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Abstract

In this work, a non-commutative differential calculus on the & -superspace is presented via
a contraction of the g-superspace. An R matrix which satisfies both ungraded and graded
Yang-Baxter equations is obtained.

Introduction

Quantum Groups are a generalization of the concept of classical groups. The theory of quantum
groups has an important role in Mathematical Physics. A possible approach to quantum groups
is obtained by deforming the coordinates of a linear space to be non-commuting objects. In
this scheme the quantum group structure appears if one considers linear transformations which
preserve the algebraic properties of the algebra of coordinates.

Noncommutative differential geometry of quantum groups was brought forward by Woronow-
icz [1]. Recently Wess and Zumino [2] have shown that a consistent quantum deformation of
the differential calculus is satisfied by an R-matrix which can be any solution of the quantum
Yang-Baxter equation.

h-deformation is known as Jordanian deformation. Aghamohammadi and his friends [3], using
the g deformation of the plane by a singular matrix, obtained the h-deformation of the plane.
In Ref. 4, it is developed a differential calculus on the quantum superplane, using a singular
transformation. We shall now follow the approach.

The aim of this study, using the g-deformation of the coordinate functions on the 3-dimensional
space, with a singular transformation, is to develop the h-superspace and set a non-commutative
differential calculus on it. Therefore, first a 3x3 singular matrix will be determined. Then, other
steps are about differential calculus with the approach of Wess and Zumino.

In this work we denote g-deformed objects by primed quantities. Unprimed quantities repre-
sent transformed coordinates. As usual, we assume that even (bosonic) objects commute with
everything and odd (grassmann) objects anti-commute among themselves.

1 Quantum /-superspace

Consider the quantum superspace introduced by Manin [5]. The commutation relations between
the even coordinates x’, y' and the odd coordinate 6’ of the quantum superspace is in the form

x/y/_qy/x/:(), x/ e/_qe/ /:O, y/ e/_qe/ /:07 (1)
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where ¢ is a complex deformation parameter. We now introduce new coordinates x, y and 0, in
terms of x’, y and 0’ as

h
X=x, )=y 6/=0+ x (2)
q—1
As in [3] This transformation is singular in the ¢ — 1 limit. Using (1), it is easy to verify that
xy=qyx, x0=g0x+hx*, y0=g0y+(14+q)hyx, 3)

where the new deformation parameter 4 commutes with the coordinates x and y. Also, since the
Grassmann coordinate 0’ satisfies 0’ 2 = 0, one obtains that

02 = —ho x, (4)
where i anti-commutes with 6 and
W =0, )
that is, the new deformation parameter / is a Grassmann number [6]. Taking the g — 1 limit we
obtain the following relations which define the 4—superspace

xy=yx, x0=0x+hx>, y0=0y+2hyx, 6> —hOx. (6)

There is an important difference between the quantum superspace (6) and the one discussed in
[7], associated to the Jordanian quantum super group GL;,(2 | 1). The deformation parameter h
in this work is a Grassmannian, and this is not the case in [7].

2 Relations between coordinates and differentials

To establish a non-commutative differential calculus on the quantum / -superspace, we assume
that the commutataion relations between the coordinates and their differentials are in the fol-
lowing form

Xdx = AdxX' X, X dy =Andy X +Apdxy, YdxX =Axdxy +Andyy,
ydy = Bdy'y, x d0 =B11d0 x +Bdx' 0, 0 dx =By dx 0 +B»do'x, (7)
0'do’ = Cdo 9/, y/ de’ = Chd /y/ —1—C12dy/ 6’, o’ dy/ = C21dy/ o’ + Crod 'y/,

We impose the following conditions on an exterior differential d:

d> =0, (®)

and the graded Leibnitz rule

~

d(fg) = (df g+ (—1) f(dg), 9)

where fis the Grassmann degree of f (recall that d should be odd), that is, f: 0 for even vari-
ables and f = 1 for odd variables. Considering the differentials of a function and differentiating
(2), we find

h
dx' =dx, dy =dy, d® =d6— 1dx . (10)

q_
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Substituting (2) and (10) into (7), we find

xdx = Adxux,

xdy=Andyx+Apdxy, ydx=Aydxy+Axndyux,

h
ydy = Bdyy, xd92311d9x+312a’x9+—1(A—B11—Blz)a’xx,
q_

h
O0dx = Byidx0+Byd0x— —1 (A+le +322)dx X,
qg—

h
0dd = Cdoo— o [(By1 +B12+C)dx 8 — (C— By — B12)d6 x], (11)

h
ydo = C11d6y+C12dye+F[(A21 —Cn)dxy+(A22—C12)dyx],

h
0dy = (Cydy 9—|—C22d9y—F[(An—FCzl)dyx—i-(Alz +C)dxy] .

