3).
In Section 2, we will show that there is a dual result, which is even more
elementary: to a morphism of rings i : A — R, and a right R-linear map
X : R — A with x(x(r)s) = x(rs) for all r,s € R, and x(1r) = 14, we can
associate a Morita context, which can in fact be viewed as the Morita con-
text associated to the right R-module A, following [2]. This Morita context
is a generalization of the Cohen-Fischman-Montgomery context; if R/A is
Frobenius, then the second connecting bimodule in the context is isomorphic
to A (see Theorem 2.7). We can give necessary and sufficient conditions for
this Morita context to be strict.

To a coring with a fixed grouplike element, we can now associate two Morita
contexts: one to the coring, as mentioned above, and another one to the
dual of the coring, which is a ring. There exists a morphism between the
two contexts, and we have some sufficient conditions for the two contexts
being isomorphic: this is the case when the coring is finitely generated and
projective as an A-module, and also when one of the connecting maps in the
Morita context coming from the coring is surjective, cf. Corollary 3.4.

In Section 4, we focus attention to the case where the coring C arises from
an entwining structure (A, C, ). We introduce the notion of cleft entwin-
ing structure, and show that cleftness is equivalent to C being Galois in the
sense of [18], and A being isomorphic to A°C ® C as a left A°°“-module and
a right C-comodule. The results use the Morita contexts of the previous
Sections. Surprisingly, we were not able to generalize the notion of cleftness
to arbitrary corings with a fixed grouplike element. In Sections Section 5
and Section 6, we look at factorization structures and the smash product,
and introduce the notion of cleft factorization structure.

For a coring that is projective, but not necessarily finitely generated, as
an A-module, we expect that there is a third Morita context, connecting
the coinvariants and the rational dual of the coring, generalizing one of the
Morita contexts discussed in [3]. This will be discussed in a forthcoming

paper.
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At the time when the first version of this paper was finished, we found out
that some of our results were discovered independently by Abuhlail, see the
forthcoming [1].

1. PRELIMINARIES

Corings and comodules. Let A be a ring. The category sMy4 of (A, A)-
bimodules is a monoidal category, and an A-coring C is a coalgebra in 4 M4,
that is an (A, A)-bimodule together with two (A, A)-bimodule maps

Ac: C—C®sCandec: C— A

satisfying the usual coassociativity and counit properties, namely (A¢ ®4
Ie) o Ac = (Ie ®4 Ac) o A¢ and (e¢ ®4 Ic) 0o Ac = (Ie ®4 ec) o Ac = I
Corings were introduced by Sweedler, see [16]; a detailed treatment of recent
applications of the theory of corings will appear in [6]. A right C-comodule is
a right A-module M together with a right A-module map p": M — M ®4C
such that (p" ®4 I¢) o p" = (Ing ®4 Ac) o p” and (Ipy @4 ec) o p” = Ipy. In
a similar way, we can define left C-comodules and (C, C)-bicomodules. We
will use the Sweedler-Heyneman notation for corings and comodules over
corings:
Ac(c) = cay ®ac) 5 p(m) =mig @4 my

etc. Amap f: M — N between (right) C-comodules is called a C-comodule
map if f is a right A-linear, and p"(f(m)) = f(mg) ®a mp for all m € M.
The category of right C-comodules and C-comodule maps wil be denoted by
MCE. In a similar way, we introduce the categories M, CMC, 4 MCE. For
example, 4 MC is the category of right C-comodules that are also (A, A)-
bimodules such that the right C-comodule map is left A-linear. If C is an
A-coring, then its left dual *C = gsHom(C, A) is a ring, with (associative)
multiplication given by the formula

(1) f#g=go(lc®@af)oAcor (f#g)(c) = glcq)fcw))

for all left A-linear f,g: C — A and ¢ € C. The unit is e¢c. We have a ring
homomorphism i : A — *C, i(a)(c) = ec(c)a. We easily compute that

(2) (i(a)#f)(c) = f(ca) and (f#i(a))(c) = f(c)a,

for all f € *C, a € A and ¢ € C. We have a functor F : M¢ — M.,
where F(M) = M as a right A-module, with right *C-action given by m -
[ = myf(my), for all m € M, f € "C. If C is finitely generated and
projective as a left A-module, then F' is an isomorphism of categories: given
a right *C-action on M, we recover the right C-coaction by putting p(m) =
>_i(m- fj) ®a c;, where {(¢;, fj) | j = 1,---,n} is a finite dual basis of C
as a left A-module. *C is a right A-module, by (2): (f -a)(c) = f(c)a, and
we can consider the double dual (*C)* = Homy(*C, A). We have a canonical
morphism i : C — (*C)*, i(c)(f) = f(c), and we call C reflexive (as a left
A-module) if i is an isomorphism. If C is finitely generated projective as a
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left A-module, then C is reflexive. For any ¢ € (*C)*, we then have that
o =1i(>_; p(fi)c)-

Galois corings and Descent Theory. Let C be an A-coring. Recall that x € C
is called grouplike if A¢(z) =2 ®4 = and e¢c(z) = 1. G(C) is the set of all
grouplike elements in C. We have the following interpretations of G(C) (see
e.g. [7, Sec 4.8], [5]).

GCC) = {p: A—»A®4C=C| p" makes A into a right C-comodule}
~ {p': A—C®sA=C | p' makes A into a left C-comodule}.

Fix a grouplike element x in C. We will call (C,z) a coring with fixed
grouplike element. The associated coactions on A are given by

P (a) = za ; pl(a) = azx.

For a right C-comodule M, we define the submodule of coinvariants

M = {m e M| p(m)=m®, z}.
Now let B € A°C =<CA = {hec A | br = xb}. We have a pair of adjoint
functors (F,G) between the categories Mp and MC, namely, for N € Mp
and M € M€,

F(N)=N®p A and G(M) = M,
The unit and counit of the adjunction are

ny: N— (N®g A, ny(n) =nopl;

Car: M ®@p A — M, (v(m®pa) = ma.

