ALGEBRAS GRADED BY DISCRETE DOI-HOPF DATA
AND THE DRINFELD DOUBLE OF A HOPF
GROUP-COALGEBRA

D. BULACU AND S. CAENEPEEL

ABSTRACT. We study Doi-Hopf data and Doi-Hopf modules for Hopf
group-coalgebras. We introduce modules graded by a discrete Doi-Hopf
datum; to a Doi-Hopf datum over a Hopf group coalgebra, we associate
an algebra graded by the underlying discrete Doi-Hopf datum, using a
smash product type construction. The category of Doi-Hopf modules
is then isomorphic to the category of graded modules over this algebra.
This is applied to the category of Yetter-Drinfeld modules over a Hopf
group coalgebra, leading to the construction of the Drinfeld double. It
is shown that this Drinfeld double is a quasitriangular G-graded Hopf
algebra.

INTRODUCTION

Hopf group coalgebras have been introduced by Turaev [11], and are impor-
tant for the study of certain 3-manifolds. A purely algebraic study of Hopf
group coalgebras and related structures was started in [13], and continued
by several authors, see for example [14, 15, 16]. For a recent survey, we refer
o [12]. A categorical explanation was presented in [2], where it was shown
that group coalgebras, resp. Hopf group coalgebras, are coalgebras, resp.
Hopf algebras in a suitable symmetric monoidal category 7. We will recall
this construction in 1.4; it provides a natural method to generalize results
of classical Hopf algebra theory to the setting of Hopf group coalgebras. For
example, it is explained in [2, Sec. 4] how Yetter-Drinfeld modules over
Hopf group coalgebras can be introduced: first we introduce the category
of modules over a Hopf group coalgebra, and then we compute its center,
which is a braided monoidal category, by construction.

A crucial result in the classical theory is now the following: to a finite dimen-
sional Hopf algebra H, we can associate a new Hopf algebra D(H ), called the
Drinfeld double of H. D(H) is quasitriangular, and the category of modules
over D(H) is isomorphic to the category of Yetter-Drinfeld modules. The
following natural question now arises: can this result be generalized to the
setting of Hopf group coalgebras? At first glance, this looks like another
straightforward application of the methods developed in [2]. This is not the
case, and the underlying reason for this is the fact that the category 7; is
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not rigid. However, we have a duality functor on 7, but this takes values
in a different category Z.

To explain this, let us look at a less complicated situation. The dual of a fi-
nite dimensional coalgebra is an algebra, and the category of comodules over
the coalgebra is isomorphic to the category of representations of the dual
algebra. If we look at a group coalgebra, this is a coalgebra in 7, then the
dual is an algebra in Zj, which turns out to be a G-graded algebra. The cat-
egory of representations of such an algebra is then the category of modules
graded by a (variable) G-set. We have two versions of this representation
category, one with a forgetful functor to 7, and one with a forgetful functor
to Zi. There are two corresponding duality results, which are explained in
1.5.

Before looking at Yetter-Drinfeld modules, we consider Doi-Hopf modules;
these are more general, but the formalism is easier, see [3]. Doi-Hopf data
and Doi-Hopf modules in 7 are discribed in 1.7 and 1.8. Our aim is then
to describe the category of Doi-Hopf modules as a category of representa-
tions. Before we are able to do this, we have to introduce a new kind of
graded algebra. Recall that a Doi-Hopf datum consists of a Hopf algebra
H, an H-comodule algebra A and an H-module coalgebra C'. This con-
struction can be performed in any braided monoidal category, for example
in the category of sets, leading to the notion of discrete Doi-Hopf datum,
see 1.2. In Section 2, we introduce algebras graded by a discrete Doi-Hopf
datum (G, A, X), and in Section 3, we discuss modules over a such a graded
algebra, graded by a (G, A, X )-set. Now if we have a Doi-Hopf datum in 7y,
then the underlying algebra and the dual of the underlying coalgebra are
both algebras, but in different monoidal categories. However, we can still
form their smash product, and this turns out to be an algebra graded by
the underlying Doi-Hopf datum (G, A, X), see Section 2. The main result
of Section 3 states that the category of Doi-Hopf modules is isomorphic to
the category of modules graded by (G, A, X)-sets, a result that comes in a
Z-version and in a 7-version, similar to the duality result in 1.5.

In Section 4, this result is applied to the category of Yetter-Drinfeld mod-
ules: we introduce the Drinfeld double; it can be constructed as a smash
product, and is an algebra graded by a certain discrete Doi-Hopf datum,
denoted G throughout the paper. In Sections 5 and 7, we introduce quasi-
triangular G-graded Hopf algebras, and we show that the Drinfeld double is
such a quasitriangular G-graded Hopf algebra.

1. PRELIMINARIES

1.1. Monoidal categories. Let C be a monoidal category. One can define
algebras, coalgebras, (bi)modules and (bi)comodules in C. If C is braided,
then we can consider bialgebras and Hopf algebras in C. Doi-Hopf data and
Doi-Hopf modules can then be introduced; in the case where C is symmetric,
this was done in [6], and it is easy to see that this can be extended to arbi-
trary braided monoidal categories. Let us briefly recall the definitions. Let
H be a bialgebra in C. The category C of right H-comodules is monoidal,
and a right H-comodule algebra is an algebra in C¥. The category of right
H-modules Cy is also monoidal, and a coalgebra in this category is called
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a right H-module coalgebra. A (right-right) Doi-Hopf datum is a triple
(H,A,C), where H is a bialgebra, A is a right H-comodule algebra and C
is a right H-module coalgebra. An (H, A, C')-Doi-Hopf module is an object
M € C together with a right A-action vy and a right C-coaction pys such
that thecompatibility condition pyva = (var @ C)(M @) (pyr @ A), where
Y= (AQve)(cca®A)(C®pa): CRA— A®C. 9 is called the en-
twining morphism. c is the braiding. We will denote the category of right
(H, A, C)-Doi-Hopf modules and right A-linear right C-colinear morphisms
by C(H)S.

1.2. Discrete Doi-Hopf data. Let us describe Doi-Hopf data in Sets. An
algebra in Sets is a monoid. Every set X is in a unique way a coalgebra
in Sets: the comultiplication is the diagonal map X — X x X, and the
augmentation map is the unique map X — {*}, where {*} is a singleton.
With this coalgebra structure, every monoid is a bialgebra in Sets. A Hopf
algebra in Sets is then a group. Let G be a monoid. A G-comodule algebra
is a monoid A together with a morphism of monoids v : A — G. The
corresponding G-coaction A — A x G sends A to (A,7(A)). Finally, a G-
module coalgebra is a right G-set. All these assertions are well-known; they
can be proved as easy exercises, and details can be found in [2]. We conclude
that a Doi-Hopf datum (G, A, X) in Sets consists of two monoids G and A,
a monoid map v : A — G and a right G-set X. We will call (G, A, X) a
discrete Doi-Hopf datum.

Now it is easy to show that an object in Sets(G)} is a right A-set Y together
with a map §: Y — X such that G(y\) = B(y)v(A), for all y € Y and
A€ A Wecall Y a (G, A, X)-set.

A morphism Y — Y’ in Sets(G)X is a map of right A-sets n : Y — Y’
satisfying ' (n(y)) = B(y), for all y € Y.

An example of a (G, A, X)-set is Y = Ax X, with S(\,z) = z and (\,2)\ =
(W, 23(X)).

1.3. The Fam-category. Let C be a braided monoidal category. To sim-
plify the computations, we assume that C is strict; this assumptions is jus-
tified by the fact that every monoidal category is equivalent to a strict one,
see for example [7]. A new braided monoidal category Fam(C) is introduced
as follows: objects are families of objects in C indexed by a set X, which we
denote as M = (X, (M,)zex), where X is a set, and M, € C, for all z € X.
A morphism M — M’ is a couple ¢ = (f,(pz)zex), where f : X — X’
is a map and ¢, : M, — M}(z) is a morphism in C. The composition of
morphisms is defined in the obvious way. The tensor product on Fam(C) is
given by
MeN = (X x X', (My ® MJ/:/)(I,JS/)EXXX/)'

The unit object is ({*}, k), where {x} is a singleton, and k is the unit object
of C. The braiding c is given by

e = (e r,) s MM — M' @ M,
where t : X x X’ — X’ x X is the switch map, and c is the braiding on C.

Obviously, we have a strictly monoidal functor U : Fam(C) — Sets, sending
(X7 (Mm)meX) to X and (f, (@z)xEX) to f
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1.4. Group-coalgebras. Group-coalgebras and Hopf group-coalgebras
have been introduced by Turaev in [11]. In [13], Virelizier studied Hopf
group-coalgebras from an algebraic point of view. Group-coalgebras and re-
lated structures have been investigated by several authors, see for example
[14, 15, 16]. For a recent survey, see [12].

Let k be a field (or, more generally, a commutative ring), and My, the cat-
egory of k-vector spaces (or, in the case where k is a commutative ring,
k-modules). Now consider the categories

2, = Fam(My,) and 7, = Fam(M”)P.

2, and 7 have the same objects M = (X, (M,),ex ), where X is a set, and
M, is a k-module, for all z € X. For the description of the morphisms in
2, see 1.3, with C replaced by My. A morphism M = (X, (M)zex) —
N = (Y, (Ny)yey) in 7T} is a couple (f, (¢y)yey), with f: Y — X a map,
and @y : My) — Ny a k-linear map, for every y € Y.

It was observed in [2] that a group-coalgebra (resp. a Hopf group-coalgebra)
is a coalgebra (resp. a Hopf algebra) in 7, = Fam(M?)°P. An algebra in
7T} is a collection of k-algebras indexed by a set X.

In a similar way, a coalgebra in Zj is a collection of k-coalgebras indexed
by a set X. Algebras in Z; are in one-to-one correspondence to algebras
graded by a monoid.

1.5. Isomorphism of categories. Let C be as in 1.3, and consider the
subcategory Fam® (C) of Fam(C), with the same objects as Fam(C), but with
morphisms of the form (f, (¢z)zex), with f a bijection. Then we have an
isomorphism F between the categories Z,g” and ’Z;f” , acting as the identity
on objects. At the level of morphisms, F' is defined by

F(f,(pa)zex) = (f 5 (05-1(5))yey)-

1.6. A duality result. It is well-known that the dual B = C* of a k-
coalgebra C' is a k-algebra; we have a functor M® — M pgop, which is an
isomorphism of categories if C' is finitely generated and projective as a k-
module.

We will now discuss a similar result for group coalgebras. Actually, it is
a special case of a more general duality result that will be discussed in
the subsequent sections. But this special case might be illuminating, as it
incorporates some of the subtleties that will reappear later in a more general
situation, and this is why we decided to give an outline here.

