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Abstract

In this note we outline the construction of a DGLA structuretbe deformation complex
of a Leibniz Pair. The Lie bracket is given intrinsically && ttommutator of coderivations
on a certain coalgebra related to Kajiura and Stasheff'sx@jesed Homotopy Algebras.

Introduction

The cohomology and deformations of Leibniz Pairs were stlidhy Flato, Gerstenhaber and
Voronov [5] in 1995. The concept of Leibniz Pairs has appganehe work of H. Cartan [2]
under the name af-algebra. It is also related to the concept of Lie-Rinehkyetlaras [8, 9].
A new type of homotopy algebra (called OCHA) related to Of#osed String Field Theory
was introduced by Kajiura and Satsheff [10] in 2004. OCHAs lsa given a nice geometrical
definition involving the Axelrod-Singer compactificatiohtbe configuration space of points on
the upper closed half plane [7]. A Leibniz pair is a particidaample of an OCHA with most
of its higher structure maps equal to zero.

The main aim of this note is to outline the construction of thedential graded Lie algebra
(DGLA) structure on the deformation complex of Leibniz Bairsing an intuitive argument
based on the geometrical definition of OCHA. Our main resuthe following (see Section

(3.2)).

Theorem. There is an isomorphism of DG spaces:

£ (C*(L.A),thot) — (CodexA(IL)) x Coder°A(IL) °T(1A)), 5= [(+n,]).

A DGLA structure on the deformation compl€X(L,A) follows imediately. A proof will be
outlined in this note. Detailed constructions and precis®{s will appear in a forthcoming

paper.
1 Preliminaries
Let us fix a fieldk of characteristic zero. All vector spaces are assumed tovbeko By a

‘graded vector space’ we will always meanZgraded vector space’. For a graded vector
spaceV, we define a left action of the symmetric gro8pon V®" in the following way: if
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T € $ is a transposition, then the action is giveny® xo AN (—1)|X1|\X2|xz ®X1. Since any
o € S, is a composition of transpositions, the sign of the actioa ohV®" is well defined:

X1® - © % = E(0)Xg(1) @ -+ @ X[

We will refer tog(o) as the Koszul sign of the permutation. Let us defie@) = (—1)%¢(0),
where(—1)° is the sign of the permutation. Given two homogeneous nfagsV — W, we
will follow the Koszul sign convention for the tensor producf © g) (vi @vs) = (—1)191Vil (£ (v) @
g(v2)).

We will use the notation of Lada-Markl [12] for the suspemsand desuspension operators.
Let TV (resp. | V) denote the suspension (resp. desuspension) of the gradent gpacéd/
defined by:(1V)P =VP~1 (resp.(|V)P = VP*H1). We thus have the natural mafisv —1V of
degree 1, and:V — |V of degree—1. Let 1®" denote®" 1: ®"V — Q" 1V (| ®" is defined
analogously). The operatot§" and |“" transform symmetric operations into anti-symmetric
ones. In fact, leE (resp.A) denote the symmetric (resp. anti-symmetric) action ofpfoeip of
permutationss, onV®":

E(0)(x1® - ®Xn) = €(0)Xg(1) @+ ® Xg(n) (1)
(resp A(0)(X1 @ @X%n) = X(0)Xg(1) @+ @ Xg(n) )-

The convinience of Lada-Markl notation becomes apparettterfollowing properties which
are crucial in some computationg?" E(o) |#"= (—1)"("-1/2A(0), for anyo € S,. In partic-
ular, 1®" o |®"= (—1)"("-1/2. 11, The sign—1)""-1/2 s a consequence of the Koszul sign
convention (see also [3]).

2 OCHASs and Leibniz Pairs

A Leibniz pair (L,A) consists of a Lie algebrl, an associative algebfand a morphism of
Lie algebrasu: L — DerA, i.e., a Lie algebra action by derivationslobnA. So, a Leibniz pair
is a structurgL,A;I, m 1), wherel is the Lie bracket o, mis the associative product ah
andp is the Lie action. We will see below that such a structure iariqular case of an OCHA
structure.

Let us first recall the definition of SH Lie [13] algebras in ading and signs convention
compatible with its compactified configuration space desicm (see [14, 11]).

Definition 2.1 (Strong Homotopy Lie algebrap strong homotopy Lie algebra (&,.-algebra)
is aZ-graded vector spacé endowed with a collection of graded symmetni@ary brackets
Ih:V®" -V, of degree 3- 2n such thaii =0 and forn > 2:

Oln(va,....Wn) = 5 €(0) lii (k(Vo(1): - - Vo)) Vo(kt1) - -> Vo)) = O (2)

UEZk+| =n
K>21>1

whereao runs over all(k,|)-unshuffles, i.e., permutatiommse S, such thato(i) < o(j) for 1 <
i< j<kandfork+1<i<j<k+l.

