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Abstract We consider a class of kernel estimators 7, , of the tail index of a Pareto-
type distribution, which generalizes and includes the classical Hill estimator dy, k.
It is well-known that d,  is a consistent estimator of the tail index if and only if
k — oo and k/n — 0. Under suitable assumptions on the kernel, 7, ; is consistent
whenever the bandwidth is taken to be a sequence of non-random numbers satisfying
h, — 0 and nh, — oco. We extend this result and prove the consistency uniformly
over a certain range of bandwidths. This permits the treatment of estimators of the
tail index based upon data-dependent bandwidths, which are often used in practice.
In the process, we establish a uniform in bandwidth result for kernel-type regression
estimators with a fixed design, which will likely be of separate interest.
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1 Introduction

Let Y be a random variable with cumulative distribution function ', and assume that
it has a regularly varying upper tail of exponent —1/7 < 0, meaning that there exists
a7 > 0 such that,

I —=F(Qy) . A_l/f’

im = A > 0. (F.7)
=00 1— F(y)

Such a cumulative distribution function is called heavy tailed. For a fixed location
v, let

Fy()=1-(0—=F@y)/d—-Fy), rz=1,

denote the so-called “excess distribution function over the threshold y”. Then if
Y1,...,Y, are n > 1 independent copies of Y, the tail condition (F.7) says that
if y is large enough, Fy (1) can be approximated by P;(A) =1 — A~/ This cumu-
lative distribution function corresponds to a Pareto-type distribution with parameter
1/7. We call 1/7 the tail index.

A well-known estimator of t is the so-called Hill estimator, introduced by Hill
(1975). It is defined for 1 < k < n as

k
&n,k = kil Zlog(Yn—i+l:n V1) —log(Yy—:n V1),

i=1

where Y;.,, 1 <i < n, denote the order statistics of Yq, ..., Y,. Here, we set Y., =
0. The consistency of @,  as an estimator of T was established by Mason (1982),
who showed that Eq. (F.7) was necessary and sufficient for a, y —p 1 for every
sequence k = k, — oo and k,,/n — 0. Later, Deheuvels et al. (1988) characterized
those sequences k, for which almost sure consistency holds.

Csorgd et al. (1985) introduced the following generalization of the Hill estimator.
This is the kernel-type estimator for t, defined as

S Ak () log (N jotn v 1) —log (F g v D)
w5 i K () o

where K is a kernel function and O < & < 1 is a bandwidth. Note that for the choices

A

Tn,h =

ey

Ku)y=H{0<u<1} and h=k/n,

the kernel estimator 7, ; corresponds to the classic Hill estimator g, x. In practice,
one has to choose a bandwidth sequence 4, in such a way that the bias and the
variance term of the estimator are reasonably balanced. Indeed, just as in the case
of kernel-type estimators in general, T, j suffers from an unavoidable bias-variance
trade-off.

The advantage of considering a kernel-type version of a, x is that it permits the
minimization of a quantity that asymptotically acts like expected mean squared error
by choosing an appropriate bandwidth and kernel function. In Csorgé et al. (1985),
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Uniform in bandwidth consistency of kernel estimators. . .

such optimal choices for 7 and K are determined for cumulative distributions F
having a tail behavior of the form

1—F(x)=Cix VT [1+Coax P(1 +0(1)], asx — oo, )

where C; > 0, C2 # 0 and t and B are positive constants. (We mention that this
tail condition is also known to correspond to the so-called “Hall and Welsh model”;
see Hall and Welsh 1985). More details about these choices will be given in the
next section. The results in Csorgd et al. (1985) show, in particular, that for such
cumulative distributions, the Hill estimator is far from being optimal.

Typically, one turns to optimal bandwidth sequences that depend on some quantity
involving the unknown cumulative distribution. The replacement of this quantity by
a suitable estimator results in a bandwidth sequence depending on the data. This
means that one can no longer investigate the behavior of such estimators via the
available results for estimators based on deterministic bandwidth sequences. Instead,
one requires results that permit the study of the asymptotic properties of such optimal
estimators based upon data-dependent bandwidth sequences.