Let A be a G-graded k-algebra, and Z4 the category of right modules over
A, viewed as an algebra in Zj. The objects of Z4 are couples (X, M),
where X is a right G-set, and M = @,ex M, is a right A-module graded
by X; we refer to [9] for detail on modules graded by G-sets. A morphism
(X, M) — (Y,N)in Z4 is a couple (f, ), where f : X — Y is a morphism of
G-sets, and ¢ : M — N is a right A-module map such that p(M,) C Ny(,),
for all x € X. It is obvious that we have a forgetful functor Z4 — Z.

We have a second category 74, with the same objects as Z 4, but morphisms
defined in a different way: (f, (¢y)yey) @ (X,M) — (Y, N) consists of a
morphisms of right G-sets f : Y — X, and a bunch of k-linear maps
¢y My — Ny such that @y4(ma) = py(m)a, for all m € My, and
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a € Ay. Observe that we have a forgetful functor 74 — 7.
In a similar way, we have two categories associated to a group coalgebra
C = (G,(Cy)gei), one with a forgetful functor to 7j, and the other one
with a forgetful functor to Z;. The two categories 7€ and Z€ have the
same objects (X, (My).ex), where X is a right G-set, M, is a k-module,
and

Pz,g : Macg - M;® C'g
are k-linear maps such that the following coassociativity and counit condi-
tions hold:

(Mac ® Ag,h) O Pz,gh = (px,g & Ch) O Pzg,h 3 (Mx & E) O Pxe = M,.

A morphism M — N in 7€ is a morphism (f, (¢,)yey) in 7 such that f is
a morphism of G-sets and

(py ® Cg) 0 Pfy),g = Py,g © Pyg-

A morphism M — N in 2% is a morphism (f, (¢z)zex) in 2 such that f
is a morphism of G-sets and

(2 ® Cy) © pag = Pf(a),g © Pag-
Now let C be a group coalgebra, and suppose that the underlying monoid G
is a group. Write B, = C’;_l. Then B = ©4eqBy is a G-graded k-algebra,
with multiplication maps By ® By, — By, given by opposite convolution: for
e C’;lu §eCy_iandce C(ghy-1, we have

(£€) () = Elcga,9-1))E (e n-1)-

We have functors T : 7€ — T and Z : 2¢ — Zp defined as follows: at
the level of objects, T and F are defined in the same way:

T(Xa (M:E)xGX) = Z(X’ (Mx)zeX) = @ M,
reX

with the following right B-action: for m € M, and { € B, = C;_lz

mg = (€, m{1,-1))M0,zg)-

At the level of morphisms, 7" and Z are the identities. If every Cj is finitely
generated and projective as k-modules, then 7" and F' are isomorphisms of
categories. The inverse functors are defined as follows: if M is graded by
the G-set X, then T-1(M) = Z=1(M) = (X, (M,).ex), with coaction maps
Prg: Myg— My ® Cy4 given by the formula

We implicitly introduced the following notation, which will be used through-
out the rest of this paper. It is well known that C, is finitely generated
and projective if and only if there exists a unique £ @ ¢9) e C; ® Cy,
called finite dual basis of C,; (summation is implicitly understood) such that

c=£9(c)c and € = £(c9)€W for all ¢ € Cy and € € Cj. Also observe
that

(1) h—£W @ cl9) = ¢9) g 9,
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for all h € H,(y). Indeed, let €@ @ cl9) = 9 @ &9, Then
h—£9) @ 9 = (h—£9)(29)&7 @ ) = €9 @ (h—£9)(¢9)c9) = £9) @ D,

1.7. Doi-Hopf data in 7j. First, let H = (G, (Hy)4ec) be a semi-Hopf
group coalgebra, that is a bialgebra in 7;. This means that we have the
following data and properties:

e (G is a monoid;

e H, is a k-algebra, for every g € H;

e we have k-algebra maps ¢ : H, — kand Ay : Hyy — Hy® Hy,
for all g, ¢’ € G.

The Sweedler notation for the comultiplication maps is the following:
Agg(h) = h(1.g) @ 2,9
The following coassociativity and counit property have to be satisfied:
(Hy @ Agrgn) 0 Dg grgr = (Ag g @ Hyr) 0 Dggr gn;
(Hy®e)oAge=(e®Hg)oAcg=H,.
Now let A = (X, (A4)zex) be a right H-comodule algebra. This means that
we have the following data and properties:

e X is a right G-set;
e A, is a k-algebra, for all x € X
e we have k-algebra maps p; 4 : Agg — Ay ® Hy;

The following coassociativity and counit properties have to hold:
(Az ® Agn) © pagh = (pa,g @ Hp) © pag,n;

(Az ®€) 0 pge = As.
We use the following Sweedler-type notation for the coaction maps:

Pa,g(a) = Az © apg)-
Finally, let C' = (A, (Ci)xea) be a right H-module coalgebra. This means
that we have the following:

e A is a monoid, and we have a monoid morphism v: A — G;

e C, is a right H,(y-module, for every A € A;

e (' is a group-coalgebra, that is, we have k-linear maps Ay y : Chy —
C\® Cy and € : C, — k satisfying the appropriate coassociativity
and counit properties;

e the following compatibility conditions have to be fulfilled: for all
c € Cyy and h € Hy(\yy, we have

Axx(eh) = canhaqo) @ ceanleqon),
and e(ch) = e(c)e(h), for all c € C,, h € H.
Observe that (G, A, X) is a discrete Doi-Hopf datum; we call it the discrete
Doi-Hopf datum underlying (H, A, C).
1.8. Doi-Hopf modules in 7;. Now we describe the objects of M =
(Y, (My)yey) € ﬁc(ﬁ)% These consist of the following data

e a (G,A, X)-set Y (see 1.2);
e for every y € Y, a right Ag(,)-module My;
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e k-linear maps p, » : Myn — M, ® C), satisfying the appropriate
coassociativity and counit conditions;

e the following compatibility conditions have to be satisfied, for all
m e My)\ and a € Aﬁ(y)\):

(2) Py A(Ma) = mio.y1ajo,6(y)) © M1 NA[1A()]-
Here we use the following Sweedler-type notation for the coaction on M:
py7,\(m) =My @ M1 N> for m € My/\.
A morphism M = (¥, (My),ey) — M’ = (', (M})yeyr) in Te(H) is a
couple (7, (¢y)yecy’), where
e n: Y’ — Y is a morphism of (G, A, X)-sets;
o for every y' €Y', oy 0 My — Mé, is a right Ag(,)-linear map;
e for all ¥ € Y and X € A, diagram (3) commutes.

Pyl X

(3) ]\477(1/’)A Mg//’/\

pn(y’),/\l iply/,x

@, QC
My ® Ch —— > M!, @ Cy

Example 1.9. Let G be a monoid; then (G,G, Q) is a discrete Doi-Hopf
datum. G is a right G-module by right multiplication, and the identity on
G is a morphism of monoids. A (G, G, G)-set is a right G-set Y together
with a map 8 : Y — G satisfying 3(yg) = B(y)g, for all y € Y and g € G.

Let H = (G, (Hg)geq) be a semi-Hopf group coalgebra. (H, H, H) is a Doi-
Hopf datum in 7. A Doi-Hopf module (Y, (My)yey) € Ti(H )g consists of

the following data: Y is (G, G, G)-set as above; every M, is a right Hg,)-
module, and pyy : My, — M, ® H, is a coassociative coaction. For every
m € Myg and h € Hpg(,), we have the compatibility relation

py.g(mh) =mpha ) @ mpghe,g)-

These Doi-Hopf modules are simply called Hopf modules, and have been con-
sidered in [2, Sec. 3.1], where the Structure Theorem for Doi-Hopf modules
was discussed.

1.10. Let Zx(H ) be the category with the same objects as 7j(H )A, but
with morphisms defined in a different way. A morphism M = (Y, (My),cy)
M = (Y, (M’ )yrey?) in Zk(ﬂ)% is a couple (1, (¢y)yey ), where

e 1: Y — Y’ is a morphism of (G, A, X)-sets;

o foreveryy €Y, o, : My — M/ () is a morphism of Ag(,) = Ag/(y(y))-

l

modules;
o for all y € Y and A € A, diagram (4) commutes.

yx
(4) Myx : My )a

Pyy/\l \Lp;](y%)\

C
My ®Cy— 222 MY ® Cy
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2. ALGEBRAS GRADED BY A DISCRETE DOI-HOPF DATUM

Definition 2.1. Let (G, A, X) be a discrete Doi-Hopf datum. A (G, A, X)-
graded algebra is an associative algebra A (not necessarily with unit) to-
gether with a direct sum decomposition

A = ®rer Drex Arzs
such that
(5) A/\,xAX,x/ C 5:{:’,1:7()\’)14)\/\’,:1:’7

where 4 is the Kronecker symbol. Moreover, for every x € X, there exists a
1, € A, such that

(6) al, = a, forall A € A and a € A) 4;
(7) Ib = b, forall A€ Aand b € Ay 1.
Proposition 2.2. Let A be a (G, A, X)-graded algebra, with either G or A
a group, and put

Ay = BrexArg,
forallx € A. Then A = ®xep Ay is a A-graded algebra with idempotent local
units. If X is finite, then A is a A-graded algebra with unit 1 =% 5 1.

Proof. Tt follows from (5) that AyAy C Ayy. If G or A is a group, then
v(A) is invertible in G, for all A € A.
Take a € Ay . From (5-7), it follows that

aly = 0z ya and lya = 4y 4y (n)-10.

In particular, 1,1y = 0,414, so {1, | © € X} is a set of orthgonal idempo-
tents. This implies the following: for any finite subset I C X, we have the
following implications:

rel = a(Zly):a;

yel
v\ lel = (Z 1y)a = a.
yel

Now take a finite subset B C A. Thereexist A\1,--- , A\, € Aand z1, -+ , 2 €
X such that

n m

B C 6{)6}9*4Ahxf

i=1 j=1
We can always add e to {A1, -+, Ay}, so it is no restriction to assume that
A1 = e. Let a be a homogeneous component of one of the elements of

B. Then we find i € {1,---n} and j € {1,--- ,m} such that a € A, ..
Consider I = {x;y(\)"' | i € {1,---n}, j € {1,---,m}}. Since x; =
zy(A) 7Y, ziy(N) L € I, we have

G(Z 1y) = (Z ly)a =a,

yel yel

b(z 1y) = (Z 1y)b =1,

yel yel

and then it follows that
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for all b € B. If X is finite, then the above arguments show that 1 =
> zex Lo is a unit for A, and then A is a unital A-graded algebra. O

From (5) and (6), we deduce that A, Ac» = 654 Acq. Therefore every
A, is a k-algebra, with unit 1., and (X, (Acz)zecx) is an algebra in 7.

