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Abstract

The purpose of this contribution is to show how quantum gdpmef higher Coxeter
graphs ofSU(N) type gives a common algebraic formulation for both RCFT amangum
groupoids. These apparently two different fields are astildied by wide communities
of physicists and mathematicians. To carry out this foritatewe determine all Nim-reps
describing CFT and weak Hopf algebra structures based obioatorial data of graphs.
We will pay attention to a particular case: thg orbifold graph ofSU(3) system for which
the algebra of quantum symmetries is non-commutative.

Introduction

Higher Coxeter graphs @U(N) type and their quantum symmetries are well known both in
physics and in mathematics. They were introduced by A. Qunea a generalization to higher
ranks the usual ADE Coxeter-Dynkin diagrams associated M2)Ssystem [27]. In mathe-
matics these graphs are implicated in various fields suckmgsentation theory of quantum
groups, (weak) Hopf algebras, classification of semi-saripé algebras, operator algebras,
subfactors, category theory and bimodules [28, 27, 3, 26133, 25, 30]... In physics, many
models are based on this kind of graphs like lattice intdgraindels in statistical mechanics
or models of quantum gravity in sting theory and D-branes &1 17, 32, 37].

- From an algebraic point of view, higher Coxeter graphs efSb(N) type are related to the
classification of affine Lie algebras and describe theirasg@ntation theory [27, 17].

- In topological field theory, they enable to compute the de? joand §-symbols in many
theories of strings [18].

- In a conformal viewpoint, they are related to the clasdifocaof modular invariants of con-
formal models and describe the different aspects of quacturformal field theory [4, 19, 23,
13, 11, 34].

Quantum geometry on graphs (introduced by A. Ocneanu) ibescquantum symmetries of
these graphs together with the corresponding Ocneanu gxapich index the defect lines of
the CFT and brings out new structures of weak Hopf algebréedcalgebras of double triangles
[28, 29].

The main task here is to show how a triplét (2 (G), I' (G)) of graphs can, on one hand describe
2D-RCFT and determines all types of its Nim-Reps, and on therdtiand encode a weak
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Hopf C*-algebra structure known as the double triangle algebra.graphG is a generalized
Coxeter-Dynkin graph d8U(N) type associated to a given modular invariant, the geawith
same dual Coxeter number@yis the graph describing the fusion algebra &nsthe Ocneanu
graph describing hidden quantum symmetrie&db6, 13, 14, 9, 22, 20]. A system of several
generalized 6- symbols, called Ocneanu cells represented by 3-simpligehndre labeled
by vertices and edges of the previous graphs, appears astency conditions to ensure the
axioms of the underlying Ocneanu quantum groupoid [28718, 33, 21]. The starting point
is a given modular invariant partition function associdated graphG. It includes many pieces
of information on spectral and quantum data. The algéu@E) of quantum symmetries and
the associated Ocneanu grdpit) are deduced from the use of the so-called modular splitting
technique needing only the fusion nimreps and the modwariant [28, 10, 24, 20].

Outline:

¢ Fusion algebras and the properties of thegraphs.

e The module graph& and self-fusion.

e The algebra of quantum symmetries and the Ocneanu gréph

e The double triangle algebra.

e References.

Notations:

For theay graphs: vertices are denoted by, v..., and theN,, are the fusion matrices.

For theG graph: vertices are denoted ayb, c..., theG, are the graph algebra matrices and the
[, are the annular matrices.

For thel’ (G) graph: vertices are denoted denoteyl z..., theQy are the quantum matrices, the
Sx are the dual annular matrices, thg,y are the toric matrices and tﬁé\u the double annular
matrices.

1 Fusion algebras and the properties of thez, graphs

Fusion algebras describe fusion of primary fields in CFT &ed tstructure constants are nim-
reps (non-negative integer matrix representations) @ekid{ ) jx and are related to the OPE of
fields:

Vik Vj = NV,
where 7; are irreducible representations of the chiral algebra, xansion of the Virasoro
algebra, of the RCFT.
4y graphs are the Weyl alcoves 8U(N) type truncated at some level k. Each graph is charac-
terized by the generalized (dual) Coxeter nuner N + k. VerticesA, Y, v... represent irre-

ducible representations (irreps) of quantum sub-grou&N )y at a root of unityg = gk,
TheAx graphs encode the tensor product of irreps inherited fraiofuof fields [16, 17].

