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Abstract

Let (X;,Y;),i > 1 be i.i.d. random variables and denote the regression func-
tion by my(t) = E[p(Y)|X = t]. A popular class of estimators consists of
kernel-type estimators, which have been intensively studied for a long time.
For estimating qualities such as m,(t) = E[p(Y1,..., Y )|[(X1, ..., Xm) = t],
one needs so—called conditional U—statistics, which were introduced by Stute.
Among other things, he proved their pointwise consistency to m(t). We are
now interested in uniform in bandwidth convergence of these estimators.

1. Kernel estimators

Let X, X1, Xo,... be i.i.d. random variables with values in R, d > 1,
and assume that the common distribution function of these variables has a
Lebesgue density function, which we shall denote by fx. A kernel K : R? — R
will be any measurable function that satisfies sup,cpa |K ()| := k < 0o and
fRd K(s)ds = 1. Then the kernel density estimator of fx based upon the
sample X7,..., X, and the bandwidth 0 < h < 1 is defined as

LS a
fn,h(x)._nhd;K< - > z € RY [KDE]

It is well known that if fx is continuous and if one chooses a suitable bandwidth
sequence h,, — 0, one obtains a strongly consistent estimator f, = fy n, of fx,
i.e. one has almost surely f,(z) — fx(x) for all x € R%. It is then natural to
investigate other types of convergence, like for instance uniform convergence, or
convergence with respect to weighted supremum norms (see Giné, Koltchinskii
and Zinn [8], Dony and Einmahl [1]) and to ask what convergence rates are
feasible.

For proving such results one usually writes the difference f,(x) — fx (z)
as the sum of a probabilistic term f,(z) — Ef,(z) and a deterministic term
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Efn(x)—fx(z), the so—called bias. The order of the bias depends on smoothness
properties of fx only, whereas the first (random) term can be studied via
empirical process techniques. Giné and Guillou [7] have shown that if the
density fx is bounded and the kernel K is “regular”, one has

an_EanOO:O(\/ HOgthnhn)a a.s., (1)

provided h,, — 0 satisfies the following regularity conditions,

nhy, hn log(1/hy,)
— OO —_— = —_— —
logn " hop loglog n

0(1), ,
and where || - || denotes the supremum norm on R%. Moreover, this rate can-
not be improved. Interestingly, one does not need continuity of fx for this
result, but note that it is of course needed for controlling the bias.

Now let Y, Y7,Y5,... be a sequence of r—dimensional random variables,
(r > 1), so that the random vectors (X,Y),(X1,Y1),... are i.i.d. with com-
mon joint Lebesgue density function f. It is also of great interest to estimate
the regression function m,(z) = E[p(Y)|X = z], where ¢ : R™ — R is a
suitable mapping. Therefore, a possible kernel-type estimator which has been
extensively studied, is given by

,._Xi
Yim PV K (557)
— X, ’
i K (55)
and is referred to as a Nadaraya—Watson type estimator. Exact convergence

rates uniformly on compact subsets of R? have been obtained in the case of
deterministic bandwidth sequences by Einmahl and Mason [4].

M b, (T) = [NW]

Another popular way of estimating the regression function is by using
local polynomial estimators. This method was introduced by Fan and Gijbels
[6], and is based on the idea of fitting a polynomial of degree p > 0 to the
observations by the method of weighted least squares. For simplicity, let r =
d=1and ¢(y) =y, and assume my(z) to be p+ 1 times differentiable. Then
the local polynomial regression function estimator of degree p > 0 is defined as

") (z) = e f* (), LP]

where e is the projection on the first component, and 8*(z) € RP*! is defined
as the solution of the following weighted least squares problem,

. 1 < £ . ¢
B*(z) = argmingcgp+1 " Z[YZ - Z B (X; — x)] K( h )
i=1 7=0
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2. Conditional U—statistics

A much wider class of estimators is the class of the so—called U-statistics.
For a measurable space (S,S) and S—valued random variables 71, ..., Z,, one
defines a U—statistic with kernel G : S* — R as

n

— |
UR(G) = (”nilk) > G(Ziy,... Zi,), 1<k<n,

ierlk

where I¥ = {(i1,...,ix) : 1 < i; < n,i; # i, if j # [}. To generalize the
Nadaraya—Watson type estimators [NW] for the regression function, Stute [9]
introduced conditional U—statistics, that he defined as

t1—X; =X
ZiEI:L” SO(Y;N ceey Y;T”)K<lh7nl) A K(thﬂ)

n

t1—X; trm—Xi,, ’
ZieI;ﬂK(lhn1>'”K( h )

n

o (b 1) = jcus|

with K a kernel function and 0 < h,, < 1 a bandwidth sequence. If h,, goes to
zero at a certain rate, he established strong pointwise consistency to my(t) :=
Elo(Y1,...,Yo)|(X1,..., Xm) =t], t e R™.