Assume that X is finite, so that A is a unital A-graded algebra. Then 1 € A.,
see for example [8, Prop. I.1.1], and we can write 1 = >~ v 1, € @pexAeq

Proposition 2.3. Take a discrete Doi-Hopf datum (G, A, X)), with G or A a
group, and assume that X is finite. The following assertions are equivalent:
(a) A= ®xrer Brex Ay is a (G, A, X)-graded algebra;
(b) A = @xen (@xGXA,\,x) is a unital A-graded algebra, and, with 1, €
Aep defined as above,

(8) A)\,azla:’ = 5x,:c/A)\,x§
(9) 1xA)\’,x’ = 5x’,x'y()\’)A)\’,a:"

Proof. (a) = (b). We have already seen above that A is a unital A-graded
algebra; (8-9) follow immediately from (5-7).

(b) = (a). Take a € Ay,. It follows from (8) that al,y = 0 if z # 2.
Therefore a = al = Y /.y aly = alg, proving (6). (7) is proved in a
similar way: let b € Ay ,4(n). It follows from (9) that 1,6 = 0 if 2’ # =, so
b=1b=3 ey lub = 1,b.

Let a = 1, € Ac ;. It follows that 1,1, = 6, 47 1,.

In order to show that (5) holds, take a € Ay, and b € Ay . Then ab €
Ay, since A is a A-graded algebra. Now we have that

ab = (alm)(lzw()\/)qb) = a(lmlva)fl)b = O,

if z # 2'y(\)71, or, equivalently, 2’ # xy()\). Now let 2/ = zy(\). Since
A is a A-graded algebra, a € Ay and b € Ay, we have that

ab € Ayy = @ Ay = GB Ay ly,
yeX yeX

hence we have that ab = ZyGX cyly, with ¢y € Ay . Now bl = b, hence

ab = ably = Z Cylylx/ =cply € A)\N,x’ 1, = A)v\’,a:’,
yeX

and this shows that (5) holds. O

2.4. 2-categorical interpretation. The definition of algebra graded by
a discrete Doi-Hopf datum can be rephrased in terms of 2-categories. For
more detail on 2-categories, we refer the reader to [1, Ch. 7.

To a discrete Doi-Hopf datum (G, A, X), we associate a 2-category G, under
the assumption that G or A is a group. The objects of G are the elements
of X, and the morphisms are the elements of A x X. (A\,z) € A x X
is a morphism with target z and source zy(\)~!: s(\,z) = zy(\)~! and
t(A\,z) = x. Then the composition (X, z) o (\,y) is defined if and only
y=1t\y) =s(\,2) = zy(\N)7!, and, in this case (N, z) o (A, y) = (AN, 2).
It is easy to verify that the identity morphism on z is (e, x).

Like every category, G can be viewed as a 2-category: the 0-cells are the
objects of G, and, for all z,y € X, Hom(z,y) is the discrete category with



10 D. BULACU AND S. CAENEPEEL

objects the morphisms x — y in G. The only 2-cells are then the identity
2-cells. For every z € X, we have the unit functor u, : 1 — Hom(z,z),
sending the object 0 of 1 to (e, z), and the morphism 1 of 1 to the identity
of (e,x). 1 is the category with one object 0 and one morphism 1.

The category of k-modules M, is monoidal, so it can be viewed as a bi-
category with one object *. To simplify notation, we will treat My, as if it
were a strict monoidal category, or a 2-category with one object. The unit
functor u, : 1 — My sends 0 to k£ and 1 to the identity of k.

Proposition 2.5. Assume that X is finite, and that A or G is a group.
Then we have a bijective correspondence between (G, A, X)-graded algebras
and lax functors F': G — M.

Proof. According to [1, Def. 7.5.1], a lax functor F': G — M}, consists of
the following data:

(a) for every x € X, a 0-cell F(z) of M. Since M}, has only one 0-cell, so
there is only one way to define F' at the level of 0O-cells;

(b) for every z,y € X, a functor Fy, : Hom(z,y) — Hom( (x), F(y)) =
M. Since Hom(z,y) is discrete, it suffices to give F,,(x)-1 ,(A, x), for every
morphism (A, z) in G. Write F,(y)-1 (N, 2) = A(AJ;)

(c) for z,y,z € X, we have to give a natural transformation p : Fp, =
F, . — F, .. This means that for every (\,y) € Hom(z,y) and (X,z) €
Hom(y, z), we have to give a k-linear map

Hng),(V,2) 0 Ay © Az = A

Since y = zy(X)7!, we find k-linear maps A ) @ Ay yy0v) — A2
which is precisely what is needed to define on A = @ 1)eaxxA(r ) & mul-
tiplication that satisfies (5). The naturality of p is automatically fulfilled
since Hom(x,y) is discrete. The associativity of the multiplication on A
follows from the functorial properties of F'.

(d) For all z € X, we need a natural transformation

Op ¢ Ux = Fyp g0 Uy,
This natural transformation is determined by a linear map
02(0) : ue(0) =k — Fyp2(ug(0)) = Ae .

The diagrams (7.12) in [1] have to commute. In our particular situation,
this means that the diagrams

6Z(O)®A/\,m'y(/\)

k& A)\,a:’y()\) Ae,:c X A)\,my()\)
\ \Lﬂ(e,x),(k,m’y(A))
Axay ()
Ax 2 ®362(0
A/\:(:®k 20 00:(0) A>\,$®A€,I

)

\ lﬂ(x,z),(e,z)

A)\,z



YETTER-DRINFELD MODULES VERSUS DOI-HOPF MODULES 11

commute. Now write 1, = ,(0)(15). The commutativity of the above
diagrams is equivalent to (6-7). O

2.6. The smash product. We propose a first method to construct algebras
graded by a discrete Doi-Hopf datum (G, A, X), in the situation where G or
A is a group. Let A be a right H-comodule algebra, as in 1.7. Let B be a
A-graded algebra, and assume that every By is a left H,)-i1-module; the
action of h € H,(y)-1 on b € By is denoted by h—b. Moreover, assume that

(10) h=(0") = (hzy()-1) =) (A1 H()-1) =),
for all b € By, V' € By, h € Hy\ny-1, and h—1 = ¢(h)1, for all h € H,.

Now define
B#A = (P P Br# Ao

AeA zeX

Here Byz# A, = By ® A; as a k-module. We define a multiplication map on
B#A, making it a (G, A, X)-graded algebra. We need to define multiplica-
tion maps

If 2’ # xy()\'), then we let this multiplication map be zero. For 2’ = zy()\'),

pi (Ba#Az) @ (By#Ay) — Baw#Aw
is given by the formula
(b#ta)(V'#a") = blag 4y -1 F#ap ey(rrya’-

Proposition 2.7. With notation as above, B#A is an algebra graded by
(G,A, X).

Proof. We have to show that the mulitplication is associative. Take a € A,,
a € Ay, ad € Ay, b € By, bV € By and V' € Bys. Also assume that
' =zy(N) and 2" = 2'y(\).
((b#a)(V'#a")) (0" #0") = (bap )11V F#ajo.na’) (0" #a")
= b(a[m()\/)q]éb')((a[lﬂ(/\u)q]a{lﬁ()\,,)_l])éb”)#a[oyxn]a’[o’mu]a";
(b#a) ((V'#d") (V" #a")) = (b#a) (b'(al[lﬁ(/\u)fl]Ab")#a'[mxn]a”)
= b(a[lﬁ(,\//\u)q]é(b’(al[lw(x,),qéb")))#a[gjxu]a'[()wu]a"
= b(a[Qﬁ(A/)q]éb')((a[lﬁ()\u)q]ahﬁ(,\,,)fl])—\b")#a[ovzn]a'[()’xn]a".
With the same notation, we easily compute that
(1#1,) ('#a') = 1(1y()-1) =0 ) #1pa’ = b'#d;
(b#a)(l#lx) = b(a[lﬁ()\/)q]41)#0,[0@/]lz/
= b#&"(a[l’,\/(k/)—l})a[o,x/} = b#a
O

2.8. The Koppinen smash product. Now we introduce a second method
to construct algebras graded by a discrete Doi-Hopf datum. Let (H,A,C)
be a Doi-Hopf datum in 73, with A a group, and let

A= P Hom(Cy-1,4;) = P P Are

AeG zeX AeG zeX
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We define multiplication maps
A)\,x b2y A)\’,z’ - A;

for ' # xy(X\'), this multiplication map is 0. For z’ = xy()\'), then we
describe

I A)\,J: ® A/\’,x’ - A)\)\’,x’~
For f € Ay, and g € Ay ., w(f ® g) = f#g € Axy a2, 18 given by the
following formula, for ¢ € C\y)-1
(f#9)(c) = fler-1))p.19(ca,on-nf(Cer-1))a,0n-1]) € Aw-
Proposition 2.9. A, as defined in 2.8 is an algebra graded by (G, A, X).

Proof. Take f € Ayz, g € Ay and h € Ayr v, Assume also that o’ =
xy(N) and 2" = 2/y(\"). We have to show that (f#g)#h = f#(g#h). For
¢ € Civam-1, we have

((f#9)#h)(c)
= ((f#g)(C(Q,()\X)—l))[O’w//]h(( o1 ((F#9) (¢, 0m)- ))[mw)_l})

= f (C<3,xl>)[o,x~]9(C(z(x')fl)f <C<3,Afl>>[2,w(x>711> [O?Z,,]h(%,(x")fl)

Fleaa-1)paom-19(c@on-nfleea1))eon-1) [m(m—l])
Fle@a-1)) 0,27 (9#h) (et ovan-1)f (1) 1y (van-1)

= (f#(g#h))(c).

Define e, : C. — A, by e,(c) = e(c)l,. Then it is easy to compute that
ex#9g =g and f#ey = f. u
2.10. Let (H, A,C) be a Doi-Hopf datum in 7, with A a group, and put
B =D B
AEA

with By = C5_;. In 1.6, we showed that B is a A-graded algebra. B, is a
left H,(y)-1-module: for § € By, h € H,(y-1and ¢ € Cy-1, let

(h=€)(c) = &(ch).

It is easy to verify that (10) is satisfied: for &' € By, h € H,\y-1 and
¢ € Cx)-1, we have

(h—(£€"))(c) = (£€")(ch) = £((ch) 2 2—1))E ((ch)1,0)-1))
¢(cepn e )€ (cam-nhaynn-)
= ((Pam)-H=O () -1n=E))().
Now we can consider the smash product B#A, as in 2.6. Consider the maps
et Oy # A4z — Axp = Hom(Cy-1, Az), ana(§#a)(c) = £(c)a,

for § € C5_1, a € Az, c € Cy-1. It is well-known that a , is an isomorphism
of k-modules if C) is finitely generated and projective as a k-module. For



YETTER-DRINFELD MODULES VERSUS DOI-HOPF MODULES 13

later use, we describe 04)_\;, using the notation introduced in 1.6 for the dual
basis of C'y:

(11) ays(F) = €XDH ().
Proposition 2.11. With notation as in 2.10,
a:@@a/\@: B#A— A
AEA zeX

is a morphism of algebras graded by (G, A, X). If every Cy is finitely gen-
erated and projective as a k-module, then it is an isomorphism.