1.1 General properties ofay graphs of the SU(3) system

In the following, in Figure 1, we display the Weyl alcoveSi(3) at a levelk, as well as some
symmetry automorphisms and the modular generators [17, 20]

Ak ={A = (A1, 2) = AA1+ AN/ A, A2 €N, A+ A <k}
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Triality T: T(A1,A2) =A1—A2 mod3
Zg-orbifold z2  z(A1,A2) = (K— A1 — A2, A1)
real axis, Gannon twist:  p(A) = Z<M ())
. Conjugationx: A= (A2,A1)
Modular transformations (SL(2,7Z)):

) ) S:T— -1/t and T :1—1+T1

.’-' characters of irreps of SU(3):

TG XX (1) = Tr{exp(2im(Lo — c/24))]
30) (k0

(1,0) (0)

Modular exponents:

M TIALA2)] = A1+ 12+ A1+1) Ao+ 1)+ A2+ 12—«

* Vertices: are irreps ofSU(3) 1Lo=0 (1= H (1,1) = Hj
* Edges:are oriented

Figure 1: General data on Weyl alcoves of SU(3) type.

A1 and/\; are the fundamental weights of tBe&J(3) Lie group and\1, A are the corresponding
Dynkin labels.(0,0) is the unit representation which index the unit vertexagfand is related
to the "vacuum state”(1,0) is the fundamental generator (irrep) 8U(3)x and (0,1) is its
conjugate. The number of vertices®f isd,, = (k+1)(k+2)/2.

The nimrepsNij" (non-negative integer valued matrix representationgjjesti to the Verlinde
formula [39], give ad,, x d,4 -dimensional matrix representation for the fusion algebra

SmSmSim
Sm

N\WNp = Fvea Ny, Ny and Nijk = Ymea,

TheN,, satisfy the recurrence relation for coupling of irredueiBU(3) representationsy g o) =
Idy Ni1o) = A(4y) is the adjacency matrix of the grapiy, and

Now = NaoNa-1w —No-ip-1) —No-zu) ifuz0
N0 N0 Na-10 —Na-21
Non = Nao)"

Note that theS—matrix is given byS,, = [(W))u], where[y] is the vector class matrix of
4 deduced from the matrix eigenvectors of the adjacency matfirk) by choosing an ap-
propriate ordering of lines and columns [9]. While tliematrix is diagonal and given by
Ty = EXP(2TIT [A]) Sy,
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1.2 First example: Theas graph of SU(3) type

In the following, we present, in Figure 2, thes graph, withk = 6, and the corresponding
adjacency matri\(43) = N1 ).

1 1
o1 1
1. . 1 1
Ala3) = 1. o1
o 1
1. 1
1. 1
1

Figure 2: Theas graph and its adjacency matrix.

The biggest eigenvalue @f(43) is the norm of the graphB = [3]q = 2. The corresponding
normalized Perron-Frobenius vector(as) = {[1],[3],[3],[3],[2][4], 3], [1],[3],[3].[1]} gives
the quantum dimensions of verticesf.

2 The module graphsG and self-fusion

2.1 Definitions

Each modular invariant of affinBU(N) type is associated to a gragh Such graphs are con-
sidered as modules over the fusion algebré6) with same Coxeter number[6, 13, 9].

4(G) xVert(G) — Vert(G)
A.a — ZbF}\g_b

The action ofA-module onVert(G) , the vector space spanned by vertice§ofs encoded in
nim-reps(F, )ap giving newdg x dg-dimensional matrix representation of the fusion algebra,
which provides solutions to the Cardy equation in boundanfarmal field theory (BCFT) [5],

RFy = SuNYF,  and  RY = Sospe) 22000

To each irreph of 4 (G) is associated a matri®, (called annular matrix) such th&fg o) = lgg
andF 10y = A(G), whereA(G) is the adjacency matrix of the grajgh The vertices, b,c...
of G represent the boundary states of the BCFT.

2.2 Second example: Thevs orbifold graph of SU(3) system
2.2.1 General data onpj

Consider the following modular invariant coded in a modwlegram as displayed in Figure
3. Itis associated to thes graph ofSU(3) type obtained from thei3 graph by aZs-orbifold
operation. In Figure 4 we display tle; graph and its adjacency matiX ©3) associated with
the multiplication by the fundamental generatqthe unit vertex i<).
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X3

1 . 1 1

3 .

