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Abstract. We start by considering a kernel estimator ϕn,h(t) for the regression
function mϕ(t) := E[ϕ(Y )|X = t], where t ∈ Rd is fixed and ϕ : R → R is a mea-
surable function with finite second moment. If h ≡ hn is a deterministic sequence
satisfying hn → 0 and nhd

n/ log log n → ∞, as well as a condition depending on
the moment of ϕ, it is well–known that ϕn,hn(t) estimates consistently mϕ(t)fX(t),
where fX is the density function of X. As an extension, we present a result in
which additional assumptions are imposed to make ϕn,h(t) a strongly consistent
estimator, uniformly for a certain range of bandwidths h. As an application, we
consider random variables Y1, . . . , Yn for which the common distribution function
F has regularly varying upper tails of exponent −1/τ < 0, and study the asymp-
totic behavior of a kernel–based version of the Hill estimator for τ . The results that
we obtain for the process ϕn,h(t) are used to establish the weak consistency of this
estimator, uniformly for a certain range of bandwidths tending to zero at particular
rates.
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1 Introduction and statement of the main results

Let (Xi, Yi), i ≥ 1 be i.i.d. random vectors in Rd × R and let F be a class of
measurable functions ϕ : R → R for which Eϕ2(Y ) < ∞. Then for t ∈ Rd
fixed, we denote the regression function by mϕ(t) := E[ϕ(Y )|X = t]. For a
uniformly bounded kernel function K with support contained in [−1/2, 1/2]d,
and bandwidth 0 < h < 1, define the estimator

ϕn,h(t) :=
1
nhd

n∑
i=1

ϕ(Yi)K
( t−Xi

h

)
. (1)

Likewise, let fn,h(t) be the kernel density estimator of the marginal density
fX(t) of X with bandwidth h, which corresponds to the choice ϕ(y) ≡ 1 in the
above formula. If hn is a deterministic sequence of positive numbers going
to zero and such that nhdn/ log log n → ∞, as well as a condition depend-
ing on the moment of ϕ, it is well–known that under regularity conditions
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ϕn,hn
(t)/fn,hn

(t) is a (strongly) consistent estimator for mϕ(t). See for in-
stance, Einmahl and Mason (1998). Moreover, it was shown in Einmahl and
Mason (2005) that under some additional assumptions, the consistency of
ϕn,h(t) is preserved uniformly in an ≤ h ≤ bn for appropriate positive se-
quences an and bn converging to zero and uniformly for t ∈ I where I ⊂ Rd
is compact.

The uniformity in h makes it possible to choose the bandwidth hn de-
pending on the data and/or location. If the function class F is uniformly
bounded, they show that one can choose h uniformly from an interval of the
form [an, bn], where an = cn log n/n with cn →∞ and bn → 0. Assuming in
the unbounded case that the envelope function F of F satisfies the condition,

(F.p) µp := sup
x∈J

E [F p(Y )|X = x] <∞, for some p > 2,

where J = Iε for some ε > 0, these authors have shown that the above result
remains valid in this more general case if one chooses an ≥ c(log n/n)γ , where
γ = 1− 2/p. In addition, in both cases, the corresponding convergence rates
of ϕn,h(t) to mϕ(t)fX(t) have been obtained as well.

One of the main purposes of this note is to describe uniform in bandwidth
consistency results for ϕn,h(t) at fixed points t ∈ Rd, i.e. pointwise and not
uniformly over compact subsets. This will allow us to achieve the unifomity
in h on larger intervals than in the previous “compact” case. In Section 2
we shall apply our “pointwise” uniform in bandwidth consistency results to
establish the uniform in bandwidth consistency of a class of kernel tail index
estimators.

Towards establishing these consistency results, we impose some additional
conditions. In particular, we consider classes F such that

(F.i) F is a pointwise measurable class,
(F.ii) F has a measurable envelope function F (y) ≥ supϕ∈F |ϕ(y)|,y∈R,
(F.iii) F is a VC class of functions,

and we let an, n ≥ 1 be a sequence of non–random numbers satisfying

(H.i) an ↘ 0,
(H.ii) adn log log n↘ and nadn/ log log n↗,

where “↗,↘” denote non–decreasing and non–increasing respectively. For
convenience, we recall the assumptions on the kernel function K : Rd → R.

