ON INTEGRALS AND COINTEGRALS FOR QUASI-HOPF
ALGEBRAS
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ABSTRACT. Using the theory of Frobenius algebras, we study how the antipode
of a quasi-Hopf algebra H acts on the space of left and right integrals and
cointegrals. We obtain formulas that allow us to find out the explicit form
of the integrals and cointegrals for the Drinfeld double D(H), in terms of the
integrals and cointegrals of H. This leads to an answer to a conjecture made
by Hausser and Nill at the end of the nineties.

1. INTRODUCTION

The main aim of this paper is to give an answer to the following conjecture raised
by Hausser and Nill in [11]: if X is a non-zero left cointegral on a finite dimensional
quasi-Hopf algebra H and r is a non-zero right integral in H then f—\ x r is a
non-zero left integral in the quantum double D(H) of H, at least if H is unimodular;
moreover, D(H) is always a unimodular quasi-Hopf algebra. Here 8 and « are the
distinguished elements of H that appear in the definition of the antipode S of H.

It was shown in [4, Theorem 6.5] that the Drinfeld double D(H) is unimodular.
This goes in two steps: first it is shown that D(H) is a factorizable quasi-Hopf
algebra, and then it is shown that every factorizable quasi-Hopf algebra is unimod-
ular. A categorical version of this result was given in [8], where it was shown that
a factorizable braided tensor category is unimodular. Anyway, in the quasi-Hopf
algebra case this braided monoidal approach was necessary because an explicit de-
scription of an integral in D(H) was not available at that time. We will provide
such a desciption: we will show that x=1(62)6'—\ x r is a left and right integral
in D(H), where u is the modular element of H* and §' ® 62 is a certain element
in H ® H introduced by Drinfeld in [6], see (2.10). When H is unimodular we
have that p~1(6%)6' = 3, and therefore the conjecture of Hausser and Nill is true
in this case. Furthermore, using the Maschke theorem from [16] we obtain that
D(H) is semisimple if and only if H is semisimple and admits a normalized left
cointegral, that is a left cointegral A on H satisfying \(S7*(a)3) # 0. This im-
proves [11, Corollary 8.3]. Furthermore, we will describe explicitly the form of a
left or right cointegral on D(H) in terms of certain integrals and cointegrals for H,
and then it will come out that D(H) has a normalized left cointegral if and only if
H is semisimple and H has a left normalized cointegral, if and only if D(H) is a
semisimple algebra. In particular, this gives a partial answer to a conjecture in [5].

A first question that we will deal with is the following: what is the appropriate
notion of a right cointegral on H? In classical Hopf algebra theory, this is a left
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cointegral on H P or HP-°°P  the opposite, respectively the opposite, co-opposite
Hopf algebra associated to H. However, if H is a quasi-Hopf algebra, then the
notions of left cointegral on H°°P and H°P°°P are different, and we have to decide
which choice is the appropriate one. We have chosen the “cop”-version, motivated
on one hand by a result of Pareigis [15] that was recently updated by Schauenburg
[18], and on the other hand by explicit formulas that we obtained in Proposition 3.2.
This allows easy characterizations for an element of H* to be a left or right cointe-
gral on H. Roughly speaking, these characterizations tell us that it suffices to check
the definining condition of a cointegral on a non-zero left integral in H, rather than
on all elements of H. As an application, we are able to compute the space of left
cointegrals of H(2) and H (8), two quasi-Hopf algebras that have been introduced
in [7].

The spaces of left and right cointegrals on H, £ and R, are one-dimensional,
and therefore isomorphic. In Section 4, we construct explicit isomorphisms, using
the antipode S of H* or its inverse. We use techniques coming from the theory of
Frobenius algebras, as developed in [12, 19]. The results can be applied to compute
the space of right cointegrals on the quasi-Hopf algebras H(2) and H (8); moreover,
we find some new formulas for the fourth power of the antipode of H in the case
where £ = R. The images of left and right integrals in H under the antipode and
its inverse will be presented in Proposition 4.12. Our final result is a description of
the modular elements of D(H) and D(H)* in terms of the modular elements of H
and H*.

We end our introduction with a philosophical note. Although the definition
of quasi-Hopf algebras is - essentially - very natural, the explicit formulas and
computations are often quite technical. In order to streamline the storyline of this
paper, we therefore have decided to move some of the more technical computations
to an appendix, Section 6.

2. PRELIMINARY RESULTS

We work over a commutative field k. All algebras, linear spaces, etc. will be over
k; unadorned ® means ®j. Following Drinfeld [6], a quasi-bialgebra is a four-tuple
(H,A, e, ®) where H is an associative algebra with unit, ® is an invertible element
in HRH®H,and A: H— H® H and ¢ : H — k are algebra homomorphisms
satisfying the identities
(2.1) (Idg @ A)(A(R) = (A @1dy)(A(R)D ™,
(2.2) (Idg @ e)(A(h)) = h , (e ®Idg)(A(h)) = h,
for all h € H, where ® is a 3-cocycle, in the sense that

(12 ®)(Idg @ A®1dg) (@) (P @ 1)
(2.3) = (Idg @ Idg ® A)(?)(A @ Idy ® Idg)(P),
(2.4) (Id®e®Idy)(®)=1®1.
The map A is called the coproduct or the comultiplication, ¢ the counit and ® the

reassociator. As for Hopf algebras we denote A(h) = h; ® ha, but since A is only
quasi-coassociative we adopt the further convention (summation understood):

(A®@Idp)(A(R) = h@1) @ ka2 @hs, (Idg @ A)(A(R)) = h1 @ hea1) ® h2,2),

for all h € H. We will denote the tensor components of ® by capital letters, and
the ones of ®~! by small letters, namely

P=X'oX?X?=T'T?T’=VeVigV3=...
<I>_1:x1®w2®x3:t1®t2®t3:vl®1}2®v3:~--
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H is called a quasi-Hopf algebra if, moreover, there exists an anti-morphism S of
the algebra H and elements «, 3 € H such that, for all h € H, we have:

(2.5) S(h1)ahe = e(h)a and hy8S(he) = e(h)g,
(2.6) X138(X*)aX? =1 and S(z')ar?pBS(2x®) = 1.

Our definition of a quasi-Hopf algebra is different from the one given by Drinfeld
[6] in the sense that we do not require the antipode to be bijective. In the case
where H is finite dimensional or quasi-triangular, bijectivity of the antipode follows
from the other axioms, see [2] and [3], so that both definitions coincide.

For later use, we now recall some examples of quasi-Hopf algebras; they appeared
for the first time in [7], and can be considered as the first explicit examples of
quasi-Hopf algebras. The integral and cointegral theory that we will develop will
be applied to these examples.

Example 2.1. For k a field of characteristic different from 2, let H(2) = kCo,
where Cy is the cyclic group of order two generated by an element g. Since H(2)
is commutative it can be also viewed as a quasi-Hopf algebra with reassociator
®=1-2p_ ®p_ ®p_, antipode defined by S(g) = ¢g and distinguished elements
a=gand g =1. Herep,:%(l—g).

Example 2.2. Consider k£ a field that contains a primitive fourth root of unit 4
(in particular, the characteristic of k is not 2). Let Hy(8) be the unital algebra
generated by ¢,z with relations g = 1, 2* = 0 and gz = —xg, and endowed with
the (non-coassociative) coalgebra structure given by the formulas

Alg)=9g®g, e(g) =1, Alx) =2® (py Tip_) +1@prr+g@p_z, e(x) =0,

where pr = £(1 +g). Then H.(8) are 8-dimensional quasi-Hopf algebras with
reassociator ® = 1 — 2p_ ® p_ ® p_, antipode defined by S(g) = g and S(z) =
—z(py £ ip_), and distinguished elements « = g and g = 1.

More examples of quasi-Hopf algebras can be obtained by considering the op-
posite or coopposite construction. More precisely, if H = (H,A,e,®,S,«, ) is a
quasi-bialgebra or a quasi-Hopf algebra then H°P, HP and H°P°°P are also quasi-
bialgebras (respectively quasi-Hopf algebras), where “op” means opposite multipli-
cation and “cop” means opposite comultiplication. The structure maps are given
by (I)op = CI)717 (I)cop = (@71)3217 (I)op,cop = (1)321a Sop = Scop = (Sop,cop)i1 = Sila
Qop = 5_1(6)7 Bop = S_l(a)7 Qcop = S_l(a)7 Beop = S_l(ﬂ)7 Qop,cop = 3 and
6op,cop = Q.

The axioms of a quasi-Hopf algebra imply that €05 = ¢ and e(«)e(8) = 1, so, by
rescaling o and (3, we can assume without loss of generality that e(a) = e(8) = 1.
The identities (2.2-2.4) also imply that

(2.7) (eldy @Idy)(®) = (Idyg @ Idyg ®e)(®) =1® 1.

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism.
For a quasi-Hopf algebra, we have the following statement: there exists an invertible
element f = f' @ f2 € H® H, called the Drinfeld twist or gauge transformation,
such that e(f1)f? =e(f?)f! =1 and

(2.8) FAS()f~1 = (S @ S)(AP(h)),

for all h € H. f can be described explicitly: first we define v,6 € H @ H by

(2.9) 7= S(@'X?)aa’ X} ® S(X ") X3 V5 (X0} ax®e? @ S(X 2} aa?,
(2.10)0 = X121 85(X%) © X1a288(X 2% P V218523 X3) @ 22X 1 8S (2 X2).
With this notation f and f~! are given by the formulas

(2.11) fo= (S@8)(AP@E)hAE*LS(?)),

511

(2.3
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(2.12) 7t = AS(zhHax?)s(S @ S)(A“P(2?)).
Moreover, f satisfies the following relations:
(2.13)  fA(a) =7, AB)fH =4,
(214) X' FU2X? @ F2FEX° = S(X) LR @ S(X2)f2F) @ S(X)F?,
(2.15) g¢'S(¢*a) =0, SBf) P =a, [18S(f?) = S(a),
where we have denoted f = f1 ® f2 = F' @ F? and f~! = ¢' ® ¢? as elements in
H ® H. The proof of these equations can be found in [6] and [1, Lemma 2.6].
We will need the appropriate generalization of the formula hy ® hoS(hs) = h®1

in classical Hopf algebra theory.
Following [9, 10], we define

(2.16) pr = p'ep?=2'0s?pS(x?),
(2.17) ir = ¢ ®¢=X"05"(aX?)X?,
(2.18) pr = Pep=X2S"NX ﬁ)®X3
(2.19) w = '®¢=S8@EHar?®ad.

