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ABSTRACT. We generalize various properties of Yetter-Drinfeld modules over
Hopf algebras to quasi-Hopf algebras. The dual of a finite dimensional Yetter-
Drinfeld module is again a Yetter-Drinfeld module. The algebra Hp in the
category of Yetter-Drinfeld modules that can be obtained by modifying the
multiplication in a proper way is quantum commutative. We give a Structure
Theorem for Hopf modules in the category of Yetter-Drinfeld modules, and
deduce the existence and uniqueness of integrals from it.

1. Introduction

The motivation for studying Yetter-Drinfeld modules over quasi-Hopf algebras is
the same as for Hopf algebras. It is well known that for any finite dimensional Hopf
algebra H the category of Yetter-Drinfeld modules 5 YD is isomorphic to the cat-
egory of modules over the quantum double D(H). From a categorical point of view,
the quantum double D(H) arises by considering the center Z (M) of the monoidal
category g M of left H-modules. More precisely, one has Z(gM) ~ pgyM if H
is finite dimensional. Actually, the category of Yetter-Drinfeld modules appears
as an intermediate step in the proof of this isomorphism: one first proves that
Z(gM) ~ YD and then YD ~ p(a)yM, where the finite dimensionality is
not needed in the proof of the first isomorphism, see [16] for full detail.
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Quasi-bialgebras and quasi-Hopf algebras were introduced by Drinfeld [13]; a cat-
egorical interpretation is the following: a quasi-bialgebra H is an algebra with the
additional structure that is needed to make the category of left H-modules, with
the tensor product over k as tensor product and k as unit object into a monoidal
category. The difference with a usual bialgebra is that we do not require that the
associativity isomorphism coincides with the associativity in the category of vector
spaces. A quasi-Hopf algebra is a quasi-bialgebra with additional structure making
the category of finite dimensional H-modules into a monoidal category with duality.
The center construction Z(C) can be applied to any monoidal category C. Majid
[19] computed the center of the category of left modules over a quasi-Hopf algebra
H, and introduced the category of Yetter-Drinfeld modules over H. Hausser and
Nill [14], [15] constructed the quantum double D(H) of a finite dimensional quasi-
Hopf algebra H, and proved that pYD ~ p(a)M. Recently, Schauenburg [22]
gave the equivalence between the category of Yetter-Drinfeld modules £y D and
the category # ME of Hopf bimodules. In [5], the relation between Yetter-Drinfeld
modules and Radford’s biproduct is studied. In [4], the rigidity of the category of
Yetter-Drinfeld modules is investigated, as well as the relations between left, left-
right, right-left and right Yetter-Drinfeld modules.

In this paper, which can be seen as a sequel to [4], we continue our investigations of
properties of Yetter-Drinfeld modules. In Section 3, we show that the linear dual of
a finite dimensional right-left Yetter-Drinfeld module is a left-right Yetter-Drinfeld
module.

It was shown in [7], [5] that the multiplication on H can be modified in such a
way that we obtain an algebra in the category of left Yetter-Drinfeld modules. The
main result of Section 4 is that Hy is quantum commutative.

In Section 5, we will generalize Doi’s results [12] about Hopf modules in the cate-
gory of Yetter-Drinfeld modules to our situation: we give a Structure Theorem for
Hopf modules in the category of Yetter-Drinfeld modules over a quasi-Hopf alge-
bras, and we use this result to obtain the existence and uniqueness of integrals for
a finite dimensional braided Hopf algebra in £ D. We apply this to the braided
Hopf algebra considered in Section 4, in the case where H is finite dimensional and
quasitriangular.

2. Preliminary results
2.1. Quasi-Hopf algebras

We work over a commutative field k. All algebras, linear spaces etc. will be over
k; unadorned ® means ®j. Following Drinfeld [13], a quasi-bialgebra is a fourtuple
(H,A, e, ®), where H is an associative algebra with unit, ® is an invertible element
in HH®H,and A: H— H®H and €: H — k are algebra homomorphisms
satisfying the identities

(id © A)(A(R)) = B(A @ id)(A(h))DL, (1)
(id@e)(AR) =h®1, (c@id)(Ah)=1®h, 2)
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for all h € H, and ® has to be a normalized 3-cocycle, in the sense that
1P)(ideA®id)(P)(P®1) = (idRid® A)(P)(A ®id®id)(P), (3)
([dReid)(?) =11 1. (4)

The map A is called the coproduct or the comultiplication, ¢ the counit and ® the

reassociator. As for Hopf algebras [23] we use the notation A(h) = > hq ® hs.
Since A is only quasi-coassociative we adopt the further notation

(A®id)(A(h) =D ha1®ha2®@hs, (id@A)AR) =Y hi®@hp1)®@hes),

for all h € H. We will denote the tensor components of ® by capital letters, and
the ones of ®~! by small letters, namely

=) X'oX'eX’=> T'eTeT?=) VieVeV’=..
e =Y slwtel =) tettet =) verter="

A quasi-bialgebra H is called a quasi-Hopf algebra if there exists an anti-automorphism
S of the algebra H and «, § € H such that:

> S(hi)ahy =e(h)a and > hiBS(ha) =(h)B, (5)
X:XlﬁS(XQ)ozX3 =1 and ZS(xl)aﬂc2ﬁS($3) =1, (6)

for all h € H. It is shown in [9] that the condition that the antipode is bijective
follows automatically from the other axioms in the case where H is finite dimen-
sional. Observe that the antipode of a quasi-Hopf algebra is determined uniquely
up to a transformation o — Uq, B + BU~Y, S(h) — US(R)U™!, where U € H
is invertible. The axioms for a quasi-Hopf algebra imply that e(«)e(3) = 1, so, by
rescaling o and 3, we may assume without loss of generality that e(a) = e(8) =1
and € o S = . The identities (2-4) also imply that

(c®id®id)(®) = (id®id®e)(®) =111 1. (7)

Together with a quasi-Hopf algebra H = (H, A, e, ®, S, «, §) we also have H°P, HP
and H°P°°P as quasi-Hopf algebras, where “op” means opposite multiplication and
“cop” means opposite comultiplication. The reassociators of these three quasi-
Hopf algebras are ®,, = &7, &, = (P71)32, &, oo = P32, the antipodes
are Sop = Scop = (Sop.cop)F = S71, and the elements a, 3 are aop, = S71(f),
ﬁop = Sil(a)a Qcop = Sil(a)v ﬁcop = 371(5)7 Qop,cop = /6 and 6op,cop = Q.