Proof. Take§ € By, &' € By,a € Ay, d’ € Ay, and assume that 2/ = xy(\).
For all ¢ € C(yy/)-1, we have
oo ((E#a)(E#d)) (€) = arn o (E(ap A -1 —E ) #(apa’)) (c)
= &lcpa-1)E (ca,o0n-1)ap(v)-17) 0.0
= (a)\7x(§#a)a>\/7x/(§'#a/))(c).
It is also obvious that ae . (e#1z) = e,. O

3. MODULES GRADED BY (G, A, X)-SETS

Definition 3.1. Let (G, A, X) be a discrete Doi-Hopf datum, and A a
(G, A, X)-graded algebra. Let Y be a (G,A, X)-set, see 1.2. A right A-
module M is graded by the (G, A, X)-set Y if

M =P M,

yey
with
(12) MyAx . C 5x,5(y>\)My/\
and
(13) mlﬁ(y) =m,

for all m € M,.

Example 3.2. Let Y be a (G,A, X)-set. Z CY isa (G, A, X)-subset of Y
if zxe Z, forall A € A and z € Z.

Now suppose that M = @yecy M, is a right A-module graded by the (G, A, X)-
set Y. Then N = @,z M, is a right A-module graded by the (G, A, X)-set
Z. Indeed, for all z € Z, A € A and x € X, we have

NzA)\,m = MzA/\,m C 51,,3(2)\)Mz>\ = 5x,6(zA)Nz/\-

Example 3.3. Recall from 1.2 that Y = A x X is a (G, A, X)-set. Let A
be a (G, A, X)-graded algebra; then A viewed as a right A-module is graded
by the (G, A, X)-set A x X. We need to verify that

(14) AxaAx a0 g((na)N) AN z)N -

We have seen in 1.2 that (A\,z)\ = (AN, zy(\)) and B((A, 2)N) = xy(N),
and then (14) reduces to (5). It is also easy to check the unit condition: for
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a € Ay gz, we have that alg(y ,) = al, = a.
Now fix x € X. Then

Zy ={(Azy(N)) [ A € A}

is a (G,A, X)-subset of A x X. Indeed, for all ' € A, (A\,zy(\))N =
(AN, 2y(AN)) € Z,. It follows from Example 3.2 that A®) = @ cp Ay 1y
is a right A-module graded by the G-set Z,.

Assume now that X is finite; then we know that A is an algebra with unit
1 =3 cx lz. If M isaright A-module graded by a (G, A, X)-set Y, then we
have for all m € M, that ml, = 0 if z # B(y), hence m1 = > _yml, =
mlgy) = m, so M is a unital A-module. It also follows from (12) that
MyAy C My, hence M is a right A-module graded by the A-set Y. We
refer to [9] for a discussion of modules graded by G-sets.

Conversely, let M be a right A-module graded by a A-set Y (which is not
necessarily a (G, A, X)-set). Since 1 = 3 1, we have, for all y € Y,
M, = M,1 = erx My1,. Let x # 2’ € X, and assume that m € My1, N
My1,,. Then m = nl, for some n € M, and m = ml, = nl, 1, = 0. Hence
My1, N Myl = {0} and

(15) My == ®J:EXMy133-

If M is graded by a (G, A, X)-set Y, then it follows from (12) that M1, =
{0} if = # B(y), and then we find that M,1g.) = M,. Hence at most one
direct summand in (15) is nontrivial.

Proposition 3.4. Let A be a (G, A, X)-graded algebra, with X finite, and Y
a (G, A, X)-set. For a (unital) right A-module M = @,cy M,, the following
assertions are equivalent

o M is graded by the (G, A\, X)-set Y;

o M is graded by the A-set Y and Myly = 0, gy My.

Proof. 1) = 2): see the arguments preceding Proposition 3.4.
2) = 1). Take m € M,. If z # [((y), then ml, = 0, hence m = ml =

2pex Mle = mlgy).
Take m € M, and a € A ;. Then

ma = (mlg))a =m(lgy)a) = m(d; sy n)a)-

If z # B(y)y(A), then ma = 0. In any case ma € My, so we conclude that
(12) holds, since B(y)v(A) = B(yA). O

Now we introduce the category ZAG’A’X) of right A-modules graded by
(G, A, X)-sets. The objects are couples (Y, M), where Y is a (G, A, X)-
set, and M is a right A-module graded by the (G, A, X)-set Y. A morphism
(Y,M) — (Y',M') in Z}E‘G’A’X) is a couple (n,¢), wheren: Y — Y'is a
morphism of (G, A, X)-sets, and ¢ : M — M’ is a right A-linear map such
that ¢(M,) C Mé(y). If the condition p(M,) C Mé(y) is satisfied, then the

condition that ¢ is right A-linear is equivalent to the commutativity of the
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diagrams
(16) My @ Ay 5iyx) My
<py®idl i@y/\
M) ® Axpr )y M) = My
TéG’A’X) has the same objects as ZI(LlG’A’X). A morphism (Y, M) — (Y', M")

in ngG’A’X) is a couple (7, (¢y)yey’), where n : Y' — Y is a morphism
of (G, A, X)-sets, and @,/ : My, — Mz,/ are k-linear maps such that the
diagram

(17) My @ Ax B(n(y)) My y)x = My n
goy/ ®ldi J/Wy/k
My @ AAﬂ’(y’/\) M;,/’)\

commutes, for all 3/ € Y" and X\ € A.
Observe that these definitions are designed in such a way that we have
forgetful functors

2@z and TN S 7.

Proposition 3.5. Let (H, A, C) be a Doi-Hopf datum in Ty,. Then we have
fully faithful functors

T: T(H)S — TN and 22 2,(H)§ — 200,

At the level of objects, the functors are defined in the same way: T(M) =
Z(M) = (Y, ®yey My), with multiplication maps My, @Ay gyn) — Myx given
by the formula

(18) mf = mgyafmpa-1))-
At the level of morphisms, T and Z are defined by

T(77> (‘Py’)y’eY’) (777 (@y )y reyr) and Z(777 (‘Py er (n, @ ‘Py
yey

Proof. We will show that the action (18) is associative and satisfies the unit
property. Take f € Ay, f' € Ay, with 2/ = xy()X), so that f#f €
Ay z. Let m € My, and take z = 5(y). Now
(mf)f = (mpynfmpr-1))f

= mpuf(mpa-1) e (mpon-1f (M a-1)pyon-1)

= m(f#f").
The unit property is handled as follows. For m € M,, we have

Mes(y) = Mog1€60) (M1.e)) = Miog)e (M1, L) =M

Now we look at the morphisms. Let (1, (¢y)yey’) be a morphism M — M’
in ’]};(ﬂ)% We then have to show that it is also a morphism (Y, ®yecy M) —
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(Y, @y/eylMll/) in Z&GA X To this end, it suffices to show that the dia-

grams (17) commute. Take m € M,y and f € Ay g(y(y)n)- Then
®3)
Py’ (m)f = @y’(m)[o,y/,\]f(%' (m)[l,rl}):@y/A(m[o,n(y/)A])f(m[l,klﬁ
= @y (moquaf (mpa-1)) = eyalmf).
Finally, take a morphism (7, (¢y)yey) : M — M’ in Zk(ﬂ)i. We have to

show that (7, ®ycy is a morphism in Z(G %) o this end, we have to show

that (16) commutes. For m € M, and f € .A,\,ﬁ(yA), we have
©
oy (m) f = @y(m) 0.1 f @y (M) a-17) =eyalmi ) f(mpa-1)
= Pyx (m[O,yA}f(m[l,)ﬁl])) = WyA(mf)-
U

Theorem 3.6. Let (H,A,C) be a Doi-Hopf datum in Ty, and assume that
every Cy 1is finitely generated and projective as a k-module. Then the func-
tors T and Z from Proposition 3.5 are isomorphisms of categories.

Proof. We will construct a functor G': 7, (A X) — Ti(H )E and show that

it is the inverse of T'. Take (Y, M) € MfAX Let G(M) = (Y, (My)yey),
with structure described as below.

a) My is aright Ag(,)-module: ma = ma, gy)(e#a), for m € My, a € Ag,.
Let x = ((y). It is straightforward to see that this action is associative.

b) Coaction maps py » : Myy — M, ® C) are defined as follows:

pyA(m) = may-1 g, (5 )#1,3 ) ® ® V),

where we use the notation introduced in 1.6. We have to show that this
coaction is coassociative. For m € M)y, we have that

(Pyx @ Cx)(pyan(m))
= (pyr @ Cx) (mapy-1 g (g(A,)#lﬁ(y)\))) ®c
= mag-1,a0n (EX #Laga)ar-1,56) (EVH#L) © Y @ Y
= magu 1,50 EXEN#15) @ N @ N
(My @ CA,X)(ﬂy,AX( m))
= mapa-1506) (EH# L) ® Ay ().
These expressions are equal since
ENEM @ o) g (N Z (£WDEM ((MNN)EON) g () g o)
EN (N )M (NN g ¢ g o)
€M) @ W (cl] 3) o ® £ (e )e™)

= ey e o) =M © Ay ().

(\)

Let us prove that the counit property holds. For m € M,, we have

(My ® €)py.e(m) = ma gy ({ #15 ))e(e )) mae g (EF#1 () = M.
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Finally, we need to prove that the action and coaction on M are compatible,
that is,

py(ma) = mioy1ajo 5(y)] © M1 (N)]>
for m € My)\ and a € Aﬂ(y)\)'

pya(ma) = macy-1 g0, (N #1g)) @ Y

= mag g (Ea)an-1 ) (EV# 1) ©
= may-1 g ((e#a) (N #15(,))) @ Y
= may-150) (a0 €M) F#ap a0) © ¢
D may-a g (€0 Hap ) © PVap o

may-1 ) (EN# L)) e i) (H#a0,p0) © Vap )
M0,5)9[0,8(y)] © ML C[1y(N)]-

Let us now show that 7" and G are inverses. Take (Y, (My)yey) € %(ﬂ)%
Then GT(Y, (My)yey) = (Y, (My)yey), where every M, is a right Ag(;)—
module; this new action is denoted -, and we prove that it coincides with
the original one: for m € M, and a € Ag,), we have

)

m-a = ma gy (E#a) = mig ) (e pry) (E#a)) (M) = Mo (M1 )a = ma.
We also have to show that the coaction maps p, \ on GT'(Y, (My),cy) coin-
cide with the original p, x on (Y, (My)yey). For all m € M, we have
Pya(m) = may-1 gg) (fw#lﬁ(y)) ®

= Mmoot 50 (EN L) (M) ® )

= myoy €N (mp )i © N = my ) @ mp = pya(m).
Now let (Y, M) € T Then TG(Y, M) = (Y, M), with new right
A-action denoted - In order to show that this new action coincides with

the original one, it sufﬁces to show that m - f = mf, for all m € M, and
[ € Ay gy of the form

[ =y g (EF#a),

where § € C7_; and a € Ag(yy).