We say that (C,x) satisfies the Weak Structure Theorem if (js is an iso-
morphism for all M € MC, that is, G = ¢°°C is a fully faithful functor.
(C, ) satisfies the Strong Structure Theorem if, in addition, all ny are iso-
morphisms, or F' is fully faithful, and therefore (F,G) is an equivalence
betweenccategories. Notice that the Strong Structure Theorem implies that
B = Ac*,

Let i : B — A be a ring homomorphism. It can be verified easily that
D = A®p A, with structure maps

Ap: ARpA — (ARpA)@4(A®pA) 2 AQpA®pAandep: ARpA — A
given by

AD(CL®B b) = (a®B 1) XA (1 XpB b) =a®®p1®pb, ED((Z®B b) =ab
is an A-coring. The element 1 ®p 1 is grouplike, and (D,1 ®p 1) is called
the canonical coring associated to the ring morphism . Observe that *D =
AHom(A ®p A, A) = pEnd(A)°P. If A is finitely generated projective as a
left B-module, then D is reflexive. A right D-comodule consists of a right A-

module M together with a right A-module map pps: M — M®y(ARpA) =
M ®p A such that

(3)  migo) ®B M)y @B M) = M) ©B 1 @ myy and mgmp) = m
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for all m € M. If A is faithfully flat as a B-module, then (D,1 ®p 1)
satisfies the Strong Structure Theorem (see [9]); in [7, Sec. 4.8], a proof
in the coring language is presented. In fact it is the basic result of descent
theory: an A-module M is isomorphic to N ®pg A for some B-module N if
and only if we can define a right D-coaction on M. In the situation where
A and B are commutative, there is an isomorphism between the category
of comodules over the canonical coring, and the category of descent data,
as introduced by Knus and Ojanguren in [14], we refer to [7, Sec. 4.8] for
details. An unpublished result by Journal and Tierney states that, in the
situation where A and B are commutative, (D,1 ®p 1) satisfies the Strong
Structure Theorem if and only if i : B — A is pure as a morphism of
B-modules. For a proof, we refer to [15].

Now we return to the general situation, and take an arbitrary coring (C, ),
with fixed grouplike element. Let B = A°C. and consider the canonical
coring D = A®p A. We have a canonical coring morphism can : D — C,
can(a ®p b) = axb. We say that (C,x) is a Galois coring if can is an
isomorphism of corings. In this situation, we obviously have an isomorphism
between the categories M€ and MP,

Proposition 1.1. Let (C,z) be an A-coring with fized grouplike element,
B =A% and D = A®p A. We then have a ring homomorphism

*can: *C — "D = gEnd(A)°?; *can(f)(a) = f(za).

1) If (C,x) is Galois, then *can is an isomorphism.

2) If *can is an isomorphism, and C and D are both reflexive (e.g. C and
A are finitely generated and projective, resp. as a left A-module and a left
B-module), then (C,x) is Galois.

3) If (C,x) is Galois, and (D, x) satisfies the Strong (resp. Weak) Structure
Theorem (e.g. A is faithfully flat (resp. flat) as a right B-module), then
(C,z) also satisfies the Strong (resp. Weak) Structure Theorem.

4) If (C,z) satisfies the Weak Structure Theorem, then (C,x) is Galois.

Proof. 1), 2), 3) follow immediately from the observations made above. C
is a right C-comodule, using A¢, and we have a right B-module map ¢ :
A — CC i(a) = ax. Tt is easily verified that the restriction of e¢ to C°C
is an inverse for i, so A and C°C are isomorphic in Mp. Now (¢ = can :
A®p A — C is an isomorphism. O

Entwined modules. Let k be a commutative ring, A a k-algebra, C a k-
coalgebra, and ¢ : C® A — A ® C a k-linear map satisfying the following
four conditions:

(4) (la)y®@c’ =1a®@c; ec(cP)ay = ec(c)a;
(5) (ab)w & Cw = awbw/ X wa ; Ay @ Ac(Cw) = Qypop & Cqé) X Cé)
Here we used the notation (summation implicitly understood)

Y(e@a) = ay, @’ =ay ®
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We then call (A4, C, 1) a (right-right) entwining structure. To an entwining
structure (A, C,1), we can associate an A-coring C = A® C. The structure
maps are given by the formulas

a'(b®@ c)a = a'bay @ ¥

Acla®e) = (a®cq) 4 (1@ ) ; ecla®c) = asclc)
An entwined module M is a k-module together with a right A-action and
a right C-coaction, in such a way that p"(ma) = mpjay ® mﬁ], for all

m € M and a € A. The category M(¢)g of entwined modules and A-linear
C-colinear maps is isomorphic to the category of right C-comodules.

Factorization structures and the smash product. Let A and S be k-algebras,
and p: S®A— A®S a k-linear map. We will write

p(s®a)=a,® s, =a, @ s,

(summation understood). A#,S will be the k-module A® S, with multipli-
cation

(6) (a#s)(b#t) = ab,#s,t.
It is straightforward to verify that this multiplication is associative with unit
14#1g if and only if

(7) p(s®@1a) =14®s; p(ls®a) =a® lg;

(8) p(st @ a) = ap @ s;t, 5 p(s @ ab) = apby @ spy.

for all a,b € A and s,t € S. We then call (A, S, p) a factorization structure,
and A#,S the smash product of A and S.

2. THE GENERAL MORITA CONTEXT

Let A and R be rings, and i : A — R a ring morphism. We also consider a
map x : R — A satisfying the following three conditions, for all r, s € R:

(1) x is right A-linear;

(2) x(x(r)s) = x(rs);

(3) x(1r) = 1a.
It follows from the second condition that x? = x. A is a right R-module,
with structure a~—r = x(ar). The three conditions on the map y can be
explained as follows: R is an algebra in the monoidal category g4 M 4 of A-
bimodules. A map x : A®4 R = R — A makes A into a right module
over this algebra R if and only if it satisfies these three conditions. This is
the dual result of the fact that grouplike elements of an A-coring C are in
one-to-one correspondence with right (or left) C-comodule structures on A.
For any right R-module M, we define

ME={meM|m-r=mx(r)} = Homg(A, M).