Remark2.2 The operato in the above definition denotes the induced differential loa t
endomorphism complex, i.e.:

Oln=lln+1n(1®10-- @1+ - +10---@13y).
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Definition 2.3 (Open-Closed Homotopy Algebra OCHA). An OCHA consists of a 4-tuple
(L,A,[,n) whereL andA areZ-graded vector spaceb= {In: L*" — L}n>1 andn = {npq:
L“P@ A% — A} b, =1 are two families of multilinear maps wheliehas degree 3 2nandnp g
has degree 2 2p—q, such thatL, ) is anL«-algebra and the two families satisfy the following
compatibility condition:

6 nn7m(V1,...,Vn,a]_,...,am) =

= Z (—1)8(0) n1+r7m(l p(Vo(l), e 7V0(p))7vcr(p+1)7 oy Vg(n)s @y e s am) +
O€Xptr=n; P=2

+ Z (—1)up"i(o)np7i+1+j (Vc(l)a"uvo(p)aalv"7ai7nl'75(v0'(p+1)7"7V0'(n)7ai+17"7ai+S>7ai+S+17--,afn)~

0'62p+r:n, i+j=m-s

(r,9)#(0,1),(n,m)

wherep(0) = s+i+ Si+ms+€(0) +S(Vg(1) + -+ +Vg(p) + a1+ + &)+
+ (al+"'+ai)(vo(i+l)) +"'+Vo(n))~

Remark2.4. The operatol in the above definition denotes the induced differential loe t
endomorphism complex, i.e.:

0 Nnm = No1Nhm — (—1)m nn,m(dLn ® 1%m+ 1Q|_§n ® dam)

whered; n = 1;®10--©1+ - +12--@1l; anddam = ny 1©18--@1+ - +10--©1ong .
It is convenient to have a shorthand expression for the OGH#ions:

Omm= 3  Mum(lp@ L @XM (E(0)®1™) +
0€Xptr=n, P=2
+ Y DM e 1 @ns@ L) (E(0) 0 1™ (3)

0€Zptr=n, i+j=m-s
(r9#(0,1),(nm)

whereE(0) is defined by (1). The complicated sign of the definition iscabed in the above
expression if we assume the following standard conveng@n two map$1,hy : VoW — U,

the tensor produdt @ hy defined onv®* @WE” is given by: (hy ®ha) (V1 ®V2) @ (Wi @Wa)) =
(—1)M2lWalhy (v, wy) @ ho(vo, Wo).

Example 2.5. Here is a list of the first few OCHA relations:

aan = 2([’]071)2 =0 (4)
Omi1 = no2(N1o®Ua) —No2(La®N10) (5)
Ongo = nNiola+n (W ®n1o) +np1(W ®@n1o)E(T12) (6)
oni2 = nNy1(lL®no2) —No2(Ny1®1a) —No2(la®@nyy) +

+np3(N1,0®1Ia® 1a) —No3(la®N1o®1a) +Np3(1a® 1Ia® N1 o) (7)

angl = n171(I2 ® 1A) + n171(1|_ ® n171) + n171(1|_ ® n171)(E(1 2) ® 1A> +
+np2(N20® 1) —No2(1a®N20) + N1 2(1L ®N1o® 1a) — N1 2(1L ® Ia® Ny )
+n172(1|_ ®N1o® 10)(E(12) ®1p) — n172(1|_ ®IA® n170)(E(1 2)®1p) (8)
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Relation (4) simply says tha ; is a differential operator. On the other hand, (5) means that
ny o takesL into the homotopy center & whereny 1 is the homotopy operator. If we consider
an OCHA structure where the mapgo andn; g are set equal to zero, then relations (7) and (8)
together say that; 1 : L®A — Als a Lie algebra action by derivations up to homotopy. Each
OCHA defining relation correspond to a manifold with cornetsose boundary is labeled by
trees. Interesting figures illustrating relations (5)(B)and (8) above can be found in [7]. From
the above relations, one can see that a Leibniz pair is acplaticase of an OCHA structure.
Given its importance in this note, we state this fact moreigedy in the following Proposition.

Proposition 2.6. Let A and L be vector spaces, a Leibniz pair structurélord\) is equivalent
to an OCHA structurg¢L, A, = {In},n = {npq}) where only 3, n; 1 and ny> are different from
zero.