m - f=my, y)\}f(m[l)\ 1) :ma)\ﬁ(y/\)(g #15 1) f (e )

may peya (€ #1,8( )e(c* Dya = may gyr) (EF 1)) Qe gy (EFFa)
= may gy (EH#a) =

It is left to the reader to show the result at the level of morphisms. The
inverse H of Z is constructed in a similar way. U
4. YETTER-DRINFELD MODULES AND THE DRINFELD DOUBLE

4.1. Crossed G-sets. Let G be a group. Recall that a right crossed G-set
is a G-set V together with a map v: V — G such that

v(vg) = g 'v(v)g = v(v)’,
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for all v € V and g € G. This notion goes back to Whitehead, and it can
be reformulated as follows. Observe first that G is a right G x G-set, with

action
/

- (9,9) =g "lg'.
The diagonal map v: G — G x G is clearly a morphism of monoids. Hence
G = (G x G,G,G) is a discrete Doi-Hopf datum. Then it is easy to see
that a right crossed G-set is the same thing as a G-set. The category Xg
of right crossed G-modules is a braided monoidal category: for two crossed
G-modules (V,v) and (V,v'), (V x V' w), with w(v,v") = v(v)V/(v'), and
(v,v")g = (vg,v'g) is again a crossed G-set. The unit object is the singleton
{x}, as a trivial right G-set, together with the map sending * to the unit
element e € G.
The braiding cyyr : V x V! — V/ x V and its inverse are given by the
following formulas:

ey (v,0) = (W0 (V) 5 ey (Vv) = (v (0) ).
This can be verified directly, see [5] or [7, XIII.1.4]. It is also a consequence
of the (folklore) fact that the category of crossed G-sets can be obtained

from the category of G-sets using the centre construction, see [2, Sec. 4] for
a detailed explanation.

4.2. Hopf group coalgebras. Recall that a Hopf group coalgebra is a
semi-Hopf group coalgebra H (as in 1.7), such that the underlying monoid

G is a group, together with maps S, S, : Hy,1+ — Hy (g € G) such that

Sg(h,g-1))h2,g) = h1,9)S(ha,g-1)) = e(h)ly,

hi2g)S9(hagn) = Sylhegn)hag =)y,
for all g € G and h € H.. The S, are called the antipode maps, while the
S, are called the twisted antipode maps. The S, are then the antipode

maps of the opposite Hopf group coalgebra H°P, which is defined as follows:
Hy® = H,, with opposite multiplication, and Agpg, = A, . Forall g e G,

§g is the inverse of S;-1 and, according to [13], they always exist in the case
when each H, is finite dimensional (G is arbitrary).

4.3. Yetter-Drinfeld modules. Let H be a semi-Hopf group coalgebra.
Right-right H-Yetter-Drinfeld modules were introduced in [2, Def. 4.4]. We
recall this definition in the special case where H is a Hopf group coalgebra.
We need an object M = (V,(M,)vev) € Ti, with V a crossed right G-set
(G a group), together with the following structure:

e every M, is a right H,,)-module;
e M is aright H-comodule, with coaction maps py,y : Myg — M,®@H,.

The following compatibility condition has to be satisfied
(19) Pu.g(mh) =m0, h2,00)) © Sg(h1g-1))M1161(3,0),

for all m € Myg and h € Hy gy = Hy-1,(1)g- yD’T% is the category of
right-right H-Yetter-Drinfeld modules and morphisms that are morphisms
in 74 and 7y.
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The category yDZ% is introduced in a similar way; the objects coincide

with the objects of yDT%, and the morphisms have to be morphisms Z&
and Zy.

4.4. A Doi-Hopf datum. Let H be a Hopf group coalgebra. Then H°°® H
is also a Hopf group coalgebra. Then H is a right H°?® H-comodule algebra,
with structure maps

Pl(g.g") Hg’llg’ — H® (Hg X Hg/)

given by

PLia.g) () = hiap @ Sg(h(1g-1)) @ bz g)-
A technical but straightforward computation shows that the coassociativity
and counit properties hold.
H is a right H°® ® H-module coalgebra. Indeed, for g € G, 7(g9) = g® g
and Hy is a right Hy® ® Hg-module, with action k(h @ k') = hkh/'.
We conclude that (H°® ® H, H, H) is a Doi-Hopf datum in 7.

Proposition 4.5. For a Hopf group coalgebra H, the categories yDT%
(resp. yDZ%) and Ti,(HP ®ﬂ)% (resp. Z(HP ®ﬂ)g} are isomorphic.

Proof. Objects in %(ﬂof)@ﬂ)g and yDT% are objects M € T, with a right
H-action and a right H-coaction. We have to show that the compatibility
relations in both categories are the same.

Let M = (V,(My)yev) € Tk, and assume that V is a right crossed G-set,
M, is a right H,(,-module, for allv € V, and p: M — M ® H is a right
H-coaction. Then we have maps p, 4 : Myy — M, ® H,;. The compatibility
relation (2) now takes the following form: for all m € M,, and h € H,
we have

(vg)>

(20) Pu.g(1h) = M101 10,0 () © MY1g1 A1 ()
Now
Pu(w)1(9) (R) = P2y ® (Sg(h(1g-1)) ® hzg)),
so (20) is equivalent to (19), as needed. The statement at the level of
morphisms is left to the reader. O

4.6. Now assume that H) is finitely generated and projective as a k-module,
for every A € G. Combining Proposition 4.5 and Theorem 3.6, we find a
G-graded algebra D(H) such that the categories Y DT % and 7, g’( i) Tesp.

yDZ% and Zg( > 8re isomorphic. D(H) is called the Drinfeld double of
H, and can be described in two isomorphic ways: as a smash product or as
a Koppinen smash product. A straightforward computation based on our

previous results leads to these constructions.

Smash product.

D(H) = P P H;- #H,.

AEG geG
We describe the multiplication on D(H). Let £ € Hy_,, & € H},.,, h € Hy
and h' € Hy. Also assume that ¢’ = gy(X) = N"1g\ = .
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First recall the following notation. For k,k',l € Hy-1, k—=§~—k' € H}_, is
defined by
(k=&K' (1) = &(K'lk).
Then
(E#R)(E#D') = E(hg y-1)—=E —=Sx-1(han)))#h@g)h
Koppinen smash product.
D(H) = P P Hom(H,-, Hy).
AeG geG
Take f : Hy-1 — Hgy, f': Hy-1 — Hy, with ¢/ = g". Then f#f :
H\yy-1 — Hy is defined by
(fH#S)(h) = f(her-1)) 2.0

f <Sx—1 (f(h(Z,/\—l))(l,)\’))h(l,)\’—l)f(h(2,)\—1))(3,(/\’)—1))'

5. G-GRADED BIALGEBRAS

Definition 5.1. Let A = @) 4egAxr g be a G-graded algebra. We call A a
G-graded bialgebra if we have the following additional structure on A: for
every A € G, (G, (Axg)geq) is a semi-Hopf group coalgebra, with structure
maps

Ak,g,m : AA,gg1 — A,\,g & A)\,gl JEN A>\’e — k,
such that the following compatibility conditions hold:

(21) A/\A’,g*’,gf’ (aa’) = a(l’g)a/(Lg”) © a(z’gl)a/@,g?')’

/ .
for all a € Ay 4q,, @' € A/\,hqyg?/,

(22) exv(aad’) = ex(a)en(a’),
for all a € Ay, a' € Ay ;

(23) Ae,ggl(lgm) =1y ® 1g;
(24) ge(le) = 1.

Definition 5.1 has a monoidal justification, similar to the monoidal justifi-
cation of the definition of a bialgebra. Let C be the category with objects
of the form (V,M = @,eyM,), with V' a crossed G-set, and every M, a
k-module. A morphism (V,M) — (V/,M') in C is a couple (7, f), where
n: V — V' is a morphism of crossed G-sets and f : M — M’ is a k-linear
map such that f(M,) C Mé(v). Now C is a monoidal category. The tensor
product is defined as follows

(V.M)® (V/, M) = (V x V', M @ M),
with M @ M" = ©, vy xv' My @ M. The unit object is ({*}, k).
Now let A be a G-graded algebra, and consider the forgetful functor
v: 2§ -c.
Theorem 5.2. Let G be a group, and A a G-graded algebra. We have a
bijective correspondence between
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e monoidal structures on Zﬁ such that the forgetful functor U is strictly
monoidal;
o G-graded bialgebra structures on A.

Proof. Assume that we have a monoidal structure on Zﬁ such that U is
strictly monoidal. We first describe the structure maps €y and Ay 4 4,. Then
the unit object is k, with a certain right A-module structure. From Defini-
tion 3.1, we know that this action is determined by maps

EN . k ®A)\7e - A)\,e - kv
otherwise stated
(25) ex(a) =1k - a,
for a € Ay . From Example 3.3, we know that

(GxG, P Axy) € Z5.

\geEG
As an object in C,
(GXxGAR(GxGA)=(GxGxGxG P Ag®Ayy).
AN .9.9'€G
The crossed G-set structure on G x G X G x G is the following:
wh g, N, g) =gg i (A g N, g)N = (N, M NN g™,
Now we have a right A-module structure on A ® A. According to Defini-
tion 3.1, this is given by multiplication maps
(Arg ® Axg)) @ Ay gnr g = Ay g @ Aoy g
Take A = X = e, and replace \” by \; this gives multiplication maps
Ungg t (Aeg @ Aeg) @ Ay grgin — Ay g2 @ Ay ga.

Now we define Ay g 1 Ay gy — Axg ® Ay g as follows:
(26) A)\7g7g/(a) = 1/))\79/\_1790\_1 ((1g>‘_1 & 1g’)‘_1) X a) = (1g>\_1 (%9 1g,)\—1)a.
For later use, observe that, for a € Ay jx
(27) A/\7g)\,g/>\ (CL) = (19 X lg/)CL.

We now have to show that the maps €y and A, 4, satisfy the conditions
of Definition 5.1. Before we do this, we show that the right A-action on
M ® N is completely determined by the maps Ay 4, for all M, N € ZE.
We proceed as follows.