For all h € H, we then have

(2.20) A(h)pr(1® S(he)) = pr(h®1),
(2.21) (1© S (h2))qrA(h1) = (h©®1)gr,
(2.22) Alh2)pr(S7H(h1) ®1) = pr(1®h),
(2.23) (S(h1) ® 1)gr.A(he) = (1@ h)qr.
Furthermore, the following relations hold

(2.24) (1& S p))arAlp) = 1e1,
(2.25) Al pr(1®S(@?) = 181,
(2.26) (SE") @ DarA@p®) = 1®1,
(2.27) A(@)pr(S~Hd) @ 1) 1ol

We also have that
leipl ® XQP%PQ ® X3p2

(2.28) = 1p' @ 2oy P19'S(2%) © (5 0)p597 S (2?),
QL © 2QLa? © Q%®

(2.29) =¢'X]® Sil(fQXB)Q%X(lm) ® 571(f1X2)Q§X(12,2);
sl @ p2P1®x p2P2

(2.30) = X0 PSS HX?0?) @ X{ 93 ST (X gh) © X577,
Q'X'® ' QIX? © Q5X°

(2.31) = S(@) flaiad 1) @ S(a') fPaat o) © ¢l

3. LEFT AND RIGHT COINTEGRALS ON A QUASI-HOPF ALGEBRA

Hausser and Nill [11] have introduced the notion of left integral on a finite
dimensional quasi-Hopf algebra H. They define the space of left cointegrals £ on H
as the set of certain coinvariants associated to the quasi-Hopf H-bimodule H*, the
linear dual of H. Schauenburg [18] has observed that the affiliation of H* to the
category of right quasi-Hopf H-bimodules is a consequence of the following monoidal
categorical result due Pareigis [15]. For details on rigid monoidal categories, we refer
the reader to [13, 14].
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Proposition 3.1. Let C be a coalgebra in the monoidal category C = (C,®,a,1,1,7).
(i) Let (V, Av) be a left C-comodule admitting a right dual *V , with evaluation and
coevaluation morphisms evy, and coevy,. Then *V is a right C-comodule, with right
C-coaction

—1

W—L-1@V

coev}, ®Idxy (Id+ v @Ay ) @Id*+y
—_— —

VeV)e*V (Ve (CeV)e*V

—1
Ay, y,c®ldry v QC,V,* Vv
—

s ((FVRO)QV)®*V Vel e (Ve*rV)

Id« Rev’ *

LV eo) el v e C
In a similar way, if (V, pv) is a right C-comodule admitting a left dual V*, with eval-
uation and coevaluation morphisms evy and coevy, then V* is a left C-comodule,
with left C-coaction

Idy + ®coevy Idy+®(pv ®Idy «
—_— —_—

!
LG Ve (Ve "Vre (Ve o) e v

Idy = ®ay,c,v* a;/i,v,c@/*
— ) =

Ve (Ve (CeV* V*eV)e (CeV*)

evy ®Ideogy* legv*
R

10V —=CV*.

We apply this general result for the case when C = g My, the category of H-
bimodules. This category is monoidal since it can be identified with the category
of left modules over the quasi-Hopf algebra H°? ® H. We provide the explicit
construction of the monoidal structure on g Mpg.

o The associativity constraints ay,np: (M QN)®@ P — M ® (N ® P) are
given by
(3.1) aynp(men)@p) =X"m-2'@(X* n-22@ X3 . p-2°);
e the unit object is k viewed as an H-bimodule via the counit € of H;

e the left and right unit constraints are given by the natural isomorphisms
k@ M=2M=MQ®E.

Recall that the linear dual V* of a right (resp. left) H-module V is a left (resp.
right) H*-module via (h—v*)(v) = v*(v - h) (resp. (v*—h)(v) = v*(h-v)).

Let {v;}; be a basis of a finite dimensional H-bimodule V, with dual basis {v’}; of
its linear dual V*. The left dual of V' is V*, with H-bimodule structure

(32) h-v' KW =K @h) v =v*—(STH )@ S(h)) = S~L(H)—=v*—S(h).

The evaluation morphism evy : V¥ ® V. — k and the coevaluation morphism
coevy : k — V ® V* are given by the formulas

(3.3) evy (v* @v) =0 ((STH(B) ®a) -v) = v (a v STH(B));
(3.4) coevy (1) = Z(S‘l(a) RP)-v;@v = Zﬁ v - ST Ha) @t

The right dual of V' is V*, now with H-bimodule structure
h-v*-h = ®h) v =v'—(SH)2 S 1(h)) =Sh)=v*—S~1(h).

The evaluation ev}, : V ® V* — k and coevaluation coevi, : k — V* ® V are now
given by

evi (v ®v) =v*((B® S~} () - v) = v (S7H(a) - v B);
coevy, (1) = Zvi @ (a® S B) v = Zvi ®S7HB) v - .
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Note that the two assertions follow easily from the canonical monoidal identifica-
tion gMpy = gergu M and the rigid monoidal structure of the category of finite
dimensional representations over a quasi-Hopf algebra. The verification of all these
details is left to the reader.

Via its (quasi) coalgebra structure H has a natural (monoidal) coalgebra struc-
ture within gz M p. Recall that the category of right (left) quasi-Hopf H-bimodules
is precisely the category of right (left) H-comodules within g Mp. The explicit
definition of these concepts can be found in [11]. Note that a left quasi-Hopf H-
bimodule is nothing else than a right quasi-Hopf H°°P-bimodule.

Proposition 3.2. Let H be a finite dimensional quasi-Hopf algebra, with basis

{e;}i, and let {e'}; be the corresponding dual basis of H*.
(i) H* is a left quasi-Hopf H-bimodule via the structure

h-h' B = S—l(h’)éh*/—S(h);
i+ (h Zh* He)1S7 MG g?)S () A (e)25 M (G g ) @ €

Here p;, = p* @ p? and qr. = ¢ ® §° are the elements defined in (2.18-2.19),
f = f'® f? is the Drinfeld twist from (2.11) and f~* = g* ® g? is its inverse from
(2.12).
(i) H* is a right quasi-Hopf H-bimodule via the structure

h-h*-n = S(h)—=h*~S71(h),

pr-(P") = Zh* L) (ei)29°8(a"))e" @ STHFp?) (eirg S(a?),

where pr = p' @ p? and qr = ¢* ® ¢* are the elements presented in (2.16-2.17).

Proof. We will prove (i), and leave (ii) to the reader. Actually, we will show that
the structure on H* as stated in (i) is precisely the structure that we obtain after
applying part (ii) of Proposition 3.1 in the case where C = gMpy and V = H.
Consider H as a bimodule via multiplication. As we have already mentioned the
coassociativity of A expresses the fact that H is a coalgebra within g Mg, and so a
right H-comodule in C. Since H is finite dimensional we get that H*, the left dual
of H, is a left H-comodule in C. By (3.2) we deduce that the H-bimodule structure
of H* is the one mentioned in part (i) of the statement. In order to find the left
H-coaction on H* we specialize Proposition 3.1 (ii) for the monoidal structure of
aMy, and use (3.3) and (3.4) to compute Ay~ as the following composition.

RS N g (Bes T @) @ ) = 3 e (BesS T @) ® (e @ ¢)
i iJ
Idy+@(A®Idy ; '
17 ®(AQldi) > el (BeiSTHa))h @ (((ej)1 @ (e))2) ® €'
]
s @an s+ D (BS(X%)ers ™ aa* )b © (X (epha' @ (X3(ey)oa® @ )
%]
H*HH®H Zej BS(13X%)e; S aadYP)) (Sfl(yl)éh*/_g(yl)
@y X (eha'Y?) © (1PN (e;)22”Y, @ ¢f)
evy®Idygm* Zh*(s )ay2X( )1.%' ly2g- (Ylﬁ))
J
Y X?(ej)22%Y? ® S aaY5)—el —BS (y3 X?).
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We then have, for all h* € H*, that

A=) P2 ST X (o)1 Y
J
G X2 (eg)22’p; @ 571 (aa’py)—e’ —BS (35 X?)
= D (@ X BS(@G X )i (e)1S T (aa i) )
. X ?B28 (33X %)a(e )S*(aﬁﬁ%)zx?ﬁ%@ei
= (h*, i X! 515(‘1(22 ) ( 1S~ (’Y 55217(2 2)9 )33 P
G1 X 2025 (q0, 1) X7) F2(€i)2S ™ (v i B(a 1) 9" ) 2Pl @ €
(2.9,2.10) e
= Z< 7‘1155((](22))() Yei)1 S~ (aa? p(zg)g) b
;X! ﬁS(~21)X ) f?(ei)2S ™ (aa? p(z 1)91)$1ﬁ%®6i
CLED S 0, GBS (X3 f (e0)1 5 (ai?a®g?)p)
X'BS(X?)f2 ()25 (aa?gh)a! @ €
(2.18,2.19) . 3 _
iyt ;m LS(X) [ ()15 (2%?)
X'BS(X?)f*(e:)25  (aa’gh)a! @ €
B S S en ST @S e)es T @) o ¢
as claimed. 0O

If we denote

(3.5) U=g'8(¢*) ®g°S(q") and V = S™H(f?p*) @ ST (f'p"),
then the right H-coaction on H* can be restated as
pu-(h Zh* V2 2U2)e ®V (e;) 1U1 Ze *h* ® e,

where U = U'®@U?, V = V! ®V? and * is the - possibly non-associative - multipli-
cation on H* given by (p * ) (h) = @(VhiU)9(V2hyU?). This brings us to the
right quasi-Hopf H-bimodule structure on H* introduced in [11]. The coinvariants
under this coaction are called left cointegrals on H. A\ € H* is coinvariant, i.e. a
left cointegral, if and only if

(3.6) AV2hUA)VEnUY = p(zh)A(hS(2?))2®
for all h € H, or, according to [2, Prop. 3.4 (¢)]
(3.7) ASTHHRUH)STH U = plara )M hS (q22%))g*a?,

for all h € H. Here p is the so-called modular element of H*, which can be
introduced as follows. ¢ € H is called a left (respectively right) integral in H if

ht = e(h)t (respectively th = e(h)t), for all h € H. le and fTH, the spaces of
left and right integrals are one-dimensional if H is a finite dimensional quasi-Hopf
algebra, see [2, 11]. They are also ideals of H, so there exists u € H* such that
(3.8) th = u(h)t,

for all t € le and h € H. It can be easily checked that y is an algebra map and
that u is convolution invertible with inverse u=!' = 0 S = o S~ and that

(3.9) hr = =t (h)r,
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for all r € fTH and h € H. Furthermore, we have that
(310)  paB)u~(af) = p(X'BS(X2)aX?)u " (S(x")as?55(2%))'

If there exists a non-zero left integral in H which is at the same time a right integral,
then H is called unimodular. Remark that H is unimodular if and only if u = €.

29,

Example 3.3. Consider the 2-dimensional quasi-Hopf algebra H(2) constructed
in Example 2.1. It can be easily checked that t = 1 + g is both a non-zero left and
right integral in H(2). Thus H(2) is a unimodular quasi-Hopf algebra, and u = e.

Example 3.4. Let H1(8) be the two 8-dimensional quasi-Hopf algebra considered
in Example 2.2. If t = (1 + g)z® then

gt=g(1+g)z’ = (g+1)2° =t =¢(g)t , and
wt =2(14 g)zd = (z + xg)2® = (x — gx)z® = (1 — g)zt = 0 = e(a)t,

and so t is a non-zero left integral in Hy(8), because g and x generate Hy (8) as
an algebra. In a similar way it can be shown that r = (1 — g)z® is a non-zero right
integral in H, (8). Since the characteristic of k is different from 2 it follows that
H, (8) is not unimodular. It can be easily seen that the modular element of Hy (8)*
is given by the relations p(1) =1, pu(g) = —1 and p(x) = 0.

The space of left cointegrals on a finite dimensional quasi-Hopf algebra H is
denoted by L. It is proved in [11] that £L& H and H* are isomorphic as right quasi-
Hopf H-bimodules; the functional corresponding to AQh € L& H is A-h = S(h)—A.
From this isomorphism, it follows easily that £ is one-dimensional.