(K.i) supx∈Rd |K(x)| <∞ and
∫
K(x)dx = 1,

(K.ii) K has support contained in [−1/2, 1/2]d.

Our first uniform in h consistency result for ϕn,h(t) with t ∈ Rd fixed,
holds when the moment generating function of the envelope function is finite.
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Clearly, this is more general than having a bounded function class (see Ein-
mahl and Mason (1997)), and this extension seems to be new also for fixed
bandwidth sequences.

Theorem 1. Suppose that the envelope function of F has a finite moment
generating function in a neighborhood of 0. Then if fX is bounded on a neigh-
borhood of t, and b0 < 1 is a positive constant, it follows from the above
mentioned assumptions on F and K that

lim sup
n→∞

sup
an≤h≤b0

sup
ϕ∈F

√
nhd|ϕn,h(t)− Eϕn,h(t)|√

log log n
<∞, a.s.,

for all non–increasing sequences an, n ≥ 1 that go to zero and such that
nadn ≥ c log log n, for some c > 0.

It is well known that the assumption “nadn ≥ c log log n, for some c > 0”
is optimal in the bounded case, and this shows that there is no difference in
terms of range of bandwidths between the bounded case and the case where
the moment generating function of F is finite.

Next, we consider the case where one has a moment–type condition on
the envelope function like (F.p).

Theorem 2. Suppose that fX is bounded on a neighborhood of t, and let
b0 < 1 be a positive constant. Then it follows from the above assumptions on
F and K that if (F.p) is satisfied with J being a neighborhood of t,

lim sup
n→∞

sup
an≤h≤b0

sup
ϕ∈F

√
nhd|ϕn,h(t)− Eϕn,h(t)|√

log log n
<∞, a.s.,

where an satisfies the assumptions stated in (H), and is such that

(H.p) nadn ≥ (log n)2/(p−2).

Our uniform in bandwidth results are important in establishing the con-
sistency of kernel regression estimators using a data dependent bandwidth
sequence ĥn := Hn(X1, . . . , Xn), n ≥ 1. Namely, to show that almost surely
or in probability,

sup
ϕ∈F
|mn,ĥn,ϕ

(t)−mϕ(t)| −→ 0,

where mn,ĥn,ϕ
(t) is a Nadaraya–Watson estimator for mϕ(t). This application

is investigated in detail in Dony (2008).

The range of an, n ≥ 1 provided by (H.p) for fixed t is less restrictive
than the one obtained by Einmahl and Mason (2005) in the uniform in t
case, namely adn = O((log n/n)1−2/p). Moreover, any an as in (H.p) always
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fulfills (H.ii). For a related result in case of a fixed bandwidth sequence hn,
refer to Theorem 4 of Einmahl and Mason (1998).

Detailed proofs of these results are provided in Dony (2008). It turns out
that ϕn,h(t) has an empirical process representation, where the index class is
a class of functions that depends upon the sample size n ≥ 1. This permits
us to use in our proofs some moment and exponential deviation inequalities
for empirical processes. To achieve the consistency uniformly in bandwidth,
a blocking argument is applied and the interval [an, b0] is split into several
smaller intervals.

In the next section, we illustrate how these results have proved to be
particularly useful to establish the uniform in bandwidth consistency of a
class of kernel estimators for the tail index of a Pareto distribution.

2 Application to kernel estimators of the tail index

Let Y1, . . . , Yn be independent real–valued random variables with mean one
and denote their common distribution function by F . Then set ti,n := i/(n+
1) and define the following fixed design process :

βn,h :=
1
nh

n∑
i=1

YiK

(
ti,n
h

)
, 0 < h < 1.

Under some particular assumptions on the kernel function K, the asymptotic
behavior of supan≤h≤b0 |βn,h − Eβn,h| can be inferred from the asymptotic
behavior of the corresponding random design process ϕn,h(0), defined in (1).
The following theorem is a consequence of a result proved in Dony (2008).

Theorem 3. Let Y1, . . . , Yn be independent bounded random variables with
mean one, and suppose that K is a Hölder–continuous kernel function with
exponent 0 < α ≤ 1. Then it holds that supan≤h≤b0 |βn,h − Eβn,h| = oP(1),
provided α and an → 0 are such that nα/2aα+1

n →∞.