To this end, we shall be interested in the uniform in bandwidth consistency of
T,.n- This means that we shall be studying the consistency of 7, ; that holds on a
wide range of bandwidths /4, simultaneously. The main motivation to consider such
an extended form of consistency is that it is immediately applicable to the treatment
of estimators based on data-dependent bandwidth sequences, and hence to plug-in
estimators of the tail index. Such uniform in bandwidth results have recently been
obtained for a large variety of kernel-type estimators (see Dony 2008 for a detailed
discussion of some of such results). Nolan and Marron (1989) first introduced the
notion of uniform in bandwidth consistency for kernel density estimators. It was
extended and expanded to other kernel-type nonparametric function estimators in
Einmahl and Mason (2005), whose methods lead to the derivation of the precise
order of convergence as well.

The major goal of this paper is to establish the uniform in bandwidth consistency
of the kernel-based tail estimator 7, , of 7. For our main result we shall assume the
following conditions on K.

(K.i) K has support contained in [0, M] for some M > 0 and is bounded by «,
(K.i) K is non-increasing and non-negative on [0, M] and fOM Ku)du =1,
(K.ii) K satisfies a Lipschitz condition of order 0 < ¢ < 1 on [0, M].

Here is our main result.

Theorem 1 Let Y be a random variable satisfying the tail condition (F.t) and for
eachn > 1, letYy,...,Y, be i.i.d. Y. Assume that K satisfies the conditions (K.i)—
(K.iii). Then for any choice of sequences a, and b, such that 0 < a, < b, < 1/2
and

logn

— 0 and b, — 0, 3)

Jhay
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we have, as n — 00,

~ P
sup |t — 7| — 0. 4)
anfhfbn

If one is not interested in a uniform in bandwidths result but only in consistency for
a fixed sequence of bandwidths 4,,, then one only requires 4, — 0 and nh, — oo.
Refer to Theorem 1 of Csorgé et al. (1985). The kernel function K (1) = I{0 < u <
1} satisfies all the above conditions. This means that the Hill estimator a, ; satisfies
all the required conditions to apply Theorem 1, as long as k = k,, — o0 is such that
kn/n — 0andlogn//k, — 0.

In a recent paper, Grama and Spokoiny (2008) considered the related problem of
estimating the excess distribution Fy(A). Their method is based on the idea that for
any fixed value of y > yo, Fy can be approximated by a Pareto-type distribution with
parameter 7y, which may depend on the location y (and which is typically different
from 7). The estimation of 7, is then based on a step-wise lack-of-fit test for the
Pareto-type distribution. In contrast to many of the proposed procedures (see for
instance the monograph by Beirlant et al. 2004 for a survey of such procedures),
their method does not depend on the unknown parameter 7, and therefore does not
require a prior estimator for t. To determine the location of the tail y directly from
the data, they consider a countable set of locations £, and the family of estimators

k(y)
ank(y) = ) > log(Vnipin V1) —10g(Yukyn V1) 1 y € Lk(y) >0t
i=1

where k(y) = Y7, I{¥; > y}. They propose an adaptive method for determining
the best location threshold y € £ (or equivalently, the best number k of upper order
statistics that should be taken into account in the Hill estimator dj, k). This method is
based on an oracle inequality for the Kullback—Leibler loss.

The proof of Theorem 1 is based on empirical process methods, and is detailed
in Section 4. In Section 3, we develop some tools needed to prove our main result.
This includes a uniform in bandwidth consistency result for kernel-type regression
estimators with a fixed design, which will likely be of separate interest. In Section 2,
we discuss how our results can be applied to establish the consistency of plug-in
estimators of the tail index.

2 Application to plug-in estimators

Define for u € 10, 1[ the inverse distribution F~!(u) = inf{x : F(x) > u} of F. It
turns out that Eq. (F.7) holds if and only if

F! (1 — y_l) — yTe(y) exp </1y @dt) oy, (I.7)
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where c(y) — c¢o > 0 and b(y) — 0 as y — oo. In their 1985 paper, Csorgd
et al. computed optimal choices for & and K in the case the cumulative distribution
F has a tail behavior of the form Eq. 2. Their optimality criterion is based on mini-
mizing the asymptotic expected mean squared error of 7, ;, which they showed to be
given by

2

00 1/h
M@, h,K) = %fo K2(w)du + {/0 b(uh)K(u)du} ;

with b(u) the function as in Eq. (I.t). Set D>, = th/C’lo with p = tA. Under
a suitable set of conditions regarding the kernel and the behavior of the quantile
function (and the function b(u) in Eq. (/.7) in particular), they showed that for a
fixed kernel K, the choice

o) 1/@p+1)
R 1 IKI3 (/00 )2
{n(szD%) | (u)du Q)

ensures that M (n, fz,,, K) ~infocp<p, M(n, h, K) for some Aj > 0 which depends
on F only (see their Theorem 5 on p. 1055). This implies readily that