Recall next that the definition of a quasi-Hopf algebra is “twist coinvariant”, in the
following sense. An invertible element F' € H ® H is called a gauge transformation
or twist if (¢ ® id)(F) = (id®¢)(F) = 1. If H is a quasi-Hopf algebra and
F=YF'®F? € H®H is a gauge transformation with inverse F~1 =" G'®G?,
then we can define a new quasi-Hopf algebra Hpr by keeping the multiplication,
unit, counit and antipode of H and replacing the comultiplication, antipode and
the elements o and 8 by

Ap(h) = FA(h)F~, (8)
Pp =10 F)(id® A)(F)®Aid)(F ) F'®1), 9)
ap =Y S(GYaG? pfp=>Y F'BS(F?). (10)
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It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism.
The corresponding statement for a quasi-Hopf algebra is the following: there exists
a gauge transformation f € H @ H such that

FASR) 71 =D (S @ S)(A“P(h)), (11)

for all h € H, where A®P(h) = > ha ® hy. The element f can be computed
explicitly. First set

Y AleAeAeAt=(2e1)(Awid@id)(d"), (12)

Y B'eB*®B’® B = (A®id®id)(®)(®' ®1) (13)
and then define 7,0 € H ® H by
7= S5(A%)aA®® S(A")aA* and § =Y B'AS(B') @ B3S(B?).  (14)

Then f and f~! are given by the formulas

o= ) (5@ S><A°P<x1>>vA<x26S(x3>>, (15)
TR SNE 3(S ® S)(AP(a?)). (16)
Moreover, f satisfies the following relations:
fA(@) =7, A@) =0 (17)
Furthermore the corresponding twisted reassociator (see (9)) is given by
=) (S®SeHNX*eXeX"). (18)

In a Hopf algebra H, we obviously have the identity
> hi@hyS(hs) =h @1, for all h € H.

We will need the generalization of this formula to the quasi-Hopf algebra setting.
Following [14, 15], we define

PR = Y PROPER =) z' @a’BS(?), (19)

gr = Y ap®dp=y X'©5 ' (aX?)X? (20)

pr = Y pL@p=y XSTHX'H) ®X3 (21)

w = Y g ®q=> S’ (22)

We then have, for all h € H,

> A(m)prl @ S(hy)] = pr(h®1), (23)

Y L®S H(ha)larA(h) = (h®1)ar, (24)

D A(ho)prlSH ()@ 1] = pr(l@h), (25)

D IS(h) @ 1grA(hs) = (1@ h)qr, (26)
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and
(qr @ D(A®@id)(qr)® ' =) 1@ S (X% @S (X?)]
1@S™H () @5 (fH](id® A)(grAX1), (27)

where f =Y fl ® f? is the twist defined in (15).
A quasi-Hopf algebra H is quasitriangular if there exists an element R € H ® H
such that

(A@id)(R) = ) ®312R13P135R03®,
(R)

(id® A)(R) = Z P53 Ri3Po13R12® 71,
AP(h)R = RA(h), forall h € H,
(e®id)(R) = (id®e)(R)=1.
Here we used the following notation: if o is a permutation of {1,2, 3}, then we write
Py (1) (2)0(3) = ZX"_I(I) ® X7 '@ g xo®), R;; means R acting non-trivially

on the i-th and j-th tensor factors of H @ H ® H.
It is shown in [10] that R is invertible. Furthermore, the element

u= Z S(R*p*)aR*p, (32)

with pr = > p! ® p? defined as in (19), is invertible in H, and
ut =Y X R?pPS(S(XPR'pHaX?), (33)
e(u) =1 and S%(h) = uhu™!, (34)

for all h € H. Consequently the antipode S is bijective, so, as in the Hopf algebra
case, the assumptions about invertibility of R and bijectivity of S can be dropped.
Moreover, the R-matrix R = Y R! @ R? satisfies the identity (see [1], [15], [10]):

faRf ™1 = (S® S)(R) (35)
where f =Y f! @ f2 is the twist defined in (15), and fo; = > f? ® f*.
2.2. Monoidal categories

A monoidal or tensor category is a sixtuple (C,®,1,a,l,r), where C is a category,
® is a functor C x C — C (called the tensor product), 1 is an object of C, and

avyw: (UV)eW U (VW)
ly: V2VRLl;ry: V1V
are natural isomorphisms satisfying certain coherence conditions, see for example

[16, 18, 20]. An object V of a monoidal category C has a left dual if there exists an
object V* and morphisms evy : V*®V — 1, coevy : 1 — V ® V* in C such that

l‘_/l o (idy ® evy) o ay,y+ v o (coevy ®idy) ory = idy, (36)
r;l o(evy ®idy+)o a\_/},v,v* o (idy+ ® coevy) o lyx = idy=«. (37)
C is called a rigid monoidal category if every object of C has a dual.

