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Abstract

The purpose of this contribution is to show how quantum geometry of higher Coxeter
graphs ofSU(N) type gives a common algebraic formulation for both RCFT and quantum
groupoı̈ds. These apparently two different fields are hardly studied by wide communities
of physicists and mathematicians. To carry out this formulation we determine all Nim-reps
describing CFT and weak Hopf algebra structures based on combinatorial data of graphs.
We will pay attention to a particular case: theD 3 orbifold graph ofSU(3) system for which
the algebra of quantum symmetries is non-commutative.

Introduction

Higher Coxeter graphs ofSU(N) type and their quantum symmetries are well known both in
physics and in mathematics. They were introduced by A. Ocneanu as a generalization to higher
ranks the usual ADE Coxeter-Dynkin diagrams associated to SU(2) system [27]. In mathe-
matics these graphs are implicated in various fields such as representation theory of quantum
groups, (weak) Hopf algebras, classification of semi-simple Lie algebras, operator algebras,
subfactors, category theory and bimodules [28, 27, 3, 26, 33, 1, 2, 25, 30]... In physics, many
models are based on this kind of graphs like lattice integrable models in statistical mechanics
or models of quantum gravity in sting theory and D-branes [31, 36, 17, 32, 37].
- From an algebraic point of view, higher Coxeter graphs of the SU(N) type are related to the
classification of affine Lie algebras and describe their representation theory [27, 17].
- In topological field theory, they enable to compute the set of 3 j and 6j-symbols in many
theories of strings [18].
- In a conformal viewpoint, they are related to the classification of modular invariants of con-
formal models and describe the different aspects of quantumconformal field theory [4, 19, 23,
13, 11, 34].
Quantum geometry on graphs (introduced by A. Ocneanu) describes quantum symmetries of
these graphs together with the corresponding Ocneanu graphs which index the defect lines of
the CFT and brings out new structures of weak Hopf algebras called algebras of double triangles
[28, 29].
The main task here is to show how a triplet (G, A (G), Γ(G)) of graphs can, on one hand describe
2D-RCFT and determines all types of its Nim-Reps, and on the other hand encode a weak
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Hopf C∗-algebra structure known as the double triangle algebra. The graphG is a generalized
Coxeter-Dynkin graph ofSU(N) type associated to a given modular invariant, the graphA (with
same dual Coxeter number asG) is the graph describing the fusion algebra andΓ is the Ocneanu
graph describing hidden quantum symmetries ofG [6, 13, 14, 9, 22, 20]. A system of several
generalized 6-j symbols, called Ocneanu cells represented by 3-simplice which are labeled
by vertices and edges of the previous graphs, appears as consistency conditions to ensure the
axioms of the underlying Ocneanu quantum groupoı̈d [28, 15,7, 8, 33, 21]. The starting point
is a given modular invariant partition function associatedto a graphG. It includes many pieces
of information on spectral and quantum data. The algebraOc(G) of quantum symmetries and
the associated Ocneanu graphΓ(G) are deduced from the use of the so-called modular splitting
technique needing only the fusion nimreps and the modular invariant [28, 10, 24, 20].
Outline:
• Fusion algebras and the properties of theAk graphs.
• The module graphsG and self-fusion.
• The algebra of quantum symmetries and the Ocneanu graphΓ(G).
• The double triangle algebra.
• References.
Notations:
For theAk graphs: vertices are denoted byλ,µ,ν..., and theNλ are the fusion matrices.
For theG graph: vertices are denoted bya,b,c..., theGa are the graph algebra matrices and the
Fλ are the annular matrices.
For theΓ(G) graph: vertices are denoted denotedx,y,z..., theOx are the quantum matrices, the
Sx are the dual annular matrices, theWxy are the toric matrices and theVλµ the double annular
matrices.

