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to Stochastic Delineation of Capture Zones
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Abstract

This paper presents a Bayesian Monte Carlo method for evaluating the uncertainty in the delineation of well cap-
ture zones and its application to awellfield in a heterogeneous, multiaquifer system. In the method presented, Bayes
rule is used to update prior distributions for the unknown parameters of the stochastic model for the hydraulic con-
ductivity, and to calculate probability-based weights for parameter realizations using head residuals. These weights
are then assigned to the corresponding capture zones obtained using forward particle tracking. Statistical analysis of
the set of weighted protection zones results in a probability distribution for the capture zones. The suitability of the
Bayesian stochastic method for a multilayered system isinvestigated, using the wellfield Het Rot at Nieuwrode, Bel-
gium, located in athree-layered aquifer system, as an example. The hydraulic conductivity of the production aquifer
is modeled as a spatially correlated random function with uncertain parameters. The aquitard and overlying uncon-
fined aquifer are assigned random, homogeneous conductivities. The stochastic results are compared with determin-
istic capture zones obtained with a calibrated model for the area. The predictions of the stochastic approach are more
conservative and indicate that parameter uncertainty should be taken into account in the delineation of well capture

Zones.

Introduction

The awareness of the importance to maintain the qual-
ity of ground water in the vicinity of supply wells has
resulted in regulations aiming to protect ground water sup-
plies from accidental contamination in both the United
States and Europe. The shape and location of the capture
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zone for a particular well setting depend on the composite
effects of many interacting processes, and on the geometry
and hydrogeological properties of the surrounding system.
A number of approaches, both analytical and numerical,
have been developed to delineate well capture zones for
various hydrogeological settings. The application of analyt-
ical methods is limited as they are often based on strongly
simplifying assumptions. They can be useful for initial esti-
meates of the extent of well catchments or in caseswherethe
assumptions are valid. Numerical approaches, on the other
hand, are better suited to simulate more complex systems
and, considering the unabated increase in computer power,
are potentialy the best methods available to delineate the
contributing area. In general, most numerical modeling
approaches provide a deterministic estimate of the capture
zones. However, dueto the different sources of error inher-
ent in any modeling exercise, the problem should be
approached from a probabilistic point of view. A quantita-
tive measure of the uncertainty associated with the model
predictions is needed, which allows the regulatory organi-
zations to implement different degrees of protection for
areas with different degrees of uncertainty.

A number of studies have accounted for the uncer-
tainty in the model predictions using different approaches.
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The effect of data variability was investigated by Bhatt
(1993), who conducted a parametric analysis to evaluate
the individual influence of the main hydrogeological para-
meters on the delineation process, without quantifying the
uncertainty associated with the predicted well catchments
for the joint parameters. Bair et a. (1991) used an MC pro-
cedure to estimate confidence intervals for isochronesin a
homogeneous case. Vassolo et a. (1998) determined cap-
ture zone distributions by stochastic inverse modeling
using zonation to account for the spatial variability of the
hydraulic conductivity and areal recharge. Evers and
Lerner (1998) used an MC approach accounting for the
uncertainty in five model parameters by sampling parame-
ter values from uniform distributions. They ensured that
every model realization produced a readlistic ssimulation by
rejecting al simulations that did not meet an arbitrarily
chosen head residual criterion. Hunt et al. (2001) presented
a similar approach of rejecting unacceptable simulations,
combined with a geochemical investigation, to delineate
the recharge area of a spring complex in southern Wiscon-
sin. In Levy and Ludy (2000), an approximation of the
Gauss-Hermite three-point quadrature approach is pre-
sented to more formally quantify the uncertainty associated
with the delineation of well catchments.