The coefficients A, B, C, A;;, B;j and C;; given in (11) can be related to ¢ by the consistency
of calculus. Thus we apply the exterior derivative d to the relation (4). From the consistency

condition

we find

By =
Ci =
A =

q,
q;
q;

d(xy —qyx) ,
= d(x0—gbx—hx?), (12)

= d(y0—q8y— (1+qg)hyx)

Bio=¢°—1 Byy=—q Bn=0,
Cn=¢*"—1Cy=—q Cp=0, (13)
An=¢"—1A4Ay=q Ap=0,C=1

A and B are undetermined. We choose A and B equal to ¢, since this leads to the standard
R-matrix in the 7 — 0 limit. We are thus led to the following deformed relations containing ¢

and /:

x dx
xdy
x do
ydx
ydy
y do
0 dx
0 dy
0do

qzdx X,

qdy x+ (¢* —1)dx y,

qd® x+ (¢* — 1)dx 6 — hdx x,

qdx y,

qg'dyy, (14)
qd® y+(¢* = 1)dy 8 — (g+ 1)hdy x,

—qdx 0 — ghdx x,

—qdy 8 — (q+ 1)hdy x,

d® 0 — h(qdx 6+ d6 x)

Note that altough in the ¢ — 1 limit the transformations (2) and (10) are ill behaved, the result-
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ing commutation relations are well defined:

xdx
xdy
xdo
ydx
ydy
ydo
0 dx
0 dy
0do

dx x,

dy x,

dO x — hdx x,

dxy,

dy y, (15)
dOy—2hdy x,

—dx 0 — hdx x,

—dy 0 —2hdy x,

d0 0 — h(dx 0 +dO x)

To find the commutation relations between the differentials dx, dy and d0, we apply the exterior
derivative d to (11) and use the nilpotency of d (8). Then it is easy to see that

dx dy
dx do

dy do
dx?

In the ¢ — 1 limit one has

dx dy
dx do
dy do

dx?

1
——dy dx,
q

1
~de dx, (16)
q

1 1

~d® dy+ (g + 1)hdx dy,

q q

dy? =0.

—dy dx,
= ddx, (17)
= dO dy+ 2hdxdy,

dy* = 0.

Again, the commutation relations (17) are well-defined.

3 Relations between derivatives and variables

To conclude, we introduce here the commutation relations between the coordinates of the Ry, (2 |
1) quantum 3d superspace and their partial derivatives.

To proceed, let us obtain the relations of the coordinates with their partial derivatives. We know
that the exterior differential d can be expressed in the form

df = (dx/ ax/ —|—dy/ ay/ —|—d6' ae/)f. (18)

where 9, denotes the partial derivative with respect to x , etc. From the chain rule, we obtain

h
= axl —|——ae/
qg—1

= (19)
— ae/

66



So the d operator satisfies the same equation for A-deformation:
df = (dxdy+dyd, +d6dy) f. (20)

We now wish to obtain the relations of partial derivatives with coordinate functions. Replacing
f by xf in (20), we find

d(xf) =dxf+xdf = dxf +x(dxdy+dydy,+d6dy) .
On the other hand, we have
d(xf) = (dx dx+dy dy+db dp)(xf),
so we obtain that

dx = 14+¢*x0:+(q>—1)ydy+ (¢* — 1)8 g + hxdp,
dyx = gxdy,
dgx = qgxdg.

The other relations can be obtained in a similar way:

hx = 1+¢*x0+ (g% — 1)y dy+ (¢* —1)8 9 + hxg,

dyx = gx0y,

dpx = qxdg,0xy = qydy,

0y = qyox,

oy = 1+¢*d,+(q> —1)80g + (1 + q)hxdg,
dgy = qyde,

00 = ¢080dx —qghxdx — (1+¢q)hydy, — qhB0g,
0 = ¢bd,,

090 = 1—00g+ hxdg .