1/2p+1)

. 1 2 3D2 K 4p 00 2
M(n,h,,,K) ~(14+— M f uP K (u)du ,
2,0 nzﬂ 0

and thus M (n, I;,, K) =0 (n—2p/(2p+l)), where the constant in the O-term only

depends on K and p. The kernel function that minimizes M (n, fzn, K) turns out
to be

. 1\ 20+ 1\ ' [/20+2\" 20+2
ko= () (Gr) [(557) e Sl
0 2p+2 2p+ 1 2p +1

Hence, the combination of K () and h, yields a minimal expected mean squared
error satisfying

oo
M(n,hn,K)w inf {M(n,h,K):/ K(u)du=||1<||§=1},
0<h<A] 0

and which is of order O (n=2¢/2PF1)),

Notice that the optimal kernel K (u) depends on the unknown value of p = 7.
This makes it difficult to use in practice. Of course, one could replace p with a
consistent estimator p. However the estimation of p is known to be difficult, and in
practice, one usually sets p = 1 to avoid the estimation step.

It is readily verified that the hy in Eq. 5 fulfills all the conditions in Eq. 3. Further-
more, K clearly satisfies (K.i) and (K.ii). However, whether the Lipschitz condition

in (K.iii) is satisfied or not, depends on the value of p = 8. When p = 1, the

optimal kernel equals K@) = %(% - u), which is Lipschitz of order 0 < 9 < 1 for
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u in the interval [0, %], and thus satisfies all the conditions in (K.i)—(K.iii). Write /’Al;

for the optimal bandwidth sequence hn computed with the kernel K (1), and note that
IKI3 =1and [uK (u)du = 5. Then

1/3
j =(1 81 ) _ e,

* —_—
" \n32D}

Thus the optimal bandwidth fzz still depends upon the unknown parameter 7. In
practice, this parameter is replaced by an initial estimator, say 7, which is plugged

into fz;, yielding a data-dependent bandwidth I:I,’lk and resulting in a plug-in estimator
fn A of 7. Theorem 1 ensures that the optimal tail index estimator fn P is consistent
Tn *'n

for . Moreover, if the initial estimator T is such that I-IV,;k still satisfies the condi-
tions in Eq. 3, Theorem 1 also implies the consistency of the corresponding plug-in
estimator for 7.

It should be noted that the optimal choice of #, as just described, does not lead
to a centered limiting normal distribution for v/nh (f,: }11 — v, This is only attained

when A, = o(n=1/C@r+Dy = o(n=1/2F+D) (see Theorem 2 and Remarks 3 and 4
of Csorgd et al. 1985). Analogous conclusions are obtained by Haeusler and Teugels
(1985) in their derivation of a central limit theorem for the Hill estimator a, . (See
their examples.) For a related central limit theorem for the Hill estimator, where the
centering is random, see Csorgé and Mason (1985).

Chapter 4 of the monograph by Beirlant et al. (2004) is devoted to tail estimation
under Pareto-type models. It discusses the asymptotic properties of both the Hill
estimator and the class of kernel estimators 7, ;. In their Section 4.7 they treat the
problem of choosing the optimal fraction needed to apply a tail index estimator. For
more proposed solutions to this problem consult Section 7 of Groeneboom et al.
(2003) and the references therein.

Finally, we should mention that Caeiro et al. (2005) investigated the asymptotic

behavior of a “rescaled” Hill estimator (denoted by Hﬁ, o(k) with k = k, — oo at
a certain rate), where the scale is a function of the second order parameters 8 and p
(related with but different from the parameters  and p we define here). They showed
that by plugging appropriately chosen consistent estimators for f and p into this
modified estimator, the bias of the resulting estimator can be significantly reduced.

