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Common dynamics estimation
Ivan Markovsky, Tianxiang Liu, and Akiko Takeda

Abstract
Estimation of common dynamics among several observed signals occurs in signal processing, system theory, and
computer algebra problems. In this paper, we propose optimization and subspace methods for common linear timeinvariant dynamics detection and estimation. First, we consider the deterministic problem of detection of common
dynamics when the data is exact (noise free). Then, we consider the stochastic estimation problem when the data
is corrupted by white Gaussian noise. The methods proposed have a system theoretic interpretation of finding
the intersection of autonomous linear time-invariant behaviors. The subspace identification methods developed are
computationally fast but statistically less accurate than alternative optimization methods. Development of local
optimization-based methods for common dynamics estimation is a topic of future work.
Index Terms
Common dynamics, Subspace identification, Behavioral approach, Approximate common divisor.

I. I NTRODUCTION
A prototypical signal processing problem is the one of separating signal from additive measurement noise. Without
prior knowledge about the signal and the noise, the separation problem is ill-posed, i.e., it has a nonunique solution.
First, we outline the classical setup and corresponding assumptions that make the signal from noise separation
problem well-posed. The signal is assumed to be a trajectory of a low-complexity linear time-invariant system
and the noise is assumed to be zero-mean white Gaussian process. A technical condition that allows separation
is persistency of excitation of the true signal. Then, we describe a generalization of the classical setup where the
signal is vector valued and the noise has two components: a trajectory of a low-complexity linear time-invariant
system (structured noise) and zero-mean white Gaussian process (unstructured noise). The key assumption that
allows separability in this case is that the structured noise model has no common poles. In addition, as in the
classical setup, a persistency of excitation condition is needed. The estimation problem in the new setup leads to
common dynamics estimation.
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A. Classical setup: zero mean white Gaussian measurement noise
Classical assumptions that make the signal from noise separation problem well-posed are that the true signal is
generated by a low-complexity linear time-invariant system and the noise is zero-mean white Gaussian. Let yd be
the observed signal, ȳ its true value, and e the measurement noise. Using the behavioral language [1], [2], [3], we
write concisely the fact that ȳ is generated by a linear time-invariant system of order at most n̄ as ȳ ∈ B̄ ∈ Ln̄ .
Here B̄ is the true model and Ln̄ is the class of linear time-invariant systems of order at most n̄. Let e ∼ N(0, σ 2 I)
denote a zero mean Gaussian process with covariance matrix σ 2 I. With this notation, the classical data generating
model is
yd = ȳ + e,

where ȳ ∈ B̄ ∈ Ln̄ and e ∼ N(0, σ 2 I).

(1)

b of B̄ as a
The maximum likelihood estimation problem for (1) is: Given yd and n̄, find estimates yb of ȳ and B
solution of the optimization problem
minimize

b
over yb and B

kyd − ybk

(2)

b ∈ Ln̄ ,
subject to yb ∈ B
b of the
where k · k is the 2-norm. In applications of simulation, prediction, and control, of interest is the estimate B
model rather than the estimate yb of the signal ȳ.
In the case of noise free data, i.e., yd = ȳ, the signal from noise separation problem has a trivial solution yb = yd .
b is meaningful and nontrivial. The main question is: Under what
Nevertheless, the data modeling problem yd 7→ B
conditions on the data and the data generating model, the true system B̄ can be recovered back from the data
b = B̄? For (1), a necessary and sufficient identifiability condition is that the true
yd , i.e., under what conditions B
signal ȳ is persistently exciting of order n̄, i.e., ȳ can not be fitted exactly by a system of order less than n̄.
A linear time-invariant system admits different representations. In this paper, we use the state-space, polynomial,
b is
also called kernel, and poles, also called sum-of-damped-exponentials, representations. When the model B
represented in the state space, the exact modeling problem is equivalent to the system realization problem (i.e., the
problem of obtaining a state space representation of the system from its impulse response).
b is given,
The subproblem of (2), where the model B
minimize

over yb kyd − ybk

(3)