In the ¢ — 1 limit, we find

Oxx = 1+x0y+hxdg, Oyx=xdy, dgx=x0g,

0xy = Y0y, 0yy=1+4ydy+2hxdg, dgy=ydy, (21)
90 = 09, —/xdy—2hyd, —h0dp, 0,0 =69,

090 = 1—00dg+ hxdg .

In order to obtain the A-deformed relations between partial derivatives, we have to use the
nilpotency of the operator d: 0 = d? = d(dxdy + dydy, + d8dg). We then find the relations:
axay = q_layax+q_l(CI+1)h ayaﬁa
dde = ¢ '0g0x, Oydg =g 'Jedy, (22)
8y89 = qilaeay, (89)2 =0.

These commutation relations are well-defined in the limitg — 1 :

Ady = 340+ 2% Do,
0,09 = Opdx, Oydo = Jody, (23)
900 = 0pdy, (dg)=0.
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4 Relations between differentials and derivatives

Finally we compute the commutation relations between differentials and derivatives. We as-
sume that they have the following form in terms of primed quantities derivatives. Applying
(19,11,10), we obtain

dvdx = g 2dxdy—q *dx0e,

ody = q 'dyo,,

0,d0 = ¢ 'd0d,+q 'dxd;+q ' (1+q)hdydy +q ' hd6dg,

dydx = q_ldxay,

dydy = q 2dydy+(q *—1)dxdy —q *(1+q)hdxde, (24)
0,d0 = ¢ 'deo,,
dpdx = —q_ldxag,
dody = —q 'dyd,

dogd® = dO0g+ hdxdg,
where we used that the exterior differential d (anti-) commutes with the differentials, that is,
d(dx) = —(dx)d, d(dy)=—(dy)d, d(d®) = (dO)d (25)

and the relation . '
di(X/ax*) =&} & dx* (26)

where 01 = 0y, 0, = dy, d3 = dg, X! = x, X% =y, X3 =0 . Again, the relations (24) are well-
defined in the limit g — 1:

Oxdx = dxd,— dxdy,

didy = dyoy,

0,d® = dB0y+ dx0dy+ 2hdydy+ hdBdy,

dydx = dxoy,

dydy = dydy—2hdxdg, 27
9,d0 = deo,,

dgdx = —dxdg,

dody = —dydy,

aede = deae +hdx89 .

5 The R-matrix formalism

We will now compute the R-matrix satisfying the graded Yang-Baxter equations

Ri2R13R23 = Ro3Ri13Rq2; (28)

Ri2R23R12 = R23R12R3. (29)

To this end, we rewrite the commutation relations between variables and their differentials, see
(14), in the following form

Xidx) = (1)Ut axkx!, (30)

68



where K € (C®C). Comparing (30) with (14), we find

g 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0O 0 O
h 0 1 0 0 0 0O 0 O
0 g—q ! 0 1 0 0 0 0 0
Kig= 0 0 0 0 ¢ 0 0 0 0 (31)
0 h+g'h 0O 0 0 1 0 0 0
—q 'h 0 g—q ! 0 0 0 1 0 0
0 0 0 —h—hg' 0 g—g7' 0 1 0
0 0 —h 0 0 0 qg'no ¢!
Now we define
Kh = lirr%Khﬂ, (32)
qﬂ
Kh = lil’I%th, (33)
qﬂ
where P is the super permutation matrix, that is,
P = (-1)78 8/ (34)
The matrix K}, satifies equation (30) with the grading
(k\12)abcdef - I?“geS;
(El 3 )abcdef = (- l)b(c-i-f) Eagf 82 (35)
(E23)abcdef _ (_1>a(b+c+e+f) Ebgf 83
Also, the R—matrix R
Ry, = PK;, (36)

obeys both the ungraded and the graded Yang-Baxter equations with the grading again given by
(36). This is due to the odd character of 4. As a consequence,

Ky=R,' (37)

so that K}, has the same properties as Ry, .
Using the K, matrix, we now formulate to the differential calculus on the A-superspace. The
commutation relations between variables and their differentials are

Xidx! = (1) Ut/ axkx! . (38)
The commutatian relations between variables and derivatives are
9,X' =8+ (—1)/K"; X'0. , (39)
and the relations between differentials and derivatives are
9;dX" = (—1)' VT (K1Y dx'o . (40)
Note that the commutation relations between variables can be expressed using the K matrix as
and the relations between derivatives as

9;0; = K*;; 9 0 . (42)
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