In particular, they establish that \/IE(IL:I ﬁ’ﬁ(k) — 1) is asymptotically normal with
variance 72. The preliminary estimators B and p that appear in their bias-corrected
Hill estimator H s, ﬁ(k), are those that were proposed and studied earlier by Fraga
Alves et al. (2003). These are based on statistics of the form

k
1
M) = 7 Y (10g Yaiyin = log Vi),

i=1

for appropriate choices of k = k,, — oo and where o > 0. (Notice that the choice
o = 1 corresponds to the classical Hill estimator, i.e. M,El)(k) = dy,k.) Under some
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regularity conditions on the tail of the distribution function F, they establish that their
estimators are consistent and asymptotically normal.

Moreover, their consistent estimators for p and g also yield bias-reduced esti-
mators in several other situations. We mention briefly one application considered in
Gomes and Pestana (2007), which concerns the estimation of extreme quantiles (also
commonly referred to as being the value at risk, denoted VaR)). They propose an
alternative to the classical quantile estimator, and derive an improved estimator in
the sense of reducing the asymptotic mean squared error. The main idea behind their
technique is based on the fact that the classical quantile estimator is a function of the
tail index of a distribution function satisfying the tail conditions in Eqgs. (F.7) and 2.
Hence, by replacing the Hill estimator a, x (which is typically used for estimating

the tail index ) by the aforementioned bias-corrected estimator H 4 ﬁ(k), they show

that the resulting quantile estimator becomes asymptotically unbiased, though the
variance remains unchanged.

Our Theorem 1 can be generalized to all of these plug-in estimators. We shall not
go into the details of showing this here.

3 A UiB consistency result for fixed design regression

In this section we shall establish a uniform in bandwidth consistency result for
kernel-type regression estimators with a fixed design, which is needed to prove The-
orem 1. In order to state this result, we require a number of facts from empirical
process theory. To do this we must introduce some notation, definitions and working
assumptions.

Let G be a class of real valued measurable functions defined on a probability space
(X, A, P). We shall assume that G satisfies the following measurability condition:

(F) The class G is pointwise measurable.

This means that there exists a countable subclass Go, of G such that we can find
for any function g € G a sequence of functions {g,,,m > 1} in G for which
limy,— 00 gm(x) = g(x) for all x € X. This requirement is imposed to avoid using
outer probability measures in our statements (see Example 2.3.4 in van der Vaart and
Wellner 1996). For any class of functions G and ¥ € £,,(G) (the class of bounded
functions on G) we shall use the notation

l¥lg = Sugllﬁ(g)l- (6)

ge

By an envelope function for the class we mean a measurable function G : X —
[0, oo], such that

G(y)=suplgI, yed-X, @)
geg

and we shall assume that EG%(Z;) < oo.
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We shall be applying the following moment inequalities for

Elan(®)|g and  Efan(g-1p)|

G- D e A,

where «,(g) is the empirical process indexed by G, based on n > 1 i.i.d. random
variables Z1, ..., Z, taking values in a measurable space (X, A), and each g € G is
a measurable function from X — R. We have namely

1 n
an(g) = T ; {e(Z) —Eg(Z)}, geG. (8)

(The empirical process (g - Ip) is defined analogously.)

Theorem 2 (Dony and Einmahl 2010) Let G be a measurable function class satisfy-
ing the above assumptions. Assume further that for any sequence of i.i.d. X-valued
random variables Z1, Z,, . . . it holds that

n

> (8(zi) —Eg(2y))

i=1

E < AVnIG(ZDl2 n =1, ©)

g

where A > 0 is a constant depending on G only. Then we have for any D € A,

E|vnau(g - 1p)| 4 < 2AVnIGZDIp(ZD)]2. n = 1.

In order to apply this moment bound, we need the following reformulation of
Theorem 6.2.2 of Dony (2008). The proof is identical. One only has to consider
the case when ||G(Z1)]|» is finite and set 8 = ||G(Z1)]|2 in the proof. Also see
Theorem 3.2 of Dony and Einmahl (2010).

Before we can state this result, we must first introduce another definition. We
call a class of functions G with envelope function G : X — [0, oo] a VC-class, if
N(e,G) < Ce™, 0 < € < 1 for some constants C, v > 0. As usual we define

N(e, G) =supN(ev/ Q(G?), G, dp),
0

where the supremum is taken over all probability measures Q on (X, .A) with
0(G?) < oo. Here, dg is the Ly(Q)-metric and N (¢, G, d) is the minimal number
of d-balls with radius € which are needed to cover the function class G.