b
subject to yb ∈ B
is called the smoothing problem. An efficient way to solve it is the Kalman filter, which effectively employs a state
b Alternatively, the Kalman filter can be viewed as an estimation method for
space representation of the model B.
b (3) has the trivial solution yb = yd . However, the
the initial conditions. In case of a noise free data signal yd ∈ B,
initial state estimation problem is nontrivial and meaningful; it is the observer design problem.
The assumption ȳ ∈ B̄ ∈ Ln̄ that the true signal is generated by a low-complexity linear time-invariant system
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can be expressed equivalently as a constraint on the rank of a Hankel matrix constructed from the signal


ȳ(1)

ȳ(2)

···


 ȳ(2)
rank 
 ..
 .

ȳ(3)
..
.

···

ȳ(n̄ + 2)

···

ȳ(n̄ + 1)

|

ȳ(T − n̄)
..
.



 ≤ n̄.



ȳ(T )

{z

Hn̄+1 (ȳ)

}

When the rank is maximal, the signal is persistently exciting. The maximum-likelihood estimation problem (2) is
equivalent to the following Hankel structured low-rank approximation problem [4], [5], [6]
minimize

over yb kyd − ybk

subject to

rank Hn̄+1 (b
y) ≤ n̄.

(4)

B. New setup: structured noise
In this paper, we consider the following new setup of the signal from noise separation problem.
1) The true signal ȳ is a trajectory of a low-complexity multiple-output linear time-invariant system.
2) The noise has two components: structured noise ye, each component yei of which is a response of low-complexity
linear time-invariant system and unstructured noise e, which is a zero-mean white Gaussian process.
Let N be the number of outputs. For the signal from noise separation problem in the new setup to be well-posed,
we make the following assumptions:
A1:

there are at least two outputs, i.e., N ≥ 2, and

A2:

the models for the structured noise components ye1 , . . . , yeN have no common poles.

In case of exact data, the signal from noise separation problem in the new setup is closely related to the greatest
common divisor problem. Indeed, under the assumption that ȳ1 , . . . , ȳN are persistently exciting of sufficiently high
order, the models B1 , . . . , BN are identifiable from these signals. Then, under assumption A2, a kernel representation
of the common dynamics model is given by the greatest common divisor of the kernel representations of B1 , . . . , BN .
Since both realization and greatest common divisor computation are classical problems for which readily available
methods exist, the above observation suggests a method for solving the exact signal from noise separation problem
in the new setup: 1. model the signals, 2. compute the greatest common divisor of the polynomials representing
the models. Therefore, detection of the true signal from the noisy data in the new setup is a common dynamics
estimation problem.
Apart from the signal from noise separation problem outlined above, the common dynamics estimation problem
occurs in biomedical signal processing [7], monitoring of material structures [8], and audio modeling [9]. Despite of
its practical applications and theoretical richness, however, the only reference we are aware of that treats the common
dynamics estimation is [10]. In [10], the authors present a subspace method for common dynamics estimation, which
is essentially a method for computing the intersection of subspaces. Using the behavioral approach, we show a system
theoretic interpretation of the method in [10] and derive alternative subspace methods. Monte Carlo simulation study
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shows that some of the alternative methods derived in this paper outperform the method of [10]. We relate the
methods derived to the computer algebra problem of approximate common divisor computation [11], [12], [13].
The paper is organized as follows. In Section II, we define formally the approximate common dynamics estimation problem. Optimization-based and suboptimal subspace strategies for solving the problem are presented in,
respectively, Sections III and IV. The resulting methods from the subspace class are compared empirically by a
Monte Carlo simulation study in Section V. The conclusions are summarized in Section VI.
II. P ROBLEM FORMULATION
We use the behavioral approach to system theory, where a dynamical system B is defined as a set of trajectories.
The notation y ∈ B is a convenient way of saying that y is a trajectory of B. We denote with Ln the class of scalar
linear time-invariant systems of order at most n. The notation B ∈ Ln means that B is a linear time-invariant
system of order at most n. B|L and y|L , where L is an integer, denote the restriction of, respectively, the system B
and the signal y to the interval 1, . . . , L.
The common dynamics estimation problem, considered in this paper, is: Given trajectories y1 , . . . , yN of systems
B1 ∈ Ln1 , . . . , BN ∈ LnN , find the intersection B̄ := B1 ∩ · · · ∩ BN . We refer to B̄ as the common dynamics of the
systems B1 , . . . , BN . In the generic case when B1 , . . . , BN have no common dynamics (i.e., B1 ∩ · · · ∩ BN = { 0 }),
a problem of approximate common dynamics estimation is considered [14].
Let σ be the backwards shift operator
(σ y)(t) := y(t + 1), for all t.
A kernel representation
B = ker p(σ ) := { y | p0 y + p1 σ y + · · · + pn σ n y = 0 },