M (D3) =Wy, = ) )
1 1 1
i . . . . . 1 . .1

Zpy = X(00) + X30) + X(03 >+ 3IX w1 ?

Figure 3: The modular diagram of tle; graph.

1 1/ A (03) =

S =

2/ 2//

Figure 4: Theps graph and its adjacency matrix.

Once the adjacency matrik(D3) = [F(; o) is known, one can easily deduce all other annular
matricesF,. Many interesting information could be extracted from thedular invariant toric
matrix o . First of all are the spectral data. Indeed, the diagonaiesir,, are in bi-univoque
correspondence with the Coxeter exponénts,) € EXp(G) (a subset oExXp( (G)) = 4(G))
[35]. So, theps graph has six eigenvalug8'? (the last one is triple) associated with the
exponents0,0), (3,0), (0,3) and(1,1) respectively:

Jr112) :exp—Z'ﬂ<2<r1+31>+<rz+1))[1 +exp2m<r:+1) +e)(|[}2|rr<(r1+1>K+(rz+1>>

]

The norm of thens graph isp = y(®% = 1+ 2cog2m/k) = [3]q = 2 and the corresponding
normalized Perron-Frobenius vector [6]i8(D3) = {1,2,2,1,1,1}.

2.2.2 The graph algebra ofps

The D3 graph possesses a self-fusion i.e there exists an asseciatital commutative algebra
structure in the sense that one can multiply generatorszby each other and this multi-
plication is compatible with the module multiplication biements ofa described by thé,
matrices. Such graph is called a subgroup graph of the guegtaupSU(3)q. To each gen-
eratora € D3 we associate H-valued matrixG, of sizedg x dg such that the coefficients,j
satisfy a generalized Verlinde formula

Go=Is, G1=A(D3), GaGb=3ccp,Go$Cc and G = Taecexpo) b
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The trace ofm gives the cardinality of the grapllg = Tr(a ). Explicit values ofG, for D3
are deduced from the multiplication by the fundamental getioe

Go=1Is, Gi1=(Gp)"'=A(D3), and Gy+Gy+Gy =G1Gy—Gq

The subset = {0,2,2',2"}, called the modular subalgebra, is a subalgebra of the giigpgbra
D3 and is determined by-modular properties of the graphs. The compatibility condition
between ther-module structure o® and the graph algebra structure®is written as:A (ab) =
(Aa)b, forallA € 2(G) anda,be G.

3 The algebras of quantum symmetries
and the Ocneanu graphs

Defect lines of a twisted chiral CFT are encoded by verticgz. .. of an Ocneanu graph(G)
associated to a higher Coxeter graphTheir fusion is described by an algebra structDoéG)
called the algebra of quantum symmetries. In $t#3) case [9, 20], the Ocneanu graph has
four fundamental chiral generators (twice the number oflamental representations).

3.1 The Ocneanu algebra of quantum symmetries

A technical method to determine the algebra of quantum sytneseof a graph is the modular
splitting formula [28, 10, 24, 20] based only on the knowled§ss (G) and the fusion matrices
N, of 2(G):

Z)\//u// N)\))\\, NULI} M)‘//U// = ZZ(WOZ)}\M(WZO)NM/'

which enable to compute all toric matric&&y, or W with one defect line. its generalization
gives a relation between twisted toric matrices with twaedefines.

ZZ(WXZ)}\IJ.(WZY)NU/ = z?\”u”N)&/’/Nuﬁ (ny>)\”p”7

The othersWyy, which give the generalized twisted partition functionsiu theory with two
defect lines (sax andy), are given by

ZZ(WXZ))\I_J,WZO = N)\WXo(Nu)tr .

Note that very often the algeb@c(G) can be realized as an appropriate quotient of the tensor
product of a graph algebrd on whichG acts as arH-module H could bea (G) or G it-
self): Oc(G) = H ®, ) H. This fact can shows th&@c(G) is always block diagonalisable and
isomorphic to a direct sum of finite dimensional matrix algebas®, M (M)\u,(C). When
somea,, are greater than 2, thec(G) is a non-commutative algebra due to the presence of
this matrix blocks. A faithful anti-representationf the Ocneanu algebr@c(G) is carried

by N-valued matrices called Ocneanu quantum matride®f sizedr x dr, which attached
attached to the generatorsf I (G) and satisfy