Theorem 3 (Theorem 6.2.2 of Dony 2008) Let G be a pointwise measurable VC-
class with envelope function G such that N'(e, G) < Ce™?, 0 < € < 1, for constants
C > 1l and v > 1. Then for any sequence of i.i.d. X-valued random variables
Z1, Z>, ... the inequality in Eq. 9 holds.
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In particular, Theorem 3 implies that VC-classes satisfy Eq. 9. We shall be apply-
ing these results to the following class G of functions: let ¢ be a measurable function
on R and K be a function of bounded variation on R with support contained in
[-M, M] for some M > 0. Suppose further that K is bounded by « > 0. Fix
xo € R. The class of measurable functions

G={(x,y) = o(K({(xo—x)/h): 0 <h <1},
has an envelope function G (x, y) = k¢(y) and satisfies for some v > 1 and C > 1,
N(E G)<Ce™, 0<e<l.

(See for instance Lemma 4.3.9 in Dony 2008 for a comparable result.) Let now
(X, Y) be a pair of random variables such that X and Y are independent and X has a
marginal density fy that satisfies for some 0 < § < M and 0 < F < oo,

fx(x) < F, Vxe&l[xg—38,x0+38]. (10)
For any 0 < h < 1, consider the class
Gn ={(x,y) = (MK ((xo —x)/y) : 0 <y < h}.
Set further D, = {(x,y) : x € [xo — hM,xo + hM]} =: E;, x R. Clearly, if g € Gj,

and g(x, y) # 0, then (x, y) € Dy. Hence, g(x, y) = g(x, y)Ip,(x, y) forall (x, y),
and thus

Gn < {g-Ip,:g€G}

Following the same argument as in Lemma 8.4.2 of Dony (2008) (see also Section 5.1
of Dony and Mason 2008), we can show that {g - Ip, : g € G} is a VC class of
functions with values of C > 0 and v > 1 independent of n and A. Thus, Theorems
2 and 3 give us that

E||«/ﬁan(g)||gh < E|vna,(g- ID;,)”g < 2AVn|GX, V) 1p, (X, V)l2.
Now, since X and Y are independent,

G (X, Y)1p, (X, V)2 < kllo) 2 || 1g, (X)]

2

and whenever & < /M, it follows that

g, (X3 = P{X € [xo — hM, xo + hM]} < 2M Fh.

Therefore, for some A| > 2\/§AK||(/)(Y)||2\/ MF > 0Oandforall0 < h < 8/ M,

E|Vran(9)|g < Aiv/nh, foralln > 1. (11)
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We shall now derive our uniform in bandwidth result for a general class of regres-
sion estimators with a fixed design. Here is our basic setup. Let H be a measurable
function defined on [0, oo[ with support contained in [0, M] for some M > 0, and
suppose that H satisfies a Lipschitz condition of order 0 < ¢ < 1 on [0, M]. Assume
further that H is bounded by p. (Thus H satisfies (K.i) and (K.iii) with K = H and
k = p.) We shall be studying estimators of the form

En ——Zgo( H <( +1)h)

To do so, let (U,Y) be a pair of random variables such that U and Y are
independent and U is a uniform(0, 1) random variable. For each n > 1, let
U1, Y1), ..., (Uy,, Y,) be independent copies of (U, Y),andlet Uy, < --- < Uy <
Up+1.n = 1 denote the order statistics of Uy, ..., U,. Next, let ¢ be a measurable
function such that E|¢(Y)| < oo, and define

@, 1= max |p(¥;)]. (12)
1<i<n

Notice that in this setup, we can take § = M and xo = 0 in Eq. 10. Here is our
uniform in bandwidth result for the fixed design estimators &, j.

Theorem 4 Let H be a measurable function defined on [0, oo[ with support con-
tained in [0, M] for some M > 0, and suppose that H satisfies a Lipschitz condition
of order 0 < v < 10n[0, M]. Assume further that H is bounded by p > 1, and let ¢
be a measurable function such that E|o(Y)| < oo. Ifin addition H is non-increasing
and Ep*(Y) < oo, it follows for any choice of a sequence 0 < a, < 1/2 which
satisfies with ®,, as in Eq. 12 the conditions

an —> 0, na, > oo and E®,//na, — 0, (13)
that
1/h 1 E®,
B swp [fu—Be) [ HGdu | = 0 (—m> ‘o ( ) .
an<h<} (nap) nay