(5)

of the system B is a difference equation representation. It is defined by a scalar univariate polynomial
p(z) = p0 + p1 z + · · · + pn zn .
If kernel representations
B1 = ker p1 (σ ),

...

, BN = ker pN (σ )

are given, then, the kernel representation ker p(σ ) of their common dynamics B is given by the greatest common
divisor of the N polynomials p1 (z), . . . , pN (z). The approximate common dynamics problem is then equivalent to
the approximate common factor computation problem for a set of polynomials.
In this paper, we are not given the systems B1 , . . . , BN . Instead, we are given (noisy) trajectories

yid = yid (1), . . . , yid (Ti )
of these systems. The problem of finding the exact or approximate common dynamics B̄ from the trajectories
y1d , . . . , yNd is called the data-driven common dynamics estimation problem [15]. In addition, to the trajectories
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y1d , . . . , yNd , we assume that we are given the dimensions n1 , . . . , nN of the models B1 , . . . , BN and the dimension n̄
of their intersection B̄.
The data generation model is
yid = ȳi + yei + ei ,

where ȳi ∈ B̄ ∈ Ln̄ ,

ei ∈ Lne ,
yei ∈ B
i

and

ei ∼ N(0, σ 2 I),

for i = 1, . . . , N. (6)

where ȳi is the true signal, yei is the structured noise, and e is the unstructured noise. We assume that the structured
e1 , . . . , B
eN have no common poles. The problem is to estimate the true signals ȳ1 , . . . , ȳN and the
noise models B
true common dynamics model B̄, given the noisy signals y1d , . . . , yNd and the model orders n̄, ne1 , . . . , neN . Define,
ni := n̄ + nei .
The maximum-likelihood estimation problem for the estimation problem (6) is
s
N

minimize

∑ kyi − ybi k22

i=1

bB
b1 , . . . , B
bN
over yb1 , . . . , ybN and B,

(7)

bi ∈ Ln , for i = 1, . . . , N
subject to ybi ∈ B
i
and

b=B
b1 ∩ · · · ∩ B
bN ∈ Ln̄ .
B

III. M AXIMUM - LIKELIHOOD ESTIMATION STRATEGIES
In the classical setup of the signal from noise estimation problem, the maximum-likelihood estimation problem
is equivalent to a structured low-rank approximation problem. Similarly, we show in Section III-A that in the new
setup the maximum-likelihood estimation problem is equivalent to a structured low-rank approximation problem.
However, the latter problem formulation has multiple rank constraints. Two alternative strategies for solving the
maximum-likelihood estimation problem, shown in Sections III-B and III-C, are based on structured kernel and
state-space representations.
A. Reformulation as structured matrix approximation with multiple rank constraints
We denote by span A the span of the columns of the matrix A. Under the persistency of excitation assumption
A2, we have that
Bi |L = span HL (ȳi ),

for i = 1, . . . , N.