@X@y - ZZ Oy)Z( Z-

In generalDc(G) is a non-commutative algebra, otherwise its structuretems satisfyOy, = Of, and the set
of quantum matrices forms a representation.
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3.2 The double fusion algebra

It is convenient to introduce new nimreps for the tensor sgjd the fusion algebray ® 4k
called the double fusion algebra. To each gain) of vertices ofa, one associates a matrix
Vi called double annular matrix related to the toric matrimgs

(Vi = Wl and  VayVyye = S NN Vay

3.3 I (G)asana-2 bimodule
The Ocneanu graph(G) is a bimodule on the double fusion algebra 4.

2(G)x T (G) x 4(G) — r(G)
AXH — Ty (Vaxy = Sy(Wxyay

There are some compatibility conditions between the algebguantum symmetries and this
bimodule structure given by

@XVAp = V)\u@x = ZZ(VAu>XZ@Z-

in particular if we sek = 0, we can deduce the twisted toric matrid&sg, from the data of0,
andWog,

ny - Zz(@z)xyWOz-
Furthermore the knowledge of the matridég, allows to give the Ocneanu matrices associated
with the fundamental chiral generators by

0)(0,0) = 01, V(0,0)(1,0) = O1r

Vonoo =0; Voo =01

which are the adjacency matrices for the Ocneanu gFfg®), its unit vertex is assigned to
V(0,0)(0,0) = Lg--The cardinality ofl (G) is also encoded in the modular invariamt as: dr =

Tr(m Mt”) and the exponents of the spectrumidfl) is given by the non-zero diagonal entries
of ar ar''

3.4 Gas anOc(G)-module

The graphG acts as a module on the Ocneanu algébegs). This structure is encoded in a set
of nim-reps(Sy)ap called dual annular coefficients:

OcG)xG — G
X.a — st(gb

The set of matriceSx of size dg x dg associated to verticesc I'(G) forms a new anti-
representation of the Ocneanu algebra:

ngy — Zzoy)z( Z-
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3.5 Example: The Ocneanu graph (D3)

Applying the above formalism to thes case, we find the expressions of the left and right chiral
generators of (D3) [20]:

G . . .. Gy
Op=| . Gi . O, =| Gr . .
.. Gi . Gy .

Figure 5: The Ocneanu grapti®3)

The graphl (D3) hasdr = 18 vertices according to the formua=Tr (M M”) . The analysis
of the graph shows that we can split it into three subgraphs as

[ (D3) ~ @§0) & @él) & @éz)

The algebra of quantum symmetries is non-commutative andeavritten as a square tensor
product of the graph algebraz over the modular subalgebyaor as a semi-direct product of
D3 by the discrete groufs as it is seen in Figure 5:

Oc(p3) = D3R, D3 = D3XZa.

This noncommutativity comes from the fact that the decorntjoos[2, 27] of Oc(G) contains
a matrix blocM (3,C), coming from the fact that the modular invariant partitiomdtion is of

the form: z (D3) = |00+ 30+ 03? +3|11%. So it is written as:

Oc(p3) = @®I=3C, &M (3,C)
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4 The double triangle algebra

4.1 Essential paths orG and the double triangle algebras

We move from the geometry on the grapho the geometry describing the paths®n
Essential horizontal paths [28, 6] (or horizontal triar)glg) of typeA going fromato b span a
vector space{ pathgG) graded byA: 7 path§G) = @) 5 ), with cardinality ¥, d\ where
d = 2abeG (F)\)ab-

Essential vertical paths (or vertical triangleg) of type x going froma to b span a vector
spacev path§G) graded byx: 7 path§G) = ®xer Vx. Its dimension isy - dy wheredy =
Za,beG (S<>ab-

& = N ¥\ Nao } Q
A

Now, if we consider the vector spaces of endomorphisms oenéas paths, we obtain two
(dual) algebraswhich are both semi-simple and cosemi-simple:

o~ ~

B = O\B) = S\ H\(G) ®7/‘\[)\(G) B = DxBx = Y x Vx(G) ® ¥x(G).