Now we introduce right cointegrals. We consider the quasi-Hopf algebra H P,
and observe that Yeop = (S71®S71) (), and 80 feop = (ST1@S71)(f). It is easily
seen that (pr)eop = P? ® p' = P21 and (qr)cop = §° ® §* := g21. Otherwise stated,
the left quasi-Hopf H-bimodule structure of H* can be obtained from the right one
by replacing H by HP. This is why we propose the following.

Definition 3.5. A right cointegral on a finite dimensional quasi-Hopf algebra H
is a left cointegral on H°P.

The space of right cointegrals on H will be denoted by R. Since HP is also a
finite dimensional quasi-Hopf algebra all the above results for left cointegrals can
be restated for right cointegral. For example A € H* is a right cointegral in H* if
and only if

A(S@E) f i S™H@g*)S(BN) fh2S7Ha'g") = w(XP)ARSTH(X?)) X,

for all h € H. We also have that H ® R and H* are isomorphic as left quasi-Hopf
H-bimodules, where now h @ A corresponds to S~*(h)—A. Consequently any non-
zero right cointegral is non-degenerate and dim;R = 1.

With an eye to examples, we now provide new equivalent characterizations of
left cointegrals. Perhaps, the easiest characterization of a left integral A on a Hopf
algebra H is that A(t2)t; = A(t)1, where ¢ is a non-zero left integral in H. Here
one of the key arguments is that ¢ generates H as a left or right H*-module. If H
is a quasi-Hopf algebra, then H* is not associative, and we cannot consider H*-
modules. However, we can still say that a left non-zero integral ¢ “generates” H,
in the sense that the map

(3.11) €: H* — H, £h*) = (h*08) —t:=h*(S(¢*t2p®)) ¢ t1p"

is bijective, cf. [2]. Moreover, & is a left H-module isomorphism between H and
H*.
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From [11], we recall the relations

(3.12) Ul ® S(h)] = A(S(h1))Ulhe ® 1],
(3.13) [1®S AV = [he @ 1IVA(S™ (M),
(3.14) qr = [@° ® 1]VA(S7H(¢")), and

(3.15) pr=A(SEH))UP* @ 1].

We will also need the following result.

Lemma 3.6. If H is a finite dimensional quasi-Hopf algebra and p is the modular
element of H* then we have for all A € L and t € le that

(3.16) A@Pt2p®)g tip" = p(B)A()1.

Proof. Let us start by noting that, for all h, h' € H,

(3.17) Mg hap®S(h'))g" hapt = p(z)A(S™H(GH S (2 hip")) P2 hoyp® .
Indeed, we have

M@ hap?S(h
(3.14,3.15)

)q hip!

)
AV2[S~L(GH RS (F) U2 S (W)@ VIS L (G hS (5 U p
G A (VRS (@) S (W) 202V S (G )RS (15 U hy?
AT @RS @) i
fo

Specializing (3.17) for h = t, a left integral in H, and ' = 1 we obtain
(2.18)
Na*t2p®)g tp" bzt p(zh NS (2°p"))a’p?
TET p(ah)u(XTBS (X)) u(S (@) A6z X = p(B)AB)L,
and this finishes the proof. O

Theorem 3.7. For a finite dimensional quasi-Hopf algebra H and a non-zero ele-
ment A € H* the following assertions are equivalent:

(i) X is a left cointegral on H;

(i) M@®tap?)q tipt = w(B)A(t)1, for any left integral t in H;

(iii) A(tap?)tap! = w(B)AND)G, for all t € [1;

(iv) A(htop?)tipt = p(B)A(#)BS(R), for all t € le and h € H.
Here pr, qr, U and V are the elements defined in (2.16), (2.17) and (3.5).
Proof. (i) = (ii). follows from (3.16).
(ii) = (i). Let ¢t be a non-zero left integral in H. If A(t) = 0 then A(Ht) = 0,
and so Ker()\) contains a non-zero ideal, contradicting the fact that any non-zero
left cointegral on H is non-degenerate. Thus A(t) # 0, and from here we obtain
that (u(B)A(t)) "I A(¢*tap?)qitipt = 1. Hence, by [4, Lemma 6.2] we conclude that
(u(B)A(t)) A, and therefore A itself, is a non-zero left cointegral on H.
(ii) = (iii). The formula
(3.18) t1 ® S(tg) = qltl & S(qztg)ﬁ = ﬁqltl & S(thg).
can be deduced easily from (2.24) or can be found in [2, Lemma 2.1]. It implies
that (i)

Atap®)tip" = N@*tap®)Bq trp" = n(B)A(1)B.

(iii) = (iv). By (2.20) and (3.8) it follows that

(3.19) t1p'h @ top® = p(h1)t1p* @ tap®S(hs),
for all h € H. By [2, Lemma 3.3] we also have
(3.20) ASTHIR') = u(h) AW S(ha)),
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for all A € £ and h,h' € H. We now have, for all h € H,

Ahtzp')tap' = <AvS‘l(S(h))tzp?.>f1pl(3i0)u<s<h>1><A,t2p25<s<h>z>>t1p1

At2p*)tap* S(h) = p(B)M(1)BS (h).
(iv) = (ii). We use (iv) to see that

M@Ptap?) g tip = p(BNB G BS(@®) 2" w(BA D) X BS(X2)ax 3 E (B)A0)1,
completing the proof. O

7)

The characterizations in Theorem 3.7 allow to find the left cointegrals on H(2)
and H4(8). First we have to find a non-zero left integral in H. Secondly, working
eventually with dual bases, we have to determine the element A € H* that satisfies,
for instance, (iii), the most simple equivalent condition in Theorem 3.7. When H
is unimodular and « is invertible, then (iii) simplifies to A(t2)t1 = A(t)Bc, because
1 =€, and t, which this time is also a right integral, satisfies

2.25 3.19
t @ 1 "2 gl © gl S (a?) = tip! @ topPS ()=
Example 3.8. Let {P;, P} be the dual basis of H(2)* corresponding to the basis

{1, g} of the quasi-Hopf algebra H(2) from Example 2.1. P, is a (non-zero) left
cointegral on H(2).

tipta ® top®.

Proof. H(2) is unimodular, 8 = 1, a = g is invertible, and t = 1 + g is a left and
right integral, see Example 3.3. So we have to find the elements A € H(2)* satisfying
A1+ A(g)g = A(1 + g)g. These clearly satisty A(1) =0, and so £ = kPF,. O

Example 3.9. Let {P,i,; |0<i <1, 0<j <3} be the dual basis corresponding
to the canonical basis {g'z7 | 0 < i <1, 0 < j < 3} of H4(8). The space of left
cointegrals on the quasi-Hopf algebra Hy (8) from Example 2.2 is kP,s.

Proof. This time the computations are more complicated. Recall first that ¢t =
(14 g)a® = 23(1 — g) is a non-zero left integral in H4(8) which is not a right

integral, see Example 3.4.

Denote w := (1 £ i) and let @ = 1(1 F i) be its conjugate. In order to compute

A(t) we rewrite A(z) as
Alz)=wr®R1+0z®g+pr @z +p_ Q gz,
to compute that
A@*)=a®@g+g@a® + (py tip)r @z + (p- £ipy)r @ gz,
and then that
A=’ 91+ wr*@g+ip 2’ @z +wgzr @ 2% + py @ 23
j:ip+x2 ® gr — wgr @ gr® — p_ @ g
We have A(t)pr = A(2®)A(1 — g)pr. Writing @ =1 — 2p_ ® p_ ® p_ under the

form

3 1
tIJ:11®1®1+1(1®1®g+1®g®1+g®1®l)

1 1
71(1®g®g+g®1®g+g®g®1)+Zg®g®g,

one can easily see that &' = ® and that
1
pr =" ®2?3S(2%) = 2! @ 222 = 5(1®1+1®g—|—g®1—g®g).
Now, using A(1 — g)pr =1® 1 — g ® g we conclude that

Atpr = @+ wg)r® @1+ (w+Tg)2* @ g+ iz’ @z + (Wg — w)r ® 22
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+1®@ 2 +ige’ @ gr — (wg — @)z @ gr? + g ® g
Let now A = 3 c¢;jPyi,s be an element of H*. It follows that A satisfies (iii) in
the statement z)]f Theorem 3.7 if and only if ¢g; = ¢117 = ¢13 = 0, and the following
relations hold
Wepo —wege =0, Wegg +wepg =0, Wege — wepe = 0 and wegg + weyg = 0.

We find that cogg = cp2 = ¢19p = ¢12 = 0, and so A = cg3P,3. We thus have that
L = kP,s, as stated. O

Applying Theorem 3.7 to H°P, we find the following equivalent characterizations
of right cointegrals.

Corollary 3.10. Let H be a finite dimensional quasi-Hopf algebra and A a non-
zero element of H*. Then A is a right cointegral on H if and only if one of the
equivalent relations below is satisfied:

H
AG 1Y) @Ptep? = pHa)A(t)1, for allte/ ;
l
H
AP =~ a)A)S~ (o), for all t € / :
l

A(ht1pt)tap?

H
pH(a)A(t)S™ (ha), for all t € / and h € H.
l

Examples of right cointegrals will be presented in the sequel, see Examples 4.7
and 4.8.

We end this section by recalling that in any finite dimensional quasi-Hopf algebra
H we have

(3.21) ¢'t1 @ Pty = Gty @ Pty and rip' @ rp? = 1Pt @ rop?

for all t € le and r € fTH; the first formula appears in the proof of [4, Lemma 6.1]
while the second one is the “op” version of it. Thus in the equivalent conditions in
Corollary 3.10, we can interchange gqr and qr,.

4. INTEGRALS, COINTEGRALS AND THE FOURTH POWER OF THE ANTIPODE

In this section we present several Frobenius systems for a finite dimensional
quasi-Hopf algebra H in terms of integrals and cointegrals. Then we will see that
the formula for the fourth power of the antipode S proved in [11, 12] simplifies in
some particular situations. First we recall some equivalent conditions for a finite
dimensional k-algebra A to be Frobenius:

e A and A* are isomorphic as right A-modules, where A* is a right A-module
via (a*+a, by = a*(ab), for all a* € A* and a,b € A;
e A and A* are isomorphic as left A-modules, where A* is considered as a left
A-module via the action (a—a*,b) = a*(ba), for all a* € A* and a,b € A;
e there exists a pair (¢, e), called Frobenius pair or Frobenius system, with
¢ € A" and e =e! ®e? € A® A (formal notation, summation implicitely
understood), such that
ac' @e? =e' @e*a, Vac A, and p(e')e? = ple?)e! =1 .
The Frobenius system (¢, e) is unique in the following sense: any other Frobenius
system for A is either of the form (¢+d,e! @ d='e?) or (d—¢,e’d™! @ €?), for
some suitable invertible elements d, d of A. Moreover, if (¢, f = f1® f?) is another
Frobenius system for A then

(4.1) d=vpehe? , dt=¢(f)f?, d=x""d) andd™' = x 1 (d™),
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where x is the Nakayama automorphism associated to the Frobenius system (¢, e).
X is the automorphism of A uniquely determined by the equality a—¢ = ¢—x(a),
satisfied for all a € A. It is well-known, see [12], that

(4.2) x(a) = ¢(e'a)e? and X~ (a) = p(ac?)e’,

for all @ € A. Finally, let {a;}; be a basis of A with corresponding dual basis {a’};
of A*. If f: A — A* is an isomorphism of right A-modules then (f(lA), Sa;®

f71(a")) is a Frobenius system for A. Likewise, if f : A — A* is a left A-linear
isomorphism then (f(14),Y f~*(a") ® a;) is a Frobenius system for A.
We will now describe Frobenius systems for a finite dimensional quasi-Hopf alge-

bra H. As we will see in the proof of Proposition 4.1, one of these systems already
appeared in [12].