Another conceptualization, besides the zonation
approach, to characterize the spatial variability and uncer-
tainty of ground water flow parameters is based on the the-
ory of random space functions (RSF). Varljen and Shafer
(1991) were the first to use this technique to delineate cap-
ture zones by generating conditional simulations using an
MC approach. Franzetti and Guadagnini (1996) and
Guadagnini and Franzetti (1999) used the MC approach in
conjunction with fast Fourier transform-based spectral
methods to generate unconditional simulations considering
various degrees of domain heterogeneity. Van Leeuwen et
al. (1998) investigated the influence of both transmissivity
variance and correlation scalein afully confined and leaky
confined aquifer through statistical evaluation of uncondi-
tional MC simulations. Van Leeuwen et a. (2000)
extended this method to condition on regular grids of trans-
missivity measurements. So far, the only case study that has
been reported in which one or more heterogeneous aquifer
properties are modeled as a redlization of an RSF is the
work of van Leeuwen et al. (1999). In that study, capture
zones are determined for the Wierden wellfield in the
Netherlands, considering uncertainty in both the hydraulic
conductivity of the production aquifer and the spatial dis-
tribution and thickness of an impeding clay layer situated
above the production aquifer. In the work of Frind et al.
(2002), the theory of RSF is used to represent the hydraulic
conductivity in the four layers of a highly complex glacial
moraine system. However, instead of generating multiple
realizations, the hydraulic conductivity field is obtained by
kriging local K-values, and then calibrating the model.
They use a backward-in-time advective-dispersive trans-
port approach to delineate three-dimensional well capture
zones. In this approach, the dispersion term represents het-
erogeneities not represented explicitly in the kriged
hydraulic conductivity field, and results in variations in
capture probability due to random uncertainties in the par-
ticle travel paths.

Except for the work of Frind et al. (2002), the afore-
mentioned applications of the spatial stochastic approach to
capture zone delineation rely on generating a set of
equiprobable readlizations of the hydraulic conductivity
field, for which the capture zone is obtained using a ground
water flow model in combination with a particle-tracking
algorithm. Statistical analysis of the ensemble of capture
zones results in a capture zone probability distribution.
However, this approach to capture zone delineation does
not take into account the uncertainty in parameter estimates
when generating realizations of the stochastic field. Instead,
the structural parameters used to generate the simulations
are often estimated from a limited number of data and
entered into the prediction equations without considering
the error inherent in the estimation process. Wingle and
Poeter (1993) used a jackknife procedure to estimate the
uncertainty of model variogram parameters, and found that
realizations of hydraulic conductivity were sensitive to
uncertainty in the model variogram. This type of parameter
uncertainty was first accounted for in the delineation of
capture zones by Feyen et a. (2001) when generating
unconditional hydraulic conductivity fields and using head
observations within the generalized likelihood uncertainty
estimation (GLUE) framework (Beven and Binley 1992) to
weight the simulations for prediction. Feyen et a. (2002)
present a Bayesian approach to stochastic capture zone
delineation, in which the authors condition on regular grids
of hydraulic conductivity measurements, hereby account-
ing for uncertainty in the parameters of the stochastic
model for the hydraulic conductivity. In Feyen et al.
(20033, 2003b), this approach is extended to incorporate
hydraulic head observations and travel time moments,
which are used within a Bayesian framework to assign
probability-based weights to realizations of the hydraulic
conductivity field.

The novelty of this work is the application of the
Bayesian methods presented in Feyen et al. (2002, 2003a)
to awellfield located in a multilayered aquifer system, and
the probability weighting of system parameter realizations
using head residuals in the three model layers. We account
for the spatial variability in the hydraulic conductivity of
the production aquifer and for uncertainty in the parameters
of the stochastic model used to represent this spatial vari-
ability. In addition, we account for the uncertainty in the
homogeneous conductivity values of the overlying semi-
pervious unit and the top phreatic aquifer of the system.
Hydraulic conductivity realizations of the system are
weighted based on their ability to reproduce the head obser-
vations available in the area. The weights are obtained by
applying Bayes' rule and are assigned to the corresponding
capture zones for the realization. Ensemble averaging of
the set of weighted capture zones results in a probability
distribution for the protection zones. The results of the
Bayesian approach are compared with the capture zones
determined with a deterministic model obtained by atradi-
tional calibration process.

General Statement of the Problem

The general problem with which we are concerned is
to predict the location of the well capture zones from
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observed hydrogeological data of the system using a model
that simulates the relation between the inputs and outputs,
and to quantify the uncertainty of our predictions. Inverse
problems arise anywhere data are collected which are
related to unknown quantities by a mathematica model.
The unknown quantities are the hydrogeological properties
of the subsurface, the pumping rates and the boundary con-
ditions and stresses of the system, and the collected dataare
the conductivity measurements and head observations. The
Bayesian approach to the inverse problem, and conse-
quently to capture zone delineation, is the transfer of infor-
mation from the observations to the unknown quantities to
update the prior distributions, yielding posterior distribu-
tions for the unknown quantities. Constraining the uncer-
tainty on the ground water model inputs will reduce the
uncertainty of the model predictions about the capture
zones. In what follows we use the notation [.] for the distri-
bution of the quantity within the square brackets, the nota-
tion p(.) for the probability of the quantity within the
brackets, and a vertical bar to indicate conditioning.