1 Fusion algebras and the properties of theA k graphs

Fusion algebras describe fusion of primary fields in CFT and their structure constants are nim-
reps (non-negative integer matrix representations) denoted(Ni) jk and are related to the OPE of
fields:

V i ⋆V j = ⊕kN
k

i j V k,

whereV i are irreducible representations of the chiral algebra, an extension of the Virasoro
algebra, of the RCFT.
Ak graphs are the Weyl alcoves ofSU(N) type truncated at some level k. Each graph is charac-
terized by the generalized (dual) Coxeter numberκ = N+k. Verticesλ, µ, ν. . . represent irre-
ducible representations (irreps) of quantum sub-groups ofSU(N)k at a root of unityq = eiπ/κ.
TheAk graphs encode the tensor product of irreps inherited from fusion of fields [16, 17].

1.1 General properties ofAk graphs of the SU(3) system

In the following, in Figure 1, we display the Weyl alcove ofSU(3) at a levelk, as well as some
symmetry automorphisms and the modular generators [17, 20]:

Ak = {λ = (λ1,λ2) = λ1Λ1 +λ2Λ2/ λ1,λ2 ∈ N, λ1+λ2 ≤ k}
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characters of irreps ofSU(3):

χk
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⋆ Vertices: are irreps ofSU(3) (1,0) = (0,1) = (1,1) = ...
⋆ Edges:are oriented

Figure 1: General data on Weyl alcoves of SU(3) type.

Λ1 andΛ2 are the fundamental weights of theSU(3) Lie group andλ1, λ2 are the corresponding
Dynkin labels.(0,0) is the unit representation which index the unit vertex ofAk and is related
to the ”vacuum state”,(1,0) is the fundamental generator (irrep) ofSU(3)k and (0,1) is its
conjugate. The number of vertices ofAk is dAk

= (k+1)(k+2)/2.

The nimrepsN k
i j (non-negative integer valued matrix representations), subject to the Verlinde

formula [39], give adAk
×dAk

-dimensional matrix representation for the fusion algebra:

NλNµ = ∑ν∈Ak
Nν

λµNν and N k
i j = ∑m∈Ak

SimSjmS∗km
S0m

.

TheNλ satisfy the recurrence relation for coupling of irreducibleSU(3) representations:N(0,0) =
IdAk

, N(1,0) = A(Ak) is the adjacency matrix of the graphAk, and

N(λ,µ) = N(1,0) N(λ−1,µ) −N(λ−1,µ−1) −N(λ−2,µ+1) if µ 6= 0

N(λ,0) = N(1,0) N(λ−1,0) −N(λ−2,1)

N(0,λ) = (N(λ,0))
tr

Note that theS−matrix is given bySλµ =
[
(ψλ)µ

]
, where [ψ] is the vector class matrix of

A deduced from the matrix eigenvectors of the adjacency matrix A(Ak) by choosing an ap-
propriate ordering of lines and columns [9]. While theT-matrix is diagonal and given by
Tλµ = exp(2iπT̂[λ])δλµ.
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1.2 First example: TheA3 graph of SU(3) type

In the following, we present, in Figure 2, theA3 graph, withκ = 6, and the corresponding
adjacency matrixA(A3) = N(1,0).
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Figure 2: TheA3 graph and its adjacency matrix.

The biggest eigenvalue ofA(A3) is the norm of the graph:β = [3]q = 2. The corresponding
normalized Perron-Frobenius vector−→µ (A3) = {[1], [3], [3], [3], [2][4], [3], [1], [3], [3], [1]} gives
the quantum dimensions of vertices ofA3.

2 The module graphsG and self-fusion

2.1 Definitions

Each modular invariant of affineSU(N) type is associated to a graphG. Such graphs are con-
sidered as modules over the fusion algebrasA (G) with same Coxeter numberκ [6, 13, 9].

A (G)×Vert(G) −→ Vert(G)
λ.a →֒ ∑bF b

λab

The action ofA-module onVert(G) , the vector space spanned by vertices ofG, is encoded in
nim-reps(Fλ)ab giving newdG×dG-dimensional matrix representation of the fusion algebra,
which provides solutions to the Cardy equation in boundary conformal field theory (BCFT) [5],

FλFµ = ∑ν N ν
λµFν, and F b

λa = ∑m∈E xp(G)
Sλm
S0m

ψm
a (ψm

b )∗.