(8)

Then, the common dynamics B̄ := B1 ∩ · · · ∩ BN is given by
h
i
B̄|L = span HL (ȳ1 ) · · · HL (ȳN ) .
|
{z
}
HL (ȳ)

The matrix HL (ȳ) is called mosaic-Hankel [16]. The final element that we need for the link between the maximumlikelihood estimation problem (7) and low-rank approximation is the equivalence between trajectories of linear
time-invariant systems of bounded complexity and rank deficient Hankel matrices
y ∈ B ∈ Ln

⇐⇒

rank HL (y) ≤ n.
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Theorem 1. The maximum-likelihood estimation problem (7) is equivalent to the low-rank approximation problem
s
N

over yb1 , . . ., and ybN

minimize
subject to

∑ kyi − ybi k22

i=1

rank Hni +1 (b
yi ) ≤ ni , for i = 1, . . . , N
and

rank Hn̄+1 (b
y) ≤ n̄.

Solution methods for structured low-rank approximation problems with multiple rank constraints are currently
under development.
B. Reformulation based on structured kernel representation
Let ker pi (σ ) be a minimal kernel representation of the model Bi and ker p̄(σ ) be a minimal kernel representation
of the model B̄. Since p̄(z) is a common factor of p1 (z), . . . , pN (z), there are polynomials pei (z), such that
pi (z) = pei (z) p̄(z).
Moreover, by the assumption that the kernel representations are minimal and by assumption A2, p̄(z) is the greatest
common factor of p1 (z), . . . , pN (z).
The product of polynomials pi (z) = pei (z) p̄(z) corresponds to convolution of their coefficients vectors pi = pei ? p̄.
(With some abuse of notation, in what follows, we use the same notation p̄(z) etc. for the polynomial p̄0 + z p̄1 +
h
i>
· · · + zn̄ p̄n̄ and for the vector p̄ = p̄0 p̄1 · · · p̄n̄
of its coefficients.) The following result gives equivalent
optimization problems to (7) based on the kernel representations of the model.
Theorem 2. Problem (7) is equivalent to the following problem:
minimize

i
over ybi , bpe , and pb ky − ybk2
i

subject to (bpe ? pb)Hni +1 (b
yi ) = 0,

(9)

for i = 1, . . . , N.

Problem (9), in turn, is equivalent to a structured low-rank approximation problem with a bi-linear constraint
on the kernel parameter. Currently, there are no efficient solution methods for this class of structured low-rank
approximation problems.
C. Reformulation based on structured state-space representation
An autonomous linear time-invariant system admits a minimal state-space representation
B(A,C) := { y | there is x, such that σ x = Ax, y = Cx }.
With some loss of generality, we assume that the system can be represented in the modal form, where A is a
diagonal matrix. The diagonal elements of A are the poles of the system. The common dynamics model implies
existence of n̄ common poles µ̄1 , . . . , µ̄n̄ . Let µ̄ ∈ Cn̄ be the vector of common poles. Each mode Bi has nei = ni − n̄
additional poles λ1i , . . . , λnei i . Let λ i ∈ Cnei be the vector of additional poles for Bi .
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h
The model with output ȳ = ȳ1

· · · ȳN

i>

is given by a structured state-space representation


c1
c01



.. 

..
ȳ ∈ B diag(λ 1 , . . . , λ N , µ̄), 
 ,
.
.


cN c0N

where ci ∈ C1×eni , c0i ∈ R1×n̄ are model parameters. The structure of the C matrix imposes the constraint that the
last n̄ poles are common poles for all outputs. This leads to the following result.
Theorem 3. Problem (7) is equivalent to the following problem:
b , cbi , and cb0i ky − ybk2
over ybi , b
λ i, µ

b ),
subject to yb ∈ B diag(b
λ 1, . . . , b
λ N, µ


cb1
cb01


.. 

..

 .
.
.


0
cbN cbN

minimize

(10)

Problem (10) is a gray-box identification problem [17].
IV. S UBSPACE METHODS
The subspace methods are based on the fact that, under the persistency of excitation assumption, a restriction of
the model is given by the span of a Hankel matrix constructed from the data (8). Then, the common subspace B̄
can be computed as an intersection of subspaces
B̄|L = B1 |L ∩ · · · ∩ BN |L .