Bayesian inference supposes that the modeler can
define aprior distribution for the unknown quantities based
on some a priori information. Bayes' rule quantifies how
this prior distribution can be modified on the basis of mea-
surements. Consider 0 as a vector of uncertain parameters
and d as a vector of measurements, then Bayes' rule states
that

[0]d] = C,'[0]L[6/d] @

whereC, = J[G]L[(ﬂd]dﬁ isanormalizing constant, pro-

vided the integral exists. The likelihood function

L[0|d] = [d|6] gives, asafunction of the parameter vector
0, the probability of observing the data d that are actually
observed. The term on the left-hand side of Equation 1 is
the posterior distribution for the parameters and reflects the
conditional probability of each parameter redlization to
exist after incorporating the observations d. Predictions of
the capture zones are based on the conditional distribution
[6|d], resulting in a probability distribution for the capture
zones rather than a single deterministic estimate. The cap-
ture zone probability distribution reflects the uncertainty in
the predictions of the location of the capture zones after
incorporating the measurements d.

In thiswork, Bayes' rule isfirst applied to update the
prior distributions of the structural parameters of the pro-
duction layer conductivity field using the available conduc-
tivity measurements, vyielding posterior parameter
distributions. In a second application of Bayes theorem,
head observations are used to assign probability-based
weights to each parameter realization. The latter corre-
sponds to a stochastic field for the production aquifer con-
ductivity field combined with a value for the unknown
homogeneous conductivities of the other two model layers.
In the section on stochastic inference of well capture zones,
we outline how the prior distributions and likelihood func-
tions are defined and show how we can use Bayes' rule to
obtain the conditional probabilities associated with the
parameter realizations.
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Description of the Study Area:
The Wellfield Het Rot

The position of the study area within Belgium is
depicted in Figure 1. Thewellfield Het Rot islocated north-
east of Brussels. Land use in the surroundings of the well-
field consists mainly of agriculture, rural residential areas,
and nature reserves. The area is hilly with the topography
varying between 10 and 80 m above sea level. The well-
field consists of eight extraction wellswith an average total
discharge of ~5000 m3/day. The battery of wellsis located
on a plateau, which forms a topographic water divide.
South of the divide, water is drained in the Winge-Molen-
beek Valley at ~2 km south of the wellfield, whereas water
to the north of the divide is drained in the Demer River
located ~3 km north of the site. The average precipitation
in the areais 780 mm/year.

Water is extracted from the Brusseliaan Aquifer, a
semiconfined permeable formation consisting of coarse to
fine sands. In the lower parts of this aquifer, high perme-
able zones of very coarse sand occur, which have been
deposited in broad northeast-southwest channels several
kilometers wide. The wellfield is installed in one such
coarse sand channel. The Brusseliaan Aquifer is bounded at
the bottom by an impervious clay layer (Kortrijk Forma-
tion) and is overlain by a semipervious unit of fine sands
with variable clay content (Tongeren Formation) and a
phreatic aquifer of coarse to fine glauconitic sands (Diest
Formation). A schematic geological profile of the area is
shown in Figure 2.

Deterministic Model for the Study Area

A three-dimensional hydrological model, comprising
three layers, is constructed for the area using the U.S. Geo-
logical Survey MODFLOW computer code (McDonald
and Harbaugh 1988). The conceptual model with indication
of the boundaries and the location of the extraction and
observation wells is depicted in Figure 3. The horizontal
discretization comprises 202 columns and 160 rows, with a
constant grid spacing of 50 m, covering an area of 80.8 km?
and resulting in atotal of 96,960 grid cells in the model. A
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Figure 1. Location of the wellfield Het Rot in Belgium.
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Figure 2. Schematic geological profile of the area (not to
scale).

no-flow boundary is defined at the bottom of the model to
represent the impervious clay layer. The model is bounded
in the north by the Demer River, in the east by the Motte
River, and in the south by the Winge-Molenbeek River sys-
tem. For the west boundary of the model, a constant head
boundary is specified based on regional observations of the
ground water levels. Theriver systemismodeled in layer 1
using the MODFLOW river package. Other small canals
and ditches present in the area are smulated as drains.
Within the area of interest, the production aquifer is
characterized by an average thickness of 30 m with anincli-
nation of 0.6% in the north direction. The thickness of the
different model layers varies throughout the area and is
obtained by interpolating borehole data and geological pro-
files. The topography of the area is obtained from a digital
elevation model of scale 1:10.000. In a site investigation
conducted before the actual well implementation, hydraulic
conductivity values for the production aquifer have been
determined using residual drawdown tests at four locations,
indicated in Figure 3 as VB1, VB2, VB3, and VB4. The
measured values for the hydraulic conductivity and the
aquifer thickness at these locations are given in Table 1.
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Figure 3. Model boundaries and location of the pumping,
investigation, and observation wells.