A braided monoidal category is a monoidal category equipped with a commutativ-
ity natural isomorphism cyy : U®V — V ® U, compatible with the unit and the

associativity.
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In a braided monoidal category, we can define algebras, coalgebras, bialgebras and
Hopf algebras. For example, a bialgebra (B, m,n, A, ) consists of B € C, a multi-
plication m : B® B — B which is associative up to the natural isomorphism a, and
a unit 7 : 1 — B such that m o (n ® id) = m o (id ® n) = id. The properties of the
comultiplication A and the counit € are similar. In addition, A: B — B ® B has
to be an algebra morphism, where B ® B is an algebra with multiplication mpgg 5,
defined as the composition

(BeB)®(BeB) > Be(Be(BeD)
id®a B®((B®B)®B)
zd?6®ld B® ((B@B) ®B) (38)
d®a
ML Be(Be(BeB)
“~ (B®B)®(B®B)
men B®B

A Hopf algebra B is a bialgebra with a morphism S : B — B in C (the antipode)
satisfying the usual axioms mo (S®id)oA = noe = mo(id®S)oA. It is known, see
e.g. [21], that the antipode S of a Hopf algebra B in a braided monoidal category
C is an antialgebra and anticoalgebra morphism, in the sense that

Som=mo(S®S)ocpp and AoS=cppo(S®S)oA. (39)
Recall also that an algebra A in a braided monoidal category C is called quantum

commutative if moca 4 =m

Assume that (H, A, e, ®) is a quasi-bialgebra, and let U, V, W be left H-modules.
We define a left H-action on U ® V' by

(u®v) Z hi-u® hg-v.
We have isomorphisms ayv,w : (U@V)@W - U® (VW) in yM given by
avyw(u®v)@w) =0 (u® (v w)). (40)

The counit € : H — k makes k € gy M, and the natural isomorphisms A : k@ H —
Hand p: H®k — H are in g M. With this structures, (g M, ®,k,a, A, p) is a
monoidal category.

If H is a quasi-Hopf algebra then the category of finite dimensional left H-modules
is rigid; the left dual of V' is V* with the H-module structure given by (h-¢)(v) =
©(S(h)-v), forallv eV, p € V* h € H and with

evy(p®v) = p(a-v), coevy(l) = Zﬂ v @, (41)

where {v;} is a basis in V with dual basis {v'}.
Now let H be a quasitriangular quasi-Hopf algebra, with R-matrix R = > R' ® R2.
For two left H-modules U and V, we define

cyv UV -VeU
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by
cU7v(u®v):ZR2-v®Rl~u (42)
and then (g M, ®,k,a, A, p,c) is a braided monoidal category (cf. [16] or [20]).

3. Yetter-Drinfeld modules and the quasi-Yang-Baxter equation
From [19], we recall the notion of Yetter-Drinfeld module over a quasi-bialgebra.

DEFINITION 3.1. Let H be a quasi-bialgebra with reassociator ®. A left H-module
M together with a left H-coaction

)\]\/[ZM—>H®M )\M Zm ®m(0

is called a left Yetter-Drinfeld module if the follovvmg equalities hold, for all h € H
and m € M:

> X'my @ (X -m<o>)(— ) X2 @ (X% m)) o)

= > XY m) ), Y2 XAV m) o, YR X (Y m)g)  (43)
Zs(m(_l))m(o) =m (44)
Z him(—1) @ ha - m() = Z(hl -m)(—1yh2 @ (h1 - m) (o). (45)

The category of left Yetter-Drinfeld H-modules and k-linear maps that intertwine
the H-action and H-coaction is denoted by £y D. In [19] it is shown that £YD is
a prebraided monoidal category. The forgetful functor YD — ;M is monoidal,
and the coaction on the tensor product M ® N of two Yetter-Drinfeld modules M
and N is given by

Aven(m@n) =Y X'z m)ya? (V- n)_yY? (46)
® X (@'Y m)e @ X2 (Y2 n). (47)
The braiding is given by
em,n(m®n) Zm 1@ mg). (48)
This braiding is invertible if H is a quasi-Hopf algebra [5], and its inverse is then
given by
CM n(n@m) Z y§X2 m)(o)
S (S(y")ay’ X («! ~m)(_1)x2ﬂ5(y§’X?’$3)) . (49)

Let (H, R) be a quasitriangular quasi-bialgebra. It is well-known (see for example
[16]) that R satisfies the so-called quasi-Yang-Baxter equation in H @ H ® H:

Ris ‘I)312R13<I>f312 Ro3® = P39 Ro3 @5311 Ri3®g13 2.

On the other hand, if H is a bialgebra and M is a left-right Yetter-Drinfeld module
over H, with structures

HoM — M, h®@m—h-m;
M — M® H, mHZm(O)®m(1),
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then the map Ry : MM — M @M, Ry(m®n) = ) ny-m&n is a solution
in End(M ® M ® M) of the quantum Yang-Baxter equation

Ri2R13R23 = RazRi3Ro,

see for instance [17].
We will show a similar result for quasi-bialgebras; first we define left-right Yetter-
Drinfeld modules over quasi-bialgebras as follows

g YDH = HYD.
This is stated more explicitely in the next definition.

DEeFINITION 3.2. Let H be a quasi-bialgebra. A k-linear space M with a left H-
action h @ m + h-m, and a right H-coaction M — M ® H, m — Y m) ® m(y)
is called a left-right Yetter-Drinfeld module if the following relations hold, for all
me&e M and h € H:

> (@ m)) ) @ (2 - m)) @zt @ aPm)

= Y a2l m)e @2 (W m)ay,yt @ 2P (y* - m) ),y (50)
>_clmay)m) =m (51)
Z hi "m0y @ hgm(l) = Z(hg -m)(o) X (hg -m)(l)hl. (52)

PROPOSITION 3.3. Let H be a quasi-bialgebra and M € yYD™. The map R =
Ry : M@M — M®M, Rim®n) = Y nay -m® nq, is a solution of the
quasi- Yang-Baxter equation

Ri2®312R130 55 Ra3® = B30 Ros®os) R13®Po13R1o (53)
on End(M @ M @ M).

We considered Rja, @312, etc. as elements in End(M @ M ® M) by left multi-
plication, for example Rio(l@m®@n) =Y. R' - I®@ R2-m®n, P32(l@men) =
X2 0@ X3 -me X! n ete.