Proposition 4.1. Let H be a finite dimensional quasi-Hopf algebra and (A t) €
L x le satisfying A(S~1(t)) = 1. Then (Ao S~ ¢ t1p' ® S(¢?t2p?)) is a Frobenius
system for H with Nakayama automorphism given by x(h) = u(h1)S?(ha), for all
heH.

Proof. The properties of ¢ defined in (3.11) show that H is a Frobenius algebra.
On the other hand, as we mentioned in the proof of Theorem 3.7, the unique map
A\ € H* satisfying A(g%tap?)qitip! = 1 is a non-zero left cointegral on H. In terms
of ¢ this means that £(AoS™1) =1, and so Ao S~! is a Frobenius morphism for H
with Frobenius element

e= Zf(ei) Re; =q'tipt @ S(q2t2p2).

Thus ()\OS_l,qltlpl ®S(q2t2p2)) is a Frobenius system for H, where (\t) €
L x le is such that A(¢*tap?)q*t1p! = 1 or, equivalently, A\(S~1(q't1pt))¢?*tap?® = 1.

Therefore, all we have to prove at this moment is that giving a pair (A, t) €
L x le such that, for instance, A\(S~!(¢'t1p'))q%tap? = 1 is equivalent to give a
pair (\,t) € L x le such that A(S~1(¢)) = 1. Indeed, if A(S™1(q't1p'))g?tap? =1
then applying € to the both sides we get A\(S~1(¢)) = 1.

Conversely, since S is an anti-algebra automorphism of H by [12, Lemma 3.1]
we get that (X, ¢?tap? ® S~1(q't1p')) is another Frobenius system for H. Note that
this Frobenius system already appeared in [12, Lemma 3.2]. From the uniqueness
of the Frobenius system, it follows that there exists an invertible element g in H
such that a

(43)  AoS7'=A—gand ¢'tip' @ S(¢*tap®) = *tap® @ g1 S (¢ tap").
Furthermore, by (4.1) we have
(4.4) g= AS™H(gPtap?)) S~ (g 1 p") and g_l = Mq't1p")S(¢*tap?).
Thus, if A € £ such that A(S71(¢)) = 1 then

L= MS7H1) = (A=g)(t) = Agt) = e(@A(t) = p(BINSTH())A(E) = u(B)A®).
Then Theorem 3.7 says that A(¢*tap?)q¢'tip! = 1 and as we already pointed out
this is equivalent to A(S™1(qg'ti1pt))q?tap? = 1.

To compute y we use the formula in (4.2) to obtain that

x(h) = 6(g' 1 ) S (@®top®) *=” u(h ) dla 11p1) S (%2525 (ha) = p(h1) 5% (ha),

for all h € H, or we can make use of (3.20). This finishes the proof. O
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The element g defined in (4.4) is called the modular element of H. Together with
1, it plays an important role in the structure of the fourth power of the antipode.
An equivalent version of this formula can be easily obtained as follows.

Remarks 4.2. (i) If (\,t) € L x le is such that A(S~!(¢)) = 1, then the inverse of
the map & : H* — H considered in (3.11) is given by £71(h) = h—=X 0 S~ for all
h € H. Indeed, € is left H-linear so £(h—Xo S™1) = h&(Ao S71) = h&(p) = h, for
all h € H. Thus the couple (), t) has also the property that t—=Xo S™! =¢.
Note also that Ao S~1 = A+—g implies that
AoS=(NoS g HoS=5"(g )=

Furthermore, since S(g) = X o S™2(S(¢*t2p?))q t1p" = £(X 0 S~2) we deduce that

Ao 872 =¢"1(S(g)) = S(g)—AoS7! = S(9)—A—g.
(ii) For all h € H we have that
(4.5) u(fHS2(M)S g™ HS(f?) = wlha fHp (hz2)S ™ g )S(S(he)f?),
where, as usual, f is the Drinfeld twist defined in (2.11). Observe that this equality
can be viewed as an equivalent version of the formula for the fourth power of the
antipode [11, 12], namely

S~ = (hep) = S2(£71)S(9)hS (g™ S (fu),

for all h € H. Here f, := u(f')f* and h*—h = h*(ha)hy, for all h* € H* and
he H.
To prove (4.5), we compute A(S™1(h)g t1p!)g*tap? in two different ways. On one
hand, by (2.21) we have
(4.6) hg'ty © gty = q'ty @ ST (h)¢ta,
for all h € H, and therefore A\(S™(h)q't1p)¢*tap® = Mg tip')S™2(h)¢*tap?® =
S=2(h)S~*(g), for all h € H. On the other hand,
3.20

ST 0 )t 2 )\ " S (he)aPta?
pu(ha) (S (h)1)A(q t1p" ) *tap® S (S (ha)2)
= p(h)u(S(h2)1)S™ (g™ )S(S(ha)2).

Comparing the two equalities above and using (2.8) we obtain (4.5).

(3.19)

Another Frobenius system for H can be obtained by working with HP instead
of H. This will allow us to find a bijection between the spaces of left and right
cointegrals on H.

Proposition 4.3. Let H be a finite dimensional quasi-Hopf algebra, t a non-zero
left integral in H and let X € L and A € R be such that \(S71(t)) = 1 and A(S(t)) =
1, respectively. Then u := u(V1)S?(V?) is invertible in H and Ao S™! = A+u.
Consequently the map £ — R sending X to Ao S~ —u~"1 is a well-defined bijection.

Proof. Applying Proposition 4.1 with H replaced by HP, we find that (A o
S, ¢*t2p*®@S (g t1p)), with A the unique right cointegral on H such that A(S(t)) =
1, is a Frobenius system for H. By [12, Lemma 3.1] we have that (A,G'tp' ®
S(g*tap')) is also a Frobenius system for HP, and therefore for H as well. Now,
we know that the Frobenius systems (Ao S~ ¢'t1pt @ S(¢?t2p?)) and (A, ¢t1p' @
S(G*tap?)) are related through an invertible element u € H satisfying

(A7) Ao ST'=A—u, ¢'tip" ® S(¢*tap”®) = ¢ 1p" @ uT S (G tap?).
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In order to prove the first assertion, it therefore suffices to show that u = p(V1)S?(V?).
To this end, we first apply (4.1) and obtain that u = A\(S™(¢*t15'))S(G*t2p?). Us-
ing (2.15) we compute

1t ® f2p?

(228) leQS_l(Xlﬁ) ® f2X3

f1X?gG?aS M (X' giGY) ® f2X3g?
floiGrS(X?)aX?Ss™(gh) @ fPg3G*S(X )
S(@®S7(g%)2)S Hg") ® S(¢'STH(g*)),

where f = fl@ f2=F'®@F?and f~! = ¢! ®¢? = G* ® G2. From (2.20) it follows
that any right integral r in H satisfies

(2.15,2.5)
(2.14)

(2.8,2.17)

(4.8) rp'th ®@rop* =rip' ® T2p25( )
for all h € H. In particular, if we set r := S~1 f then
~1 ) 2.8 -1
ittt 2 glS(m)fpt e 925<r1>f2p2
= 9" S(*STHG?)ar2)STHG) @ ¢°S(¢' STH(G?)1m1)
G921 (G2)a16' S (g%r) S~ (GY) ® a2d25 (¢ 1)
CLY @) BS (P X?)STHEY) ® s X1 BS (g1 X?)
2.18,3.21 _
( = " (@) BS(Prap?) STHGY) @ azS (g rip')
E;) 1(G)a1 BS(PrapPan)SH(GY) @ S(q'rip')
2.5
=" u(G*BS(¢Prap®)SHG) ® S(q'riph),
and therefore
J'tipt ® ¢Ptap? (428) wW(G*)G BS(q*rap*)S™HGY) @ @S(¢'rip")
. 1?2 5 w(G*)§' BS(¢*r2p*)S~H(GY) ® S(g'rip")
=T W(G)S(¢Prap?)STHGY) @ S(g'ript).

Then we compute that
u = p(GHASTHE)gPrap®)S? (¢ ript)
(3.20 _ _
2 (T g NP ST g )8 )
(g (S~ (g 1)A G r2p®)S* (g rip' ST (gh)2)-
Using the fact that r is right integral in H, we find that
L @A ST @ S @) P P NS )P = (@),
and then we can finally compute that
E s 1(g?d (S~ (gM)1)S* (@S~ (gh)2)
= u(gzs(xl)as’l(f29%GzS§§Q)))S(flg%GlS(Ig)) o
p(* S (a0t 2 (2R s () ) s (v,
as needed. Using (4.1) or a simple observation, we see that
(4.9) u™t =N a2975(a%))S (a1 g").

From the uniqueness of left and right cointegrals on H, it follows that the map £ —
R in the statement is well-defined. Its inverse sends A € R to (A~u)oS e L. O

N

1.8)

Ma®rap*)g'rip

(2.14,2.15)

Corollary 4.4. If H is a finite dimensional unimodular quasi-Hopf algebra and S
is the antipode of H* then 371(£) =R.

Proof. j1 = ¢ implies u = 1, and so A o S~! = A. Everything then follows from the
uniqueness of left and right cointegrals on H. O
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Corollary 4.5. Consider (A,t) € R x le such that A(S(t)) = 1. Then Ao S =
A—uS?(S~ (u™t)—p)g™"t, where g is the modular element of H, and where we
define h—h* := h*(hy)hg, for all h* € H* and h € H.

Proof. If (\,t) € L x le satisfies A(S71(t)) = 1 then we know that Ao S~ = A—g.

Now we write this property in HP: for any couple (A,t) € R x le such that
A(S(t)) = 1, we have that Ao S = A/—gcop with g = A(S(G*t1p"))S(G%t2p?).
The proof is finished after we show that Deop = uS?(S~Hu=t)—u)gL.

By AoS l=A~uweget A\oS=(ANoSte—ut)oS =51 (u"1)=)\ so
g = AN@'0p ST (u)S(Ptp?)

Zcop
4.7 1,
((3:19)) MgttiptS™Hu™))uS (¢*tap?)
=7 p(ST w1 tap" ) uS? (ST (uTh)2) S (¢ tap?)

uS*(S™Hu™)—p)g ™,

1

as desired. Notice that Ieop = g~ in the case when v = 1, and this happens for

instance when H is unimodular. O

Corollary 4.6. Let H be a finite dimensional quasi-Hopf algebra and assume that
L=7R. Then g = u(B)p (8) 'u. Consequently, if H is unimodular and admits
a non-zero left cointegral that is at the same time right cointegral then g = 1.

Proof. Since dimy L = dim;R = 1 it follows that £ = R if and only if LNR # 0.