Tablel
Hydraulic Conductivity Values (K) and
Thickness (D) of the Production Aquifer
at Four Investigation Wells

Well ID K (m/day) D (m)
VB1 3 28
VB2 25 29
VB3 11.9 27
VB4 6.2 30

The capture zones are determined with the semianalyt-
ical particle-tracking code of MODPATH (Pollock 1994).
Forward particle tracking is applied to ideal tracer particles
placed at the top of the phreatic aguifer and uniformly dis-
tributed over the area. Capture zones are not static as their
shape and extension depend on time-variable inputs such as
recharge and pumping rates. However, generally the tempo-
ral variations in these inputs are on a timescale that is con-
siderably smaller than the typical travel time of a particle to
thewell. Such changes with ahigher frequency are averaged
out by theinertia of the aquifer (Vassolo et a. 1998). There-
fore, the delineation of capture zones is usually based on
long-term average conditions using a steady-state model,
which is the approach followed in this work. All the time-
variable inputs and outputs are averaged over the period
1998 to 2000. The steady-state recharge to the ground water
table is obtained with WetSpass (Batelaan and De Smedt
2001), aphysically based water balance model for calculat-
ing the quasi-steady-state spatially variable evapotranspira-
tion, surface runoff, and ground water recharge.

By manua cdibration, the deterministic model is
adjusted to closely simulate the averaged observed heads at
12 observation locations, of which some have multiple fil-
ters with the screens located in the different model layers,
resulting in atotal of 17 head calibration data. The parame-
ters subject to calibration are the homogeneous conductiv-
ity of the three model layers and the river conductance

24
MAE =0.176 m
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E
= +
16 A
12 " T T
12 16 20 24
hobs (]’l’l)

Figure 4. Simulated vs. observed heads for the calibrated
deterministic model.
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values. However, theinfluence of the latter on the head dis-
tribution in the area of interest is negligible. As no direct
measurements are available about the conductivity of the
upper two model layers, the ranges evaluated in calibration
have been chosen based on values found in the literature
(Bronders and De Smedt 1991; Vézquez et a. 2002). The
effective porosity values of the model layers are assumed
homogeneous and are based on lithology descriptions and
values found in the literature.

The results of the calibration are depicted in Figure 4,
where a graph of the simulated vs. the observed hydraulic
heads is presented. The calibrated parameter values for the
conductivities of the different layers are given in Table 2.
The mean absolute error of the calibrated model is0.176 m,
and fairly good reproductions of the heads are obtained for
all observation data. The model results showed that the
flow in the first two layers is mainly vertical. The deter-
ministic 25-year and 50-year capture zones and the well-
field catchment obtained with the calibrated model are
presented in Figure 5. Flow toward the wellfield is mainly
from the southeast direction and the total well catchment
reaches the river network in the south of the domain. Due
to the nonuni queness of theinverse problem, multiple para-
meterizations will be able to closely simulate the hydraulic
heads at the observation locations, each yielding a different
prediction for the capture zones. Therefore, we believe that
the capture zones presented in Figure 5 are a possible rep-
resentation of the true capture zone, among many other
possible representations, and argue that the problem should
be approached within a stochastic framework.