Theorem 4 will be a consequence of two results, each of which will treat one of
the processes defined in Eq. 14 below. To obtain this decomposition, note that, as a
process in h > 0,

Zw(Y)H(U,n/m Z¢(Y>H(U,/h>

i=1 i=1

where here and elsewhere < denotes equal in distribution, and that by
independence,
1/h
—ZE e(Yi)HUin/ )] = Eqﬂ(Y) H(u)du,
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sothat foranyn > land0 < h <1,

1/h

n . 1/h
én.n — E(Y) A H(u)du

1 < Uin
Egcp(YuH( p )—Ew(Y) | HGwdu

1 . Ui:n i
EZ*”(Yi){H(T) _H((n n 1)h>}

i=1

=

+

1
=: 'ESn(h)

1
+ 'E’];,(h)‘. (14)

The following proposition says that the first process in Eq. 14 converges to zero in

mean, uniformly ina, < h < by := %(1 ANS/M) = % (Recall that we assume that
8 = M in Eq. 10.)

Proposition 1 Under the above assumptions, we have for any sequence 0 < a, <
1/2 that,

1
nh

na,

E|: sup Sn(h)' :0( ! ) n>1. (15)
a,<h<l1/2 |

Consequently, for any sequence a, such that a,, — 0 and na,, — oo,

n

1
IE|: sup | —S,(h) ] — 0, asn— 0. (16)
an<h<1/2

Proof Define for 0 < y < 1and 0 < & < 1 the related process

1 <& U; U
Su(h,y) = N ; {w(Yi)H (y—h) ~E [go(Y)H (ﬁ)“ ,

and set S, (1, 0) = 0. Note that S, (h) = /nS, (h, 1). Furthermore, the assumptions
on H permit us to apply Eq. 11 to get thatfor0 < h < §/M =1,

E sup |«/ﬁSn(ha )/)| < Aivnh, n>1. (17)
O0=<y=1
Let kn — min {k > 1: 2kan > %} Clear]y’ [an’ %] g [20an, 2knan] and
1 Su(h, 1
swp | Ls,aml= sp BISEDI
ansh=1/2 | nh mshsijz M
Sn(h, 1

< max  sup VSV

I<k<kn g1, <p<dkq, nh
|18y (2% ay, )|

= max sup ———

1<k<ky, %Syil l’l)/2 ay
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where we used the fact that S, (2/‘ yay, 1) =S, (Zka,,, y). From this last inequality
and Eq. 17, we get for some constants By, By > 0,

kn k
_5 (h)H <E| wp WISl |
k= toyst Y2 i1 Vn2tay

E sup
an<h<1/2 |1

=

o0
—k/2 _.
el

Proposition 2 Under the aforementioned assumptions of Theorem 4, we have for
any choice of a sequence a, which satisfies Eq. 13, that

E T(h)‘ 0( ! )+0<E¢")
su —_— = - ,
an <h£]/2 (nap)?/? nay

where 0 < ¥ < 1 is the order of the Lipschitz condition on H (-).

Proof In our proof, for notational convenience, we shall assume that M = 1. Recall
that A has support in [0, 1] and is bounded by p. Set further

1 n
Gn(h) i=— ;‘ HU; <h}, h=>O0.
1=
Then foreach O < h < 1, itholds that H(i/(n+ 1)h) = 0 wheneveri > (n+1)h,

and that H(U;.,/h) = 0 for all i > nG,(h). Hence, foreach 0 < h < 1 we can
write
Gn(WAL(n+1)h] .

1 1" i Ui

—T,(h)| < — YD) H|—— ) -H (=

‘nh " )‘ = h ; i l)" ((n+1)h) ( ; )‘

n 20D, |nGy(h) — L(n + 1)A]]
nh

_. A 2)
_ An,h + An h’

where | x| denotes the integer part of x. First, we claim that

E®
E| sup AP =0( " ) —o(1). (18)
anShS% o v nan
Clearly, by the independence of Y7, ..., Y, and Uy, ..., Uy,
G,(h) — Dh
E sup A(z) <2pE®, E| sup nGn(h) = Ln + Dh]| . (19)

nh

ap<h<} an<h<}
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Firstly, note that E®,, = o(/na,) by the assumption in Eq. 13. Note further that
()" nGu(h) — L0 + Dh]| < h™1Gy(h) = h| + 1/n,