Proof. yY D! is a prebraided category, hence the result is a consequence of the
fact (see [16]) that the braiding satisfies the categorical version of the Yang-Baxter
equation. A direct proof is also possible. For all I, m,n € M, we compute that

Ria®319R13P 55 Roz®(l @ m @ n)

= > (VRAXP ) X? m)q)V (@ (X7 n) )z X1
(Y32} (X% -n) ) X2 -m)) @ Y - (¢ - (X7 - n)0)) (0)
S (VAP X n)1),p? X2 m) ) Y22 (1P X2 n) ),y X
(V32 (Y X7 - n)1),y* X2 -m) ) @ Y'a! - (y° X7 - n)(o)

(50)

> (), - m)ayna), 18 (n(), - m) ) @ n()
(52) = Z n1),M(1) - L @ nery, - My ® n(o)
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and
D301 Ro3®oy R13P213R12(1 @ m @ n)
= ZY?).’EB(Xs ) (1) X?mg) 1@ Y3(2? - (XP - n) )z X' my)
Y- (2% (X 1)) 0)
(50) = Y _V3PWPX® n) 1),y Xoma) - 1@ Y22 (1P XP - n) ),y X my
Yla! . (y3X3 ") (0)
= D nw.ma 1@ nay, M) @)
and (53) follows. O

We will now present a generalization of [17, Prop. 4.4.2], stating that the dual
M* of a finite dimensional right-left Yetter-Drinfeld module is a left-right Yetter-
Drinfeld module and that Ry~ = R},.

First we define right-left Yetter-Drinfeld modules for quasi-bialgebras as follows:

HY Dy = propecon YD,
More explicitely:

DEFINITION 3.4. Let H be a quasi-bialgebra. A k-linear space M with a right H-
action m ® h +— m - h, and a left H-coaction M — H ® M, m > ) m_1) ® m(g
is called a right-left Yetter-Drinfeld module if the following relations hold, for all
méeM and h € H:

> mnat @ ¥ (mg) - 2%) -y @ (m) - 2%) )
=Y Pm-y) et @yt (my) 1,2 @ (moy)e) - 2® (54)
> e(m—1))me) =m (55)
Zm(—1)h1 ® mygy - ha = Z hao(m - hi)—1) @ (m - h1) - (56)
For M € YDy, we consider the map
Ry : M®M — M@M, Ry(m®@n) =Y m-n_1) &n)-

If we consider M as an object in Hop,copyDHop'wp, then we obtain the same map

Ry, so Ry is also a solution of the corresponding quasi-Yang-Baxter equation,
which is obtained after replacing ® by ®op.cop = 321,

Now let M be a finite dimensional right-left Yetter-Drinfeld module. Then M* is
a left H-module, with action given by (h-m*)(m) =m*(m-h), for all h € H,m €
M,m* € M*. We also define a k-linear map M* — M*®@ H, m* — meo) ®@mi,
by the condition

Y mig(m)ymfy =Y m* (m))m(1 (57)

for all m € M. We can prove now the following result.

PROPOSITION 3.5. Let H be a quasi-bialgebra, M a finite dimensional right-left
Yetter-Drinfeld module. Then

(i) M* ey YD";
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(i) Ru = Ry

Proof. (i) We prove that (50), (51), (52) are satisfied. For m* € M* and m € M,
we compute:

2(352 m(o )0y (m) (= (z® m(o)) 1)1‘ ® z° m(l)
(57) = Y (@ - miy))(me)m e @ 2’ my,
Zm?o)(m(o) -z )m(,l)x ® x° m(l)
> om(m-yh) o) -2 m -yt et @yt (meyh) o
= ) (@ -m*)(m-y o)y (m - y") 1,2t @yt (m-yt) (1),
(57) = Z(xs ) oy (m.- YOy (P - m*)(l)lxl © 13 (23 - m*)(1)2$2
= D W@ m) )Myt mY) ), @y (@ m) ),

2

so obtain (50). Now we compute:

D e(miy)mipy(m) =Y e(mig (m)myy))
(57) = > e(m*(m@))my) =Y m*(e(m_1))m@) =m"(m),

using (55) at the last step. Thus (51) holds. For h € H, we compute:

D (R mig))(m)ham{yy = D S mig)(m - ha)hamiy,
(57) = > m*((m-h)))ha(m-h1) 1
(56) = Y m*(m) - ha)mpln

= > (ha-m*)(m))m—1)h
= Y (ha-m"))(m)(ha - m*)1yha

and (52) follows.
(73) We identify (M @ M)* = M* ® M*, and we prove that Ry« and R}, coincide
as maps M* Q@ M* —- M* ® M*. For m,n € M and m*,n* € M*, we compute:
Rag-(m* @n*)(m @n) = Y (nfy) - m*)(m)ny, (n)
= > m(mn{y)nfy(n)

(57) = Zm m - n—1))n"(n))
= (m"@n")(Ry(m®n))
= Ry (m* en’)mon),

as needed. O
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4. The quantum commutativity of H

Let H be a Hopf algebra. It is well-known that H is an algebra in the monoidal
category 2V D, with left action and coaction given by

hoh' =Y "hh'S(ha), Ah) = hi ® ha.

Moreover, H is quantum commutative as an algebra in YD, see for example [11].
We will now prove a similar result for quasi-Hopf algebras. Let H be a quasi-Hopf
algebra. In [7], a new multiplication on H was introduced; this multiplication is
given by the formula

hoh' =3 X'hS(x'X?)ax? X310 S(2° X3) (58)
for all h, k' € H. (3 is a unit for this multiplication o. Let Hy be the k-linear space
H, with multiplication o, and left H-action given by

hoh' =" hih'S(hs). (59)

Then Hj is a left H-module algebra. In Hj, we also define a left H-coaction, as
follows

Ao (h) =D -1y @ oy
> XWYihg'S(@*Y)Y? @ X2V hag?S(XPq'YY), (60)
where f~! =3 ¢! ® g% and qg = > ¢! ® ¢? are the elements defined by (16) and
(19). Then Hy is an algebra in £ D, see [5] for details. In Proposition 4.2, we will
show that Hy is quantum commutative. But first we need the following formulas,

which are of mdependent interest. Recall that qr =>.¢* ® ¢, qr, f =D, f1 ® f2
and f~! =" g' ® g2 are defined by (20), (22), (15) and (16).