This result remains valid under a wide variety of assumptions on the
variables Yi as well. For instance, the weak consistency of βn,h remains valid
when, instead of being bounded, the variables are unbounded, but have a
finite p–the moment, p > 2. In this case, the result is a consequence of
Theorem 2, and the sequence an has to be chosen appropriately, taking into
account that the choice in (H.p) does not satisfy the assumption in Theorem
3.

We shall next describe an application of our results to extreme value
statistics. Assume that F has regularly varying upper tails of exponent−1/τ <
0, i.e. there exists a τ > 0 such that,

(F.τ) lim
y→∞

1− F (λy)
1− F (y)

= λ−1/τ , λ > 0.
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Such a distribution function is also said to be of Pareto–type with parameter
1/τ . We call 1/τ the tail index. A well–known estimator for τ is the so–called
Hill estimator, introduced by Hill (1975), and defined as

ân,k := k−1
k∑
i=1

log Yn−i+1:n − log Yn−k:n,

where Yi:n, 1 ≤ i ≤ n denote the order statistics of Y1, . . . , Yn. The consistency
of ân,k as an estimator of τ was established by Mason (1982), who provided
necessary and sufficient conditions for ân,k →P τ for all sequences k = kn →
∞ and kn/n→ 0. Somewhat later, Csörgő et al. (1985) proposed the following
kernel–based estimator for τ ,

τ̂n,h :=

∑n
j=1

j
nhK

(
j
nh

)
{log Yn−j+1:n − log Yn−j:n}

1
nh

∑n
j=1K

(
j
nh

) =:
φn,h
κn,h

, (2)

where K is a kernel function and 0 < h < 1 is a bandwidth. We are interested
in the asymptotic behavior of τ̂n,h, uniformly in h. To begin, note that (F.τ)

implies that Yi
d= (1−Ui)−τL((1−Ui)−1), where U1, . . . , Un are independent

uniformly distributed variables over ]0, 1[, and L is a slowly varying function
at infinity. By Karamata’s representation, it holds that

log Yn−j+1:n − log Yn−j:n

d= −τ{log(1− Un−j+1:n)− log(1− Un−j:n)}

+
∫ (1−Un−j+1:n)−1

(1−Un−j:n)−1

b(u)
u
du

+ log
c((1− Un−j+1:n)−1)
c((1− Un−j:n)−1)

,

where c(y)→ c0 and b(y)→ 0 as y →∞. Consequently, φn,h can be decom-
posed into three processes as follows :

φn,h
d=

n∑
j=1

j

nh
K
( j
nh

)
{τA(1)

n,j +A
(2)
n,j +A

(3)
n,j} =: τφ(1)

n,h + φ
(2)
n,h + φ

(3)
n,h.

In order to derive the consistency results for φn,h and τ̂n,h, the following
additional assumptions on the representation of L(y) and on the kernel K
need to be made :

(L.i) c(y) is constant,
(K.ii)′ K has support contained in [0,M ] for some M <∞,
(K.iii) K is non–increasing and non–negative on its positivity set,
(K.iv) K is a Hölder–continuous kernel with exponent 0 < α ≤ 1.
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Theorem 4. For any right–continuous kernel function K satisfying (K.i)–
(K.iii), and any non–increasing sequences an ≤ bn, n ≥ 1 such that an → 0,
bn → 0 and nan →∞, it holds that

(i) supan≤h≤bn
|κn,h − 1| → 0,

(ii) supan≤h≤bn
|φ(3)
n,h| = oP(1).

If moreover (K.iv) holds with 0 < α ≤ 1 such that nα/2aα+1
n → ∞, we have

also that
(iii) supan≤h≤bn

|φ(1)
n,h − 1| → 0 in probability,

(iv) supan≤h≤bn
|φ(2)
n,h| = oP(1).

As a direct consequence, we obtain readily that supan≤h≤bn
|τ̂n,h − τ | =

oP(1), establishing the (weak) uniform in bandwidth consistency of the kernel–
based Hill estimator τ̂n,h to τ . Our previous discussion of the application of
our results to data dependent bandwidth sequences carries directly over to
kernel estimators of the tail index. Refer to Section 4.7 of Beirlant et al.
(2004) for a description of relevant adaptive selectors of the tail fraction.
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