To each irrepλ of A (G) is associated a matrixFλ (called annular matrix) such thatF(0,0) = IdG

andF(1,0) = A(G), whereA(G) is the adjacency matrix of the graphG. The verticesa,b,c. . .
of G represent the boundary states of the BCFT.

2.2 Second example: TheD 3 orbifold graph of SU(3) system

2.2.1 General data onD 3

Consider the following modular invariant coded in a modulardiagram as displayed in Figure
3. It is associated to theD 3 graph ofSU(3) type obtained from theA3 graph by aZ3-orbifold
operation. In Figure 4 we display theD 3 graph and its adjacency matrixA(D 3) associated with
the multiplication by the fundamental generator1 (the unit vertex is0).
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Figure 3: The modular diagram of theD 3 graph.
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Figure 4: TheD 3 graph and its adjacency matrix.

Once the adjacency matrixA(D 3) = F(1,0) is known, one can easily deduce all other annular
matricesFλ. Many interesting information could be extracted from the modular invariant toric
matrixM . First of all are the spectral data. Indeed, the diagonal entriesM λλ are in bi-univoque
correspondence with the Coxeter exponents(r1, r2)∈Exp(G) (a subset ofExp(A (G))≡ A (G))
[35]. So, theD 3 graph has six eigenvaluesγ(r1,r2) (the last one is triple) associated with the
exponents(0,0), (3,0), (0,3) and(1,1) respectively:

γ(r1,r2) = exp
−2iπ(2(r1+1)+(r2+1))

3κ
[1+exp

2iπ(r1+1)

κ
+exp

2iπ((r1+1)+(r2+1))

κ
]

The norm of theD 3 graph isβ = γ(0,0) = 1+ 2cos(2π/κ) = [3]q = 2 and the corresponding
normalized Perron-Frobenius vector [6] is−→µ (D 3) = {1,2,2,1,1,1}.

2.2.2 The graph algebra ofD 3

TheD 3 graph possesses a self-fusion i.e there exists an associative, unital commutative algebra
structure in the sense that one can multiply generators ofD 3 by each other and this multi-
plication is compatible with the module multiplication by elements ofA described by theFλ
matrices. Such graph is called a subgroup graph of the quantum groupSU(3)q. To each gen-
eratora∈ D 3 we associate aN-valued matrixGa of sizedG×dG such that the coefficientsG c

ab
satisfy a generalized Verlinde formula

G0 = IdG, G1 = A(D 3) , GaGb = ∑c∈D 3
G c

abGc and G c
ab = ∑α∈Exp(G)

ψaαψbαψ∗
cα

ψ0α
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The trace ofM gives the cardinality of the graph:dG = Tr(M ). Explicit values ofGa for D 3

are deduced from the multiplication by the fundamental generator

G0 = I6, G1 = (G1′)
tr = A(D 3) , and G2 +G2′ +G2′′ = G1G1′ −G0

The subsetJ = {0,2,2′,2′′}, called the modular subalgebra, is a subalgebra of the graphalgebra
D 3 and is determined byT-modular properties of the graphD 3. The compatibility condition
between theA -module structure onG and the graph algebra structure ofG is written as:λ(ab)=
(λa)b, for all λ ∈ A (G) anda,b∈ G.

3 The algebras of quantum symmetries
and the Ocneanu graphs

Defect lines of a twisted chiral CFT are encoded by verticesx,y,z. . . of an Ocneanu graphΓ(G)
associated to a higher Coxeter graphG. Their fusion is described by an algebra structureOc(G)
called the algebra of quantum symmetries. In theSU(3) case [9, 20], the Ocneanu graph has
four fundamental chiral generators (twice the number of fundamental representations).

3.1 The Ocneanu algebra of quantum symmetries

A technical method to determine the algebra of quantum symmetries of a graph is the modular
splitting formula [28, 10, 24, 20] based only on the knowledge ofM (G) and the fusion matrices
Nλ of A (G) :

∑λ′′µ′′ N
λ′′

λλ′ N
µ′′

µµ′ M λ′′µ′′ = ∑z(W0z)λµ(Wz0)λ′µ′.

which enable to compute all toric matricesW0z or Wz0 with one defect linez. its generalization
gives a relation between twisted toric matrices with two defect lines.