LEMMA 4.1. Let H be a quasi-Hopf algebra. Then we have

> d'y' @S¢ 2)y3 =1®a, (61)
®(A@id)(f~ Zgls (X*) ' ® g1 G'S(X?) f? @ g3 GPS(X ), (62)
> S(ghag® =S(B), Y f'BS(f?) = S(a), (63)
> S(gx? f1®S(q X'8S(gi X?)f?) = (id® S)(qr), (64)

Proof. (61) and (62) are a direct consequence of (19) and (18). (63) has been proved
in [6, Lemma 2.6] and [10, Lemma 2.5]. We are left to prove (64). Using (27), we
obtain:

(idoA)(g) =Y (105 (@) @57 (2°g"))(g@1)(A@id)(q)® " (ido A)(A(z"))
and, using the formula (see [8])

(Aid (e~ =) Y'odY s (V)P
we obtain

(idA)( ZQ Yl (1‘392)622‘115/1 21)®S ( a? 1) 2Y2 x(2 2) (65)
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where ¢r = Y. ¢' ® ¢> = Y. Q' ® Q. Now we compute

ST S(@BXP) @ S(q' X BS (R X))
= Z S(g°Ys 55(2 2) XYia? @ 5(Q'Y' e Xlﬂs(QQ‘IlYfff%z,l)XQ)xS)
- Zs Yy XPup)YVia? @ S(Q'Y'X'xl, 1, 89(Q%¢" Y X xf, 5))2?)
= > S@VEX*a )Y ® S(Q'Y' X' 8S(Q%¢' Y X?)a)

= Y S(X{zhaXia® © S(Q'X'BS(Q*X?)2?)

= D _S()as’ @ S(Q'AS(Q%)?)

= ) S@"aa® @ S(@*),

as needed. O

) (
) (
) (
(3) = > S(@XY2a )y XiYa® @ S(Q' X'V BS(Q%'y! X?Y,)a?)
) (X3
) (z!
) (

We can prove now the main result of this Section.

PROPOSITION 4.2. Let H be a quasi-Hopf algebra. Then Hy is quantum commuta-
tive as an algebra in gyD, that is, for all h,h € H:

hoh' = (h1y>h')ohq).
Proof. For all h, K e H we compute:
Z(h(,l) > h/) o h(o)
(60) = > (X'V'hg'S(®Y2)Y? > 1) o XYy hag”S(X3¢' YY)
(59,58) = Z Z'X1Y (1 yhangiS(@Ys 1 YR

S(a' Z° X3 2)h1,2)955(4°Y5 )2Ys)
ax?Z} XY hag?S(2® Z3 X 3" YY)

(3.5) = Y Z'V yhangt S(@YENYE
S(Z2Y(11’2)h(1’2)g%5(q2Y22)2Y23)
aZ3Y} hag®S(q' YY)

(1) = > Z'Y'hSY ) w1918} YR

5(22[Yth(YQ)](172)955@2)25/23)
aZ3 Y hS(Y?))29?S(q")
(1,5) = Y Y'hS(Y?)Z'91S(¢*)1 Y h S(229358(a%)2Y5)aZ?g*S(q")
(62) = ZYth(YQ)gls(XB)f S(q® )1Y1h
S(giGrS(X?)f25(4%)2Ys )agsG*S(q' X )
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) = Y V'RS(XPY?)1S(¢7)1Yh S(g X BS(X?) £2S(q%)2Y5)
(1) = D Y'RS(@X*YV?) VPR S(¢' X BS (g7 X2) £V

) = > Y'hS('Y?)az?Yh S(%YS)

) = hoh'.

5. Hopf modules in g)}D. Integrals

Let H be a quasi-Hopf algebra. The aim of this Section is to define the space
of integrals of a finite dimensional braided Hopf algebra in YD, and to prove,
following [24], [12], that it is an object of £V D, and that it has dimension 1. We
will apply our results to the braided Hopf algebra associated to H, in the case where
H is a quasitriangular quasi-Hopf algebra.

Let A be an algebra in a monoidal category C. Recall that a right A-module M
is an object M € C together with a morphism w;; : M ® A — M in C such that
Wy o (idy ®n) = 13, and the following diagram is commutative:

War ®idA

(Mo A)® A MeA_2M .y

aM,AA W
idy @ m

M®(A® A) - M@ A.

Clearly A itself is a right A-module, by right multiplication. Right comodules over
a coalgebra C in C can be defined in a similar way: we need N € C together with a
morphism Pyt N — N ® C in C such that (idy ®¢) o Py = Iy and the following
diagram is commutative:

14 P\ Qidc
N—N . Ngc X (NeC)®C
Py an,c,c
dy ® A
NeC AR - N®(C®O).

C itself is a right C-comodule via the comultiplication A.
From [3], [21], [24], we recall the following.

DEFINITION 5.1. Let B be a bialgebra in a braided category C. A right B-Hopf
module is a triple (M, w, p, ), where (M, w,,) is a right B-module and (M, p, ) is
a right B-comodule such that P M — M ® B is right B-linear. The B-module
structure wyop 1 (M ® B)®@ B — M ® B on M ® B is given by the following
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composition:

(MeoB)®B % (MeB)®(B®B)
M M® (B® (B® B))
WEERL M@ (B B)® B)
Mu(eon®n) Mg ((Be B)@ B) (06)
ideaﬂB> M ® (B® (B® B))
DuBBeR (M@ B)@ (Bo B)
2uBm Mo B

ME will denote the category of right B-Hopf modules and morphisms in C pre-
serving the B-action and the corresponding B-coaction.

We can consider algebras, coalgebras, bialgebras and Hopf algebras in the braided
category gyD over a quasi-Hopf algebra H. More precisely, an algebra B in gyD
is an object B € #YD such that

- B is a left H-module algebra, i.e. B has a multiplication m and a usual unit
1p satisfying the following conditions:

(ab)e =Y (X" a)[(X*-b)(X?- )], (67)

h(ab) = (h1-a)(ha-b), h-1p=e(h)lp, (68)
for all a,b,c€ B and h € H.
- B is a quasi-comodule algebra, that is, the multiplication m and the unit n
of B intertwine the H-coaction Ag. By (47) this means:

Ap(bb) = XM @'V b)Y b)Y
B[X? - («! Y1 : b><o>MX3x3 (Y26 ) ), (69)

for all b,b" € B, and
As(lp) =1y ®15. (70)
€ YD is a right B-module if there exists a morphism w,,; : M ® B — M in
HYD (we will denote w,;(m ® b) := m « b) such that
melg=m, (meb) b=y (X'-m)—[X*b)(X* ) (71)

for all m € M, b, b € B. The fact that w), is a morphism in ZYD means (see

(47))

ho(meb) = (hi-m) — (hz-), (72)
Ar(mo—b) =Y X' @'V m)pa® (V2 b)) Y?
BX? - (@'Y m) ()] — [XP27 - (Y2 b)0)] (73)

for all m € M, b € B.