Then B = AR = {b € A | bx(r) = x(br), for all 7 € R} is a subring of
A, and M® is a right B-module. In fact we obtain a functor G = (e)% :
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Mp — Mp, which is a right adjoint of ' = e ® g A. The unit and counit
of the adjunction are ny : N — (N ®p A%, ny(n) = n®p 1 and (yy :
MR A— M, (y(m ®p a) = ma. Now consider

9) QZRRZ{QEqurqu(r), for all r € R}

and the map (r = p: Q®p A — R, u(q®p a) = qa. x(Q) C B since

x(@)x(r) = x(gx(r)) = x(qr) = x(x(g)r) for all ¢ € Q and r € R. Also
recall that R* = Homa (R, A) is an (A, R)-bimodule:

(a-f-r)(s)=af(rs)
foralla € A, r,s € S and f € R*.

Lemma 2.1. (R*)® = A as a right B-module, and the counit map can =
(r=: A®p A — R* is given by

can(a ®p a’')(r) = ax(a'r)
for all a,a’ € A and r € R.

Proof. First observe that f € (R*)® if and only if f(rs) = f(x(r)s) for all
r,s € R. Define

jr A= (ROE, j(a)(r) = ax(r) and p: (R — A: p(f) = f(1).
It is clear that j(a) is right A-linear. Also
jla)(rs) = ax(rs) = ax(x(r)s) = j(a)(x(r)s)
so j(a) € (R*)®. j and p are inverses, since p(j(a)) = j(a)(1) = ax(1) = a
and j(p(f))(r) = f(1)x(r) = f(x(r)) = f(r). Now we compute
(j(a) - a’)(r) = j(a)(a'r) = ax(a'r).
From this formula, it follows that, for b € B,
(4(a) - b)(r) = ax(br) = abx(r) = j(ab)(r)
so j is right B-linear. U

The proof of the following result is now an easy exercise, left to the reader.

Proposition 2.2. With notation as above, A € gMpg and Q € gRMp, and
we have a Morita context (B, R, A,Q, T,1). The connecting maps p = (g :
QRpA—RandT: A®RrQ — B are given by

(10) 1(g ®p a) = qa and 7(a ®r q) = a—q = x(aq).

Remark 2.3. Let R be a ring. Recall from [2, II.4] that we can associate
a Morita context to any right R-module P. If we consider i : A — R
and x : R — A as above, then the Morita context associated to the right
R-module A is isomorphic to the Morita context from Proposition 2.2. It
suffices to observe that

B = Endgr(A) and @ = Hompg(A4, R).
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It is easy to establish when the Morita context is strict. First let us inves-
tigate when 7 is surjective.

Proposition 2.4. With notation as in Proposition 2.2, the following asser-
tions are equivalent:

1) 7 is surjective (and, a fortiori, injective);

2) there exists A € Q such that x(A) =1;

3) for all M € Mg, the map wy : MRrQ — ME, wy(m®@rq) = m-q is an
isomorphism; /) A is finitely generated and projective as a right R-module.

Proof. 1) = 2). If 7 is surjective, then there exist a; € A and ¢; € @Q such
that 7(3_; a; ®r ¢j) = x(32;a59;) = 1. A=), a;q; € Q, since Q is a left
ideal in R.

2) = 3). For all m € M and ¢ € Q, we have that (m-q) -r =m - (¢gr) =
m - qx(r), for all r € R, so m -q € M. Consider the map

Orr: M — MR Q, Oy(m)=megA.

For all m € MR, we easily compute that wys(6x7(m)) = m-A = myx(A) =m
for all m € M* and, for all m € M and ¢ € Q, Oy (wy(m Qg q)) =
m-qRrA =mrqA =merqx(A) = m®gq, so Oy and wys are inverses.
3) = 1). Observe that wgq = 7.

1) & 4) follows from [2, Prop. II1.4.4], taking Remark 2.3 into account; we
also give an easy direct proof.

2) = 4) Let f € Hompg(A, R) be given by f(a) = Aa. Then for all a € A,
we have a = x(A)a = x(Aa) = 14 f(a), hence {(1, f)} is a finite dual basis
of A as a right A-module.

4) = 1) Let {(aj, fj) | j =1,--- ,n} be a finite dual basis of A as a right R-
module, and take f;(1) = ¢; € Q. Then 1 = 3", a;f;(1) = x(3_; a;4;) =
T(Zj a; ®g q;), hence 7 is surjective. O

If 7 is surjective, then we can apply [2, Theorem I1.3.4]. It then also follows
that F' = e®pA: Mp — Mp is fully faithful (see the proof of [2, Theorem
11.3.5]). Moreover, we have the following:

Proposition 2.5. Consider the Morita context from Proposition 2.2, and
assume that T is surjective. Take A € Q such that x(A) = 1. Then we have
the following properties:

1) A>=A and ARA = AB = B.

2) B is a direct summand of A as a left B-module.

Proof. 1) Since x(A) = 1 and A € @, we have A2 = Ax(A) = A. For
all 7, s € R, we have x(rA)x(s) = x(rAx(s)) = x(rAs) = x(x(rA)s), so
x(rA) € B, and ArA = Ax(rA) € AB. It follows that ARA C AB.

Now in the above arguments, take r = i(b), with b € B. It follows that
AbDA = Ax(bA) = Abx(A) = Ab, and AB C ARA. Finally, the right B-
module generated by A is free since Ab = 0 implies that 0 = x(Ab) =
X(A)b =b.
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2) We define the map Tr : A — B, Tr(a) = 7(a ®r A) = x(aA). Tris
left B-linear, because 7 is left B-linear. Tr is a projection, since Tr(b) =
X(bA) = bx(A) = b, for all b € B. O

We recall from Morita Theory ([2, I11.3.4]) that we have ring morphisms
m: R — gEnd(A)°®, n(r)(a) = a~—r = x(ar);

™ R—Endp(Q), 7'(r)(g) =rq.
We also have an (R, B)-bimodule map
k1 Q — pHom(4, B), r(q)(a) = x(aq)
and a (B, R)-bimodule map
k' A— Homp(Q, B), '(a)(q) = x(aq).