Sources of Uncertainty

A senditivity analysis is conducted to evaluate the
influence of the parameters on the flow model output and
the well capture zones. The main sources of uncertainty to
delineate the capture zones for the study area are the spatial
distribution of the hydraulic conductivity in the Brusseliaan
layer and the homogeneous conductivity values of the other
model layers. The deposit history of the Brusseliaan
Aquifer, resulting in gully structures of high permeable
zones (Houthuys 1989) and the variability in the values of
the four measurements (Table 1), indicates that a spatially
uniform value does not allow for the characterization of the
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Figure 5. Deterministic 25-year and 50-year capture zones
and total catchment for the wellfield Het Rot, obtained with
the calibrated deter ministic model.
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true heterogeneity of the conductivity in the production
aquifer. Therefore, the theory of RSF is used to represent
the spatial variability of the conductivity in the production
aquifer. Notwithstanding the anisotropic nature of the
aquifer deposits at the channel scale, no strong anisotropy
is observed within the coarse sand channels (Houthuys
1989), and isotropy of the aquifer was assumed at the scale
of interest. The conductivity values of the other layers are
assumed homogeneous. This implies that uncertainty as a
result of the spatial variability of the conductivity in the top
two layers is not accounted for in the present study. Van
Leeuwen et al. (1999) showed that the variability in the ver-
tical conductance of aconfining clay layer strongly affected
the shape of the capture zone. In the present study, thisvari-
ability is partly accounted for by the spatial variation of the
thickness of the semiconfining unit.

The rate of natural recharge entering the system is an
important factor for the location of the capture zones. How-
ever, given the detailed method to determine the average
steady-state recharge, at present we do not consider uncer-
tainty in the recharge rate. Pumping rates vary in time and
do affect the well capture zones, but the rates are generally
well known and, as mentioned earlier, effects of time-vary-
ing pumping rates are filtered out on the longer timescale at
which the capture zones are determined.

Uncertainty in the effective porosity is not accounted
for, as no data are available that allow the effective poros-
ity to be estimated in the inverse analysis. Wewould like to
emphasize that the effective porosity only influences the
time-related capture zones. The total well catchment does
not depend on the aquifer effective porosity, as it does not
influence the head distribution, but only the velocity field,
and as aresult the timescale of the capture zones.

Stochastic Inference of Well Capture Zones

Definition of Prior Distributions
for the Unknown Parameters

The stochastic method starts with specifying distribu-
tions for the uncertain inputs of the ground water flow
model for the area. For the homogeneous conductivity in
the upper two layers, lognormal distributions have been
specified, with the mean and variance based on borehole
descriptions and values found in the literature (Bronders
and De Smedt 1991; Vazquez et a. 2002). We denote the
unknown parameters of the Diest and Tongeren layers by
051 = (Kp,Ky). The prior distributions for the homoge-
neous parameters are described in Table 2.

The log conductivity Y = log K in the Brussdliaan
Aquifer is modeled as an isotropic, multi-Gaussian random
space function with mean |, variance o2, and correlation
function p(u) = exp[<(u/¢)], where u is the Eucledian dis-
tance between two points, and ¢ is the integral scale. We
denote the three structural parameters for the log K field of
the Brusseliaan by 0 = (1,02,¢) and their joint prior distri-
bution by [0g]. The following functional forms have been
used for the priors of the parametersin 0 (i) for the mean
anormal distribution, plo? ~ N(u,0%/k,), with hyperpara-
meters 0, = (Mg:ko) = (0.778,1), Kk, being equivalent to the



Table2
Calibrated Homogeneous Values for the Conductivi-
ties of the Layers (Deter ministic Model), and Prior
Parameter Digtributions, with Valuesfor the Mean
and Variance, for the Conductivities of the Different
Layers (Stochastic M odel)

Geological Calibrated Values  Prior Distributions
Unit K (m/day) (log K)
Diestiaan 75 N(1,0.5)
Tongeriaan 0.12 N(-1,0.5)
Brusseliaan 8 spatial stochastic
approach

number of prior measurements; (ii) for the sill, a scaled-
inverse x2-digtribution, 62 ~ Sc— nv—x2(v,03), with hyper-
parameters 0,: = (vy,03) = (1,1), v, being the degrees
of freedom and o being the scale (Gelman et al. 1995);
and (iii) for the integral scale, a locally uniform
distribution, ¢ ~ U(¢;.¢,), With hyperparameters
0, = (¢u@u) = (100,10000), ¢, and ¢, being the
lower and upper limit, respectively. The appearance of o2 in
the prior for the mean parameter means that w and o are
dependent in their joint prior density. In this way, prior
belief about w is calibrated by the variance o> of the mea-
surements and the prior is equivaent to k, prior measure-
ments with variance 2. The prior distribution for - can be
thought of as providing the information equivaent to v,
observations with average squared deviation o3. The prior
defined for the integral scale can be interpreted as a partia
expression of ignorance, as no direct information about the

correlation length was present. The vaues specified for the
hyperparameters are based on values found in the literature
about the Brusseliaan Aquifer (Bronders and De Smedt
1991; Vézquez et a. 2002). The choice of priors is inher-
ently subjective and the main objection to Bayesian infer-
ence is that the conclusions will depend on the specific
choice of a prior distribution. Care should be taken when
specifying the prior parameter distributions. If the prior is
biased away from the true value, commensurately more data
will need to be collected to zero in on the correct parameter
values relative to the case of not using prior information.