Let 0 £A e LNR and t € le such that \(S71(¢)) = 1. Then Ao S~ = A+u,
for some non-zero A € R. But A = ¢ for a certain ¢ € k, so Ao S™! = cA—u. We
have p(B)A(t) = 1, hence

1= X(S7H1)) = eX(ut) = ce(u)A(t) = eu™ (B)p(B)
We get ¢ = u(B)p~1(B)~! and therefore, using (4.6), we conclude that
g =AS7H@*t2p?)S ™ (g tap') = eA(ug’tap?)S™ (' tap?)
OGP 120%) S (g t1p" Yu = p(B)u (8) " u,
as stated. O

The above formulas tell us how to find right cointegrals from left cointegrals,
and vice-versa.

Example 4.7. For H(2) we have that P, is at the same time left and right coin-
tegral and g = 1.

Proof. H(2) is unimodular and has the antipode defined by the identity map. Thus
in this particular case the formula Ao S™! = A~ reduces to A = A, and so £ = R.
From Example 3.8 we deduce that Py is a left and right non-zero cointegral on
H(2), and from Corollary 4.6 we get g = 1. O

Example 4.8. For H.(8) we have R = k(wPs + WPy,3), g = wl + Wg and
g~ ! =@l + wg, respectively.

Proof. To find a right cointegral on H4 (8) we compute Ao S~! and the element wu.
Then X o S~1«—u~1 will be a non-zero right cointegral on H(8).

Consider the left integral t = (1+ g)z® and take A = cP,s with ¢ € k that has to
be determined such that A(S71(¢)) = 1. Actually, since 3 = 1 we need to find that
unique ¢ € k such that A(¢) = 1 and it then follows that we should have ¢ = 1, and
thus A = P,s.
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We use now (py +ip_)(py Fip_) =1 to see that S~1(z) = —(p; Fip_)x, and
S7H2?) = Fix? , ST (a®) = i(py Fip_)2® , ST Hgx) = (py £ip )z,
S~ (ga?) = Figz® , 57 (ga®) = Fi(py +ip-)z’.
In particular, we get A(S71(gz7)) = 0 unless in the following two cases when we

have

1
MS™Hz?) = £id(pya®) + Mp_2®) = =(1 +4) = w, and respectively

[\)

NS g%) = FiMpea®) + Np-a) = S(Fi+1) =@ .

In other words, we have Ao S™! = wP,s + wPy,s. It can be easily checked that
f = f"! =pr in the case when H = H.(8). We conclude that u = 1, even if H is
not unimodular. Thus wP,s 4+ WP;,s is a right non-zero cointegral on H4 (8).

Let us finally compute g. Since 3 = 1 formula (3.18) implies ¢*top? ® ¢'tip! =
tipt ® tap?, hence g = A\(S™1(t2p?))S~1(t1pt). By the expression of A(t)pr found
in Example 3.9 we then obtain

g= AST @)1 4+ M8 Hg2?))g = wl + @y,

as desired. A simple inspection shows that g’l = wl 4+ wg, and this completes the

proof. O
We now investigate the relation between Ao S and A.

Proposition 4.9. Let t be a left integral in H and let X € L and A € R be such
that A(S~1(1)) = 1 and A(S(8)) = 1. Then v = (1~ (g)u(8)) " u(S () ) S(p1) 2
is invertible in H and Ao S = A—v. Consequently, we have a well-defined bijection
between £ and R mapping A to Ao S—v~L.

Proof. Applying Proposition 4.1 to H°P, we find that (¢op, ¢'r1p' @ S~ (¢%r2p?))
is a Frobenius system for H; r is a non-zero right integral in H, and ¢ is
the unique element of H* satisfying ¢op (S~ (¢%r2p?))q'r'p! = 1 or, equivalently,
Gop(q'ript)g®rap? = 1. Nowset t = S(r) € le and take A € £ and A € R such that
A(STH(t)) =1 and A(S(t)) = 1. We will prove that ¢, = =1 (p*)S72(p*)—=Ao S.
To this end recall from the proof of [4, Lemma 6.1] that

(4.10) VinU' @ VZirU? = S7H¢Ptap?) @ S (¢ tiph),
(4.11) U=qip' @ @p*S(G?) and V = ¢'p} @ S~ (p*)¢*p-
From (4.11) it follows that

ViU @ VirU? = ¢'pirdp' @ ST 0% pyradsp®S(d%)

= (@Y rpt @ STHP) ¢ rap®,
and then (4.10) can be restated as
p NN g rpt @ STHPH ¢ rap® = ST tap?) © ST (g tap!).
Observe now that, for all h € H,
2.21 _ 3.9) _ _

hg'r ® q2T2( = )qlh(1,1)7“1 ®8 l(hz)QQh(Lz)Tz(:)u Y(h1)g'ry ® S™1(ha)g?ra.
Since

w@ (@ g et © STHP?)a rap? = (@) ST (Pt S (@) © ST (g '),
this implies that
(4.12) ¢'rip' © ¢°rap? = p(@ )P SN (¢ tap?) © ST g tap"),

where we made use of (2.27).
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In the proof of Proposition 4.3 we have shown that \(¢?rep?)¢lrip! = u(g)q?,
hence

(2.26) o s o . . _

L="p(S(Yd )@ ps = w ' (Y uBHN@Prap?) g rip' b3
LAY BN (@ r2p®S(53)) g rip’

(

= QepTHEHSTHE) Prap®)at
From the uniqueness of the map ¢, it follows that
Pop = (A=p~H(B)STH(P?)) 0 S = pH(B)S T (FP) A0 S,

as we claimed. By the definition of py, it is immediate that d := p=1(p*)S—2(p?) is
invertible in H, and therefore (Ao, ¢*r1p'd®S~1(¢*rop?)) is a Frobenius system for
H, whenever (A, 1) € L x fTH is such that A\(r) = 1. Comparing it with (A, ¢'t;p* ®
S(g*tap?)) we conclude that there is an invertible element v € H such that Ao S =
A~—v. In order to compute v, observe first that (2.19), (2.14) and the formula

ST f2)Bft = S~ a) imply
(4.13) SE) @ SEYf2 = ¢'gl © ST (g%)dP g,
where, as usual, we denote f~! = ¢! ® ¢°.

According to (4.1) we have that

v = A(S(q't1p"))S(GPt2p?)

EEEE 0 S(5) 125 (8)20°5(01) S (7)1 S (19" 5(?)
A STH ) (" S(1)2U0%) g (g S(0)1 U
p(gt)n~ (g (N ¢S (1)2U%S(95))g S (), U
w(gt) ™ (g ) (N ?S(1)2U%)q" S ()1 U g5
p g @ g (A VES(£)2U2) VS (61U g3
1(S(g")q gt)A(S ()3 g
At (*) we used that S(t) € fTH. Now we claim that

(4.14) S(g")d'gi ® gz = SP*) 1 @ S(p')f*.
Indeed, using (2.19) and the op-version of (2.14), we compute
S(91)d' g1 ® g3 = S(91G" S(2%))agaG*S(2?) f! ® ¢S(a") f2
P2 5SS @ Sl = SER © S
We also have that A(S(t)) = (S™H(g™")—=A)(t) = p~ (g™ HAE) = (L™ (@u(B) ™,

(4.13,3.5)
(3.2;3.9)
(3@,*)
(3.1;3.9)

(3.6,%)

hence v = (u=(g)u(B)) " tu(S(P?) f1)S(ph) f2. It is easy to see that the inverse of

visv ™t = p (g)u(Be*g' S(43))9*S(q1), and this finishes the proof. O

Corollary 4.10. Let S be the antipode of the dual of a finite dimensional unimod-
ular quasi-Hopf algebra H. Then S(L) = R.

Proof. In this case we have y = ¢ and therefore v = 1. O

For a € H invertible, let Inn, be the inner automorphism of H defined by a, this
means that Inng(h) = aha™!, for all h € H.

Corollary 4.11. If H is a finite dimensional unimodular quasi-Hopf algebra then
St = Inng gy, where g is the modular element of H. Furthermore, if L =R then

S* is the identity morphism of H.

Proof. If H is unimodular, then 1 = ¢ and f, = 1 and if, moreover, £ = R then
g =1, cf. Corollary 4.6. O
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We have seen how the antipode of H*, or its inverse, acts on the space of left or
right cointegrals. Let us now investigate how the antipode of H acts on the space
of left or right integrals in H.

Proposition 4.12. Ift, respectively v, are non-zero left, respectively right, integrals
in H then

S(t) w(B) " u(q*tap? g tap'

S7H) = p N g(gPtap )qltlpl;
5(7“) = (W H@maB) wH gPrap®)g it
“Hr) = pla) T H(gPrep )q riph.

Proof. Consider A € £ such that A\(S71(t)) = 1, so that u(B3)A(t) = 1. If we define
1" = p(tep®)tip" then
2.20
r'h = M(f2p2)t1p1h( = )M(tQh 1,2)P°S (ha))t1h (1 1)p’
3 _
()t (ho)tap" = (),
for all h € H. Thus r’ is a right integral in H. As dimy, frH =1 there exist ¢, € k
such that S(¢) = ¢’ and S™1(t) = ¢/r’. We have that A(S(t)) = (S~ (g™H)—=A)(t) =
pHgmHAE) = (1~ (g)u(B)) " and

A1) = p(tap?) A1) P2 u(SH(B) Pap?) M tpt) E (@) (g7,

It follows that ¢ = (u(B)u=1(B))~! and ¢ = p~1(Bg~1)~!. The formulas for S(t)
and S~1(¢) now follow from these relations and (3.18).

Let r be a right integral, and let ¢t = S(r). Take A € £ such that A\(r) = A\(S~1(¢)) =
1. Proceeding as in the first part of the proof, we can show that ¢ := u=1(¢?r2)q'r
is a left integral, hence there exist b,b’ € k such that S(r) = bt’ and S~!(r) = b't'.
The formula for S71(r) can be obtained by applying the formula for S(t) to HP.
As the formula for S~!(¢) contains g and we do not have an analogue of g in H°P
we cannot derive the formula for S(r) from the one of S71(t). Nevertheless, we can
obtain it by computing b as follows. We have

AS@) = (STHgTH=N) =elgTHAr) = ) = p(B) 7
AE) = Mgt @) DA e (Prara)
=7 @ HM@STH e ) (ST g tap'a)
= w(@)o(*t2p"S(@)) g tip ) (@)
At (*), we used (3.18), applied to H°P, and ¢ = Ao S~! is the Frobenius morphism
of H. We now use the Nakayama automorphism y of H associated to ¢ to compute
) = w@)e(x(S(@)a*tep®)u(g tip" )~ (@)
(@) (S ((S@))a tp i (o)
" p(@ IS P t2p®)) e (ST g ")) (X (S(62))) 1 (@)
=" u(@) g (Su(@)uH ).
In the last equality, we used the (obvious) identity y o S = S? 0 S, and we used
the notation S, (h) := S(h)~—u. Now we have for all h € H that u=1(S,(h)) =
p(S(h)1)u= 1 (S(h)2) = e(S(h)) = e(h), so A(t') = ()~ '(ga), and therefore
u(B)~" = bu(a)u~ " (ge). Hence
S(r) = paf) ™ u~Hga) " uTH gPr2)a 1 = (W (@u(aB) T T (@ rap®) g rpt

and this completes the proof. O

-~
>

W~

(

Applying Proposition 4.12 and (3.10), we have the following result.
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Corollary 4.13. Let H be a finite dimensional quasi-Hopf algebra. For allt € le
and r € fTH, we have that

S%(t) = (w ' (g)u(B)) "'t and S*(r) = (u~ ' (g)u(B)) " 'r.
5. THE (CO)INTEGRALS OF A QUANTUM DOUBLE

We are now able to provide explicit formulas for the integral in and the cointe-
gral on the quantum double D(H) of a finite dimensional quasi-Hopf algebra H. In
particular, we will see that the conjecture of Hausser and Nill holds if H is unimod-
ular, but not in general. More precisely, if H is finite dimensional, A is a non-zero
left cointegral, and r is a non-zero right integral, then p~=1(62)d'—\ x r is a non-
zero left integral (Proposition 5.1) and a non-zero right integral (Proposition 6.3)
in D(H). Recall that u is the modular element of H*, see (3.8), and ¢ is Drinfeld’s
element, see (2.10). This implies that the Drinfeld double of a finite dimensional
quasi-Hopf algebra H is unimodular. Moreover, if H itself is unimodular, then
pu=1(6%)8' = 3, and then S—\ x 7 is a non-zero left integral, proving in this case
the Hausser-Nill conjecture announced at the end of [11].