If p is surjective, then 7, 7/, k and «’ are isomorphisms, and A and Q are
finitely generated and projective as resp. a left and right B-module, and a
generator as resp. a right and left R-module.

Proposition 2.6. Consider the Morita context from Proposition 2.2. The
following assertions are equivalent:

1)p: Q®p A— R is surjective;

2) the functor G = (&)f : Mp — Mp is fully faithful, that is, for all
M € Mg, the counit map (2 MP@p A — M is an isomorphism;

3) A is a right R-generator;

4) A is projective as a left B-module, and m is bijective;

5) A is projective as a left B-module, 7 is injective, and k 1is surjective;

6) Q is projective as a right B-module, 7' is injective, and k' is surjective.
Proof. 1) = 2). This follows from classical Morita theory. We mention that

the inverse of (ys is the map 0y : M — M ®p A, 0p(m) = Zj mq; @ a;.
2)=1): egp = p.

1) = 3,4,5,6): Morita theory (see above).

1) & 3) follows from [2, Prop. I1.4.4], taking Remark 2.3 into account.

4) = 1): Let {(aj,p;)} be a (not necessarily finite) dual basis of A as a left
B-module, and put ¢; = 7~ 1(p;) € R. Then x(aq;) = 7(g;)(a) = pj(a) € B
and w(g;x(r))(a) = x(ag;x(r)) = x(ag;r) = 7(g;r)(a). 7 is injective, so
it follows that ¢;x(r) = g¢;r, and ¢; € @ = Rf. Now M(Zj q; B aj) =
> ;j4ja; = 1 since 7 is injective and

7D gja)(a) = Y x(agjay) =Y x(agj)a; =Y pj(a)a; = a.
j j j

J

It follows that u is surjective.

5) = 1): Let {(a;,pj)} be a dual basis of A as a left B-module, and take
¢; € Q such that k(g;) = p;. Then proceed as in 4) = 1).

6) = 1): Let {(gj,pj)} be a dual basis of Q) as a right B-module, and take
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aj € A such that x’(a;) = p;. then we have for all ¢ € Q that p;(q) =
K'(a;)(q) = x(a;jq) and

q= Z q;pi(q) = Z gix(azq) = Z gja;q

som' (32, qip;) = 7' (1Rr), and, since 7' is injective, u(3_; ¢;®@paj) = 3_; gja; =
1. Therefore p is surjective.

Recall that the ring extension R/A is called Frobenius if there exists an A-
bimodule map7: R — A and e = e! ®4e? € R®4 R (summation implicitly
understood) such that

(11) rel @4e> =el @4

for all r € R, and

(12) v(eh)e? = elv(e?) = 1.

This is equivalent to the restrictions of scalars M — M 4 being a Frobenius
functor, which means that its left and right adjoints are isomorphic (see [7,
Sec. 3.1 and 3.2]). (e,7) is then called a Frobenius system.

Theorem 2.7. Leti: A — R be a morphism of rings, and x : R— A a
map satisfying the conditions stated at the beginning of this Section. If R/A
is Frobenius, with Frobenius system (e,7), then A is an (R, B)-bimodule,
with left R-action
r-a=7v(rax(eh)e?)
Then A= Q as (R, B)-bimodules, and we have a Morita context
(B’ R7 A7 Au T, H)
with connecting maps
W ARpA— R: M(Q(X)Ba/):
7: AQrA— B: T(a®pd) = x(ad' x(e')e?).
Proof. Define a: A — Q by a(a) = ax(e)e?. ala) € Q since

a(a)r = ax(e')e*r = ax(re')e* = ax(x(r)e')e® = ax(e")e*x(r) = a(a)x(r),

for all r € R. The restriction of 7 to () is the inverse of a:

P(a(a)) = plax(e")e?) = ax(e")P(e) = ax(e'T(e?) = ax(1) = a

ax(eb)ed’;

and

2 2

a(7(q)) = v(q)x(e")e* = P(gx(e))e? = v(qe')e* = (e’ = q

for all a € A and ¢ € Q. « is right B-linear, since
alab) = abx(e!)e? = ax(bel)e? = ax(e')e?b = a(a)b
for all a € A and b € B. It is easy to see that the left R-action on @ is

transported into the required left R-action on A. The rest follows easily
from Proposition 2.2. O
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Remark 2.8. Another possible approach to Theorem 2.7 is the following: if
R/A is Frobenius, then R* = Hom (R, A) and R are isomorphic as (A, R)-
bimodules (see [7, Theorem 28]). Consequently @ = R® = (R*)F = A as
right B-modules. The isomorphism transports the left R-action on @ into a
left R-action on A.

3. A MORITA CONTEXT ASSOCIATED TO A CORING

In this Section, A is a ring and (C,x) is an A-coring with a fixed grouplike
element. Let R = *C and consider x : R — A, x(f) = f(z). Using (2),

we can easily compute that y is right A-linear, x(i(x(f))#g9) = x(f#9),
and x(ec) = 1. Any right C-comodule M is also a right *C-module (see

Section 1), and it is easy to prove that M€ ¢ M. If C is finitely generated
and projective as a left A-module, then the converse implication also holds,
and the coinvariants coincide with the invariants. We put

B = A“C = {be A | bz = zb}
C B=AC={acA| f(za)=af(z), forall f € *C}.
AEnd(C) is a left *C-module: for all f € *C and ¢ € 4End(C), and ¢ € C, we
define
(f#e)(c) = e(cqy fle))-
Now let
Q" = CHom(C,A)={g€C | q#lc=p'oq}
(13) = {qe’C| cyq(c2)) = q(c)z, for all c € C}.
Observe that Q' € Q = (*C)° and Q' = Q if C is finitely generated and
projective as a left A-module.
Applying the results of the previous Section, we find a Morita context con-
necting B and *C. We will now show that there is another Morita context
connecting B” and *C, and that there is a morphism between the two Morita

contexts. We already know that A is a (B, *C)-bimodule, and this implies
that it is also a (B’,*C)-bimodule. We also have

Lemma 3.1. Q' is a (*C, B")-bimodule.
Proof. For all f € *C, g € Q' and ¢ € C, we have

((f#Q#Ie)(c) = (f#(g#1e))(c) = (f#(p' 0 9))(c)
= (0 o q)(cayflew)) = alcay fee))x = (f#q)(c).