Updating the Prior Distributions
with the Conductivity Measurements

The prior distribution [0] is updated with the infor-
mation in the measurementsy = (y,.Y,.YsY,)' using Bayes
rule ((05]y][05]L[03]y]), yielding the posterior distribu-
tion[05|y] for the parameters of the stochastic model for
the log conductivity in the production aquifer. The likeli-
hood L[03]y] = [y|03]isafunction of the parameter vector
05 and, for the spatial model assumed here for Y = log K,
has an expression given by the equation of a multivariate
normal distribution. The posterior distribution [0]y]
reflects the uncertainty about the structural parameters of
the conductivity in the Brusseliaan Aquifer after the log K
measurements have been incorporated. This distribution
does not correspond to a standard probability distribution
and inference by numerical simulation using an MC sam-
pling agorithm is adopted (Diggle et a. 2002; Feyen et al.
2002), taking into account correlation between the parame-
ters. The effect of updating the prior parameter distribu-
tions [0] with the log K data is shown in Figure 6, where
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Figure 6. Histograms of sampled parameter sets from parameter distributions[6]y], with n,=0 and n,=4.
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histograms for 1, 62, and ¢, obtained by sampling from the
prior and posterior distributions, are presented. The his-
tograms show that the four measurements considerably
reduce the initial uncertainty about the mean and variance
of the conductivity field, whereas the uncertainty about the
integral scale remains large. Since there are no conductiv-
ity measurements for the upper two layers, the prior distri-
butions for the parameters in 8, cannot be updated with
hard data, and parameter values are sampled from the prior
distributions [0, {].

Generation of Parameter Realizations

For each parameter set 0, sampled from the poste-
rior parameter distribution[®|y], equiprobable realizations
of thelog K field honoring the four log K values at the mea-
surement locations are generated using the sequential
Gaussian simulation algorithm of GSLIB (Deutsch and
Journel 1998). We useY,, ; to denote the jth redization
obtained with the ith-sampled parameter set 05,. All log K
realizations generated with 0, are combined with the ith-
sampled set of values for the parameters in 0, 7, resulting
in parameter redlizations denoted by 0;; = (Yy, ;.0p.5,)-
The parameter realizations are used as input in the deter-
ministic flow model described earlier, resulting in a corre-
sponding head field for each redlization 0,;.

Using Head Observations to Assign
Probability-Based Weights to Parameter Realizations

Observations of state variables of the system may sug-
gest that some parameter realizations are more likely than
othersto represent redity. In this study, the observations of
state variables of the system are limited to hydraulic head
observations, which are used in a Bayesian framework to
obtain probability-based weights for each parameter real-
ization. This method is an aternative to the method pro-
posed by Evers and Lerner (1998), but rather than retaining
those simulations that yield a fitness value above an arbi-
trarily chosen threshold, or rather than using the maximum
likelihood estimate, we take into account the whole likeli-
hood surface.

The flow models we use are aways simplifications of
the real processes and the observations of the system are
prone to measurement errors. Omitting from the notation
the inputs and parameters of the flow model, which are
assumed to be known and fixed, e.g., porosity and recharge,
the relation between the observed head observations

h = (hyph,,....h,)" and the flow model output
hy = (hyhnos. - - hw,) " can be stated as
h =hy) + €,(0) @)

where €, = (&,1.6,2. - - €1,) IS the vector of head
residuals, comprising both model and measurement errors,
and n;, = 17. To apply Bayes' theorem, a probability den-
sity function with parameters {s needs to be specified for
the head residuals, which is consistent with the available
information about the errors. Thejoint conditional distribu-
tion[e,|0,0s] describes the distribution of the residuals,
given 0 and the parameters s of the assumed error model.
This expression, seen as afunction of @ and ¥s, is called the
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likelihood function of the unknown quantities ® and 15, and
expresses the likelihood of observing the head residuals
given the parameters 6 and {s. Since the structure of the
flow model is known, the likelihood L[0.s|h] is actually
proportional to the probability distribution of the observa-
tions h.