(11)

The final step of the subspace algorithms is parameter estimation — computing a representation of B̄.
To summarize, the subspace methods for identification of common dynamics presented in this section have the
following main steps:
1) modeling/preprocessing
compute models B1 , . . . , BN for the signals y1d , . . . , yNd , using the prior information that Bi ∈ Lni ,
2) subspace intersection
compute B̄ = B1 ∩ · · · ∩ BN , and
3) parameter estimation
compute a representation of B̄.
A. Modeling/preprocessing
In the case of exact data, the models B1 , . . . , BN are given directly by the spans of the Hankel matrices
HL (y1d ), . . . , HL (yNd ), see (8). In case of the inexact (noisy) data, the prior knowledge that the model orders are
n1 , . . . , nN is used, i.e., the dimensions of B1 , . . . , BN are restricted to n1 , . . . , nN , respectively. The problem of
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computing an optimal models in case of inexact data (2) is a Hankel low-rank approximation problem, see (4). The
Hankel low-rank approximation problem, however, is a nonconvex optimization problem. Subspace methods use
suboptimal heuristics.
A common suboptimal heuristic for solving the data modeling problem (2) is to ignore the structure and do
unstructured low-rank approximation of the Hankel matrix HL (yid ). The rank is enforced to be ni by truncation of
the singular value decomposition. The low-rank approximation by truncation of the singular value decomposition
to the ni dominant ones can be viewed as a data preprocessing step. Subsequently state-space parameters of an
approximate model can be estimated from the low-rank approximation by solving approximately an overdetermined
system of linear equations by the ordinary least-squares method. The resulting method for solving (2) is known as
Kung’s method [18], [6].
In [10], a modification of Kung’s method is used—the total least squares method [19] is used for the parameter
estimation rather than the ordinary least square method. The simulation results, shown in Section V, suggest that this
modification of Kung’s method leads to worse performance of the overall common dynamics estimation method.
function [sys, yh, xini, err] = y02ss(y, n)

if length(size(y)) == 2
[p, T] = size(y);
if p > T
y = [zeros(1, T); y];
else
y = [zeros(p, 1), y];
end
else
error(’3d y not implemented yet’)
end

[sys, yh, O, C, err] = h2ss(y, n);
yh = yh(2:end, :); xini = sys.b;
sys = ss(sys.a, [], sys.c, [], -1);
B. Subspace intersection
The second step of the common dynamics estimation methods is computing of the subspace intersection (11).
General methods for subspace intersection based on image and kernel representation are presented in the Appendix,
see also [20, Section 12.4]. The subspaces B1 , . . . , BN have the special property that they are behaviors of
autonomous linear time-invariant systems. Exploiting this special structure allows us to develop more efficient
methods.
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One approach of exploiting the special structure of B1 , . . . , BN is to compute parameters p1 (z), . . . , pN (z) of
kernel representations ker p1 (σ ), . . . , ker pN (σ ). Then, the subspace intersection problem becomes a problem of
computing the greatest common divisor of a set of polynomials. There are existing methods for greatest common
factor computation. In case of inexact data, generically, an exact common factor does not exist. In this case, the
aim is to find an approximate common factor of degree n̄. Again, this is a well developed problem in computational
algebra.
Computing an approximate greatest common factor however is a nonconvex optimization problem. In fact, as
shown in [21] this problem is also a structured low-rank approximation problem. This motivates an alternative
suboptimal method that first computes an approximate intersection B using one of the general methods presented
in the Appendix and then models the resulting subspace as a linear time-invariant behavior.
function [Ch, Ph, f] = alcf_ss(P, m, d)
dP = size(P, 1) / m - 1;
dA = dP - d; T = 2 * dP + 1;
Mp = multmat(P, m, T - dP - 1);
Y = lra(Mp, size(Mp, 1) - d)’;
for i = 1:d,
w{i} = reshape(Y(:, i), m, T);
end
Ch = lra(moshank(w, d + 1), d * m)’;
Ch = Ch / Ch(1:m, :);
[f, Ph] = costfun(Ch(m+1:end, :), P, m, dA);

function [f, Ph] = costfun(C, P, m, dA)
C = [eye(size(C, 2)); C];
Mc = multmat(C, m, dA);
Ph = Mc * (Mc \ P);
f = norm(P - Ph, ’fro’);