Now we define maps
(14) p: Qep A—"C; p(q®p a) = q#i(a);

(15) T A®eQ — B'; T(a®cq) =a-q=q(za).
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It is clear that y’ is well-defined. 7/ is also well-defined: for all f € *C,a € A
and q € Q’, we have

T(a®c (f#q9) =a-(f#q) =(a-f)-g=7(a f)®<cq
and for all ¢ € Q' and a € A, we have that ¢(za) € B, since zq(za) =
q(za)zx.

Theorem 3.2. With notation as above, (B',*C,A,Q',7',i') is a Morita
context, and we have a morphism of Morita contexts

(B',"C,A, Q7" 1) = (B,"C, A, Q,, ).

Proof. We have to show that the following two diagrams are commutative.

eI '® Iy
A ®+c QI ®Rpr A 4 B Rp A Q/ Rpr A Qs Ql a Q C @+ Q/
IA@/J/ = IQI®T/ >~
A@eC——— 4 Q wp B ——— @

Take a,a’ € A and q,¢ € Q. We compute
a-p(ged)=a-(¢#i(d)) = (¢#i(d))(za) = g(za)d’ = 7'(a @ q)d’

and this proves that the first diagram commutes. The second diagram com-
mutes if (¢#i(a))#4q = q#i(¢' (xza)). Indeed, for all ¢ € C,

(a#i(q'(za)))(c) = q(0)q (za) = ¢'(a(c)za) = ¢'(cr)a(ciz))a) = ((g#i(a))#d') ().
The second statement is obvious: the morphism is given by the inclusion
maps B’ C B, Q' C @, and the identity maps on A and *C. O

We now give necessary and sufficient conditions for 7/ to be surjective. It
will follow that our two Morita contexts coincide if 7/ is surjective.

Theorem 3.3. Consider the Morita context (B',*C, A, Q', 7', 1) of Theo-
rem 3.2. The following statements are equivalent:

1) 7' is surjective (and, a fortiori, bijective);

2) there exists A € Q' such that A(z) = 1;

3) for every right *C-module M, the map wyr : M @+« Q' — M'C, wy(m @«
q) =m-q, is bijective.

Proof. 1) = 2). If 7’ is surjective, then there exist a; € A and ¢; € @’
such that 1 = 7'(3_; a; ®+c q5) = >2;q5(wa;) = 3;(i(aj)#q;)(z). Now
A =3".(a;)#q; € Q because Q' is a left ideal in *C.

2) = 3). Consider ny; : M€ — M &+« Q', nar(m) = m @+ A. It is clear
that was o nar = I+c. Furthermore, for all m € M and ¢ € @,

v (Wi (m @ q)) = (m - q) Q¢ A =m @+ qg#A =m R+ g,

since g#A = qA(z) = q.
3) = 1). wa = 7' is bijective. O
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Corollary 3.4. Consider the Morita context (B',*C, A,Q', 7", 1) of Theo-
rem 3.2. Assume that 7' is surjective, and take A € Q" such that A(x) = 1.

Then we have:
1) For all M € M®, M

2)Q=q"

3) The two Morita contexts in Theorem 3.3 coincide.

*,

C = MC. In particular B = B'.

Proof. 1) From Theorem 3.3, we know that there exists A € @ such that
A(z) = 1. Take m € MC. Then m = mA(z) = m-A = mi A(mp)
and p(m) = p(mgA(mp))) = mig ®a muyA(mp)) = mpg) ®a A(mpy))z =
mioA(mp)) ®4 7 =m @4 z, so it follows that m € ML,
2) Look at the commutative diagram

/

A @ Q ; B

AR Q B

From the fact that B = B’ and 7’ is surjective, we easily deduce that 7 is
surjective. Applying [2, Theorem I1.3.4], we find that @Q = Hom-¢(A,*C) =
Q'

3) now follows immediately from 1) and 2). O
Now let us look at the map p/. If we assume that C is finitely generated and
projective as a left A-module. As we already noticed, this implies that M€ =
M¢, the two Morita contexts coincide, and we can apply Proposition 2.4.
Let us state the result, for completeness sake. From [2, I1.3.4], recall that
we have ring morphisms

75 C = pEnd(A), 7(f)(a) = f(za);
' C— Endp(Q), ©(f)(9) = fH#a.
In fact m = *can, cf. Proposition 1.1. We also have a (*C, B)-bimodule map
k: Q — pHom(A, B), r(q)(a) = q(za)
and a (B, *C)-bimodule map
k' : A — Hompg(Q, B), x'(a)(q) = q(xa).

If p is surjective, then 7, 7/, k and «’ are isomorphisms, and A and Q are
finitely generated and projective, respectively as left and a right B-module.
We now state some necessary and sufficient conditions for p to be surjective.

Theorem 3.5. Assume that C is finitely generated and projective as a left
A-module, and consider the Morita context (B = B',*C,A,Q = Q',7 =
7', = ') of Theorem 3.2. Then the following assertions are equivalent.

1) p: Q®p A— *C is surjective (and, a fortiori, bijective);

2) (*C,x) satisfies the Weak Structure Theorem;
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3) A is a right *C-generator;

4) A is projective as a left B-module and w is bijective;

5) A is projective as a left B-module, 7 is injective, and k is surjective;
6) Q is projective as a right B-module, ' is injective, and k' is surjective;
7) A is projective as a left B-module and (C,x) is a Galois coring.