3. Motivation of the problem

It is well known that, although the choice of the kernel K is not really
important, choosing a good bandwidth h > 0 is crucial for the consistency of
the estimators. Unfortunately, the optimal bandwidth depends on the data,
such that one needs also to consider estimators based upon random (or sta-
tistical) bandwidth sequences. For this reason, extensions of the consistency
results that were based upon deterministic bandwidth sequences h,, are needed.

For the estimators [NW] and [KDE], optimal results have been obtained
by Einmahl and Mason [5], while the consistency results for regression estima-
tors such as [LP] and [CUS]| based on random bandwidths, have been estab-
lished in Dony, Einmahl and Mason [2], and Dony and Mason [3] respectively.
The purpose of this paper is to present shortly these uniform in bandwidth
results, without proofs. Local polynomial estimators are handled in the next
section, and the conditional U-statistics are discussed in the last section.

4. Consistency of local polynomial regression estimators

Recall that for simplicity r = d = 1 and ¢(y) = y. Assume now that the
kernel K has support contained in [—1/2,1/2], and that fx is continuous and
strictly positive on J = I", the n—neighborhood of I, a compact interval that
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will be specified later on. Then, for z € R, define

. 1 /X —2)’ r—X; ,
st 5 (S K (55 o

_ 1 & X, —z\’ r—X; ‘
Tn7h7j('r)::% )/7< h >K< h )7 ]:07"'51)7

and set for p; = [ (—u)? K (u)du,

fi(x) == pifx(z), and rj(z):= uj/Ryf(x,y)dy-

Then for some compact interval I C R and any sequences a,, < b, with b, — 0,
one can show that uniformly in h € [an, by, |Efnn;—fjllee — 0 and |[Ef, p j—
il — 0. Moreover, the following result can be inferred from Theorems 1 and
2 of Dony, Einmahl and Mason [2].

Theorem 1 (Dony, Einmahl and Mason, 2006) Under some usual assump-
tions, one has for all smooth functions ® : R3*2 — R and suitable sequences
0<a, <b, — 0 that,

sup ||<I>(f'n}h,f‘n}h) — <I>(f'7f‘)||1 — 0, a.s.,

an<h<bn,
where f'n,h = (.fn,h,Ov ey fn,h,Qp); f‘n,h = (fn,h,()v e a'ﬁz,h,p); f. = (va sy pr)
and ¥ = (rg,...,7p).

As a consequence of this result, the uniform in bandwidth consistency

of the local polynomial estimators [LP| was established in Dony, Einmahl and

Mason [2| by expressing mﬁf’ ;L as functions of f'n,h and T p. As an example,

consider the case p = 0, for which [LP] = [NW]. It is readily checked that

_ S K (555) _ o)
Z:‘L:l K (x_hXi) fn,h70(x)7

such that Theorem 1 with ®(z1,29) = x3/x; implies that with probability one

i) (@)

)

and uniformly in z € I, sup, <<, |T?L,Elo)h(:£) —E[Y|X = z]| — 0, proving the
uniform in bandwidth consistency of the Nadaraya-Watson estimator.

5. Consistency of conditional U—statistics

Recall the definition of a conditional U-statistics in [CUS] and consider
the function on R™ x R™ defined as

1 - ~
Goni(xy) = hT#’(Y) H K(%) = o(y)Kn(t —x), x,y,teR™,
i=1
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where 0 < h < 1 is a bandwidth and ¢ : R™ — R a measurable function
satisfying E@?(Y1,...,Y,,) < co. Then let U,(p, h,t) denote the U-statistic
with kernel G, j, ¢(x,y), such that m,, ,(t, h) can be rewritten as

ooy = S eORAC X 1t
n,p\ Uy Zie];ﬂ [}h(t — Xl) U”(L h,t) )

where U, (1, h,t) denotes the U—statistic Uy, (¢, h,t) with ¢ = 1. By studying
the asymptotic behavior of U,(p, h,t), Dony and Mason [3| established the
strong uniform consistency of conditional U—statistics to the general regression
function my,(t), uniformly in bandwidth. In order to obtain the convergence
rates, another more appropriate centering factor than the expectation (which
may not exist or be difficult to compute) has been considered, namely

. EU, (¢, h,t)
By, (b, h) 1= =P 08
e (80 = 7, (1, )
In the next Theorem, the convergence rate of the process 1, ,(t, h) —IET%,W (t,h)
to zero, and the consistency of 1, ,(t, k), are stated, uniformly in bandwidth.

Theorem 2 (Dony and Mason, 2007) Under some appropriate conditions
on fx,K and the class F, it follows that for all ¢ > 0 and all sequences 0 <
an < b, — 0, there exists a constant 0 < M(c) < oo such that,

, Vi, o (b, h) — i, o (t, h)|
limsup sup sup sup
n—0o G, <h<b, pEF telm V/|log h| V loglogn

where I is some compact interval in R, and @, = c(logn/n)"/™ with v =1 or
v = 1—2/p depending on whether the class F is bounded or not. Moreover,
for all sequences 0 < a,, < b, < 1 satisfying b, — 0 and na,/logn — oo,

sup  sup sup | o(t, h) —my(t)] — 0, a.s.
an<h<b, EF teI™
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