Similarly, B € #YD is a coalgebra if
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- Bisaleft H-module coalgebra, i.e. B has a comultiplication Ag : B — BB
(we will denote A(b) = > b1 ® by) and a usual counit £ such that:

S OXTbay ® X% buy @ X2 by =) b1 @ba1) @b, (74)
Ap(h-b)=> hi-by@hy-by, eg(h-b)=e(h)ep(b), (75)

forallh € H,b € B, where we use the same notation for the quasi-coassociativity
of Ay as in Section 2.

- B is a quasi-comodule coalgebra, i.e. the comultiplication A 5 and the counit
ep intertwine the H-coaction Ap. Explicitly, for all b € B we must have that:

> by @by, @by, = > XM@Y by) @ (Y2 by) () VE
@X% - ('Y 1)) @ X32% - (Y- b2) o), (76)
and
> en(bo)b1) =ep(d)1. (77)

A right B-comodule in £YD is an object M € YD together with a morphism
: M — M®B in £YD (we will denote Py (M) =3 m)®@m) for allm € M)
such that the following relations hold, for all m e M:

Y X me @ X7 mpy @ X2 muy =Y mg) @ma), @m,, (78)

>_elmy)m) =m, (79)

where we will denote
(py @idB)(p,, (M) =m0 ®m1) ®@ma) ete.

The fact that p, is a morphism in HYD means that (see (47))

Py (h-m) =" hy-m) ®hy - mqy), (80)
and
D1 @moyg, @My, = Y X (@Y mg)pz (Y2 my) Y
®X2 . (a: y! ~m(9))(0) ®X x° (Y ~m(l))(0), (81)

forall h € H and m € M.

Now, a bialgebra B € YD is an algebra and a coalgebra in YD such that Ay is
an algebra morphism, i.e. Az(1p) = 1p®1p and, by (38) and (48), for all b, b’ € B
we have that:

Ap(bb) => [y X - b][y* V" (2" X? - by) 1)z X7 - )]
BYTY2 - (21 X2 by) o)) [p3Y P ® X5 - by). (82)

If B € BYD is a bialgebra then M € ¥V D is a right B-Hopf module if M is a right
B-module (as above, we will denote w,,;(m ® b) = m < b) and a right B-comodule
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such that the right B-coaction on M, Pos M — M ® B, is right B-linear, which
means that the following relation holds, for all m € M and b € B (see (66)):

py(m—b) = (' X" -m) — [PV (2" X7 my))—12® X7 - by
Y2 (21 X2 my)0))lysY P2 X3 - by (83)

Finally, a bialgebra B in #Y D is a braided Hopf algebra if there exists a morphism

S: B — Bin YD such that 3 S(b1)by = > 015(b2) = £(b)1p, for all b € B.
Since S is a morphism in H))D we have that

S(h-b)=h-S(b) and Y _S(b)—1) @ S(b)o) = > b-1) )5 (84)

for all h € H, b € B. Also, by (39) and (48) we obtain that
S(bb) = [b—1) - S(B)]S(bo)) and A(S(D) = by, - S(b2) @ S(by,,), (85)

for all b,b € B.

The first step to prove the existence and uniqueness of integrals in a finite dimen-
sional braided Hopf algebra is the structure theorem for Hopf modules. To this end
we need first the following result.

LEMMA 5.2. Let H be a quasi-bialgebra, B a bialgebra in f,yD and N € g)}D.
Then N ® B € M with following action wygp : (N ® B)® B — N ® B and
coaction p o2 N©B — (N ® B) ® B given by

(n@b)<b =Y X' ne@[(X2-b)(X-b)), (86)

BN®B(n®b :Zzl-n®z2~bl®x3'bg, (87)

for alln € N and b,b € B.

Proof. YD is a braided category, so N® B € Y D. Tt is not hard to see that (1)
and (67) imply that wyep is left H-linear. It intertwines also the corresponding
H-coaction. Indeed, by (47), the left H-coaction on (N ® B) ® B is given by

Avemes(n®b)@b)
S XN @Y YT n) 2 (Y2Ts - b)) Y3yA(T? b)) TP
®ZIX2 - (2 Yy T! - n) o) © Z3 X3 - (Y2413 - ) o) @ Z°%° - (T% 1) o),
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foralln € N, b, b € B. Therefore:

(idy ® wyep) © Anepes(n®b) @)
(86) = Y Z'X'@'Y'yT{ - n) 0 (V2yTy - b))
Y3A(T?0) TP @ WHZ2X2 - ('Y iyl ] - n) o)
B(W2Z3 X532 - (V2T3 - b))l (W22 - (T2 ) (o))
(3,45,67) = Y ZMX{2'YV'ylT! )y Xaa® (V2 Ty b))

Y322 0) TP @ 22 - (XLa' Yyl T] - n) o
®Z2° - (X% - (V2Y3T5 - b) (o)) (XY - (T2 ) 0))]

(3) twice, (45) = > Z'(&'Y'T! - n) 12’ X (y'YTy b))y
(YPT? - 0) () Y2T? @ 22 - (2 YT} - n) o)
©2°%° (X2 (y'Y?T3 - b)) (XP* - (VPT? b))

(3.69) = > Z'&'Y'T' n)ya?[(YET? b)(Y2T? b))y Y
Q72 (YT )y @ 23 - [(YET? - b)(YET® -1 )]0
(47,86) = > Anes(T'-n® (I*-b)(T° b))

= AngBoWngp((n®b)® b)

for all n € N and b, b € B. In a similar way, it can be proved that the map Pnen

is a morphism in ZY D, we leave it to the reader to verify the details.