Proof. The equivalence of 1)-6) follows immediately from Proposition 2.6.
4) < 7) follows from Proposition 1.1, using the fact that C is finitely gener-
ated and projective as left A-module. O

4. CLEFT ENTWINING STRUCTURES

In this Section, we look at the particular situation where C = A ® C' arises
from an entwining structure (A4, C,1). First observe that *C = 4Hom(A ®
C,A) = Hom(C, A) as a k-module. The ring structure on *C induces a
k-algebra structure on Hom(C, A), and this k-algebra is denoted #(C, A).
The product is given by the formula

(16) (f#9)(c) = fle@))pg(cly))-

We have a natural algebra homomorphism i : A — #(C, A), i(a)(c) =
ec(c)a, and we have, for alla € A and f: C — A:

(17) (i(a)#f)(c) = apf(c”) and (f#i(a))(c) = f(c)a.
Hom(C, A) will denote the k-algebra with the usual convolution product,
that is

(18) (f xg)(c) = fleqy)gle)-

The fact that we have two multiplications on Hom(C, A), namely the usual
convolution * and the smash product # creates a difference between the
general coring theory and the theory of entwined modules. We fix a grouplike
element z € G(C). Then 1 ® x € G(C), and the results of Section 4 can be
applied to this situation. We have that A € M(w)g, with right C-coaction
p"(a) = ay ® z¥. The ring of coinvariants is

(19) B =A°C={bcA|by@a¥=b®x}

and the bimodule @’ is naturally isomorphic to

Q' ={g € #(C,A) | dlc))y @ ¢y = qlc) @},
We have maps
pe Q ep A—#(C,A), W(qgep a)(c) = qlc)a;
T A®ycn Q — B, T'(a®q) = ayq(z?)
and (B, #(C,A),A,Q', 7', 1) is a Morita context.
For M € My c,a), the module of invariants is given by
M#EA — fm e M | mf = mf(x), for all f € #(C,A)}.

From Theorem 3.3, we obtain immediately:
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Theorem 4.1. With notation as above, the following assertions are equiv-
alent:

1) 7' is surjective;

2) there exists a A € Q' such that A(x) = 1;

3) for all M € My, ay, the map

wp: M ®ycaQ — M#OD wr(m@q) =m-q

is bijective.

Now assume that C is finitely generated projective as a k-module, and
let {cj,c;} be a finite dual basis. Then Hom(C,A) = A ® C*, and the
multiplication # on Hom(C, A) can be translated into a multiplication on
A ® C*. The k-algebra that we obtain in this way is denoted A#C*, and is
a smash product arising from a factorization structure: the corresponding
p: C*®@A— A®C* is given by p(c* ® a) = a, ®c, = 2j<c*,c}p>aw ® cj.
We have maps

p: QepA— A#C*, p(g®pa) =Y (g,¢;)a#c};
J
m: A#C* — Endp(A), m(b#c")(a) = (c*, za)b;
can: A@pA— A®C, can(a ®b) = aby, @ z¥.
For every M € M()§, we have

Cv: MY @p A— M, (y(m® a) =ma.
From Theorem 3.5, we immediately obtain the following:

Theorem 4.2. Let (A, C, 1) be an entwining structure, and x € C grouplike,
and assume that C' is finitely generated and projective as a k-module. Then
the following assertions are equivalent:

1) p is surjective (and a fortiori bijective);

2) Cur is bijective, for every M € M(¥)§;

3) A is a right A#C*-generator;

4) A is projective as a left B-module, and m is bijective;

5) A is projective as a left B-module, and can is bijective, i.e. A is a C-
coalgebra Galois extension in the sense of [4].

Proposition 4.3. Assume that A : C — A is convolution invertible, with
convolution inverse \™*. Then the following assertions are equivalent:

)Axeq;

2) for all ¢ € C, we have

(20) A ey A e@))y ® Cé) =¢e(c)la ® x;
3) for all ¢ € C, we have

(21) )\_1(0(1)) ® @) = )\_1(C)¢, ®z¥.

Notice that condition 3) means that A\~ is right C-colinear. If such a X € Q'
exists, then we call (A,C,,x) cleft.



16 S. CAENEPEEL, J. VERCRUYSSE, AND SHUANHONG WANG
Proof. 1) = 2).

A e Moy @ ¢y = A e M o) @z = eo()la @ x

= )\71(0(1)))\(6(3))1#/)\71(0(4))1# X Cl(g)w

= )\71(0(1)) ()\(6(3)))\71(6(4))>¢ ® 61(1}2) = )\71(0(1)) ® c(2)

Ac@))w © Clé) = Aea) A (e@)Aew))y ® 01(”3)

(21) _ ’
= Mea)A (e@)w A e@))y @ ¥

D Aew) (VMe@ew), @1t = M) o

~

O

Proposition 4.4. Assume that (A,C,1,x) is a cleft entwining structure.
Then the map 7' in the associated Morita context is surjective.

Proof. Let X be as in Proposition 4.3. From condition 3) in Proposition 4.3,
we deduce that A71(z) ® 2 = A7}(2)y, ® 2%, hence A~}(x) € B/, and A =
A#iI(AL(x)) € Q', since Q' is a right B'-module. Now A(z) = A\(z)A"1(z) =
ec(x) =1 and it follows from Theorem 4.1 that 7 is surjective. O

We say that the entwining structure (A, C, v, z) satisfies the right normal
basis property if there exists a left B’-linear and right C-colinear isomor-
phism B'® C — A. (A,C, 1, x) satisfies the Strong (resp. Weak) Structure
Theorem if (A ® C,1 ® x) satisfies the Strong (resp. Weak) Structure The-
orem. We can now state our main result.

Theorem 4.5. Let (A,C v, x) be an entwining structure with a fized grou-
plike element. The following assertions are equivalent:

1) (A, C, v, x) is cleft;

2) (A, C, ¢, x) satisfies the Strong Structure Theorem and the right normal
basis property ;

3) (A, C ¢, x) is Galois, and satisfies the right normal basis property;

4) the map *can : #(C, A) — Endpg(A)°P is bijective and (A, C, v, x) satis-
fies the right normal basis property.