and using Doob’s inequality, one can show that

2
o |G (h) — hl <4]E|:(Gn(an)_an)2i| _ 4(1 — ay)
a,,ghg% h B a}% nap
Hence,
. Gahy —hl 1| _ 2
an<h<} h n na,

which by Eq. 19 and the assumption Eq. 13 gives Eq. 18. To handle A;(:;w let &,

min {k > 1: 2%a, > 1/2} and choose any h € [2¢7'a,,2%a,], 1 < k < k,. Since
H is Lipschitz of order 0 < ¢ < 1 on [0, 1], we have for some C; > 0 that for every
1 <k <kyandall h € [2¢7q,, 2%q,],

o C nGu(h)AL(n+1)h] Ui v
SRR B Mo
c L(n+1)h)] v
<57 2 |¢(Y)|‘——Uln
i=1
[2%ay (n+1)] v

Cy i
< H (2T )51 Z |</)(Yi)|'m—Ui:n

i=1

Now, since EU;.,, = i/(n + 1),

. 2
l
< (Var(U;))""?,

E|—— - U
(n+ 1) nn

and it is readily verified that

1 12¢ay, (n+1))

| 12%a, (n+1)] ; ; 92
W2 < _
Y. VarWU)"? = =5 3 (n+1 (1 n+1>>

i=1 i=1

g, o G
7y (1 9)

IA
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Therefore

Cy
(nZkan)ﬂ/z(l + 19/2)'

IE[ sup Afj}q] < 2PHIE |o(1)|
2k ’

—la,<h<2ka,

Thus, recalling that [a,, %] - Ui”: | [2¥=1q,, 2%a,], we have uniformly ina, < h <
1/2 that

k)'l
E| sup Afllzl < E sup A,%
’ 1 2k71an§h§2kan '

Ci
(n2%a,)?2(1 +9/2)’

< 2" Elp()) Z

which for some C> > 2P E|p(Y)|C1/(1 4+ 9/2) > Ois

(SR | 1
- (nam”,;(zﬁ/z)k B 0<<nan)”/2>’

O
Proof of Theorem 4 Recall from Eq. 14 that
1/h
E sup 3;,, n— Ego(Y) Hw)du| | <E sup
an<h=} an<h<j}
+ E| sup ‘
an<h=<}
Hence, by combining Propositions 1 and 2 we get Theorem 4. O

Remark An easy argument shows that the statements of Theorem 4 and
Proposition 2 remain true with H (17y;) replaced by H ().

4 Proof of Theorem 1
We are now ready to prove our main result, namely the uniform in bandwidth con-

sistency of the tail index estimator 7, ; in Eq. 1 to . Without loss of generality we
shall assume that ¥ > 1. To begin, recall that

- 1/h
)} =Ep(Y) H(u)du,
h 0

1 « U
— ) E [w(Yi)H (
i=1

@ Springer



Uniform in bandwidth consistency of kernel estimators. . .

and observe that Proposition 2 along with Eq. 13 implies that

1
sup —[ET, (k)| =

anfhf%
()
sup |Ee(Y){— H(—) — Hu)dug|— 0.
an<h<1/2 nhi= \(n+Dh 0
Applying this with H = K and ¢ = 1, we readily obtain that
sup |knpp —1|1—0, asn — oo, (20)

1
anfhfj

where k,, , = ﬁ Z?: 1 K (nf—h) is the denominator of 7, j, as in Eq. 1. Furthermore,

Eq. ({.7) implies via Karamata’s representation that Y; 4 (1—-U)"TL(1—-U)™Y,
where Uy, ..., U,,n > 1, are independent uniform(0, 1) variables, and L is a slowly
varying function at infinity. It thus holds that

logYy—ji1m —log Y, 4 ¢ {log (1 - Un,j+];,,) — log (1 - Un,j;n)}

. /(lUnj+l:n)_l b(u)du
(

1*Un—j:n)_l u

c ((1 - Un—j-i-l:n)_l)
c((1=Unjm)™")

. (€Y) (@) 3)
= _tAn,j + An,j + An’j»

+ log

where c(y) — ¢o > 0 and b(y) — 0 as y — oo. Consequently, ¢, , (the numerator
in Eq. 1) can be decomposed into three terms as follows:

n . .

4 J J ) ©) 31 _. M 2 3)

oun 2> LK <%>{—rAn’j+An’j+An’j}_. o) + 0% +¢%). @D
1

Using Rényi’s representation for the order statistics of n independent exponential
random variables wq, ..., w, with mean 1, we can show that

n .