Using (67) and (3), it easily follows that N ® B is a right B-module. Also, it is
not hard to see that (74), (75) and (3) imply that N ® B is a right B-comodule. It
remains only to show that Pnon is right B-linear. By (66), we have that the right
B-module structure of (N ® B) ® B is given by

(n@b)@b]eb
= Y [Z'iX] n@ (2% X5 (2% (@' X2 ) X b))
REY? - (21X%0) ] [B3Y 25 X3 - by,

for all n € N and b, b/,b” € B. This allows us to compute, for any n € N and
b,b € B, that:

’

Prngpm®b) ot =Y [ n@ 2% by) @27 by b
= Z[Zly%Xllzl -n
D22 XL b)) (Z%PY (' X223 by) e X b))
By 2 (2 X2 - by) (o)WY P2® X3 - by
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(3) = D [Z'92' X" n® (22 T XT by)

(Z3y?Y (@ AT X3 - by) _ya?ady  TEXT - 0y)
B[YPY? - (@ 2 T2XF - by) (o) (W3 Y P22, o) TEXS - by

(1,45) = > [Z'y2' X" n@ (22932 T X7 - by)
(Z3y*Y 2 ) (@ T2 X3 - bo) 1y @ TP X - by)]
SY 2 o) - (@ T2 X5 - bo) (o) [y3Y P52 TH X3 - by)

(1,3,67) = Z{lel n@y*-[(Z'TXE - by)

(Z2Y (z 1T2X2 b2) 2T1 X1 bﬁ)]}
®y® - {[Y?- (l‘lTQXz “bo) () [3Y 2P TEXS - by]}

(75,82) = > {y'X' ney? (X2 )X b))} ey’ (X2 0)(X3 b))y
(87,86) = 3 ppo (X @ (X2 B)(X°8) = py_ (n@b) <b),
as needed. O

Our next result is the Fundamental Theoreom for Hopf modules in the braided
monoidal category £Y D, generalizing [12, Theorem 1].

THEOREM 5.3. Let H be a quasi-Hopf algebra, B a Hopf algebra in 2YD and
M e MEB.

(i) M°B={me M| Py (m)=m®l1p} € TyD.

(ii) For all m € M, we have that P(m) = Zm(o) — S(m1)) € M5,

(iii) p,,(n < b) = S(xt-n) — (22 b)) @ 23 - by and P(n —b) = g(b)n, for all

ne€ MB and b c B.
(iv) The map
F: M°P@B - M, Fln®b)=n b,

is an isomorphism of Hopf modules in LY D, with inverse G given by

Z P ® m(y)-

Proof. (i) If n € M°B | then BM(h ‘n) = Zhl ‘n®hy-1lp=h-n®lg, by (72)
and (67). This shows that M5 is an H-submodule of M. On the other hand, for
any n € N we have

Z n(-1) & (0) (o) ® (0) ()

®1) = > X'V n)ya?(Y?1p)pY?
®X2. (CL'IYl . n)(o) ® X323 (Y2 . 13)(0)
(67) twice, (70) = Y n(_1) @n() @ L.

Thus, pas(n) = Y n1) @y € H @ MF which means that M is a left H-
quasi-subcomodule of M. It follows from the above arguments that M<°? € £yD.
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(ii) For any m € M, we have that

2y (P(m) =3 py(m) = S(mw))
(83) = > (¥'X'-meg) — WY (@' X7 mn) 1z XT - S(may)]
[WPY? - (2" X2 m1) )] lysY P2 X5 - S(m(y))2]
(78,84,85) = > (¥ m) —

Y (@ ma),) -n2®S(may ., ) -1) - S, )]
@y’ {[Y? - (@' ma),) o]V °2® - S(ma, ) o]}
69 = > (' -me) —
vt ma),) (@ - S(my g, D-n2® - Sma) g )
@y® - [(z - m),) (@ - S(my, )]0
(84,74,67) = > (y'-m) < (- S(m))) @ y* - 1p = P(m) @ 1p.

(iii) For all n € N and b € B, we compute, using (83),

pyn=b) = Y (@'X"n)— [’V (&' X 1p) 1’ XT by
Ry/Y? - (' X2 1) o)y Y 2 X3 - by
(67,70) = > (y'-n)— (y* b)) @y* by
For all n € M8 we find
Pn—1b) = > [(y"-n) = b)) — Sy b)
(71,84) = > n—bS(by) =£(b)n — 15 = £(b)n.

(iv) By (i) and Lemma 5.2, we obtain that M°Z @ B € ME. Tt follows from
(72) that F is left H-linear. It also intertwines the corresponding left H-coaction
by (47) and (73). Now we will prove that F' and G are inverses. For all m € M,
we have

FG(m) = Y P(mg) —mq)
(71) = Y (X' mo) — (X S(me))(X® - m))]
(84,78,79) = > myq) — S(m),)m), =m — 1p =m.

Similarly, for any n € M? and b € B, we compute
GF(n®b) = ZP ((n < b)) ®(n<—b)(1
(i) = > P(( Zob))@ad by
(iii), (75) = ZP n)®b=nob.
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We are left to show that F' is a morphism in MB5. Tt is not hard to see that (86)
and (71) imply that F is right B-linear. Also, (iii) implies that

pa 0 Fn@b) = (F@idp)op,.op, ,(n®b) = (a*-n) — () ®2® - by,

for all n € N and b € B, and this finishes the proof. O

Let H be a quasi-Hopf algebra, and let gnyd be the category of finite dimen-

sional left Yetter-Drinfeld modules over H. If M € gnyd, then M* € f;,’nyd (cf
[4]). The action and coaction are given by

(h-m*)(m) = m*(S(h) -m) (88)
A (m*) = Y mi_y) @ miy) = Z<m*af2 (9" - im) o))
S g - m) ) © 'm (39)

forall h € H, m* € M*, m € M. Here f = f! ® f? is the twist defined in (15),
(im);—17 1s a basis of M and (“m),_1, its dual basis. Moreover, ny is a rigid

monoidal category. For each object M € EyD , the evaluation and coevaluation
maps (evys and coevys, respectively) are given by (41).