Proof. 1) = 2). We take A € Q' as in Proposition 4.3, and M € M(¥)S.
For any m € M, we have

plm-2) = p(mgA(mp)) = mgAlm)y @ mi

= mpA(mp) @z =m-A®uz,
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hence m - A € M°°C and we have a well-defined map
Yar: M — MY @p A, ya(m) = mp) - A @pr Afl(mm).
We compute easily that
Cu(yar(m)) = mpgy - AN (mpy)))) = mg A(mp A~ (myg)) = m.
Recall that
(22) T(a®\) = ayA(z¥) € B'.
Take a € A and m € M€, Then

i (Cv(m ®@p a)) = yar(ma) = may - A @p A (2¥)

(2

= magpAa?) 0p A @) B mop app A @ )N (@)

—
=

_ 5
2 mep ap(@) @A (@)) =mep ae@’) Cmepa

and this proves that (A, C, ¢, x) satisfies the Weak Structure Theorem. From
Proposition 4.4, we know that the map 7/ in the Morita context is surjective,
and it follows from general Morita Theory that the functor e ® g A is fully
faithful, which then implies that (A, C,,x) satisfies the Strong Structure
Theorem.

Take M € M(w)g, and consider the maps

k: M— Mg C, k(m) = m - A® mp = m[o]/\(mm) ® myg

and
k7l MC @ C — M, kY m®c) =mA " e).

It is clear that k=1 (k(m)) = m, for all m € M. If m € MC, then p(ma) =
My @ z¥, and we compute

kT m®c) =mA He)y - A@ ¥

21) _ —
(: mA 1(6(1)) CA® C(2) = mA 1(6(1))¢,)\<l‘w) X C(2)

(2:1) m)\_l(C(l)))\(C(g)) ® @y =meec.

It is obvious that k is right C-colinear. Now A € M(1)§, so we find a right
C-colinear isomorphism A & B ® C. It is also left B-linear, since the right
C-coaction on A is left B-linear.

2) = 3) follows from part 4) of Proposition 1.1.

3) = 4) follows from part 1) of Proposition 1.1.

4) = 1). From the right normal basis property, we know that there exists a
left B’-linear, right C-colinear isomorphism h: B’ ® C — A. We consider
the maps \: C — A, AMc) =h(1®c)and j = (Ip ®ec)oh™t: A— B
Clearly A is right C-colinear and j is left B’-linear. Take a € A, and write
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h~'(a) =3, b; ® ¢;. Then
thl@cz ®012)—Zh i @ Ci1)) @ Ci(2)

= (h®Ic)p Zb ® c;) = p( (Zbi@ci)) = pla) = ay ® 2"
Apply j ® Io to both 51des:
jlay) ©a? = Z bi(j o h)(1® cij(1)) @ i)

i

Zbi(IB ®€C)(1 & ci(l)) & Ci(1) = sz X = h_l(a).

Now let ¢ = (*can)~!(j). We are done if we can show that \ is the convo-
lution inverse of ¢, by Proposition 4.3. The fact that A is right C-colinear
means

(23) )\(C(l)) ®c2) = A(C)y ® z¥
and we compute, for all ¢ € C,
(A 0)(€) = Meqn)ale) = Aepa(a®) = *can(g)(A(c))
= jA@) = (Up @ec)oh o h)(1®c) =ec(c)la
as needed. For all a € A, we have
“can(g  \)(a) = ay(q * N)(@*) = apa(@¥)a) M (#%)2))
(5) = aprala”)AEY) = “can(q)(ap)A@) = j(ap)Ma?) = j(ay)h(l @ oY)
= h(jlay) ®a¥) = h(h~'(a)) =

This proves that *can(gx\) = I4 = *can(nqoec), and gx X\ = ngoec by the
injectivity of *can. Thus A is the convolution inverse of ¢, as needed. ]

a.

*

5. FACTORIZATION STRUCTURES AND THE CFM MORITA CONTEXT

Let (A, S, p) be a factorization structure, and consider the smash product
R = A#,S. We fix an algebra map x : S — k. Then the map

X R=A#,5 = A, X(a#s)=x(s)a

satisfies the conditions of Section 2 (with right replaced by left): X is left
A-linear, X(rX(s)) = X(rs), and X (1) = 1. We can therefore apply the
results of Section 2. In particular, we obtain that A is a left R-module:

(a#s)—=b = X((a#s)b) = X(ab,#s,) = x(s,)ab,

and b € B = AR if and only if x(s,)b, = x(s)bfor all s € S. Also Y, a;#s; €
Qifand onlyif Y, a;r#t,s; = x(t) D, ai#s;, forall t € S. We have a Morita
context (B, A#S, A, Q, T, 1) with

p: A®pQ — A#S, ula®p (Z a;#si)) = Zaai#si;
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T: Q®,A— B, T(Z a;i#s;) @pa) = Zaiapx(sm).

Now we consider the following particular situation: S = H is a bialgebra,
A is a left H-module algebra, and p: H® A — A® H, p(h® a) =
h(1y - b® hoy. We also take x = ey. The above formulas take the following
form: (a#h)—b=a(h-b); b € B if and only if h-b = e(h)b; Y, a;#h; € Q
if and only if D, h(1) - ai#thyhi = €(h) X2, ai#th;, for all h € H.

In the particular situation where H is a finite dimensional Hopf algebra
over a field k, there exists another Morita context connecting B and A#H,
due to Cohen, Fischman and Montgomery (see [11]). The construction can
be generalized to the case where H is a Frobenius Hopf algebra over a
commutative ring k (see [10]). This Morita context can be described as
follows. Take a free generator t of the space of left integrals in H, and
let A be the distinguished grouplike element in H*. Then we have that
ht = e(h)t and th = A(h)t for all h € H; X is an algebra map, and A is a
(B, A# H)-bimodule, the right A# H-action is given by

a‘—(b#h) = Mh(2))S(hq)) - (ab)
and we have a Morita context
(B, A#H,A, A, 7, i)

with

7T: AR, A— B, T(a®,b) =t- (ab);

fg: ARpA— R, fila®pb) = a(t(l) . b)#t(Q)

We refer to [11] for the details. We will now show that this Morita context
can be obtained using Proposition 2.2 and Theorem 2.7.