M da ]l J
{(bn,h:anfhfbn}: _E ij<_>:an§h§bn s

nh st nh
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where b, — 0. Now, when ¢(Y) is an exponential random variable with mean
y, it is well-known that E®,, ~ y logn. Consequently, in Eq. 13 we require that
na,/(logn)> — oo, corresponding to the condition in Eq. 3. Thus we can apply
Theorem 4 to get that

sup \qblglz — 1| g 0, asn — oo. (22)

an<h=<by,

To show that |¢>,(l22l| converges uniformly in a, < h < b, to zero, in probability,
notice that since K is assumed to have support contained in [0, M], only the first
[Mnh] terms of qf),(lz,)l will contribute. This means that

[Mnh|

o) J I\ 4@
sup ¢ | = sup —K <—> A
ap<h=<b, nh ap<h=<b, ]2 nh nh "
hl . . . -
. LMnh) Jj Jj (l_Un—H—l:n) ! b(u)
= sup Z —K|— du
ansh=by | = mho\nh) Ja—u, g

IA

Bm) sup |g\) — 1|+ B,

ap<h=by

where

B = sup {16@)] < = (1 = Uy ytas )~}

Since b(y) — Oas y — oo and U,— | mab, |:n E) 1, we see that B(n) E) 0. This
combined with Eq. 22 implies readily that

sup |¢,(3[| i 0, asn— oo. (23)

ap<h=by

To finish the proof of Theorem 1, we shall show that sup, _, |¢’(13Z| £ 010
this end, recall that
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3)
n’j
function such that c(u) — co > 0 asu — 00. Set &k, = &k = logc((1 — Uk;,,)’]).

Then

where A, = logc((1 — Un_j+1;,,)_1) —logec((1— Un—j:n)_l) with ¢ a measurable

3 J J
¢>,(,;), = Z EK (E) {Ch—jr1 — Cn—j}
j=1
[ Mnh] ] ] [Mnh]+1 ] ] 1
= —K|— ) ¢—jy1 — —K | —— —j
pa nh <nh) Cn—j+1 ]2:: nh < nh )fn Jj+1
[Mnh]+1 i [Mnh| j
+ ZZ o ( o )anﬂ X_; o <_h> Cn—j
\Mnh] , .
1 1 Jj+1 Jj Jj
=—K|— —t K -
nh (nh) bt o { nh nh} (nh) n=j
[ Mnh)

J J J—1 '
= 3 x ) < () e
(Mnh| + 1 [Mnh]|
- " K( " )Cn—LMnhy

Thus we obtain the decomposition of ¢r(13l)z into three terms:
[Mnh] .
1 1 1
(3) J
= —Kk([— — K= )¢;
u nh (nh) bn + nh /Zl <nh> n=j
| Mnh]

A\ X lr ) - (e

[Mnh| + 1 |[Mnh|
- o K( o )CnLMth

_. () (2) (3)
— Zn,h + Zn,h + Zn,h'

We now treat the three parts Zr(f)h, i = 1,2, 3 separately. First, note that uniformly in
a, <h <b,,asn — 00,

P
Cn—|nh)+1 —> logco. (24)
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Therefore, by using (K.i) and (K.ii), we can argue that uniformly in a,, < h < b, as
n— 0o,

M
z8) s togeo {/0 tdK (1) — MK(M)} .
Furthermore, (K.i) and (K.ii) ensure that

M M
/ tdK (1) = [tK ()1} — f K(t)dt = MK (M) — 1.
0 0
Therefore, it follows that uniformly in a,, < h < b,, asn — 00,

3 P
zP) — —logco. (25)

Next, since K is assumed to be bounded, it is readily verified that

sup 1201 = sup LK (L) 2] oo 26)
ap<h=by nh an<h=<b, Mh nh " ’

Finally, recalling Egs. 20 and 24, we get uniformly in a, < h < b,, asn — o0,

[Mnh|

1 .

) J P

Zn,h = E Zl K <E> Cnfj — IOg cQ. (27)
J:

We conclude now from Eqgs. 25, 26 and 27 that uniformly ina, < h < b,,asn — oo,

¢,(13;)1 o +logco — logcy =0,

which with Egs. 21, 22 and 23 completes the proof of Theorem 1. O
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