∑z(Wxz)λµ(Wzy)λ′µ′ = ∑λ′′µ′′ N
λ′′

λλ′ N
µ′′

µµ′ (Wxy)λ′′µ′′ ,

The othersWxy, which give the generalized twisted partition functions ofthe theory with two
defect lines (sayx andy), are given by

∑z(Wxz)λµWz0 = NλWx0(Nµ)
tr .

Note that very often the algebraOc(G) can be realized as an appropriate quotient of the tensor
product of a graph algebraH on whichG acts as anH-module (H could beA (G) or G it-
self): Oc(G) = H ⊗J (H) H. This fact can shows thatOc(G) is always block diagonalisable and
isomorphic to a direct sum of finite dimensional matrix algebras as⊕λ,µM

(
M λµ,C

)
. When

someM λµ are greater than 2, theOc(G) is a non-commutative algebra due to the presence of
this matrix blocks. A faithful anti-representation1 of the Ocneanu algebraOc(G) is carried
by N-valued matrices called Ocneanu quantum matricesOx of sizedΓ × dΓ, which attached
attached to the generatorsx of Γ(G) and satisfy

OxOy = ∑zO z
yxOz.

1In generalOc(G) is a non-commutative algebra, otherwise its structure constants satisfyOz
xy = Oz

yx and the set
of quantum matrices forms a representation.
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3.2 The double fusion algebra

It is convenient to introduce new nimreps for the tensor square of the fusion algebraAk⊗Ak

called the double fusion algebra. To each pair(λ,µ) of vertices ofAk one associates a matrix
Vλµ, called double annular matrix related to the toric matricesby:

(Vλµ)xy = (Wxy)λµ and VλµVλ′µ′ = ∑λ′′µ′′ N
λ′′

λλ′ N
µ′′

µµ′ Vλ′′µ′′

3.3 Γ(G) as anA -A bimodule

The Ocneanu graphΓ(G) is a bimodule on the double fusion algebraA ⊗A .

A (G)×Γ(G)×A (G) −→ Γ(G)
λxµ 7−→ ∑y(Vλµ)xyy = ∑y(Wxy)λµy

There are some compatibility conditions between the algebra of quantum symmetries and this
bimodule structure given by

OxVλµ = VλµOx = ∑z(Vλµ)xzOz.

in particular if we setx = 0, we can deduce the twisted toric matricesWxy from the data ofOz

andW0z

Wxy = ∑z(Oz)xyW0z.

Furthermore the knowledge of the matricesVλµ allows to give the Ocneanu matrices associated
with the fundamental chiral generators by

V(1,0)(0,0) = O1L V(0,0)(1,0) = O1R

V(0,1)(0,0) = O1∗L
V(0,0)(0,1) = O1∗R

which are the adjacency matrices for the Ocneanu graphΓ(G), its unit vertex is assigned to
V(0,0)(0,0) = IdΓ .The cardinality ofΓ(G) is also encoded in the modular invariantM as: dΓ =

Tr(M M tr
) and the exponents of the spectrum ofA(Γ) is given by the non-zero diagonal entries

of M M tr .

3.4 G as anOc(G)-module

The graphG acts as a module on the Ocneanu algebraOc(G). This structure is encoded in a set
of nim-reps(Sx)ab called dual annular coefficients:

Oc(G)×G −→ G
x.a −→ ∑bS b

xab

The set of matricesSx of size dG × dG associated to verticesx ∈ Γ(G) forms a new anti-
representation of the Ocneanu algebra:

SxSy = ∑zO z
yxSz.
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3.5 Example: The Ocneanu graphΓ(D 3)

Applying the above formalism to theD 3 case, we find the expressions of the left and right chiral
generators ofΓ(D 3) [20]:
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3Figure 5: The Ocneanu graphΓ(D 3)

The graphΓ(D 3) hasdΓ = 18 vertices according to the formuladΓ = Tr
(
M M

tr
)

. The analysis

of the graph shows that we can split it into three subgraphs as

Γ(D 3) ∼ D
(0)
3 ⊕D

(1)
3 ⊕D

(2)
3

The algebra of quantum symmetries is non-commutative and can be written as a square tensor
product of the graph algebraD 3 over the modular subalgebraJ or as a semi-direct product of
D 3 by the discrete groupZ3 as it is seen in Figure 5:

Oc(D 3) ≡ D 3⊗J D 3
∼= D 3×Z3.