If H is Frobenius, then there exists a left integral ¢ in H* such that (¢, t) =
1. ¢ is a free generator of the space of left integrals in H*, and (t5) ®

S(t(1)), ) is a Frobenius system for H/k (see for example [7, Theorem 31]).
This means that

(24) ht)@5(tq)) = t2y®@S(t1))h and (i, t2))S(ta)) = ) (e, S(ta))) =1
for all h € H.

Proposition 5.1. Let H be a Frobenius Hopf algebra, let t and ¢ be as
above, and take a left H-module algebra A. Then A#H/A is Frobenius,
with Frobenius system

(6 = (1#t()) ®a (1#S(tw))), v = IA#SO)
Proof. For all a € A and h € H, we have
((1#12) @4 (1#S(t)) ) (atth) = (1)) @ (S(t)) - a#S(ta))h)
= ((te)S(t)) - atttw) ©a (1#5()h)
= (attte) ©a (S (La)h) = (a#th) ((1#te) @4 1#S() )
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It is obvious that ¥ is left A-linear. It is also right A-linear since
v((1#h)a) = V(hayatthz) = (¢, k) haye = (@, ha.

Finally, using (24), we find that f(l#t(g))(l#g(t(l))) = 1#?((@, t(2)>t(1)) =
1#5((p,t)1) = 1#1 and B
(£t 2))P(14£S (t (1)) = 13Et 2y (0, S(t(1))) = 191 O

Corollary 5.2. As in Proposition 5.1, let H be a Frobenius Hopf algebra,
and A a left H-module algebra. Then A and Q are isomorphic as (A, A#H)-
bimodules and the Morita contexts from Proposition 2.2 and [11],[10] are
isomorphic.

Proof. The fact that A and @) are isomorphic follows immediately from The-
orem 2.7 and Proposition 5.1. The connecting isomorphisms are o : A —
Q, ala) =t()-a#t() and a = La#p)q- Let us check that the right A4 H-
action on A transported from the one on ) coincides with the A# H-action
from [11]:

a—(b#th) = Pla(a)(b#h) = 7(((ta) - @) ) (b#0) )
= ﬂ((t(l) a)(t(2) 'b)#t(3)h) = (¢ t)h)t() - (ab)
= (o tyh@) (ta)yhe)S(hay)) - (ab) = (@, th(z))S(h()) - (ab)
= (M) e, t)S(hq)) - (ab) = (M) S(hq)) - (ab)
as needed. O

6. CLEFT FACTORIZATION STRUCTURES

As in the beginning of Section 5, let (A, S, p) be a factorization structure,
and x : S — k an algebra map. Recall that ¢ = ), a;#s; € Q if and only if

(25) Z aipFtpsi = x(t) Z a; #s;

for all t € S. Take ¢ = Y, a;#s; € Q, and assume that ¢ is invertible in
AP ® S| i.e. there exists § = Zj aj#5; € A#S such that

(26) Zaiaj#@'si = Zajai#sﬁj = 14#1g.
i, 1]

Proposition 6.1. Let ¢ = ), a;#s; € A#S be invertible in A ® S, with
inverse q = Zj a;j#3s;. Then the following assertions are equivalent:

1) q€Q;

2) Zi7j(aj)pﬁi#§itpsj = x(t)1a#1g, for allt € S;

3) Ej X(tp)(ﬁj)p#gj = Ej ﬁj#?jt, forallte S.

In this situation, we call (A, S, p,x) a cleft factorization structure.
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Proof. 1) = 2). Using (25) and (26), we find, for all ¢ € S:
Z(aj)pdi#gitpsj = X(t) Z ajai#@sj = X(t)lA#ls.
irj i\j

2) = 3). For all t € S, we compute

Zx(t 0“.7 P#SJ ZX ].A#].SSJ ) Z(Ej)p(ak)rai#githskgj
Y 4,5,k
8 26 7
2 Z(ajak)pai#gitl%skgj = Z(lA)pm#gimS @ Z@.#git_
4,5,k i ;
3)=1).

Y (ai)p#tpsi = Y (ai) @ ar#siSitpsi 2 > X(tre)(@i)p(@s)rartsis;si

i i7j7k‘ i7j7k
(8) _ _ (26)
= ) x(tr)(ai@)) par#tsissi = Y apdsk.
igk !

O

Proposition 6.2. Assume that (A, S, R, x) is cleft. Then we have an equiv-
alence of categories

F: gpM — ,M, F(N)=A®g N ; G: ;M — pM, G(M) =M.

Consequently the map can : A®pA — Hom(S, A), can(a®a’)(s) = a,x(sp)a
is bijective.

Proof. We first prove that the functor F' is fully faithful. This follows from
Proposition 2.5 after we show that the map 7 from the Morita context from
Proposition 2.2 is surjective. It suffices to show that there exists A € Q with
(Ix ® x)(A) =1 (Proposition 2.4).

Take ¢ € Q as in Proposition 6.1. Then ., x(¢,)x(5;)(a;), = >_; x(t)x(5;)a;,
which means that >, x(5;)a; € B. Q is a left B-module, so

A =3 x(55)ajai#s; € Q, and it follows from (26) that

(Ix ® X)(Z X(5j)aja;#s;) Z x(55)x(si)aja; = 1.
1,J
Now we show that G is fully faithful, or, equivalently, the counit of the
adjunction (F,G) is an isomorphism. Recall that, for M € ,M, (yr: A®pB
RM — M is given by (y(a ® m) = am. Take ¢ € Q as in Proposition 6.1,
and m € M. Then ¢-m € M since

(g m = > () aitts) - m = (Y (@)atttyss) -m = x(t)g-m.

i
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Now let yas : M — A®p ®M be defined by var(m) = Zj aj ®p q5;m For
all m € M, we have, by (26), that (x(ym(m)) = >, a;g5;m = m. Finally,
for allb e A and m € M

M (G (b @ m)) = yar(bm) Za] ®B ¢5;bm

= Za]®BX q5;b) Zaj (q5;b) ®pm
J
= ZajaiX(sigj)b ®pm =b®pm,
i,J
where we used the fact that X (¢5;b) € Im(7) C B. O
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