C. Parameter estimation
b
The final step of the subspace method is estimation of the parameters of the estimated common subspace B.
b = B̄ ∈ Ln̄ . In this case, the state-space parameter estimation problem is the
With exact data, by construction, B
b∈
b0
classical realization problem. With inexact data, however, generically, B
6 Ln̄ . In this case an approximation B
b is computed, such that B
b0 ∈ Ln̄ and B
b0 is as close as possible to B.
b
of B
The parameter estimation problem with inexact data is also a system identification problem, however, for multiple
b We aim to fit z1 , . . . , zn̄ by a linear time-invariant system in the model
trajectories. Let z1 , . . . , zn̄ form a basis for B.
class Ln̄ . This problem can be solved again by Kung’s method.
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The literate programming [22], [23] implementation of the methods is given in a full version of this paper [24].
V. S IMULATION EXAMPLES
In this section, we compare the following subspace methods for common dynamics estimation:
1) papy — the original method of [10],
2) papy-ls — the method of [10] with ordinary least squares instead of total least squares parameter estimation,
3) gv — the subspace method presented in Section IV,
4) raw — the subspace method presented in Section IV without preprocessing, and
5) alcf — data modeling followed by approximate common factor computation [25].
The simulation setup is (6) with N = 2 signals, generated by systems of orders n1 = n2 = 8, and n̄ = 4 common
poles. The signal lengths are T1 = T2 = 150 and the noise standard deviation is σ = 0.25. The true models B̄1 and
B̄2 are randomly generated marginally stable systems.
Let p̄(z) be a monic polynomial that defines a minimal kernel representation ker p̄(σ ) of the true common
dynamics B̄ and let pb(z) be a monic polynomial that defines a minimal kernel representation ker pb(σ ) of the
b We define the following estimation errors
estimated common dynamics B.
ep =

k p̄ − pbk
k p̄k

and

ey =

kȳ − ybk
kȳk

for the comparison of the methods: e p is the relative parameter error and ey is the relative signal error. The results
of a Monte-Carlo simulation with 100 repetitions are shown in Table I.
method

ep

yy

papy

0.2460

0.2053

papy-ls

0.2182

0.2084

gv

0.2182

0.2084

raw

0.3468

0.3163

alcf

0.1368

0.1868

TABLE I
T HE RESULTS FROM A M ONTE -C ARLO SIMULATION , COMPARING THE SUBSPACE METHODS FOR COMMON DYNAMICS ESTIMATION , SHOW
THAT P A P Y - L S IS EQUIVALENT TO G V , USING ORDINARY LEAST SQUARES ( P A P Y - L S ) GIVES BETTER PERFORMANCE THAN TOTAL LEAST
SQUARES ( P A P Y ), NO PREPROCESSING ( R A W ) GIVES WORSE PERFORMANCE , AND EXPLOITING THE LINEAR TIME - INVARIANT STRUCTURE
IN THE SUBSPACE INTERSECTION ( A L C F ) IMPROVES THE PERFORMANCE .

clear all

% simulation parameters
T = 150; t = (1:T)’;
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k = [2 2]; kc = 2;
n = 2 * k; nc = 2 * kc;
s = 0.25; N = 100;

w = rand(1, kc + sum(k));
phi = rand(1, kc + sum(k));
Y = sin(2 * pi * t * w + phi(ones(T, 1), :));
y(:, 1) = Y(:, 1:(kc + k(1))) * rand(kc + k(1), 1);
y(:, 2) = Y(:, [1:kc (kc + k(1) + 1):(kc + sum(k))]) * rand(kc + k(2), 1);
% plot(y, ’-’), hold on, plot(yd, ’--’)

sys1 = y02ss(y(:, 1), n(1) + nc);
sys2 = y02ss(y(:, 2), n(2) + nc);
[ch, yh] = common_dynamics_alcf(y, n, nc);
norm(y(:) - yh(:)) / norm(y(:))
pc = poly(roots(ch))’;