This noncommutativity comes from the fact that the decomposition [2, 27] of Oc(G) contains
a matrix blocM (3,C), coming from the fact that the modular invariant partition function is of
the form:Z (D 3) = |00+30+03|2+3|11|2. So it is written as:

Oc(D 3) ∼= ⊕r=9
r=1Cr ⊕M (3,C)
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4 The double triangle algebra

4.1 Essential paths onG and the double triangle algebras

We move from the geometry on the graphG to the geometry describing the paths onG.
Essential horizontal paths [28, 6] (or horizontal triangle) ξλ

ab of typeλ going froma to b span a
vector spaceH paths(G) graded byλ: H paths(G) = ⊕λ∈AH λ with cardinality∑λ∈A dλ where
dλ = ∑a,b∈G(Fλ)ab.
Essential vertical paths (or vertical triangles)ηx

ab of type x going from a to b span a vector
spaceV paths(G) graded byx: V paths(G) = ⊕x∈ΓV x. Its dimension is∑x∈Γ dx wheredx =

∑a,b∈G (Sx)ab.

��ξλ
ab = @@

a b

λ
= �

�
@

@a b

λ

ηx
ab = ��

@@
a

b

x
= �

�

@
@

a

b
x

Now, if we consider the vector spaces of endomorphisms on essential paths, we obtain two
(dual) algebras2 which are both semi-simple and cosemi-simple:

B = ⊕λBλ = ∑λH λ(G)⊗ Ĥ λ(G) B̂ = ⊕xB̂x = ∑xV x(G)⊗ V̂ x(G).

A basis for the algebra(B ,◦) is defined by
{

eξη
}

whereeξη stands forξλ
ab⊗ η̂λ

cd and are rep-

resented by matrix units. For the dual algebra
(
B̂ , ◦̂

)
a basis is defined by

{
f γδ

}
where f γδ

meansγx
ab⊗ δ̂x

cd.

eλ
ξη =

��@@

��@@
λ

a a′

b b′
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4.2 A weak Hopf algebra structure

4.2.1 The algebras(B ,◦) and
(
B̂ , ◦̂

)

The two type of products◦ and◦̂ on both isomorphic algebrasB andB̂ are defined respectively
by:

eλ
ξκ ◦eλ′

ζη = δλλ′δκζeξη and f αβ
x ◦̂ f γδ

x′ = δxx′δβγ f αδ

2dimB = ∑λ(dλ)
2 = ∑x(dx)

2 = dimB̂ (= 1032 for theD 3 case).

187



4.2.2 The coalgebras(B ,∆) and
(
B̂ , ∆̂

)

The existence of a product◦̂ in B̂ allows to define a coproduct onB by:
〈

f αβ ⊗ f γδ,∆eξη

〉
=

〈
f αβ◦̂ f γδ,eξη

〉
. In analogous way a coproduct∆̂ is defined on̂B using the product◦ in its dual

B :
〈

∆̂
(

f αβ
)

,eξη ⊗eκξ

〉
=

〈
f αβ,eξη ◦eκξ

〉
.

4.2.3 The units and counits

The unit elements ofB andB̂ are defined via the corresponding minimal central projectors3 as
I = ∑λ πλ for B andÎ = ∑xωx for B̂ .
We can show that the axiom∆(I) = I⊗ I for usual Hopf algebras is ”weakened” forB andB̂

and one get∆(I) = I(1)⊗ I(2) and∆̂
(
Î

)
= Î(1)⊗ Î(2), where Swedler notation is used.