According to the central limit theorem, in situations
where the residuals are composed of linear aggregates of
independent component errors of comparable importance,
the residuals will be roughly normally distributed, either in
the original metric or in some simple transformation (Box
and Tiao 1973). Initial model evaluations showed that the
residuals are not systematically biased and can be approxi-
mated by a normal distribution. Therefore, we assume that
the combination of forward modeling and measurement
errors is unbiased and Gaussian, in which case the likeli-
hood is given by

110, W] = (2m) "2 (detv,,) 1”2
oo (-2 @OV o)) @

where'V, isthe covariance matrix of dimension n,, scribing
forward modeling uncertainties resulting from the measure-
ment and modeling error, and ¥s = V. Assuming that the
head residuals are uncorrelated between the observation
locations, the error covariance matrix V, is diagonal, with
the terms in the diagonal given by the respective variances
o, ,; a eachlocation. Wetreat the error variances o, ; explic-
itly as unknown and integrate out their effect. The prior dis-
tribution for the noise values aﬁm,- isgiven by ascaled-inverse
xZ-distribution, o ; ~ Sc — Inv — x*(v,0,0%,), Withthe
degrees of freedom v, equal to one and the scale o2 of
each error component equal to the variance of the time-vari-
able observations at each observation location. Evauating
thelikelihood function L[0,4s] for each parameter redlization
0,;, integrating out the error variances and normalizing the
probabilities, results in the conditiona distribution [0|y.h],
which reflects the probability p(0,|y,h) associated with
each parameter realization 0, to represent reality after incor-
porating the conductivity and head data.

In Figures 7 and 8, scatter plots are presented for all the
unknown parameters. Each cross or dot in the scatter plots
corresponds to a simulation, where the value on the x-axis
represents the sampled value for the parameter, and the
value on the y-axisisthe calcul ated probability. These mar-
ginal scatter plots are obtained by projecting the calculated
probabilities in the conditional distribution [0]y,h] from
the multidimensional parameter space to the parameter axis
of interest. For all parameters, astructureis observed in the
scatter plots, indicating that the modeling results are sensi-
tive to changes in all the parameters considered in the
inverse anadysis. The scatter plots also demonstrate the
need to approach the problem in a stochastic framework
and to consider many possible parameter realizations,
which all might be acceptable in simulating the system,
given the observations.
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Figure 7. Marginal scatter plots of calculated conditional probabilities for the structural parameters of the Brusseliaan

Aquifer.

Capture Zone Probability Distributions

The capture zones are determined for each head distri-
bution using forward particle tracking and are weighted by
the conditional probability p(0;|y,h) associated with the
corresponding parameter realization 0;;. Statistical process-
ing of the set of weighted capture zones results in the
numerical approximation of the predictive capture zone
distribution, defined by

. n[CAP(x,t) lyh] =
> zp(%\y,h) (I(x.t) [yh);;

i ip(eif\y’h)

i=1j=1

4

where m is the number of parameter sets sampled from
[05]y] and [0, 1], nisthe number of generated realizations
for each sampled parameter set@, , and p(0;;]y.h) isthe
conditional or posterior probability attached to parameter
realization 0;;. Parameter realizations that better reproduce
the head observations will have higher posterior probabili-
ties and therefore have more weight in the predictions. The
term (I(x,t) |y,h),; inside the summation in the numerator
on the right-hand side of Equation 4 is the probability of
intake | by the well and equals one if the particle released
in the point x = X, is captured by the well within the speci-
fied timeinterval t = t;, and zero otherwise. The predictive
capture zone distribution[CAP (x,t) |y,h] defines at apoint
X = x, and for a time t = t; the probability
p(CAP(x,t)|yh) that an inert particle released at this
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Figure 8. Marginal scatter plots of calculated conditional
probabilities for the homogeneous conductivity of the upper
aquifer (Diest Formation) and semipervious unit (Tongeren)
(parameters arein m/day).

point will reach the well within the specified time span t,.
The zone of uncertainty is defined as the area where
0 < p(CAP(xt)|y,h) <1, and the 95% uncertainty
interval is defined as the area enclosed by the isochrones
coinciding with the 2.5 and 97.5 percentiles. The median
Iys(x,t) of the predictive distribution is the line for which
p(CAP(xt)|y.h) = 0.5.