A basis for the algebrés o) is defined by{e;, } wheree;, stands forigb®ﬁé‘d and are rep-
resented by matrix units. For the dual algeléril,8> a basis is defined b{fya} where ¥

X
meansyy, ® 05

a a
8 & V5 ¢ d c d
;= M = x = =
b b’ c d c d
b b’

4.2 A weak Hopf algebra structure

4.2.1 The algebrag3,0) and (%,8)

The two type of products ando on both isomorphic algebras and3 are defined respectively
by:
/ = 6
eé\K o e%r] = 6)\)\/6Kzezr] and f Of)Z = 6)()(/65 faod

2dims = ¥, (dh)? = Tx(cy)? = dim3 (= 1032 for theps case).
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4.2.2 The coalgebrags,A) and (%,E)

The existence of a produgtin 3 allows to define a coproduct am by: <f°‘B® fV5,AeEn> =

<f°‘f38fv5,e5n>. In analogous way a coprodu?sﬁs defined ons using the product in its dual

B: <3(f°‘5) €0 ®ng> = <f°‘5,em Oe|<z>-

4.2.3 The units and counits

The unit elements gfs and3 are gefined via the corresponding minimal central projettas
I=y,m for 3 andl = ¥, w" for 3. R
We can show that the axiom(I) = I® I for usual Hopf algebras is "weakened” fgrand 3
and one geA (I) = ;) @15 andA (ﬁ) :ﬁ(l) ®ﬁ(2), where Swedler notation is used.

The counite of 3 satisfye (eo€) = £ (el(y)) € (I2)€), for all e, € € 3, and the same for the
counite of 3 we haveg (f o ') :E(fﬁ(1)>€(f(2) f’) ,for all f, f’ € 3. This means that these
two maps are not algebra homomorphisms.

4.2.4 The antipodes

An antipodeS on 8 can be defined as an algebra anti-homomorphism like a caigagef

elements ofs in the following way: S(e%‘n) — kef%g, whereé = Egb =&} andk = ﬁ((z))ﬁ%‘g))

is a function of quantum dimensions of the verticesGof By analogy, an agtipod§ on 8
can be defined as an anti-homomorphism of algebreS(li§°) = kf2*. SandSfulfill all the
properties defining the weak Hopf algebras.

4.2.5 Gathering the pieces

To ensure the axioms of weak Hopf algebras [3, 26] for botklaig structureés o, 1, A €,S)
and (%,6@5,?, §> someC-valued 3-simplice§)C, i = 0,1, ...4, called cells are introduced
and are related to quantum standard Racah symbols. Therky ismo kind of vertices for each
tetrahedrons € 2 ando € I and only three types of oriented edges, the one going #tom

is excluded.

(Uc and ®C cells are introduced to define the explicit actionsAofnd A respectively and
O)C and“3C cells to ensure their associativit}?’C are called Ocneanu cells and are quite

special in the sense that the two set of ba{gﬁ} and{ fO‘B} are not dual: If we try the basis

change in3 between{ fO‘B} and{& }, the dual one of e, }, then their pairing is given by:
Ba \_(2c_ (209

In TQFT language, the set of cell$C gives a generalization of quantunj 8nd 6 symbols.

In RCFT, there is a natural link between these cells and te#icents of Moore and Sieberg.

3The minimal central projector of the bloakis defined by, = Se e%z such thatm, o T, = O\, and projects
3 on the blocks, by m, (8) = 8,.The minimal central projector of the blockis defined byw* = 5, fI* such
thatw*owY = dw*, and projects§ on the blocksy by w* (%) = By
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The correspondence to Nimreps of the theory is the following

OcsNyY AOcsFA

A b cssy Weson

In this way, we give the necessary data needed to constracfitite dimensional algebrés
(B,0,I,Ag,S) and (@,Sj, AE, §> In RCFT, the representation theory ®fis described by

the fusion algebraz (G) via the coeffi(:ientNXu and that one o is encoded in the Ocneanu
algebra of quantum symmetries via its nimréjfs.

In the »3 case, the computation of dimensiafjsanddy for the two types of blocks from the
determination of annular and dual annular coefficientsaalto checkAthe quadratic sum rule:
52 (dh)? = Tx(dk)? = 1032 which is the common dimension 8fand 3. However, the linear
sum rule is not fulfilled in this casg, dy # 54 dx and one must introduce suitable symmetry
factors. It is worth to mention that more details can be foum®, 20, 21] for the SU(3) cases
and many others explicit examples in [7, 15, 12, 8] for theZWdéses. Finally, there are many
open problems in this direction like the explicit computatof quantum 6-j symbols for SU(N)
models or the determination of quantum symmetries relaiexystems of general Lie groups

other than SU(N) groups.
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