2.1 The geometrical description of OCHA

The geometrical meaning of the OCHA relations can be desdriiy the language of operads.
Here we will show very briefly how those relations are obtdifrem the Axelrod-Singer [1]
compactification of configuration space of points in the etbdisc.

The OCHA operad ¢ is the DG 2-colored operad generated by the following caeoll

1 2 - n

n=

forn>2and 2+ g > 2. The above trees are partially planar trees, where thelyvgiges are
spatial and the straight edges are planar. We endow with a differential operatod defined
on corollad, andnp q as shown below and extended to all trees by the Leibniz rulederadic
composition:

dlh="3 > 9)

k+l=n+1 unshuffles:
k=2 {12..n}=l1Uly
#1=k, #l,=1—1

observing that an unshuffeeis equivalent to a partitiof1,2,...,n} = I1 Ul3 into two ordered
subsets

l1 I2
—— N1 m
dnn,m: Z Z ( +
k+l=n+1 unshuffles:
kI>2 {12..n}=l1Uly
#1=k, #l=1—1
Ih l>
AN 1i—~ -Hs ---m
+ (_1)s+|+3|+ms ) (10)
o<iI<m
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The Axelrod-Singer compactification of configuration spatgoints in the closed disc is a
manifold with corners denoted(p, q). Points inC(p,q) can be intuitivelly described through
“bubbling off$ on the disc. Those bubbling offs are pictured on the nexirﬁgu

P (DY

The boundary strata &(p, q) are labeled by the trees inc ... The topological boundary of the
manifold induces on trees precisely the coboundary opedadefined above. Indeed, the signs
in formulas (9) and (10) result from comparing the induceeérdation on the boundary with
the product orientaion induced by the operadic composittan details about the geometrical
description of OCHA, see [7].

3 Main results

Given two graded vector spacksaandA, Kajiura and Stasheff [10] have presented an OCHA
structure(L, A, [,n) as a coderivation in Codén\(L) ® °T (A)) having the specific forni+n
and satisfying[+n)? = 0. Here®A(L) and®T (A) denote the (graded) symmetric and tensor
coalgebras cogenerated hyandA, respectively. In [6], following suggestions by Markl, we
have shown thainy coderivation on the coalgebfa (L) ® T (A) has the form +n. We can
thus state our first result.

Theorem 3.1. Given two DG-spaces L and A, an OCHA structure on the aif) is equiva-
lent to a degree one coderivation®Codet(°A(L) ® °T(A)) such that [ = 0.

The above theorem along with the geometrical descriptidD@HA mentioned in the previous
section, led us to find a DGLA structure on the Cohomology abhe.

3.1 Cohomology of Leibniz pairs

We begin by recalling the definition of the cochain comp®XA,L) given in [5]. Consider
a Leibniz pair(A,L) with Lie algebra actionu: L&A — A, u(X,a) = [X,a]. LetCP(A/A) =
Homy(A®P, A) denote thepth Hochschild cochain group @ with coeficients in itself. For any
p > 1, there is a Lie algebra action bfonCP(A A):

X, f]:=[u(X,.), flc VX €L,VfeCPAA)

where[_, ] denotes the Gerstenhaber bracket. More explicitly, we f¥avE € CP(A, A) given
by:

X, fl(ag,...,ap) = [X, f(ay,...,a Zf ay,.. ],...,ap).

Since the Hochschild differentidl : CP(A,A) — CP1(A A) is also defined by the Gersten-
haber brackedy = [m,_|g, we have:

6H([X7 f]) = [m7 [“(Xv—)7 f]G]G = Hmv U(X7—)]G7 f]G+ [U(X7—)7 [mv f]G]G =
= [U(X,—), [m7 f]G]G = [x76H f]
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where[m, [u(X,.), flc]c = 0n (K(X,_)) = 0 becaus@(X, ) is a derivation ofA. So, the follow-
ing proposition is proved.

Proposition 3.2. The Hochschild differentiaby : CP(A,A) — CPT1(A A) is a morphism of
L-modules.

Now define:

CPA(A L) = Hom(A®P @ AL, A) = Hom (AIL,CP(A,A))  for p>0andg>0
C%9(A L) = Homg(AIL,L) forg> 0.