Figures 9, 10, and 11 show the simulated probability
distributions for the 25-year and 50-year capture zones and
for the total catchment of the wellfield, respectively. The
results presented are based on 10,000 simulations. Darker
colorsindicate a higher predicted probability to be captured
by the wellfield within the specified time span. For atravel
time of 25 years, the capture zones of the individual wells
can still be distinguished, whereas the capture zones for
larger travel times and the total catchment of the individual
wells overlap, forming a united capture zone or catchment
for the wellfield. The plots for the time-related capture
zones and the total catchment exhibit most uncertainty
southeast of the wellfield. This is because this is the main
contributing area of the wellfield, which results in longer
particle pathlengths toward the wells and implies that more
heterogeneity is encountered by the particles.

Comparison of the stochastic capture zones in Figures
9, 10, and 11 with the deterministic capture zones in Fig-
ure 5 illustrates the advantages of the stochastic approach,
as the capture zone probability distribution provides a
guantitative measure of the uncertainty associated with the
model predictions. Deterministic approaches neglect the
uncertainty that is inherent in any modeling practice and
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Figure 9. Stochastic 25-year capture zone for the wellfield
Het Rot.
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Figure 10. Stochastic 50-year capture zones for the wellfield
Het Rot.

underestimate the uncertainty associated with the model
predictions. If, for example, the deterministic model para-
meters result in smaller estimates of the capture zone, e.g.,
in the case of a smaller estimated mean conductivity, or
when neglecting spatial correlation, this could lead to
underprotection of the wellfield. Even though the predic-
tions of the stochastic approach are more conservative, they
allow the regulatory organizations to implement different
degrees of protection for areas with different degrees of
uncertainty.

Summary and Conclusions

In this work, we presented a stochastic approach to
delineate the well capture zones for awellfield located in a
multiaquifer system. The approach integrates the theory of
RSF, Bayesian inference, MC sampling, inverse modeling,
anumerical ground water flow model, and a semianalytical
particle-tracking algorithm. We accounted for the spatial
variability and uncertainty in the hydraulic conductivity of
the three-layered aguifer system. Hydraulic conductivity
measurements were used to update prior statistics and to
condition conductivity realizations. The hydraulic conduc-
tivity realizations of the multiaquifer system, and the corre-
sponding capture zones, were weighted using the head
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Figure 11. Stochastic well catchment for the wellfield Het
Rot.
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residuals. Statistical analysis of the ensemble of weighted
capture zones resulted in the capture zone probability dis-
tribution.

The conductivity in the production aquifer has been
modeled as arealization of an RSF. For the conductivity of
the semipervious unit overlying the production aquifer and
the top phreatic aquifer of the system, homogeneous para-
meters have been used, which is justified because the flow
in the upper two layersis mainly vertical. The statistics of
the RSF and the homogeneous parameters have been
treated as random variables to account for the fact that they
are unknown. Prior distributions have been specified for the
unknown parameters. Hard measurements of the conduc-
tivity for the production aquifer have been used to update
the prior distributions for the structural parameter sets by
applying Bayes theorem. Conditiona realizations of the
production aquifer conductivity field have been generated
using parameter sets obtained by MC sampling from the
posterior parameter distributions for the structural parame-
ters. The conditional realizations have been combined with
parameter values for the other unknown parameters sam-
pled by MC from the corresponding prior distributions. In
a second application of Bayes theorem, hydraulic head
observations have been used to assign probability-based
weights to the parameter realizations. For each of the head
distributions, the 25-year and 50-year capture zones and the
well catchment have been determined using forward parti-
cle tracking. Statistical analysis of the ensemble of
weighted capture zones resulted in a probability distribu-
tion for the capture zones. The stochastic results have been
compared with deterministic capture zones obtained with a
calibrated model for the area.

Marginal scatter plots of numerically obtained proba-
bilities vs. individual parameter values showed that many
different parameter realizations result in acceptable smula
tions, which should all be taken into account in the predic-
tion of the capture zones. The flow model results showed
sensitivity to changes in al the unknown parameters. The
capture zone probability distributions showed that the
uncertainty in the prediction of the location of the capture
zones is most pronounced in the southeast direction, which
isthe main flow direction toward the wellfield. Comparison
of the deterministic isochrones with the capture zone distri-
butionsillustrated the advantage of the stochastic approach,
as the latter provides a quantitative measure of the uncer-
tainty that is neglected in the deterministic approach.

The stochastic approach presented requires more com-
putational effort than a deterministic approach. However,
given the unabated increase in computer power, this should
become less problematic in future applications. The predic-
tions are more conservative and indicate that the uncer-
tainty in the predictions should be taken into account in
management practices.
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