We first recall the definition and properties of D(H). In the sequel, {e;}; will be
a basis of H, and {e'}; the corresponding dual basis of H*. = Q'®..-@Q° € H®®
is defined by

(5.1) Q= X(llyl)ylxl ® X(1172)y2m% ® XavPrd @ STH X223 @ STH(F2X?)
where f = f! ® f? is the twist of Drinfeld defined in (2.11). As a vector space,
D(H) = H* ® H. The multiplication is given by the formula

(52) (o m h)(w % 1) = (2 == Q) (L h =157 (h2)'] 1 Phgh,
for all ¢, € H* and h, k' € H, where we wrote © X h in place of p ® h in order

to distinguish this new multiplication on H* ® H. The unit of D(H) is € x 1. The
explicit formulas for the comultiplication, counit, reassociator and antipode are

Ap(pwh) = (ex X'V (pra'—=p2-Y>S~(p?) x pyahy)

(5.3) (X715 HX?) 1 X3Y 2% hy),

(54) eplpmh) = e(h)p(S~Y(a)),

(5.5) dp = (ExXH®(ExX?)®(exX?),

(5.6) Splemh) = (% Sh)fYPIU' =T (p)—f>S~1(p%) x pbU?),
and

(5.7) ap=¢e¢NXa; fp=cxf.

Here pr = p'@p?, f = fl® f? and U = U'®U? are the elements defined by (2.17),
(2.11) and (3.5). D(H) is a quasi-Hopf algebra and H is a quasi-Hopf subalgebra
via the canonical morphism ip : H — D(H), ip(h) =& % h.

Now we take a non-zero left cointegral A on H and a non-zero right integral 7 in
H, and define T := p~1(§2)' =\ € H*, where p is the modular element of H* and
§ = 61 ®4? is the element of H® H defined in (2.10). We claim that T x r is a non-
zero left and right integral in D(H). That it is non-zero follows easily from the fact
that r is non-zero and T'(r) = u=1(62)A(rét) = p=(e(§1)63)A\(r) = p=H(B)A(r) # 0,
as L x fTH > (N, r") — XN(r") € k is non-degenerated, see [11, Lemma 4.4].

The difficult part is to show that 7' x r is a left and right integral in D(H). To
prove that it is a left integral we need the following formulas,

(5.8) A(h1)d(S ® S)(AP(hg)) = e(h)d, forall h € H,
(5.9) YIS eYIS(YY) = BS(E) e S,
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(5.10) dp @ @S = YWZASTI(YIZB) e YRR oY’
(5.11) X'@¢' X7 @S 1 (X*)*X] = g’ @ga’ e’
Formula (5.8) can be found in [6], and (5.9-5.11) can be deduced easily from the

definitions of ¢, pr, and ggr, and the axioms (2.3) and (2.5). We leave the details to
the reader.

Proposition 5.1. Keeping the above setting and notation, we have that T X 7 is
a left integral in D(H).
Proof. We check this assertion by direct computation. If ¢ € H* and h € H then
(@™ h)(T xr)
= pTH (@) Q%) (2Ph )8 AT (72) Q1) w QPhi gy

3.9 _ _

GO L Q3262 (o Q) Q2R )5 = A8 (ha) ) w1
3.20 _
( = ) M 1(Qgh(1’2)525((h2)1))(th(l’l)(515((/12)2)4)\;94) X Qsh(l’g)r
(5.8)

e(R)u 1 (QP62) (A =0 (Q20 = A=) ™ 7.
Therefore it suffices to show that
T EBPHNQ h Q20 QF = (62 A (M) ST @),
for all h € H. To this end, we compute
T EBHAN QL he Q25105 h Q1

(5.1) _ _
= 1(X2y 236N X2 ) o X[ o yPatst)
STHAXYM X yy'a!
(2.3,5.9)  _ Qs _
=7 N (XSS T XY a) ha X () )y S (57))
STHXD) X yyiat
(3.20,2‘22)

= (X1 2SE NS XY Y ha Xy ) 922*BS (572°))

( X% X(l 1)9117
P (x PSEAS (X (XY S(P)05 (7))
( X3 (hX1ytS(P)) U P?
(3.2()&3.12) (X21y25( (X2 A, 5~ (fl)(thlyls(Xé 1 y(32 1)}5% P1):U?)
(3.7) (fQXB)( 19" S (X Yoy DL P Xy )P

= ,U_l( ( D)X 13/1) (‘hz )<)\7hX1 S(‘I222X(2,1)y(2,1) 1P )
S” (X3) Z3X(2 2)9?2 2)15%132

T K X i 2 B O ALY S(@XE 0y 0225 PY)
5‘1(X )q* X35 2* p3 P
GALID (b, (2237 2), 2251 (a(1.2y239° Y Z' 3))
(A hq(l 1)$1y S((QQ) (z 2yi’»Yz)223p1)>q €T ZJSYSPZ
(2‘3’22’2.5)#((‘12 )1225 (q(l,z)ZQZ 3))
A\ haly 12"y S((a32°)22°y* PY)) Py P2
T N 2 S () e 22))
(A b2ty S(23(a3) 2.2 20y P1)) Py P
LD (220 88 (522)) (A, he"aly S(28 28 by PY)) gy P2
(2_1&2.5) M_l(zzZlﬁS(szz))O\,hzlﬁS(Zg’Z?’)}S_l(a)
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(2.10)

= (6HA(hH) S (@),
for all h € H, and this finishes the proof. O

Corollary 5.2. The quantum double D(H) is a semisimple algebra if and only if
H is semisimple and admits a normalized left cointegral, that is a left cointegral A

satisfying A\(S™1(a)3) # 0.

Proof. This is an immediate consequence of the Maschke theorem for quasi-Hopf
algebras proved in [16]. Note that, for the non-zero left integral T = p=1(62)51 =\ x
rin D(H) we have ep(T) = e(r)u= 1 (62)A(S~1(a)dt), and so ep(T) # 0 if and only
if e(r) # 0 and p=1(6%)A (S~ (a)dt) # 0. But £(r) # 0 implies H semisimple, and
therefore unimodular, in which case u~*(62)5t = 3. O
Examples 5.3. 1) D(H(2)) is semisimple because H (2) is semisimple and the left
cointegral P, on H(2) found in Example 3.8 satisfies P,(S7!(g)) = P,(g) = 1.

2) D(H4(8)) is not semisimple because Hy (8) is not semisimple, cf. Example 3.4.

From [4, Theorem 6.5] we know that T =T x r is a right integral in D(H). In
Section 6, we will present a direct proof, and we will also show that

ASTH2)hagt S(h)STH(f ) hag? = p(fH)p™H(UFU2 ) ()
(5.12) p(U e )A(hS (yPa3hp%)) S~ g™ tyaat) S(S(UTU Y athipt) £2),
for all A € £ and h,h’ € H, where U = U ® U? = U! ® U? is the element defined
n (3.5). The proof can be found right after the end of the proof of Lemma 6.1.

Now we will focus on the cointegrals on D(H). In the sequel, we will identify
DH)*~ H® H*.

Proposition 5.4. Take non-zero elements A\ € L and r € fTH. Then
(5.13) D=7 pu(p")S(B") = —p~ ' (f)S™'(f*) € D(H)"
is a non-zero left cointegral on D(H).

Proof. Tt is clear that T £ 0. Since H is a quasi-Hopf subalgebra of D(H) via ip
it follows that the elements U and V for D(H) are Up = e x U ® ¢ x U? and
Vp=ex VI®e x V2. Applying (5.11) to H°P, we have

(5.14) X'pt @ X?p) @ X?p? = o' @ aip' @ 23p*S(2?).
Identifying D(H)* =2 H ® H*, we compute
[((e x V2)(Xi—p1-S HX3) x X3V 323hy) (e x U?))
(e x VH(e x XYY (pial ==Y 2S7 1 (p?) x piahy)(e x UY)

B2 (ST VRV XDAS T SIVE 0y X3V 3P ha U S (52)) (V)
p () (e} VIXTY Y (piat ==Y 2SS (p?) x pia?h UY)
= MYV GHAS T (FVEX R US (7))
ex VIXThU!
GL29 omp (SEYF I p(HAS (S(X2) F2fiph) ha U S (57))
ex S ( (X )f2 2)hU1
(2.14£5.14)

o(r)p ' (f'x ) ( DASTHF! ffaip ) haUS (%))
e ) STHEF? fFa3p?S(2%)) hU"
(r)p (frah) uBHAV(STH P2 RS (57))2U?)
e x VST f22?)hS(p]))1 U
o(r)p (et u(@iy' pHAS T (f2)hS (23y?pY))e m 2°y° 3
(P ) (FHASTH(fHRS(P?))e x 1 =T(p x h)e x 1.

(2.8,3.5,3.12)

(3.6,3.20)

(2.19,2.3)
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As D(H) is unimodular the above computation shows that I" is a left cointegral on
D(H), as desired. O
Corollary 5.5. D(H) admits a normalized left cointegral if and only if D(H) is a

semistmple algebra.

Proof. For the non-zero left cointegral T' defined in (5.13) we have

D(Sp'(e @ a)(e x B)) =T(e 1 S~ (a)B) = e(r)u(p" ) (FHNS ™ (f?)85°).
This scalar is non-zero if and only if £(r) # 0 and p(pH ) p= L (FHNS™H(af?)Bp?) # 0.
But, as we have already mentioned, e(r) # 0 implies H unimodular, and in this
case u(PHpu t(fHANSTHaf?)Bp?) = A(S71(a)B). Then the result follows from
Corollary 5.2. O

Now we describe the space of right cointegrals on D(H).

Proposition 5.6. Ift € le and A € L are non-zero then t X Ao S is a non-zero
right cointegral on D(H).