%% methods
opt{1}.m = ’papy’; opt{1}.tls = 1;
opt{2}.m = ’papy’; opt{2}.tls = 0;
opt{3}.m = ’gv’

; opt{3}.tls = 0;

opt{4}.m = ’raw’ ; opt{4}.tls = 0;
opt{5}.m = ’alcf’; opt{5}.tls = 0;

%% MC simulation
for i = 1:N
yt = randn(size(y));
yd = y + s * yt / norm(yt(:)) * norm(y(:));
for j = 1:length(opt)
[ch, yh] = common_dynamics(yd, n, nc, opt{j});
Ph{j}(:, i) = poly(roots(ch))’;
Yh{j}(:, i) = yh(:);
end
end

%% print results
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vec_y = y(:); Y = vec_y(:, ones(1, N));
Pc = pc(:, ones(1, N));
for j = 1:length(opt)
res(j, :) = [norm(Y - Yh{j}, ’fro’) / norm(Y), ...
norm(Pc - Ph{j}, ’fro’) / norm(Pc)];
end

[{’’ ’Ey’ ’Ez’}; ...
[{’papy’; ’papy-ls’; ’gv’; ’raw’; ’alcf’}, ...
num2cell(res)]]
VI. C ONCLUSIONS
We motivated the need to estimate common dynamics estimation among several observed signals by a new signal
from noise separation problem. In the new problem the noise has two components—structured noise, which is a
trajectory of a low-complexity linear time-invariant system and unstructured noise, which is a zero-mean white
Gaussian process. The problem is well-posed when the structured noise models of the observed signals have no
common poles.
Two solution approaches for the the common dynamics estimation problem were considered:
1) maximum likelihood estimation, and
2) subspace estimation.
The maximum likelihood estimation problem is equivalent to a structured low-rank approximation problem with
multiple rank constraints. Alternatively, the maximum likelihood estimation problem can be solved by using
structured kernel and state-space representations. However, currently, there are no efficient optimization methods
available to solve the maximum likelihood estimation problem.
We developed a generic subspace estimation method that has the following steps:
1) modeling of the observed signals, which serves a preprocessing role,
2) computation of the intersection of the models obtained in step 1, and
3) parameter estimation of the common subspace, which yields the parameter of interest — the common poles.
Simulation results comparing five variations of the generic subspace method suggest improvements of previously
proposed subspace methods in the literature [10]. First, parameter estimation by the ordinary least squares method
yields more accurate results in parameter estimation error than parameter estimation by the total least squares
method. Second, exploiting the linear-time invariant structure in the subspace intersection step by using methods
for approximate common factor computation further improves the estimation accuracy.
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VIII. A PPENDIX
We consider the subspace intersection problem: given subspaces
Bi = image Pi = ker Ri ⊂ Rq ,

ni = dim Bi , for i = 1, . . . , N,

find their intersection
B := B1 ∩ · · · ∩ BN = image P = ker R ⊂ Rq ,

n = dim B.

There are two versions of the problem
1) exact intersection, and
2) approximate intersection, with specification of the dimension n of the common subspace.
A. Kernel representation
The matrix




R1
 
 . 
R =  .. 
 
RN

defines an exact (nonminimal) kernel representation of the intersection B. Computing a minimal representation R0
requires finding a nonsingular matrix U, such that
 
R0
UR =   ,
0

with R0 full row rank.

Computing a kernel representation of an approximate intersection with dimension n requires a rank-(q − n) approximation of R.
B. Image representation
Next, we derive an image representation of the common subspace B. We have that
h
i
dim image P1 · · · PN = n1 + · · · + nN − (N − 1)n,
{z
}
|
P

so that there is an (n1 + · · · + nN ) × (N − 1)n matrix Z, such that
 
Z1
h
i 
 .. 
P1 · · · PN  .  = 0.
 