Let (V, M) € 2%, and fix elements v € V and m € M,. Recall from 1.2 that
G x G is a crossed G-set, with structure maps

A gN =W, gY) ;5 B\g) =g.
In Example 3.3, we have seen that
Zu(v) - {()‘7 V(U))\> ‘ AE G}
is a crossed G-subset of G x G and that

(sz(v)a A(V(v)) = @ A)\,u(v)’\) S Zﬁ
AeG
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Now 1 : Zy,u) — V, n(Av(v))) = v is a morphism of crossed G-sets.
Indeed,
(A, v(0))N) = 9N, v(@)) = 0N =0, v(0) )N,
and
(von) (A, v(v)Y) = v(vA) = v(v)* = B\, v(v)Y).
Now we define
fm s AYOD M f(a) = ma.
It follows from (12) that M, Ay ,,)» C My, so

fm(A)\,u(v)*) C My,

and (7, fm) : (Zy()s AW®))y — (V, M) is a morphism in M§.
Now take (V/,N) € M§, fix v/ € V' and n € N/, and repeat the above
construction. We obtain a morphism (1, g,,) : (ZV/(U/),A(”I(”/))) — (V/,N)
in Mﬁ
From the functoriality of the tensor product, it follows that (97, fi, ® gn)
is a morphism in Zﬁ', in particular, f,, ® g, is right A-linear. Now take
a € A/\7V(’U))‘l//(’u/)>" Since fm(ly(v)) =m and gn(lyl(vl)) =n, we find
(m®n)a = ((fm ®gn)(1u(v) ® 1u’(v’))>a

(@7) (fm® gn)((lu(v) ® 1u’(v’))a>

= (fm ® gn)(A)\,u(v)A,y’(v’)A (a’))
(28) = Ma u)N) & Na(Q, 1 (v/)X)-
We are now ready to show that each A) is a semi-Hopf group coalgebra.
The (trivial) associativity constraint a4 4 a

(GXG, A)@(GxG, A) (GG, A) — (GxG, A)e((GXxG, A)@(GxG, A))

is a morphism in ZE; in particular aa a4 is right A-linear. For all a €
Ay gg'g”, We have that

(28)
(19/\—1 ® (1g’A_1 ® 1g,,,\—1))a = a(1,g) X (19,/\_1 X ]_g/»\—l)a(zg/g//)
= (1) @ Dogy(aggn)
equals

CLA7A’A((1g/\—1 ® ].g,)\—l) ® ].g,,)\—l)a/

= 0444 (((19)\*1 & 19/)\*1) 029 lg//)\*l)a>
(28)
= a/A,A,A((lg)\*l & 19,)\71 )a(ng/) ® (1,(279//))

= aaaa(Bagg(aa,gy) @ aggn),
which is precisely the required coassociativity condition. Now we prove the
counit conditions. The (trivial) left counit constraint l4 : ({x},k) ® (G %
G,A) — (G x G, A) is a morphism in ZE’, hence [ 4 is right A-linear. For
a € Ay 4, we have
28
a = la(1x® 1g>\)a =141z ® 1gx)a)(:)l,4(1k.a(17e) & 19/\(1(279))

= la(ex(a,e)) @ ag) = ex(an e))a,g),
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The right counit property is handled in a similar way. Now let a € A) g,

/ /
and a’ € A)\,’gygi\/. Then aa’ € A)\/\,’gygly and

A)\A,’g)\/7g{\/ (aad") = (I ® 1gr1)aa’
= (a(,9) @ a2))d’ 2:8)“(1,9)a/(1,5ﬂ’) ® a(2791)a,(2,g$/)‘
This proves that (21) holds. Now take a € Ay, and @’ € Ay . Then
exv(ad) =1k - (ad) = (1x - a) -’ = ex(a) -’ = ex(a)ey(d’),

proving (22). Finally
(13)
Ae,99’<1gg’) = (19 ® 19’)199’ =1ly®1y,

and

co(le) = 1 - 1. 21
Conversely, assume that A is a G-graded bialgebra. Let (V, M), (V/,M’) €
ZE. We have already seen that V' x V' is again a crossed G-set. Now we
define a right A-module structure on M @ M' = @, )y xv’ My ® M), using
(28), which is designed in such a way that (V x V/,M @ M') € Z%. Also
({x},k) € Z§, using (25). Then straightforward computations show that
this makes ZE’ into a monoidal category such that the forgetful functor to
C is strictly monoidal.
Let us show that the tensor on Zﬁ is functorial. Consider morphisms

(@) (VM) — (W,N); (,¢"): (VM) — (W',N')
in Z§. The diagram (16) takes the form

M, ® M:}, &® A)\’Z,(U)AV/(U/)A M, ® M{}’)\

%@w’v,@idi l«’vk@%u

Na(w) ® Nyp(ory ® Axpwprvr ) No(wox) ® Ny

and we have to show that it commutes. Since (1, ) and (7, ¢’) are mor-
phisms in Z§, we have, for m € M,, a; € Axpwry, m' € M, and az €
A)\,y’(v’)\) that

oor(may) = @y(m)a; and @, (m'az) = ¢, (m)as.

Now take a € Ay ()2 (p)2- Then we have

P (ma(l’y(v)x)) ® 4,02]/)\ (mla(ly/(v/))\))
Pu (M) (o) @ P (M) ag(wny = (00 © @ly)(m @ m'))a,
as needed. O

It would be nice to have a result similar to Theorem 5.2, with the category
Zﬁ’ replaced by 7, f’ . Unfortunately, we were only able to prove it in one
direction. First, we need to introduce the category D, which can be viewed
as the 7 -version of C: it has the same objects as C, and a morphism (V, M) —
(W, N) is a couple (1, (¢w)wew), with n : W — V a morphism of crossed

G-sets, and @, : M, () — Ny k-linear, for all w € W.
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Proposition 5.3. Let G be a group, and A a G-graded bialgebra. Then we
have a monoidal structure on T;‘G such that the forgetful functor TAG — D is
monoidal.

Proof. As in the proof of Theorem 5.2, we define a right A-module structure
on (V x V' M ® M') using (28), and on ({*}, k) using (25). Let us show
that the tensor product on 7 is functorial. Take morphisms (1, (¢ )wew) :
(V, M) — (W, N) and (if, (¢ Jurcwr) : (V/, M') — (W', N') in T§. The
diagram (17) takes the form

My ® My @ Ay (n(w)) v/ (f (w'))> Myywny ® M0y

sow®¢;,,®idl lwwx@kp;w

Ny @ Ny ® Ay o) (w)> Nux @ Ny

and we have to show that it commutes. (7, (¢w)wew) and (7', (¢, )wewr)
are morphisms in 72, so, for all m € M, a1 € A/\,l/(n(w))’\ﬂ m' € Mé/(
and az € Ay ,s(y(wry)r, We have that

w’)

wwr(may) = pyu(m)ay and ¢\ (m'az) = @y (m')as.

For a € Ay ,(y(w)) v/ (nf (w))*» W€ DOW compute

(Puwr ® ¥lyy)((m @ m')a)
Pur (M1 (0)») © P (M a2y (w))h))
= Pu(m)ag wwp) @ P (M)awwny = (Pu(m) @ g, (m'))a,
as needed. O

Let H be a Hopf group coalgebra. The category of Yetter-Drinfeld modules
yDT% is obtained from the category 7y using the center construction, see

[2, Sec. 4], and therefore yDT% is a braided monoidal category. For detail
on the centre construction, we refer to [7, XIII.4]. We first describe the
monoidal structure. Take (V, M), (V/,N) € J}D’Tﬁ.

(V, M) ® (V/7 N) = (V X VI: (Mv ® Nv’)(v,v’)EVXV’),
with the following structure. We have already seen that V' x V' is a right
crossed G-set, with w: V x V' — G, w(v,v') = v(v)/(v') and (v,v")g =
(vg,v'g).
M, ® N, is a right H,(,),/(,r)-module, with
(29) (m @n)h = mhauw) ® nhiwe));
The coaction maps p(y g1 Myg @ Nyrg — M, @ Nv @ Hy are given by
(30) Plow)g (M ® 1) = Mio,u] © NYo,07) B MY1,671,g)-

({*},k) €e YDT . we already know that the singleton {*} is a right crossed
G-set; furthermore k is an H.-module via ¢, and the coaction maps Pr,g
k — k ® Hgy are given by p, 4(1) = 15 ® 1.

Now we describe the braiding. The braiding isomorphism

(V x v, (M, ® Nv’)(v,v/)EVxV’) - (V/ XV, (Ny ® MU)(v’,v)EV’XV)



YETTER-DRINFELD MODULES VERSUS DOI-HOPF MODULES 25

is given by the following data:

cviyv: VIXV =SV V!, epy(v,v) = (v,0v(v)).
IM N w M, ® N'U’z/(v) — Ny @ M, tM,N,v’,v(m ® n) = N0’ ® mn v(v)]-
As we have mentioned, this monoidal structure can be deduced from the

center construction, but it can also be verified directly that this defines a
monoidal structure on yDT%.

yDZ% is also a braided monoidal category. The tensor product is defined

using (29-30). The braiding isomorphism

(V X V' (My ® Nyr) o oryevsvr) = (V! XV, (Ny @ My)(r wyevixv)
is given by the following data:

c‘_/,l,V L VxV =V %V, eyry(v,v) = (@Wv(v) o)

fM7N7,,7U/ : My, ® Ny — Nv/,,(v)—1 ® M, is given by
(31) EMN o0 (T @ M) = N[ () 1] © MY ()]
We will also need the inverse of the braiding of (¢71,#)

(V' X V,(Ny @ My) (s wyevixv) = (V X V' (My @ Ny) o oyevxvr)-
This is described by the data

cviv: VIxV =V XV, cpy(,v) = (v,0v(v));

AN M w o Ny @ My — My @ Ny 1s given by the formula
(32) AN, M0 (1 @ M) = mS ) (N1 u(w)-1]) @ N0,ww(w))-
If (V, (My)vev) € YDZ7, then it is easy to see that (V, M = @yeyM,) € C:

every M, is a k-module. Thus we have a forgetful functor U’ : ypzﬁ —C,

and it is clear that U’ is strictly monoidal.

Now assume that every H, is finitely generated and projective as a k-module.
Then we have an isomorphism of categories Z (Theorem 3.6) and a forgetful
functor U as in Theorem 5.2 such that the diagram of functors

H Z G
YDZy ZDm)

o

C

commutes. It follows from all these observations that Z(g’ ) is a monoidal
category and that U is strictly monoidal. Then it follows from Theorem 5.2
that D(H) is a G-graded bialgebra.

Our aim is now to construct the comultiplication and counit maps on D(H).
We know that (G x G,D(H)) € Z(g(H), see Example 3.3. From The-
orem 3.6 and Proposition 4.5, we know that H(G x G,D(H)) = (G x
G,D(H)xgcaxa) € yDZ%. We compute the structure maps, using the
proof of Theorem 5.2.

First, every D(H)» o) = H{_1#H, is a right Hy-module in the obvious way:
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(§#h)h" = NN,

The coaction maps

P(Xg)\ )\)\’ 1#H N ( ;\k*l#Hg) ® H)y/
are given by
(33) Povgy (EFR) = (E#R)(EXN#1,) @ hY),

where we use the notation introduced in 2.10: €M @ M is a finite dual
basis of H). H) is a finitely projective algebra, hence Hy is a coalgebra,
with comultiplication

(34) A(é) —£1)® 5@ = (&, AR g g™

where f ® h =W ) is a second copy of the dual basis of H. Since
yDZE is monoidal, we have that

(G x G x G xG,(D(H)xg ® D(H)y ) € VDZ,
and we compute
P(rg. Mg ) A1 ((5#19A—1) ® (e#1 0 )

30 —1 —(2\—1 —1\—
B Oy e @ 3, @ kIR

Now we apply (26) to compute Argyg i D(H)rgy — D(H)ry @ D(H)x,
for £ € H{_, and h € Hyy, we have

N (#11) ® (#10)) (E#D)

= 0@ @ 1, RN D)
=" E#hag) @ E#heg))-

Now we compute the counit maps ey : H;‘\,I#He — k. k is a right
_1#H.-module, and

ex(€th) 2, - (e4th) = £(151)e(h),

since p, y-1(1x) = 1 ® 1y-1. We conclude our computations as follows.