Proof. Since D(H) is unimodular I o Sp is a non-zero right cointegral on D(H),
cf. Corollary 4.10. So it suffices to show that I'o Sp = S(r) x Ao S. Applying i
to the both sides of (5.12) we obtain after a straightforward computation that

H(S (T ag )N () hag (W) = i~ ag™ @ (@ WP MBS @BH52)).
for all h, ' € H. Consequently, by (2.27) we obtain that
pH @RS TS (h)2gP)ASTH () S(h)1g S (W)
(5.15) = p~Hag (@)@ r NS (@hsh)),
for all h, h' € H. We then compute
Lo Sp(pxh)=T((e xS )fl)(piUlAwosfl’—f2 “H0?) } pU?))
= ¢ o STHfASTHS (M2 f2p*)rS(R) 11y flh,1yPiUY)
p(E T EDNSTHE?)S (M) (1,2) f1,2yp2U S (5%))

t:l: P(STHU(STHED)S(R)2g”S (@) u(B NS (F2)S(h)r1g' S(7°7))
P ag T e(ST MA@ )@ BIAS (@5):))

((=)) nH g De(STH ) @) u()u (BIMS(h)
3.10

= e((WH(@u(B) T STHIA(S(h) = (S(r) m Ao S)( x h),
for all p € H* and h € H, where in the last equality we used Corollary 4.13. O

The modular element of D(H)* is up = ep. Our next aim is to compute the
modular element g, of D(H). To this end, we will need an explicit formula for the
inverse of the antlpode Sp of D(H) and a lemma.

Lemma 5.7. The composition inverse 551 of the antipode of D(H) is given by the
formula

Spl(p x h) = (e @ STH2h) (1S~ aPg%) w0 =S~ (P 1) X p5 7 (g'g")),
forallp e H* and h € H.
Proof. We first observe that (2.20) and (2.25) imply that
(€ ™ ¢ h1)(pi—p=a*haS™1(p%) X p3) = hi—p & ha,
for all p € H* and h € H. Consequently,
(e % ¢'S(PY))(piU P2 fl=p—g*S(P1)28 7 (p%) 4 p3U°)(e m f?)
= (S(P)U'P?flmp x S(P1)U?)(e m f?)
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3.5,2.8
G229 (g1 S PH P2 =0 % g2S(g'p))) (e % f2)

for all ¢ € H*. By the definition of Sp we have
Sp(S7Hg*) = S7Hg")) = U —p o SIS (%) m pyU?,
and combining these two relations we find for all ¢ € H* that
(e ™ q"S(PY)1)Sp(S™Hg*) (P f1=p=¢*S(P')2) 0 S x S7H(g")) (e m f?)
equals ¢ x 1. As H is a quasi-Hopf subalgebra of D(H) it follows that 551(5 X

h) = ¢ x S7Y(h), for all h € H. This and the fact that S;' is an anti-algebra
morphism lead us to the equality

Spl(e ) h) =S5t} h)SE (e ™ 1)

= (ex SR (ST (@PS(P)2g?)—p o S=S~H(P? 1) m S7H(¢'S(P)1gh))
2 (e w SRS T (g g0 58T (PfY) x PES (g1,
for all p € H* and h € H. ]

a2, 1,

Lemma 5.8. Let H be a finite dimensional quasi-Hopf algebra. Then for allr € fTH
and h € H the following equalities hold,

(5.16) hry @1y = p~ ' (hap*)g're @ S (hap®)¢Pra,
(5.17) MUY @ rU2S(h) = mUh @ rU?,
(5.18) Vire @ STHR)V2ry = p(hi)hoeVir @ VVir,.

Proof. (5.16) follows since

hry @ o “ZVhg plry @ S (5P pbrs
C20 gl (hap'r)y @ S (hap?)gP (hap'r)
= (hap")g'r1 @ ST (hep?)gPra.
(5.17) is a direct consequence of (3.12) while (5.18) can be proved with the help of
(3.13). We leave the verifications to the reader. O

)

In order to compute the modular element g  of D(H) we need a left integral T
in D(H) and a left cointegral I' on D(H) such that T'(S5*(T)) = 1. Since pup = ep
it turns out that this is equivalent to I'(T) = 1. Also note that the unimodularity
of D(H) implies that T o Sp =T o S;'.

Now take T = p~1(62)—\ x 7/ for some 0 # X € L and 0 #1' € fTH, and let T
be defined as in (5.13). A simple inspection ensures that

Lo S (T) = u(8)u™ (6*)N (S(r)A(S(r))
and since S(6")ad? = S(B) and e(g) = u(3), by Remarks 4.2 (i) we conclude that
Lo SpHT) = p~ ' (a)~*N(S(r))A(r"). Thus we have to consider A, X' and 7,7’ such
that N (S(r)A(r') = p~H(a).
Proposition 5.9. The modular element 9p of D(H) is given by

9, = mlgun " (g*)Sp (ux g3S 2 (g™)
= @ g™ (@) (e x STHgT) (T M (STHE M) PR,
Proof. Let \,\' € L and r,1’ € fTH be such that X' (S(r))A(r') = p~(a). Then, by

the above comments, (4.4) and (5.3), the modular element g can be computed as
follows:

9, =T oS, (G X)1—=(0"=N) 1571 (X?) m (61 X?)2Ya’ry P?)
poHE%)Sp (e M g" XTY ) (prat (6" = N)2 =Y 257 (p?) ™ ppa®ri PY))
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= pla)MS(@BY 2y PN (S(r) (Y28~ (0%) ulpia?)

)
)

pH (%) (") Sp (e x ¢'Y (uNpng *riP))
L b BN (S(r >> (@MS(BY S (pla a3 P?)Q°rP?)
u 1<a>—1 (Y250 u(piah)Sy <<e»«qul><uwlr1p1>>
FAZE XS (X)) () X (S(r) (Y251 (p?))n(a)
[ )\(S( 3Y3S™ (X3p1ﬁ)Q2r'2P2)) (e x ¢ Y H(p x QY PY)
BIE T 0) N (S () (VS T RS (BYPS T (0 B)VArU))
Sp 1((5 M g YY) (o VIrUY)
P2 T @Y PSPV (S () e} A(S(BY ST (gl Vi B)VErU2)
u 1<a> LS5 (ViU
P2V T @d8PS(aR)N (S(r) A 0 S(STH (g6 S () VAU
p 1(@) LSt (e ViR UY)
P (BS(6)29P)N (S ()X 0 S(SH (g S (aP)g" VA T)
p @) ESp (e ViU
(<:>) p(gh) = (g®)n (@) TN (S(r)A o S(VERU2)Sp! (1w gV U™

=" g (9%)Sp (9287 (g ).
In the second equality we used Proposition 5 6 and the fact that ' o SBl =To0S5p,

in the third one, we used the properties S(r) € fl and p is an algebra map, and
in the last equality Remarks 4.2 (i) and (5 17). We have also denoted by P! ® P2
another copy of pr. This proves the first formula for g - For the second one we

use the form of Sf,l found above to compute

9, = 1lgh)n™(g*)(e @ S73(g7H)STH(f?g2))

(PSS~ (PG = =S (P 1) My ST (! Gl))
B (ST e)p S T @GS (F2 0 (g
) (Ex ST g ) (T w (ST ((f2gz)1p )29 (¢'GY))
(2-8%14) ,u_l( _1(f2x3g(122)G2) 5—1( 2G2)) —1(92)
(S (F2f2x 92 1) Gl)ﬁFlﬁflgi)
(e % 573 (g™ (™" STH(f22%g(59)G%)25 7 (¢! GY))
(2.15,2.1,2.5)

p (ST e G2 )T (ST g 2 G ST PGP (97)
(€% S7g N~ % ST g'2°G*)287(¢'GY))

(2.19,2:8,4.13) M(@lGl) (S( )f2 %GZGQ)
(e S (g ) (! % STHS(H?) L HGIGY)
@Y N E 0 S g 1 (STHEPER) ),
and this completes the proof. U

6. APPENDIX

We will present the proofs of (5.12) and the fact that T x r is a right integral in
D(H). Formula (5.12) can be viewed as the generalization to quasi-Hopf algebras
of the well-known equality A(h1)ha = A(h)g, for A € L and h € H, where H is a
finite dimensional Hopf algebra. As we will see, it allows us to generalize Radford’s
result [17] that says that the Drinfeld double of a finite dimensional Hopf algebra
is unimodular to quasi-Hopf algebras.
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First we compute the inverse of the Nakayama isomorphism x introduced in
Proposition 4.1.

Lemma 6.1. x~'(h) = u(S~H(uhu=1)2)S~ (S~ (uhu=t)1), for all h € H, where
u s the element of H introduced in Proposition 4.3. Consequently,

(6.1) 1@ hap ) A=STH (P hop?) = 1 (@) p(B)S ()=,

forallxe L and h € H.

Proof. 1t follows from Proposition 4.3 that
M@t2p?) g t1p" = AuS(§*t2p%))q t1p"
B2 (5 (w)2) A(S(82252))3 015 ST (S ().
Hence, by (4.2) we obtain that
X' (h) = ¢(hS(q*t2p®)) g tip" = A(@*t2p® S~ (h))g t1p"
M@Ptap? S~ H(hu™ 1)) Gt pt
G2 ST (hu ) )N @tap?) g 0 S (S (hu~ 1))
= (S (uhu™1)2)STH (ST (wau ),
as needed. In particular, this implies that
STIXTISE(h) = u(STHuT )28 (h)2S T (u)2) S T2 (ST (w18 (h)1S T (u)1)
= 1 (4297 S(6?) (V) (g(y 2)925 (V2h)2)S 2 (q(y 1y91 S (V2h)1)

(2.8,2;4,241) _1(x3G2S(q2X1))u(V1 M(x2GIS(V12h1X2)f2)
S—Q(xlqls(‘/;h?XB)fl)
GO T @GRS (X (ST Y )y (et G S (P X F Y 2pi)
S (2'q" S (y*ha X*)Y 1)
(2.17,5.14

o1 19; pX B p(STHE )y u(S(y? i X?) Fph) S~y ha XP)
oy B @uB) T @ ph)STH@hap?),
for all h € H. Consequently,

S(h)y—=X = 8(h)=po S = (¢=5*(h)) o § = (x ' §*(h)—¢) o S
(x'S%(h)—=Ao S 1) oS =A=S"1x"1S%(h)

(1™ H@u(B) " ™ @ hp")A=ST (@ hap?),

finishing our proof. t

Proof of (5.12). Using the definitions of gr, g1, (2.3) and (2.5) we deduce easily
that

(6.2) X'® S(X§X? @@ X5 = q'al @ S(¢*xd)r? @ P,
The Nakayama isomorphism &g, for HP is given by
gcop cH* — H gcop( ) h* (S_ (~1t1P ))QQtQﬁQ )
and is an isomorphism of left H-modules with inverse £_,} (h) = h—Ao S, where A

is a right cointegral on H satisfying A(S(¢ )) =1, see Remarks 4.2 (i).
Now take h € H and h* = £} (h). If ¢* := h* 0 S~' then

*(~ Lo (4.7) _
h=q* (@' tp") @i = ¢" (¢ tip" ) *tap® S~ (u),
where u is the element introduced in Proposition 4.3. Set pr = p' ® p? = P! @ P?
and ¢p = ¢' ® ¢°> = Q' ® Q? and compute
A(RS™Hu™h)) = ¢*(¢"t1p")q 275(2 1)pf ® q%t(m)pg
(2.29) _
=7 (@' Qir'thiph)STH )P Qe t2)pt © ST (91 Q7 2 (2, 2)Ph



26 DANIEL BULACU AND STEFAAN CAENEPEEL

(2.28,3.8)

w(XHg (g1 (Q 1 PH)1pY) S~ H(92) g2 (Q1 1 PH)ap? S(X3) £
25 (g1 Q% P2S(X?) 2.
This equality is equivalent to
(STHA) @ STHIAMRS T u™))(g" © g°)
— (XY (@ Q1 PY1ph )R (QH PYap?S(XP) ® Q%o PES(X2).
Applying A ® Idy to this formula, we find
ASTHF (RS THu™))1g" S (W) STHF) (RS ™Hu™))2g?
et /«L(Xll)ql*(ql(f?lthl)1231)/\(q2_(Q1~t1Pl)2p25(h’X3))th2P25(X2)
=7 u(a' XN (@ ha X3P TR P S (2 hy XTp)) QP P2S(XP).
We know that h* = £} (h) = h—AoS, hence ¢* = (h—AoS)oS™' = A—S(h). B
Proposition 4.3 we have that A = (Ao S™1)~u~!, hence ¢* = (Ao S~1)—u=1S(h),
and this implies that
ASTHI (RS ™H u™))1g" S(W) ST (RS THu™)2g® = p(z' X1
MSTH@2* R X3P RS (u™))ASTH@) QM tap' S(22h| X7pY)) Q% tap* S(X ).
Since w is invertible it follows that
ASTH g S())STH ([ hag? = p(a XS ™H P hy X557 )
AS™HGHQ tp" (1 XTP"))Q*tap® S (X?)