ZN
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Note that
span(P1 Z1 ) = · · · = span(PN ZN ) = B.
Therefore, a parameter P of an image representation of B is given by
P = P1 Z1 .
Computing an image representation of an approximate intersection with dimension n requires a rank
(n1 + · · · + nN − (N − 1)n)
approximation of P.
IX. I MPLEMENTATION OF THE METHODS
A. Using kernel representation and approximate common divisor computation
function [ch, yh] = common_dynamics_alcf(y, n, nc)
% step 1
r1 = poly(eig(y02ss(y(:, 1), n(1) + nc)));
r2 = poly(eig(y02ss(y(:, 2), n(2) + nc)));
% step 2
[ch, rh] = alcf_ss(collect(r1’, r2’), 1, nc);
% step 3
yh(:, 1) = ry2yh(rh(:, 1)’, y(:, 1));
yh(:, 2) = ry2yh(rh(:, 2)’, y(:, 2));
function c = collect(a, b)
c = [[zeros(size(b, 1) - size(a, 1), 1); a] ...
[zeros(size(a, 1) - size(b, 1), 1); b]];
B. Using image representation and various methods for computing intersection of subspaces
function [ch, yh] = common_dynamics(y, n, nc, opt)
% x -> y, K -> n, G = 2
N = size(y, 1); L = round(N / 2); M = N - L + 1;
if ~exist(’opt’), opt.m = ’papy’; opt.tls = 1; end
% step 1
H1 = blkhank(y(:, 1), L); [r1, p1] = lra(H1, n(1) + nc);
H2 = blkhank(y(:, 2), L); [r2, p2] = lra(H2, n(2) + nc);
<<image -> kernel>>
% step 2
switch lower(opt.m)
DRAFT
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case ’papy’
[rc, pc] = lra([p1 p2], nc);
<<pc -> ch>>
case ’gv’
[rc, ~, p1p2h] = lra([p1 p2]’, n(1) + n(2) + nc);
pc = p1p2h(1:n(1) + nc, :)’ * rc(:, 1:n(1) + nc)’;
<<pc -> ch>>
case ’raw’
j = N - max(n) - nc + 1;
H1 = blkhank(y(:, 1), n(1) + nc, j);
H2 = blkhank(y(:, 2), n(2) + nc, j);
[rc, ~, p1p2h] = lra([H1; H2], n(1) + n(2) + nc);
pc = p1p2h(1:n(1) + nc, :)’ * rc(:, 1:n(1) + nc)’;
<<pc -> ch>>
case ’alcf’
[ch, rh] = alcf_ss(collect(r1’, r2’), 1, nc);
otherwise
disp(’Unknown method.’)
end
% step 3
if nargout > 1
if ~exist(’rh’)
[~, rh] = costfun(ch(2:end)’, collect(r1’, r2’), 1, max(n));
end
yh(:, 1) = ry2yh(rh(:, 1)’, y(:, 1));
yh(:, 2) = ry2yh(rh(:, 2)’, y(:, 2));
end
image -> kernel
if ~isfield(opt, ’tls’) || ~opt.tls
r1 = poly(eig(p1(1:end-1, :) \ p1(2:end, :)));
r2 = poly(eig(p2(1:end-1, :) \ p2(2:end, :)));
else
r1 = poly(eig(tls(p1(1:end-1, :), p1(2:end, :))));
r2 = poly(eig(tls(p2(1:end-1, :), p2(2:end, :))));
end
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pc -> ch
if ~isfield(opt, ’tls’) || ~opt.tls
ch = poly(eig(pc(1:end-1, :) \ pc(2:end, :)));
else
ch = poly(eig(tls(pc(1:end-1, :), pc(2:end, :))));
end

C. Computing the approximation signals
In [10], the approximations yb1 , . . . , ybN of y1 , . . . , yN are not computed. Once the signals are modeled as described
above, yb1 , . . . , ybN can be computed using the models and the data y1 , . . . , yN . This is a Kalman smoothing
problem.
function yh = ry2yh(r, y)
T = length(y);
R = multmat(fliplr(r)’, 1, T - length(r))’; P = null(R);
yh = P * (P \ y);
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