In addition, if B € gnyd is a Hopf algebra, then B* is a Hopf algebra in gny'd'.
The structure is the following.

- The multiplication and unit are given by
(e x)(b) = (o, F2GY>S M@ Y (p" - b2)(—1)p?) - b1)
(¥, F1@Y? - (" - b2) (o)) (90)
1p- =¢ (91)

for all o, € B*, b € B, where q;, = >.¢* ® ¢*> and pr = > p* ® p? are the
elements defined in (21) and (19).
- the comultiplication and counit are given by the formulas

n

Ape(p) =D {elg" b)-ng® - bl(g" - b)) b @b (92)
ij=1
ep-(p) = ¢(lp), (93)
for any ¢ € B*, where f~! = Y~ g' ® ¢g* was defined in (16), (;b);_1; is a
basis of B and (‘b),_17 - the corresponding dual basis of B*.
- the antipode is given by
Sp«=8", i.e. Sp.(p)=¢oS8, (94)

for all ¢ € B*.

ProprosITION 5.4. Let B € gnyd a Hopf algebra. Then B* is a right B-Hopf
module, with structure:

(p—b,0) = (o, [(U" - b)) )U? - V]S((U - b)(0))), (95)
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n

(@) =Y (S(B") - ib) (1) - [0+ (5 - )] ® (S(F) - b) o) (96)

i=1

for all o € B*, b, b e B, where
U= U'eU?:=> ¢'S(¢") ®¢°S(q"), (97)

pr =20 ®p% qr =Y. ¢" ®¢* and f71 =3 g' ® g are the elements defined
by (21), (19) and (16), and {ib},_1; is a basis of B with corresponding dual basis
{*0};—17- Moreover,

B*°B — (A e B* | Z(ﬁl ~o) % (P2 - A) = o(1p)A forall ¢ € B*}.

Proof. If B is a Hopf algebra in a braided rigid monoidal category C, then B* is a
right Hopf B-module, as follows.

- the right B-module structure «—: B* ® B — B on B* is the composition

ldpr@S)Ecocvy (e o B) @ (B ® B*)

((B*® B) ® B) ® B*

—1
Ap*®B,B,B*
— Ty

opnp e (Br o (B® B))® B (98)
(idp* @m)®id g+ (B* ® B) ® B*
evpRidg* l@ B*
5 B

- the right B-comodule structure Pp. - B* — B*® B on B* is the composition

B* rR* l@B* coevpRidp* (B@B*) ®B*
ap B* B* B (B* ® B*) idp@m g« B® B* (99)
L B*® B.

Let y =Y 7v'®+? and f~! =Y g' ® g2 be the elements defined in (14) and (16).
By (98), we have, for all ¢ € B* and b, b € B:

<<P A b» b/>
= > (e, S(X'pha- [((X?py - S(0)) (-1 X3p? - b)) (X2ph - S(b)) (o))
(67,45) = > (. [(S(X'p})1oa X?p} - S(0))(—1)S(X'p})2ca X?p? - b]

(S(X'p1)10n X?py - S(b))(0))
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17,11) = > (¢, [(g"S(X3ply 2))7" X2p3 - S(0))(~1)9° S (X1p(11))7* X% - 1))
(9" S(X3p(1.9)7 X3 - S(0))(0))
(14,3,5) = > (p.g"S(Y2p{y 2))aY ph - S(b))(—1)g*S(YV ' pfy 1))op? - b]

(9" S(Y?p(y 9))aY *p3 - (b)) (0))
(g S(Y?)ay® - S(b))1)g®S(Y") - b]
(g"'S(Y?*)aY? - 5(b))(0))
(S

(1,5,6) = > (¢

’

(19,97,84) = > (o, [S(U" - b)—yU? - b]S(U" - b) (o)
(84) = > (e [(U" - b)yU - bIS((U" ) (o))

which is just (95). (96) follows easily by (99), the details are left to the reader.
Finally, by (99) we have

Ae BB = p (A)=A®1p
= g0 (N) =cplp (AR 1p)

= Y SE)-b@bx(-A) =1 A

= Z(ﬁl ~o) % (P2 - A) = o(1p)A, for all p € B*.

O

We define the space of left integrals by I;(B*) = B***(®). From the Fundamental
Theorem for Hopf modules, we then obtain.

COROLLARY 5.5. Let H be a quasi-Hopf algebra and B a finite dimensional Hopf
algebra in BYD. Then I;(B*) ® B ~ B* as right B-Hopf modules. In particular,
dzmk(Il(B*)) =1.

Now, let H be a quasi-Hopf algebra and Hj the H-module algebra described in
Section 4. If (H, R) is quasitriangular, then Hy is a Hopf algebra in £V D, see [5].
The additional structure is the following.

Amo(h) => R*® R'vh, (100)
= i @hy (101)

= @' X'hig' S(@*R*’X3) @ 2’ R' vy X2hag? S (y° X7), (102)

§(h) = e(h), (103)
=> X'R*p’S(¢"(X*R'p' > n)S(¢*)X?), (104)

for all h € H, where R = S R'® R? and f~' = Y. ¢' ® ¢%, pr = D p* @ p?
and qr = > ¢* ® ¢° are the elements defined by (16), (19) and (20). By the above
arguments, if H is a finite dimensional Hopf algebra, then H{ is also a Hopf algebra
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in EyD, with structure

(pxW)(h) =3 (o, f2R b hi) (U, f'R' > hy) (105)
= Y (. oY R X athigtS(YPa®))

(T, YR & X2 hog?S(X322)), (106)
lH* =g, (107)
Ap: () = > (., (R?g* > ie)(R'g' v je)) e @ e, (108)

ij=1

ez () = ¢(B), (109)
Sps(p) =vol, (110)

for all h € H and ¢ € H*, where R~ = Zﬁl ®E2, {ie}i—17 is a basis of H and
{ie}i:ﬁ the corresponding dual basis of H*. In this particular case we have

L(H) ={Ae H | Y ASE) 'R >hy)S(FY) PR >hy = A(b)B, forall h e H}.
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