BAZ2E @ X g S (@3h] 0y XD o)) fHONS ™ (@ hy X352 h)
ASTHGHQ ") Q% tap® S(XP g S (aihiy 1y XPy 1yP1) )
SR u(@ta (S @)y () P PN (@ ()2 PR)R)
(2.1,3.19) 1, 1\24 2 S92y 17 <1
MQt1p")Q%tap?S(S((Gaa®) 1y h1pY) £2)
B NS @ et P (S (GES (' 2t )adby® (355, P 1)
u(G S (Pad)a?) S g™ )S(S(GES(g ab ity et ') 1)
(2:8,2:31) M(GIS(qQI%) ) (S(G 2S(XIQ1QU(1 1))~1(Q nggh, P Pl)fl)
A(S™HG(Q*X3a3hy5?)2P?)h)S (g™ h)
S(S(Gfgls(XQ %xu 2))Q1X L3Ry ) f?)
O2OL2ZD @) p(B)n(G S (@ (it )2)yha” ) n(S(G39*S (Q ak (yha) 1) )
A(hS(yPa3hp?)) S~ ( HS(S(G1g' S(Q% a3 (yizh) (1.2))y ik pY) £2)
<(:)) p @) u(B) (Y g GES (%2 Flya u(S (Y2 g2 S (q'yh)) £1)
A(hS(yPa®hly ~2)) (g HS(S(Y?g5G2S((¢*y3)1) FPy32* ki pb) f2)
R GO > < (S Uyt (5 e U)
. MBS (P2 hp?)) S~ (g1 S(S(S(y )<21Y2U2y2x2h’1ﬁ1)f2)

1(Bf ‘1(Y3U2 (Y Uyt )M (WS (y 2 hyp?))
S7Hg Yy S(S(Y U yza?hiph) ).
Thus we have shown that
ASTH A hg! S(W)STH (N hag? = p(BfH)n (YU a)
(6.3) p(YUyiz )A(BS(y° 2 hp?)) S~ gyt S(S(Y 2 U y3a?h' 5t ) f2),
for all h,h' € H. Finally, by [11, Lemma 3.13] we have
Ut @ 2?UT U @ 2°U5U0% = S(X 1)1,y UL X2 @ S(X 1) 1,2 Us XP @ S(X 1)U
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Substituting this formula in (6.3) and applying (4.5, 2.3), we easily obtain (5.12),
as desired. |

Our proof for the fact that T' x r is a right integral in D(H) requires the following
formulas.

Lemma 6.2. Let H be a finite dimensional quasi-Hopf algebra, h € H and r € frH.
Then

X1t S(X3) @ X522628(X3)1 @ X223058(X3),
= (BS(X*))19"S(2%) @ (BS(X*))2g”S(2®) f! @ * X' BS (" X?) f* ;

f2V1571<f1)1 ® V2571(f1)2 =qr ;
S(UYH§'U @ U5 = f
SEHFEXP o SE IXF X =10,
Vi ®g_1v2r2 =V2rp? @ S2(Virpha
S@*) @ g SN fPre = p(SE*) S 2V P? @ S*(Vir Pla.
Proof. We have

X't S(X3) @ Xaa261S(X3), @ X2a3628(X3)s

CAERED (X510t S(XD) ® (X 01)0a2 GG S (X o)) 1
2, .3 22 3 2
(2.14,2.1) 1®X152x 192G3S(j((1’1))f 1 1 2 23 1
= (X819 N1G S(2° X (5 0)) @ (X P19 )2G=S (2" X(51)) f
(2.13,2.8) 1@)‘1)(252225(96?(%)3](2 151 3 2 2\ 1
B (X1S(X3))1G S (@) @ (X6 S(XF)):G2S (r?) f
o) ®X252S(x* X3) 2

(BS(X?))19'S(2%) ® (BS(X?))297S(2*) f1 @ 2 X' BS (! X?) f,

and this proves (6.4). The equalities (6.5) and (6.7) follow from the definitions of
V and pg, and from (2.14, 2.15). The verification of all of these details is left to
the reader. We show now (6.6) by computing
. o o(411) < A~ ~ o~ ~
SWUHGUT @ U5 ="S(Q1p") 7 Qla1yp1S(@%)1 ® Qa0 P35 (Q%)2
(2.23) . ~ ~1 ~
=7 S(h)'pis (@ © Q' p3S(Q%)s
g SE)F1S(Q*h ® le(ﬁl)f(ls(g)z
: “o ~ o <o 2.27
= S e QIS(QI ) fFTES.
In the third equality we have used the second equation in (4.11), applied to HP,
namely ¢°p5 ® S(p')§'pt = Veop = S(p') £ @ S(5°) f".
In order to show (6.8), notice that (4.10) and (4.3) imply that
ViU @ g 'V3rU? = VProU? @ S* (Vi UY).

As we have already observed, (4.11) guarantees that A(r)U = A(r)pg, and so
25)

_ 2. _
Vi ®g 1V2r2( 2y glpt ®g 12, hp2 S (¢?)
= Virp' @ g 'VirapPa = Virp® @ S*(Viripa
as required. Finally, we have

S(?) i © g8 () f2rs 2
(3.14)

(Yt © S (gP)gPrs

1 g u(@)@Evire @ STHg?) Vs

(5.18) - ~ _
=7 w(S(gha et Vir @ g Vi
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O (SER) FH)SPY) F2V2ra P2 @ S2(Vir Pa,

proving (6.9). This makes the proof complete. O

We are now ready to prove our final result, stating that the Drinfeld double of a
finite-dimensional quasi-Hopf algebra is unimodular.

Proposition 6.3. If H is a finite dimensional quasi-Hopf algebra, 0 # r € fTH
and 0 # X\ € L then T = p=1(62)8' =\ % 7 is a non-zero right integral in D(H).
Consequently, D(H) is a unimodular quasi-Hopf algebra.
Proof. By the definitions of py, and pg, and the axioms (2.3, 2.5) we obtain that
(6.10) 2! @ 22 S(aipt) ® 25p% = X{p' @ Xop*S(X?) ® X°.
Now we can prove directly that T is a right integral in D(H): for ¢ € H* and
h € H, we compute that
(5.2,5.1) _
Tl b ) 220 (1 X 51X A5 () (P (XS (X))
ran =S X2 65S(XT)2)) My (Xpa?07S(X7)1)2ra b

(6.4,2.1) _
viaay  PSEaneG S@ Y )= A=S T EN(BS (X)) .2
GG S(a3y* P flr = oS~ (FL X AS (@ X2) f2r))
M (BS(X?))2g?S(a3y" ) F? farah
PR (' S(X)NGT Sy ) A8 T (E) (81 S(XE))2 6
S(@3y*) F! fira)—e—S (B X3S (x" X?) f?ra))
‘i X 525($%91X5’)F2f217‘(1,2)h
P2 o (57 (g A X A (0 X) o) S (e3P S (URU 22ty )
Ffiran) n(BF)u= (U302 a)u(U' 23t%) 61 (25235557 X3) =X
L anas X 625($%y1Xf)F2f21r(1?2)h
POZE (57 A X BS(Y et X2) ) S(Y RS (UR UM 225 F?)
Flfiran) n(BE) = (UFUa)u(Ut23t%) 61S(2°t5y35%2° X3) =\
o M 025 (Y2ypa? XT)F? far 2)h
CIL2D ) (g1 (g 1 2 X BS(Y plat X2) fora) S(YV P2 S(UPU 243 F?)
(3.9,2.3) Flrl Y~ L(U2U2 UL222) 1S(£323 X3) =\
f17"(1,1))ﬂ(5 Ju (Us U a)u(U-27t) ("2 X3)
ol 525(Y2p%$2Xi9’)F2f217‘(1,2)h
3.9,2.8,2.1 _ _
GozE2D -, (5 Hg X BS(Y (2t yp et XP) fPr)
S35, 5y p* S(URU )R F flr ) ) p(BF )~ (U3U)
p(UY) 6'S(#22° X3) =X w 625 (Y2 (2717, 1)p" )2 X7) F2 far(1,2)h
(2.20,2.3)

0 (ST g X BS(Y(Zp )1 XP) f2r0) S (VP 25p* S(UT U 2°)F?)
Flflray) p(BF)p~ (U3 Ua)u(U) 61—
X 52S(Y2(ZfPI)QXS)FQfQIT(l,z)h

© (S_l(g_121X165(zft1X2)f27“2)S((zgtQXf)gp2S(U12U123t3X§)]F2)
F1f117"(1,1)) p(BFHY (U3 U a)u(U') 6" —A
X 625((z%tQXf’)lpl)FQler(Lg)h

@ (S~ g ' S(BY) fPr) S(P*S(UFUNF) FH(S(5?) fr1)1) w(BF")

p~ (USTPa)u(UY) 61— % 625 (p") F2(S(5?) fr1)2h

(2.1,5.14,2.20)

(2.3,2.18,2.8)
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(6.9,2.8) SD(S ( )S(p QS(Ul) (U2)2V1T1P1)F1( (Pl)fQVQTQPQ)l)
p(S(P?) fFHu(BF Y~ (U ) u(S(U?)1) 81 =X
x 02S(p ) F2(S(PY) f2V?ryP?)sh
S (EE N (B nla)e (ST @)SES(UEV B F(VrB))
p~H(U2a) 81—\ x 62S(p!) F2(V2ryP?)sh
(3.9,6.5,3.10) LU (Sfl(Q)S(p2s(U1)qlrl]Pyl)F1(62,’,21[);2)2)
St 028 (pY) F2(%roP?)oh
a2t (ST @S X (PO F X (rip!)oP)
1= x 828 (p" ) F2 f2 X3rp°h
D o (STH@S(p P a(rip )2 P?) 61 x a%rap?h
220 5571 (a)) 81—\ w 8% Bh
= o(STHa))e(h)p (63 —=A xr =ep(p x )T x r,
required. This finishes the proof. O
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