(Ah

Proposition 5.4. Let H be a Hopf group coalgebra, and assume that every
H, is finitely generated and projective as a k-module. Then D(H) is a G-
graded bialgebra, with structure maps

Axgg + DH)rgy — D(H)rg @ D(H)» 4,
Ajg.g (EH#R) = (Ey#hag) ® (E@H#h2,g));
ex: Hy  #He — k, ex(§#h) = {(1y-1)e(h).

Recall from 4.6 that D(H) can also be written as a Koppinen smash product.
Then the comultiplication maps

Aygg @ Hom(Hy-1,Hyy) — Hom(Hy-1, Hy) ® Hom(Hy-1, Hy)
can be characterized as follows: Ay g o/(f) = ) ® f(g) if and only if
Ay g (f(hih2)) = f(h1)a,9) ® f(h2) 2,4
for all hy,hy € H_,. The counit maps are the following:
ex: Hom(Hy—1, He) — k, ex(f) = (g0 f)(1y-1).
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Let A be G-graded bialgebra. From Theorem 5.2 and Proposition 5.3, it
follows that a monoidal structure on Zﬁ such that U is strictly monoidal in-
duces a monoidal structure on Tf’ . The tensor product of objects coincides
in both categories.

On Zg( ) We have the monoidal structure transported using the category

isomorphism with yDZ%. We have also a monoidal structure arising from
the G-graded bialgebra structure on D(H), using Theorem 5.2. These two
monoidal structures coincide, actually this is the way the G-graded bialge-
bra structure on D(H) is constructed in the proof of Proposition 5.4.

The monoidal structure on YDT % can be transported to a monoidal struc-

ture on 7, g’( - 1t follows easily from our previous constructions that this

monoidal structure is induced from the monoidal structure on Zg( - Hence
this monoidal structure coincide with the monoidal structures arising from
the G-graded bialgebra structure on D(H), using Proposition 5.3. We sum-
marize these observations as follows.

Theorem 5.5. The G-graded bialgebra structure on D(H) from Proposi-
tion 5.4 defines a monoidal algebra structure on Z%(H) and Tg’(H) (Theo-

rem 5.2 and Proposition 5.3) that are such that the category isomorphisms

Zg(ﬂ) = ypzﬁ and Tg(ﬂ) = yDTﬁ are isomorphisms of monoidal cate-

gories.

6. G-GRADED HOPF ALGEBRAS

Definition 6.1. Let A = @) jeg A4 be a G-graded bialgebra. We call A a
G-graded Hopf algebra if there exist maps

SngrSag t Arg-t — Ay o

g
such that

(35) a(1,9)9ng(a2g-1) = a@gSrglang-1) = ex(a)l p-;
(36)  Saglaggy)aegy = Saglaeg1)ang =ela)ly,
for all a € Ay .. The Sy, (Sy,,) are called the (twisted) antipode maps.

Proposition 6.2. Let H be a Hopf group coalgebra, and assume that every
Hy is finitely generated and projective as a k-module. Then D(H) is a G-
graded Hopf algebra, with (twisted) antipode maps

Sxg:Sng t Hya#Hy— — Hi#H -,

Sng(€#h) = (#S,(n)(E0Sar#tln);
Sxg(€#h) = (e#84(1))(€ 0 Sy-1#1 1)
Proof. For £ € H_, and h € H., we have
() #h(1,9))Sx0(E@)#P(2,g-1))
= (E)#h,9) (e#8g(hz,4-1))(E2) 0 Sa-1#1 p-1)
= (E)#h,9) S (hi2,g-1))(E2) Og,\fl#lgrl)
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= e(h)(§m#1g)(E@) 0 Sa1#1 1)
= e(WE(Lao) (L m1) = Ex(EHR) (#1100 ),
where we used the following property, for all h € H,:

(Ey(§) 0 Sy)(h) = 5(1)(h(Q,A—l))f(Q)(Sgl(h(l,A)))
= &(hpr-1Sy (hay)) = E(1y-1)e(h).

This proves one equality of (35); the proof of three other equalities is similar
and is left to the reader. O

7. BRAIDINGS AND QUASITRIANGULAR G-GRADED HOPF ALGEBRAS

Definition 7.1. Let A be a G-graded bialgebra. A is called quasitriangular
if it comes equipped with the following additional structure: for all g, ¢’ € G,
we have

1 2 .
Ryg = Ryg @Rgy € Ayt gyg-1 ® Acg;
1 2
Qgg = 9.9 ® ng’ € Agg-1g9® Acyg,
such that the following conditions are fulfilled:
(37) Ry gQegg-19= Qg glgg-149=1g ®1g;
1 2 _ pl 51 2 B2
(38) Ag’g’g’g”g (Rg’g/g//) ® Rg’g/g// — Rg7g/ ® Rg’g// ® Rg’g/R%g//
In Ag g ® Aggrs @ Ac,g;
1 2 _pl Bl 52 2
(39) Rgg/’g// ® Ae,g,g’(Rgg’,g”) = Rg’,g”Rg,g’g”g’_l ® Rg7g/g//g/_1 ® Rg/7g//

in A(gg,)717g,,(gg/)—1 ® Ae’g ® Ae’gl.
In addition, we have for all a € A, »n that

(40) T(A)\’gx?g/x)Rg,\’g/x = Rng/A)\’g/g—u’gA (a).
Here 7 is the switch map.

Definition 7.1 has a monoidal categorical justification. Let G be a group,
and A a G-graded bialgebra. We know that ZE’ is a monoidal category, and
that the forgetful functor U : ZS’ — Xg is monoidal. Let XGGinV be XGG
with the inverse braiding ¢~!'. Then we can look at braidings on ZE’ such
that U preserves the braiding. Such a braiding is of the form (¢!, #), where
c is the braiding on Xg as described in 4.1. In Proposition 5.3, we have
seen that we have a monoidal structure on Tf such that V' : T, f — Xg is
monoidal, and we can consider braidings on 7, E’ of the form (c,t), i.e. they
are such that V preserves the braiding.

Theorem 7.2. Let G be a group, and A a G-graded bialgebra. There is a
bijective correspondence between the following data:

e braidings on Z§ of the form (c71,1);

e braidings on T of the form (c,t);

e quasitriangular structures on A as defined in Definition 7.1.
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Proof. Given a braiding (c,t) on 7, a braiding (c7!,7) on Z% is given by
the formula
(41) Z?]\47]\&),1)’ = tM,N,v,v’V(v)*la

and vice versa.
Next assume that we have a braiding (c~1,7) on Z§. For M = (V, M), N =
(V',N) € Z§, we have the braiding morphism

(cyryvrtmNpw) s (VxV M@N)— (V' xV,N®M).
Then we have
(42) tnr,N(My @ Nyr) € Ny -1 @ M.
Let V=V'=G? M =N = A. Then
cor (Mg, N g) = (Ng ™ gd'g7 N 9),
and t~A7A : A® A — A® A satisfies
ta,a(Ang ® Avg) C Ayt ggrg-1 @ A g
Now let
(43)  Ryg =R, , QR , =taa(lg®ly) € Ayi g1 ® Acg.

We will show that the braiding ¢ is completely determined by the R, 4. Take
m € My, n € N,y. We have seen in the proof of Theorem 5.2 that we have
morphisms

(77 fm) : (Zu(v)’A(V(y))) ( )7 (77 gn) : (ZV’(v’)aA(y/(UI))) - (VlvN)
=

in ZG From the naturality of (¢™*,t), we have the following commutative

dlagram

C71 £ / /
(Zy(w) X ZV/(U/),A(V(U)) ®A(u’(v’))) (*Q (Zyyary % ZV(U),A(” @) @ AV®))
(nmﬁfm@gn)l l(n’,n,gn®fm)
(C‘;}’V»EJW,N)

(Vx V', Mo M) (V'®V,N® M)

Observe that (e,v(v)) € Z, @, (e,V (V) € Zyry, Lyw) € A@) Ly €
AW () From the commutativity of the diagram, it then follows that
tun(m@n) =ty o (fn © gn))(Luw) @ L))
= ((92® fm) © tg0n a0 @) (Luw) ® L))
= (90 @ fm) (R (v))
(44) = Ry () @ B (-

The inverse braiding can be described in a similar way: by assumption, ¢ M,N
is invertible, and

(45) tri (N @ M) © My @ Ny ()

In fact the inclusions in (42) and (45) are equalities, since 5 is bijective.
In particular, we find that

EZ}A(A)‘Ivg/ ® A)\,g) = A)\7g & A)\/g’g/g.
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Now let
(46) 5,71,1,4(19’ ®1g) = Qgg = 3',9 ® Q;’,g € Aeg ® Ag gra.

The Qg 4 describe the inverse braiding completely. Arguments similar to
the ones above show that, for m € M, and n € N,

(47) EJ_\/[l,N(n ®m) = mQ?//(v/),u(v) ® nQi’(v/),V(v)'
Then we compute that
Ly @1y = (4 0taa)(ly @ 1y) =t (Ry y @ R2 )
(A7) 52 42 1 2 .
- Rg,g’Qgg’g‘l,g ® Rgvg’(?()‘gg’g‘l,g’
Ly ® 1= (Taa0fy))(ly @ 1) =1aa(Q) , ® Qg )
(44) 1 p1 2 p2
- g/,gRg,g—lg’g ® Qg’,gRg,g‘lg/g'
This shows that (37) holds.
From the fact that (¢!,#) is a braiding, it follows that

(48) taspa = (A®@taa)o(taa® A);
(49) tagaa = (taa®A)o(A®Esa).