Let &ce : Hom(AIL,CP(A A)) — Hom(AIL,CP+1(A A)) be the Chevalley-Eilenberg differ-
ential defined by thé-module strucuture aEP(A, A) and, forp > 1 and letdy : Homg(A®P ®
NIL, A) — Hom(A®P+L 2 AIL, A) be the Hochschild differential. We thus have a double com-
plex:

B B 5

Hom(A®2, A) — X5 Hom(A®2 @ L, A) —<E—~ Hom(A®2 @ AZL, A) —
B B 5

Hom(A A) — %5 . Hom(A®L,A) — 5~ Hom(A® AL, A) — =
5 5 5

Hom(k, L) Oce Hom(L, L) ce Hom(A2L,L) e

whered, : Hom(APL,L) — Hom(A® APL,A) = Hom(APL,CY(A, A)) is the map induced by the
L-module strucuture oA. From Proposition 3.2, one can see that all the vertical aniddntal
coboundaries in the above diagram commute.

Definition 3.3 (Flato, Gerstenhaber, Voronov [5]The Deformation Complex GL,A) of a
Leibniz pair(L,A) is the total complex associated to the above double complex.

3.2 DGLA structure on C*(L,A)

Let us now outline the construction of a DGLA strucuture omdleformation complex of Leib-

niz pairs. Recall the tensor (resp. symmetric) coalg€bfd\) (resp.“A(L)) is coaugmented,

so let us denote its coaugmentation ideafbByA) (resp.cA(L)). B

We first define a natural Lie algebra action of Cq8afL)) on Code(‘T (A) ® °A(L)). Given

¢ € Code(°A(L)). The tensor product of a coderivatignon some coalgebra with the iden-
tity map of other coalgebra always results in a coderivatinrthe product of the two coal-

gebras, so lga) @ ¢ is a coderivation of T(A) ® °A(L). For any¢ € Code(°A(L)) and

Y € Code(°T (A) ® °A(L)), we define the Lie action df ony by:
[0, W] := (Idera) @ O)W — (—1) ¥ @(ideria) @ 9). (11)

Let Code(A(L)) x Codel“T (A) ® °A(L)) denote thesemidirect producinduced by that ac-
tion. We can now state our main results.
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Theorem 3.4.A Leibniz pair structure ofL, A) is equivalent to a degree one quadratic element
[+n e Codeb(°A(]L)) x Codeb(°A(/L) @ °T(|A)) such thaf(+n,[+n] = 0.

Sketch of Proof From Theorem 3.1, every coderivation in Cod&(|L) ® °T(|A)) has the
form [+ n wherel is obtained by the lifting as a coderivation of multilineaaps of the form

In: AL — L for n > 1, whilen is obtained by lifting maps of the formy 1 : APL@ A®4T1 — A,
Notice that has no components of the fomg o because the coalgeldia(|L) ® °T(]A) has no
components of the for‘APL @ k ~ APL. Restricting attention to degree one quadratic coderiva-
tions, we see thaitis the lifting of I, while n is the lifting of ny 1 +ng>. The result follows
from Proposition 2.6 and the fact that Co(#Y(L)) x Codef°T (A) ® °A(L)) is isomorphic to
the Lie subalgebra of Codéf (A) ® °A(L)) of those coderivations obtained by lifting maps of
the forml, andnp g 1. O

The geometrical intuition behind the above Theorem canma fsbserving the OCHA relations
in Example 2.5. If we satp o =0 for p > 1 andnp g = 0 for p+q > 2, then relations (7) and (8)
define precisely a Lie algebra action by derivations. Thei-skract product CodéFA(L)) x
Code(°T (A)®°A(L)) is well suited to take precisely those OCHA coderivationgrehp o =0
for all p > 1, and by restricting to quadratic coderivation we g4 = 0 for p+q > 2.

If [+ n defines a Leibniz pair, thed= [[+n,_| is a differential operator and we have a DGLA

structure on Cod¢fA(|L)) x Code(°A(|L) ® °T(|A)). The isomorphisrg in the next Theo-
rem is defined by the lifting as a coderivation.

Theorem 3.5. There is an isomorphism of DG spaces:

£: (C*(L,A), diot) — (Codef®A(|L)) x Codef°A(|L) @ T(|A)),8= [[+n,]).

Corollary 3.6. The deformation complex*(L,A) of a Leibniz pair(L,A) admits a natural
strucuture of differential graded Lie algebra.

4 Conclusion

Homotopy algebras in general can be studied through opefdus general principle also ap-
plies to homotopy algebraic structures defined on pairsyene-tuples of spaces, see [4]. In
those cases, the operads must be colored. OCHA is a natamalpéx of a homotopy algebra
defined by a 2-colored operad. In this note we have presentagdication of this new strucu-
ture to the study of the cohomology of Leibniz pairs by shaytimat its deformation complex
is a semi-direct product of two DG-Lie algebras. The defdramacomplex of algebras over
colored operads is a rich subject. Open-Closed Homotopgl#ks, as a natural example, is
likely to guide us to new discoveries.
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