The counitε of B satisfyε(e◦e′) = ε
(
eI(1)

)
ε
(
I(2)e

′
)
, for all e,e′ ∈ B , and the same for the

counit ε̂ of B̂ we havêε( f ◦ f ′) = ε̂
(

f Î(1)

)
ε̂
(
Î(2) f ′

)
, for all f , f ′ ∈ B̂ . This means that these

two maps are not algebra homomorphisms.

4.2.4 The antipodes

An antipodeS on B can be defined as an algebra anti-homomorphism like a conjugation of

elements ofB in the following way:S
(

eλ
ξη

)
= keλ

ηξ
, whereξ = ξ

λ
ab = ξλ

ba andk =
√

µ(a)µ(d)
µ(b)µ(c)

is a function of quantum dimensions of the vertices ofG. By analogy, an antipodêS on B̂
can be defined as an anti-homomorphism of algebras byŜ( f κσ

x ) = k fσκ
x . SandŜ fulfill all the

properties defining the weak Hopf algebras.

4.2.5 Gathering the pieces

To ensure the axioms of weak Hopf algebras [3, 26] for both algebra structures(B ,◦,I,∆,ε,S)

and
(
B̂ , ◦̂, Î, ∆̂, ε̂, Ŝ

)
, someC-valued 3-simplices(i)C, i = 0,1, ...4, called cells are introduced

and are related to quantum standard Racah symbols. There is only two kind of vertices for each
tetrahedron:• ∈ A and◦ ∈ Γ and only three types of oriented edges, the one going from• to ◦
is excluded.
(1)C and (3)C cells are introduced to define the explicit actions of∆ and ∆̂ respectively and
(0)C and (43)C cells to ensure their associativity.(2)C are called Ocneanu cells and are quite

special in the sense that the two set of bases
{

eξη
}

and
{

f αβ
}

are not dual: If we try the basis

change inB̂ between
{

f αβ
}

and
{

êξη
}

, the dual one of
{

eξη
}

, then their pairing is given by:
〈

f αβ, êξη

〉
=(2) C = (2)Cαβx

ξηλ.

In TQFT language, the set of cells(i)C gives a generalization of quantum 3j and 6j symbols.
In RCFT, there is a natural link between these cells and the coefficients of Moore and Sieberg.

3The minimal central projector of the blockλ is defined byπλ = ∑ξ eλ
ξξ such thatπλ ◦πλ′ = δλλ′πλ, and projects

B on the blockBλ by πλ (B ) = Bλ.The minimal central projector of the blockx is defined byωx = ∑α f αα
x such

thatωx◦̂ωy = δxyωx, and projectŝB on the blockB̂ x by ωx
(
B̂

)
= B̂ x.
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The correspondence to Nimreps of the theory is the following:

(0)C ⇆ N ν
λµ , (1)C ⇆ F λ

ab , (3)C ⇆ S x
ab , (4)C ⇆ O z

xy .

In this way, we give the necessary data needed to construct two finite dimensional algebras4

(B ,◦,I,∆,ε,S) and
(
B̂ , ◦̂, Î, ∆̂, ε̂, Ŝ

)
. In RCFT, the representation theory ofB is described by

the fusion algebraA (G) via the coefficientsNν
λµ and that one of̂B is encoded in the Ocneanu

algebra of quantum symmetries via its nimrepsOz
xy.

In theD 3 case, the computation of dimensionsdλ anddx for the two types of blocks from the
determination of annular and dual annular coefficients allows to check the quadratic sum rule:
∑λ(dλ)

2 = ∑x(dx)
2 = 1032 which is the common dimension ofB andB̂ . However, the linear

sum rule is not fulfilled in this case∑λ dλ 6= ∑xdx and one must introduce suitable symmetry
factors. It is worth to mention that more details can be foundin [9, 20, 21] for the SU(3) cases
and many others explicit examples in [7, 15, 12, 8] for the SU(2) cases. Finally, there are many
open problems in this direction like the explicit computation of quantum 6-j symbols for SU(N)
models or the determination of quantum symmetries related to systems of general Lie groups
other than SU(N) groups.
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