Now we compute that

(43)

~ (44)
tA,A@A((Zl’% X 19’ X 19//) = (1g’ X 19”)R;,g'g” & 19R§,g’g”
1 2 .
= Ag,g’gvg”g (Rg,g’g”) ® Rg»g’g”’
((A @taa)o (taa® A))(lg ® 1y @ 1gv)
(28 .
2 (AR, @R, @1y)
1 51 2 B2
Rg,g’ ® 19”Rg,g” ® Rg,g’Rg,g”

_ 1 51 2 52
- Rg,g’ ® Rg,g” ® Rg,g’Rg,g”'

(44)

This shows that (38) holds. (39) can be proved in a similar way:
. 44
tA®A,A(1g X 1g/ X 19//)(:)1g//R1 " &Q (19 X 19/)R2

o 99,9 99’,9"
1 2 .
= Ry g @ Begg By gn);

(faa®A)o (A®Ta4))(lg® 1y @ 1gn)
@ (taa ® A)(1g® Ry yu @ R 1)
= Rzlz’,g”Rslz,g’g”g’*l ® 19}%379’9”9’*1 ® RZCQ”
- Rzlz’,g”Rglz,g’g”g"l ® Rg,g/g”g"l ® RfQJCg”'
Now take a € Ay jxgn. Since ta.A is right A-linear, we have
taa((lg®1ly)a) =ta4(ly® 1y)a.
Now
E4((1y © 10)a) D4, 4(Ay g0 (2))
= Taal00,9) @ apn) Do i g © a0 R o

- 43 (28)
taa(ly® 19’)a(:)<Rs17,9’ ® R;g/)a - R;,g’a(l,g/g‘lk) ® Rg,g’a(lgk)'
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(40) follows, and we have shown that the R, , define a quasitriangular
structure on A.

Conversely, if A is quasitriangular. Then we define fj; x using (44). A
lengthy but straightforward computation shows that (¢7!,#) is a braiding

on ZS’. O
Now let H be a Hopf group coalgebra, and assume that every H, is finitely
generated and projective as a k-module. Then the category yDZ% is
braided monoidal, and is isomorphic to Zg( ) We know from Pro;osi—

tion 6.2 that D(H) is a G-graded Hopf algebra, and it follows from Theo-
rem 7.2 that we have a quasitriangular structure on D(H). The correspond-
ing R-matrices can be computed easily. The coaction map

H:#Hy — (Hi#H,y, ) ® H,
can be computed using (33). In particular
(50) Plg-t ggra-1)g(EFLy) = (EDHL 1) @ B9
Then
( -
Ryg = tpun.pw ((#1y) ® (e#1y))
=7 (9% Lg1) @ (1R = (€9H1 1) @ (e#h).

In a similar way, we can compute the @-matrices. Using (33), we compute
H:#Hg/ — (H;,l#Hg—lg/g) X Hg—1:

Plg=1.99'91).9

Plg,g=1g'g)g~ " *

Plgg-1g'g)rg—1 (E#1g) = (€9 I #1m ) @ BT,

Then we find

Qoo Dipurm(E#1y) ® (#14) 2 (e#1,)5, (R ) @ (€9 V1,11,

— -1 -1
= (e#S, (M7 ) @ (€9 V#1ym1g).
We summarize our results.

Theorem 7.3. Let H be a Hopf group coalgebra, and assume that every
H, is finitely generated and projective as a k-module. Then D(H) is a
quasitriangular G-graded Hopf algebra, with R- and S-matrices

Ry = (€9#1,05-1)@(e#h) 5 Qg = (#5,(h ))@(EY 11 4).
The isomorphisms between the categories yng and Z%(H) and between

yDTﬁ and TS(H) (see 4.6) are isomorphisms of braided monoidal cate-
gories.

8. APPENDIX: GENERALIZED YETTER-DRINFELD MODULES

A generalization of Yetter-Drinfeld modules was proposed in [3], see also
[4]. First one has to introduce Yetter-Drinfeld data. There is a functor
from Yetter-Drinfeld data to Doi-Hopf data, and the corresponding cate-
gories of Yetter-Drinfeld modules and Doi-Hopf modules are isomorphic.
This construction was carried out in the category of vector spaces, but can
be generalized to symmetric monoidal categories. Let us give the definition
of Yetter-Drinfeld data in 7.
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First we discuss discrete Yetter-Drinfeld data, these are Yetter-Drinfeld data
in Sets. This is a four-tuple (L, G, A, X), where L and G are groups, A is a
monoid, ¥ : A — L and 7v: A — G are monoid maps, and X is a set with
compatible left L-action and right G-action.

A crossed (L, G, A, X)-set is a right A-set V' together withamapv: V — X
such that v(yA) = ¥ (A) " tv(y)y(N).

If (L,G, A, X) is a discrete Yetter-Drinfeld datum, then we have a discrete
Doi-Hopf datum (L x G, A, X), with (¢,v) : A — LxG, and z(l,g) = I '2g.
An (L x G, A, X)-set is the same as a crossed (L, G, A, X)-set.

An example of a discrete Yetter-Drinfeld datum is G = (G, G, G), as dis-
cussed in the previous Sections.

A Yetter-Drinfeld datum in 7% is a fourtuple (K, H, A, C), where

o K =(L,(K;)icr) and H = (G, (Hy)gec) are Hopf group-coalgebras;
o A= (X,(Ar)zex) is a (K, H)-bicomodule algebra,
o C = (A,(Cy)xen) is a (K, H)-bimodule coalgebra.
Then (L,G,A, X) is a discrete Yetter-Drinfeld datum; we have coaction
maps

Plag: Alzg — K1 ® Ay @ Hy, prag(a) = a1 ® ajq ® ap )

(Sweedler notation). Cy is a (Ky(x), Hy(x))-bimodule, for every A € A.

A Yetter-Drinfeld module is a couple (V, (My)yev), where V is a crossed
(L, G, A, X)-set, every M, is a right A,,)-module, and M is a right C-
comodule, with structure maps p,» : M,y — M, ® C\ such that the
compatibility relation

po(ma) = M08, (v)] @ Sp(\) (a[—lﬂﬁ(/\)*l])m[l)\]a[lv(/\)]
holds for all m € M, and a € Al/(’U)\) = Awo\)fly(v)ﬁ{(/\).
If (K,H,A,C) is a Yetter-Drinfeld datum in 7, then (K°°? ® H, A,C) is a
Doi-Hopf datum in 7;: A is a right K°°? ® H-comodule algebra with coaction
maps

Pa,(lg) © Arizg = Az ® K1 @ Hy, py 1,9)(a) = ajo 1) ® Siaj-1,-17) @ ap -

C is a right K°°? ® H-module coalgebra, since every C) is a right K:ZI(),\) ®
H.,(X)-module. Yetter-Drinfeld modules over (K,H,A,C) then coincide
with Doi-Hopf modules over (K°? ® H, A,C). We can then consider the
categories YDT (K, H )% and YDZ (K, H )% which are respectively isomor-
phic to the categories 7y (KP ® ﬂ)% and Zi(KP ® ﬂ)% Now the duality
results from Section 3 can be applied.

Example 8.1. (H,H, H, H) is a Yetter-Drinfeld datum in 7, and the cor-
responding Yetter-Drinfeld modules are the Yetter-Drinfeld modules that
we considered in Section 4.

Example 8.2. Let (L,G,A, X) be a discrete Yetter-Drinfeld datum. The
crossed (L, G, A, X)-structures on a singleton {x} are in bijective corre-
spondence with Xo = {zg € X | zoy(A) = (Mg, for all A € A}. The
right A-action on {x} is the trivial one, and v(x) = xo. In the case where
L=G=A=X, Xy is just the center of G.
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Let (K,H,A,C) a Yetter-Drinfeld datum in 7, and fix g € Xo. An zo-
Yetter-Drinfeld module is an (K, H, A, C)-Yetter-Drinfeld module of the

form ({*}, M), with v(x) = xy. The full subcategory of YDT (K, ﬂ)i con-
sisting of xo-Yetter-Drinfeld modules will be denoted by YD7 ., (K, H )i

Example 8.3. We consider a particular instance of Example 8.2. At the
discrete level, take L = G = A = X. The left and right G-action on X = G
are given by multiplication. We fix zop € X = G, and define ¢, v: A - G
by ¥(g) = xogxal and v(g) = g¢. It is then easy to see that xg € X.
We thus have a discrete Yetter-Drinfeld datum, which we will denote by
(G,G,G, 4G).

Let H be a Hopf group coalgebra, with underlying group G; we construct
a Yetter-Drinfeld datum in 73 with underlying discrete Yetter-Drinfeld da-
tum (G,G,G,,G). Let K = H and A = H, with H-bicomodule algebra
structure induced by the comultiplication maps. Now we make C = H into
an H-module coalgebra. Every H) is a right Hy-module, by multiplication.
Consider a family of algebra maps ¢ = (o) : H_, -1 — H))xeg. ©a de-

ToATg
fines a left H_, —i1-module structure on H) by restriction of scalars, and

ToAT
this makes Hy a (H, MEl’H »)-bimodule. This defines a left H-bimodule
coalgebra structure on H if and only if

(51) EHPe =g and Ay y ooy = (pr® px) o Azo/\xgl,x())\’:cal’

for all \, \" € G. The resulting H-bimodule coalgebra will be denoted , ,H,

and yDTx(W% will be a shorter notation for the category YD, (H, ﬂ)ﬁ”“’ﬂ.
This definition of an zo-(H, H, H, 4, ,H )-Yetter-Drinfeld module agrees with
the right version of xg-Yetter-Drinfeld module over a T-coalgebra H as in-
troduced by Zunino in [16]. Recall that a T-coalgebra is a Hopf group-
coalgebra H = (G, (Hgy)g4cq) together with a family of k-algebra isomor-
phisms ¢ = (¢ : Hy — H,;,;-1)0req satisfying, among other, the condi-
tions

enpy =epg and Dgyp-19-9-1 0 05 = (0f @ wy) 0 Do 1

-1
for all 0,7,0 € G. Fix zg € G, and define p) = goio_?xo , for any \ €
0
—1
G. Then egyp. = sﬂgpzal = ep and the family ¢ = (o) = gpig)\% :
HI0>\$51 — Hy)aeq satisfies (51). To see this take 6 = xal, o= :L'o)\l‘al

and 7 = xoNz, ! where X\, N € G in the above equality. In this situation
yDTwMO% is precisely the category of right xo-Yetter-Drinfeld modules over
a T-coalgebra, in the spirit of [16].

Example 8.4. We present a variation of Example 8.3. At the discrete
level, let ¥ be the identity on G, and let v be conjugation by a fixed ¢ € G:
v(g) = xalg:co. An H-bimodule structure on H can be obtained using a
family of algebra maps ¢’ = (¢} : on_1)\xo — Hy)aeg- The (H/\7H:p51)\x0)‘
bimodule structure on H) is obtained via restriction of scalars, using the
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identity on the left and ¢, on the right hand side. This defines an H-
bimodule coalgebra structure on H if and only if

(52)  empe = and Ay ol = (P @PN) 0 A o1y sy
for all A\, N € G. The resulting H-bimodule coalgebra is denoted by H

i
and we use the shorter notation yDT* for the category YDy, (H, H )*ZO’“’.

Particular examples can be deduced from T-coalgebras. More precisely, let
H be a T-coalgebra and ¢ = (¢ : Hy — H,;;-1)srec the conjugation of

H. We have a family of algebra morphisms ¢’ = (¢ = = (00 o Ao : ngl Ao

H))xeq- A simple inspection shows that ¢’ satisfies (52). Thus it is possible
to define the notion of x(-Yetter-Drinfeld module in a way that is different
from the one in [16].
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